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Abstract Recently, a large deviation multifractal formalism based on histograms of
wavelet leader coefficients, compared to some other wavelet-based formalisms, was
proved to be efficient for uniform Holder functions. In this paper, we extend this effi-
ciency for non-uniform Holder functions. We first obtain optimal bounds for both
wavelet and wavelet leader histograms for all functions in the critical Besov space
B,m /ta (T), where t, g > 0 and T is the unit torus of R”. We then compute these his-
tograms for quasi-all functions in B;" /14 (T), in the sense of Baire Category. Although,
increasing parts of these histograms have increasing visibility, they coincide only if
0 < g < t. If moreover ¢ < 1, then wavelet leader histograms method covers the
Holder spectrum for all # > 0, however wavelet histograms method covers it only if
0<g<t.
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1 Introduction

Multifractal formalisms are formulas derived from global quantities extracted from a
signal to compute its Holder spectrum. The most widespread use the thermodynamic
method. For locally bounded functions, Arneodo et al. [1,2] (resp. Jaffard [21,23])
asserted that the Holder spectrum is given by the Legendre transform of a scaling
function based on the wavelet transform (resp. coefficients) of f. This assertion is remi-
niscent to a conjecture of Frisch and Parisi [ 19] for turbulence. Mandelbrot [29—32] had
associated fractals to measures (or functions) by introducing multiplicative cascades
for the dissipation of energy in turbulent flows. The validity of the thermodynamic
method has been studied under self-similarity assumptions on f [1,7-12,16,21], or for
a class of particular random processes [22], or even for specific functions f [13,20].
It was also proved in a Baire (resp. prevalence) generic setting by Jaffard [23] (resp.
Fraysse [18]) in the Besov space B, 7 (R™) for s > m/t.

Since the Legendre transform is always concave, then functions with non concave
spectra are counter-examples for the thermodynamic method. Large deviation for-
malisms based on statistics of histograms of wavelet coefficients and wavelet leaders
were proposed as alternative methods.

The wavelet density method due to Aubry and Jaffard [4], asserts that for a uniform
Holder function f, the Holder spectrum d 7 is given by the wavelet density o s, whichin
some way gives the asymptotic behavior of the number 277/ () of wavelet coefficients
that have 2~% magnitude. In [14], Ben Slimane proved this method Baire generically
in B;"(T) for s > m/t, where T is the unit torus of R™.

Since py may depend on the chosen wavelet basis, Jaffard [24] replaced it by
its increasing hull, the so called wavelet profile v. The transformation of vy to its
increasing-visibility function is called the sunny wavelet profile d;. The sunny wavelet
profile method asserts that d y = d* on the part where d s has increasing visibility (i.e.,
dy(a)/a is increasing). For uniform Holder functions, Aubry and Jaffard [4] proved
that d ; yields an upper bound for ds. They also proved that equality holds for some
random wavelet series [4] and specific functions [24]. The validity was also studied
in a generic setting by Aubry, Bastin and Dispa [3,5].

In order to cover non concave Holder spectra not limited to the increasing part,
Bastin et al. [6] suggested the wavelet leaders profile d~f. Roughly speaking, czf quan-

tifies at large scales j the asymptotic number 2/ df (@) (resp. 274y (a)) of wavelet leaders
of size larger than 2%/ (resp. smaller than 27%/). The main tool is the Jaffard char-
acterization [25] of the Holder exponent of any uniform Holder function by decay
conditions of the wavelet leaders in the cone of influence. It is proved that, for uniform
Holder functions, d ¢ yields an upper bound for the Holder spectrum. It is also proved
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that equality holds for some classical models used in signal (turbulence, finance) and
image processing. In [17], Esser et al. implemented the wavelet leader profile method.
They also proved its numerical efficiency compared to many formulas (above and oth-
ers) for the fractional Brownian motion, Lévy process, Lévy process with a Brownian
part, and multiplicative cascades. Many theoretical results were also obtained, among
them, it was shown that, if f is uniform Holder, then d r=<d V., moreover on the increas-
ing part of d 1 the equality d f= d; holds if and only if d r has increasing visibility.
In this paper, we aim to study the validity of these assertions for non-uniform Holder
functions. For these functions, the upper bound of the Holder exponent by the above
decay conditions of the wavelet leaders in the cone of influence remains true. But, in
[27], Jaffard and Meyer proved that a weaker lower bound is also possible under the
sole assumption that f belongs to the critical Besov space B;" /14 (R™)whent > Oand
0 < g < 1. The smaller q is, the more this lower bound is close to the upper bound.
This allowed them to bound (resp. compute) the Holder spectrum for all (resp. quasi-
all (in the sense of Baire)) functions f in B,m/[’q (R™)ywhent > 0and0 < g < 1. This
was the starting point of this paper. We first obtain general upper bounds for d]”c and

the increasing part c?;-’ of d r for all functions in Blm /14 (T), for all ¢, g > 0. We then

compute, for all 7, ¢ > 0, both d" and d7 for quasi-all functions in B;" / b4(T). We
deduce the optimality of the obtained upper bounds. We also show that the increasing
part of s has increasing visibility, on which, dy = d if 0 < g <, while d; > d
if 0 <t < g. If moreover g < 1, then the increasing part of d; coincides with that
of d r (therefore it doesn’t coincide with that of d% for 0 < ¢ < ¢). The decreasing
part is reduced to a single point —oo. This result also confirms the effectiveness of the
wavelet leader profile method compared to the sunny wavelet profile method.

Note that if s > m/t then all functions in B; 7 (T) are uniform Holder, and quasi-
all functions in this space satisfy the thermodynamic formalism (see [23]) on the
increasing part of the Holder spectrum, on which the wavelet profile v s has increasing
visibility (see [14]). It follows that quasi-all functions in this space satisfy both wavelet
leader profile and sunny wavelet profile formalisms.

Let us now describe in details these formalisms and state our main results.

2 Multifractal Formalisms and Main Results

We first recall the sunny wavelet and leader profile methods. For more details see
[6,17] and references therein. We consider functions on the unit torus T = R/Z (i.e
1-periodic functions). Extensions to higher dimension are straightforward.

Let x € [0,1] and ¢ > O non integer. Recall that f € C%(x) if there exist a
polynomial P of degree less than « and a constant C such that, in a neighborhood of
X

lf(») = POy —x]=Cly—x|* ey

The Holder exponent of f at x is defined as
hp(x)=supla : feC*x)} . )
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The Holder spectrum of f is the function dy(c) defined for each o > 0 as the
Hausdorff dimension of the set E ¢ (o) of points x such that /2  (x) = «. Conventionally
dim¥ = —oo. In many situations (multifractal analysis, PDEs,...) one wishes to
compute or bound this spectrum or its increasing hull D () = sup,/, dr(a). Note
that D7 (a) coincides with the upper Holder spectrum of f, which is the Hausdorff
dimension of the set £ ‘;ﬁ of points x such that 4 ¢ (x) < .

Let ¢ be a mother wavelet in the Schwartz class such that the constant function 1,
together with the periodized functions 2//2y; x (x) := 2//2 Y, ., v (2/ (x — 1) — k),
j =0, ke{0,...,2/ —1},form an orthonormal basis of the space L2(T) (see [28]).
Denote

el
C./,k=2’/0 FO)Yjk(x) dx 3)

the wavelet coefficient of a function f in L2(T) at