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We study the regularity of the solutions of the surface quasi-geostrophic equation with subcritical exponent 1/2 < « < 1. We prove
that if the initial data is small enough in the critical space H*>">*(R?), then the regularity of the solution is of exponential growth
type with respect to time and its H*>*(R*) norm decays exponentially fast. It becomes then infinitely differentiable with respect
to time and has value in all homogeneous Sobolev spaces H*(R?) for s > 2 — 2c. Moreover, we give some general properties of the

global solutions.

1. Introduction

We consider the 2D dissipative quasi-geostrophic equation
with subcritical exponent 1/2 < & < 1:

9,0+ (A0 +u-V)0=0 inR*xR?
o (5.
0(0,x)=0 (x) in R,
where x € R% ¢ > 0,0 = 0(x,t) is the unknown potential
temperature, and u = (u,,u,) is the divergence free velocity
which is determined by the Riesz transformation of 6 in the
following sense:

u, = -R,0 = —3,(-A) "6,
1
u, = R,0 = 3,(-A) 6.

The critical homogeneous Sobolev space is H***(R?*) and we
have

"lmflf@-)'

e ”f"Hz—za, VA > 0. 2)

In [1], we studied the existence of global solutions of ()
if the initial data 6° is small in the critical space H?2*(R?)
and the subcritical exponent o € (1/2, 1]. In use of Theorem
4.2 in [2] with p = q = 2, we proved the following Theorem.

Theorem 1 (see [1]). For a € (1/2,1] and 68° € H**(R?),
there exists a constant ¢, > 0 such that if

1% e < G 3)

the initial value problem (§,) has a unique solution in
%, (RY, H**(R%) n L*(R*, H**(R?)). Moreover,

2

e VE20. (4)

1072 + Lt 10 7p-ed < |6°)

We proved also the following result.

Theorem 2 (see [1]). Let2/3 <a < 1.

(i) If0 € B(R*, H***(R?)) is a global solution of (S,),
then

1im 6(6)] - = 0. 5)

(i) If 0 € B(R*, H***(R?)) is a global solution of (&),
then

Jim [6(1) -2 = 0. ®)

In this paper, we describe the long time behavior of these

solutions with respect to the homogeneous Sobolev norm
Il Iz, for s > 2 — 2. We prove the following.
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Theorem 3. There exists ¢, > 0 such that, for all 8° €
H> 7 (R?), IleOIIHz—za < ¢, and there exists a global solution
0 € G,(R*, H***(R*) n L*(R*, H**(R?)) such that, for all
s>2-2a 0(t) € H(R?) forallt > 0, and

"0(t)"Hs =0 (t*(sf(272tx))/2(x) .t — oo @)

When the initial data is in H>**(R?*) n L*(R?) and
small enough in the homogeneous space H>>*(R?), we prove
that the Leray solution is also in all Sobolev spaces F*(R?).
Moreover, we describe the long time behavior of its homo-
geneous Sobolev norm | - ||z, for s > 0. We state also the
following.

Theorem 4. There exists ¢, > 0 such that, for all 8° €
H72*(RY), 16°| [p-w < Gy and there exists a global solution
0 € G,(R*, H***(R?)) n L*(R*, H*"*(R?)) such that, for all
s=0,

16l = O (%), t — oo. )

The paper is organized as follows. We start by recalling
some preliminary background and stating useful preliminary
results on Sobolev spaces. Sections 3 and 4 are devoted to the
proof of the main results, Theorems 3 and 4. In Section 5, we
give some general properties for any global solutions of the
system (§,).

2. Notations and Preliminary Results

2.1. Notations and Technical Lemmas. In this short section,
we collect some notations and definitions that will be used
later and we give some technical lemmas.

(i) The Fourier transformation in R? is normalized as

F(A©=F@ = exp (i f 0

)
£=(§,.8) € R,
(ii) The inverse Fourier formula is
7 (9) (0 = 20 [ exp iE-2) f (O,
(10)

x = (x5, %,) € R%

(iii) For s € R, H°(R?) denotes the usual nonhomo-
geneous Sobolev space on R* and (-} its scalar
product.

(iv) For s € R, H*(R?) denotes the usual homogeneous
Sobolev space on R? and (-, -) ;. its scalar product.

(v) The convolution product of a suitable pair of func-
tions f and g on R? is given by

(f * 9) (x) = JRZ f»)aglx-y)dy. (1)
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(vi) For any Banach space (B, | - [|), any real number 1 <
p < 00, and any time T' > 0, we will denote by L (B)
the space of measurable functionst € [0,T] — f(t) €
B such that (t — [ f®)Il) € LP([0,T]).

(vi)) If f = (fy, f,) and g = (g, g,) are two vector fields,
we set

feg:=(g.f9.f)
div (f ® g) := (div(g,f),div (g, 1)) -

(viii) For any subset X of a set E, 1 denotes the character-
istic function of X.

(12)

We recall a fundamental lemma concerning some product
laws in homogeneous Sobolev spaces.

Lemma 5 (see [3]). Let s,, s, be two real numbers such that
s <1, S+, >0. (13)

There exists a constant C := C(s,, s,), such that, for all f,g €
H (R?) n H*(R?),

"fg Heit2l <C ("f e T ”f H‘l)- (14)

Ifs;,s, < Land s, +s, > 0, there exists a constant ¢ = c(sy, $,),
such that, for all f € H(R?) and g € H*(R?),

“fg ol S C“f”HSl ”g B2 (15)

For the proof of the main results, we need the following
lemma.

51 g j2 ) g

Lemma 6. Under the same conditions as in Theorem 3, for all
020ande>0,

J’ |€|20628t|€'| |F (u-V)0) F (w)| d¢
. (16)

< ClBel -2 16l e e o

where F(8,) = e*'F1F(0) and F(w,) = " F (w)(t, &) and
w, € H"(R?).

Remarks 7. (i) If o = 0, formula (16) gives

Ocl i e -

17)

j perild |F (u-V)0) w|dE < C"Bg"Hz—za
RZ

(ii) If e = 0 and o = 0, formula (16) gives

JRZ |F ((u- V) 0) W] d& < ClI6ll -2 |0l g Wl . (18)

(iii) If e = 0 and 0 = 2 — 2, formula (16) gives

[ 1P e 5 - v) ) @1 dg
® (19)

< Cl0l e |01 pp-a W] e
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Proof of Lemma 6. By the Cauchy-Schwarz inequality, we get

J £ N F ((u- V) 0) @] dE

< j €7 F (- V) 0) M |E[ 7 [ dE (20)

ote:

/
< ([P (- V)e)fds)l o

Using the weak derivatives properties, the elementary
inequality el < ool with @ > 0 and &n e R?, and
the product laws (Lemma 5), with s; +s, =0 —-a+2 > 0,5, =
2-2«a < l,and s, = 0+a, we can dominate the nonlinear part
of (20) as follows:

J |Elz(a—a)ezstl€l|g; ((u-V)0)|*dE

< [ I ] « ]
(21)

< [l (& o]« A

2

< C"eg "?_'127211 Hota

O

3. Proof of Theorem 3

To prove Theorem 3, we need the following result.

Proposition 8. There exists ¢, > 0 such that, for all 6° €
H>2(R?), 16°] Er-2(R2) < Gy and there exists a global solution
0 € €,(R*, H***(R*) n L*(R*, H**(R?)) such that

|G R

t Tt71+1/2¢x|£| 2(2-a) | A, 2 (22)
+ . e |§| |6(T,E)' dédr

2

0
< 26| -

Proof. The proof is done in two steps.

First Step. For a nonnegative integer n, Friedrich’s operator J,
is defined by

Jo(f) =F" (1{1/n<|g|<n}f)~ (23)
Consider the following approximate system ($”) on R, x R*:
0,0 + (=0)*1,0 + J,, (J,u - V1,0) = 0,
u=(-0)"(-2,6,0,0), (24)
01t=0=7,,6"

Then, by the ordinary differential equations theory, the
system (&%) has a unique maximal solution 6, in the space

%1([0,T:),L2(R2)), T, > 0. Using the uniqueness and the
fact that J = J,, we obtain 0, = 6, and

3,0, + (=00, + ], (u, - V0,) = 0,
U, = (—A)_l/2 (-0,0,,0,0,), (25)
0,t=0=71,06"
Taking the scalar product in L?*(R?), we obtain, for t € [0, T),
atuen"iz + 2“9;«1";« <0. (26)
It follows that, for all £ € [0,T7), [16,(®)]1% < I],6°l, which
implies that T, = +co.
Now, taking scalar product in H?2%*(R?), we obtain
010, + 20,0«
<2[{J, (,- V6,),6,) o
[T (v~ V6,) 5 0,,) o]
= [ty - V6,5 1,,6,) o2 (27)
= [{div (6,1,)0,,) o]
< [[div(B,14,)]| -« [0 -«

>

= "9n”n“H2*3““ en"Hz*“'

Using product law (15) with s; = 2—-2a < l and s, = 2—a,
we obtain

|<]n (un ! Ven) )6n>H2—2a|

< € (@) (1Bl s lunllzp-e + 16l e lttull -2 ) 16l oo
(28)

But

2
6,09 d = 0,12

R PER i5 ﬁ)
= ]I (wm

(4 - V6,),8,) pp-2a| < € (@) 6,20 O 2o
Then,

(i

29)

OB lp-se + 206ull7e-e < € @) BullppseBulioe BO)
Let
T, 1= sup {2 0,0, o 2oy < 260} (31)
For 0 < t < T,, by (30), we have

2

t t
80O +2 [ 100l = 67+ | Ot

2

2
Hzfzzx < C(x’

t
10, O] e + L 16, < 6°
(32)



then T, = 00, and, for all ¢ > 0, we have

2

e G

t
18Ol + [ 10,15 < 0

If we take the limit when » goes to the infinity, we find a
solution 0 € G,(R", H***(R*) n L*(R*, H*"*(R?)) which
satisfies

2

w09

t
10O + [ 101 < [0

which proves the first result of Theorem 3.

Second Step. Back to the approximate system,

9,0, + |f|2a9An + 1) jeiggen? (W' -VO,) = 0,

3,J0.[ + 216, +2Re (F (u"-v6,) (®) -8, (&) = 0.
(35)
For € > 0, we define
fa= oo =F ' (e116,),
(36)
7 = lilg
Then,
o[ + 2|7
= 2¢|f,| - 2Re ™ (7 (u" - V6,) (2) -6, (-))
= 2¢ 8] |7, - 2Re ("5 (u" - ¥6,) ) - M6, (-))
= 2¢[g]- [T ~ 2Re (15 (u" - 6,) (©) - T, (D))

= 2e|] - |7o[ - 2Re (¢ (div (6,47) ©) - T, (-8))

< 2e[g] - [] + 2% [g] - |7 (0,4 - |7, )]
< 2efe|- [£o[ + 2 g] - (18] « i) - |7, ©)
<2e 8|7 + 2 8] - (18] + [6]) - 72 &)
(37)
Using the classical inequality
e’\IEI < em_”leml, VA >0, (38)
we let
Ofal + 2|7 < 2 el [ + 2181 (1]« [7a]) - 129.)
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Taking the norm in FI°~>%, we obtain
O fullip-se + 20 fullipe

< 26 ol + 2 [ P70 (7 <

)- |7

< 28l|fn"§_'1(2—2a)+1/2

12 J |£l(272(x)+17(x ( }: " "f\n ) |E|27(x |}-;' d£
(40)
By Cauchy-Schwarz inequality, we have
O fullz-ae + 20l
< 2€||fn|l§_‘1(2720¢)+1/2
2(2-2a)+1-a) (|7 - 2 (41)
+2[[ 14 (Il = [7) €] 1ol
< 2€||fn”§_‘l(z—za)+1/z + 2”9” : g,,||H<z_2a>+1_a ||fn||H2—Lx)
where
9= F " (|5])- (42)

Using product law (15) in the homogeneous Sobolev space
withs, =2-2a < 1,5, = 2—a,and s; +s, = 2-2a)+(2—«) >
0, we obtain

O fulloze + 20 fullzpe

< 2¢]| fullzse-202 + CallGall | Gl oo ol oo
Then,

(43)

2 2
Ol full -z + 2] full -

< 26 fullze 2o + Call Fulio sl fullz -

(44)

To estimate the term || fnlli'{(z-za)ﬂ/z , we use the Holder inequal-
ity and we get

| Fallte-san < Il ™ Ll (45)

The convex inequality ab < af / p+b?/q, with p = 2a/2a—1)
and q = 2a, gives

el fullfro e < Cu V| fullipae + | fulliper  (46)
Thus,

3
O fulle + S0l

< Cot™ V| follips + Call Fullgpne| oo

where f, is in G(R", H***(R?*) and (FAO] = ——
16,,(0) -2 < 16° | po2e < €

(47)
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LetT >0ande = (1n(2)/CaT)(2“_l)/2“; we set

T, o= sup {t 2 03 | £l oo 2oy < 265} (48)
For 0 < t < inf(T, T,,), we have
Ul fullzpe + 1 fullipe < Cut® OV follfpne (49)

By Gronwall lemma, we get that, for all ¢t € [0, inf(T, T,)),

C 2/ Ca1)

1O pze < || £u(0) -
< 1,6 ™R (50)

H2 2a
2a/(2¢x—1)T

<[r.e”[;

HZ 20(

For the given value of ¢, we have that, for all ¢t € [0, inf(T, T}))),

2
“fn(t)"?—'IZ*z“ < 2“90 “HZ—Z(X; (51)
thus,
t 22 < —\/_ 60 .
te[o,isnl:(l;,T ))"fn( )”H " ||H2 w < 26 (52)
It follows that T, > T and, for all t € [0, T,
| ne + J V@ lpedt <20 63

which proves formula (22), and the proof of Proposition 8 is
finished.

Now we intend to study the behavior of the solution at
infinity. We claim to prove that, for all s > 2 — 2«,

1
10 = O (s )+t — 00 (69)

We can suppose that s > 2 — 2a. We have

0(t, )| d

101, = j g
= [ gt g s g

< t—(25—2(2—20¢))/20¢

_ _ _ 1/2a
« J (|€|t1/2"‘e 1/(25-2(2-200))t |5|)

x| €|2<2—za> et1/2“|5|'§|2 dE

(55)

2s-2(2-2a)

< My Cs20-200) 20 J’ | El2(2—2“)6t1/2“|5||§'2 dE,

25-2(2-2
where M := supx>0(xe—(1/(2s—2(2—2oc)))x) s=2( (x)'

Using (22), we get

167 < M“@O' (=20 (56)

H2 Zoz

and the proof of Theorem 3 is finished. O

Remark 9. (i) Combining Theorems 2 and 3, we can obtain,
for2/3<a<lands>2-2a,

||9(t)||§q =0 (t*(sf(Zfzoc))/sz), f oo 57)

Indeed, from (34), [|0(t) || gp-2« < ¢,,forallt > 0.ForT > 0,
we consider the following system:

v+ (-A)*v+(V-V)v=0 in R"xR?,
= (= A)_l/z( 0,v,0,v), (58)
v09=0(3,) m®

This system has a Leray unique solution v that satisfies, for
allt >0,

< \/M" VT(O, ) ||H27211

. (59)
H = t(s—(2—2¢x))/20¢

”VT(t) )

From the uniqueness of the solution, we have v (t,-) = 0(¢ +
T/2,-); then

§ \/HIIG(T/Z, I ke (60)
t(s—(2—2a))/20¢

T
o+ —,-
e+ 3,

For t = T/2, we have

(s-(2-20))/2ax NIIQ(T/Z’ M gp-2a (61)

16(T, g < TG-@20)/2a

Combining this inequality with the result of Theorem 2, we
obtain the desired result.

() If « € (1/2,2/3), we do not know if
limsup, _, . 0(¢)]| ge-20 = 0holds. But this result depends on
the lower frequencies. Indeed, for § > 0 and ¢ > 0, we have

[, e

o L B e

(62)
< 6_25J |E|2(2_2“)+28'§(t’ f)|2df
RZ
< 8725"9(”"?{(2*20()“'
By Theorem 3, we obtain
[ ol d < M0
[E]>o (63)
Mo (57
Then, for 8 = t /2% 5 > 0, we have
[ R P
(64)

lim sup J |E|2(2_2“)'§(t, §)|2d5 =0.
|f|>t_1/2“+“

t— 0o



Then, to prove the result,

lim sup||0(#) || ge-20 = O. (65)

t— 0o

It suffices to prove that

lim sup j el e de=0.  (s6)
|E|<t71/2a+a

t— 00

4. Proof of Theorem 4

First Step. Using the approximate system (24) and inequality
17),

Ol + 20l < 260 fullzpe + Call fullpselL ol

(67)
Then,
120 21 | A 2
L e (1.5)| dg
2 (69)
t —1+1/2e N
+J J et 1/2 Ifl|£|2zx 9 (T’E)’ dE dr < 2"00 iz'
0Jg
Second Step. From relation (22), we deduce that
108 < | fef e e 7 o) ag
<t *sup x¥e ™ - 2"00 22 (69)
x20 L
—s/a]| n0]%
< crsf,
Then, the proof is achieved.
Remark 10. If2/3 < a < 1 and s > 0, we have
16117 = 0 (%), t — co. (70)

5. General Properties of Global Solutions

Theorem 11. Let 0 be a global solution of (§,) such that
6 ¢ & (R, H 7 (R?)). (71)

Then, 0 € E,(R*, H***(R%) n L*([T, 00), H* *(R?)) for
some T > 0. Moreover, for all s > 2 - 2a,
16E) g = 0 (t—(s—(Z—Zoc))/th) ot — o (72)

Combining the energy estimate

2
i (73)

t
1612 + 2 L 161 d < |6°

and the conclusion of Theorems 4 and 11, we get the following.
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Theorem 12. Let 0 be a global solution of () such that
0 €% (R", H 7 (R?)). (74)

Then, 6 € €,(R*, H***(R?) n L*([T, co0), H* *(R?)) for
some T > 0.
Moreover, for all s > 0,

1612 = 0 (%), t — oo. (75)

Remarks 13. (a) Let € (1/2,1] and let 0 be a global solution
of (&) such that

6% (R, H 7 (R%)). (76)
Using the Sobolev injection,
. 1 s 1
L? (R? H'(R*), with — + 2 = =; 1.
(R*) — A (R?), wit > %3 5 0<s<1 (77)
We conclude that, for all p € [2/(1 - (2 - 2a)), 00),
16l = o (¢ HPCRIRN) 0. (78)

(b) Let 6 be a global solution of (&, ) such that
0 €% (R, H 7 (R?%)); (79)
then, for all p € (2, 00),
16 = o (£ 7272), t — oo (80)

Using the classical interpolation inequality

1oy < C® ||f||;(1[}§)||f|;‘q/ss(wy s€(l,00), (81)
and Theorem 12, we get
16 =0 (7)), ¢ — oo (82)
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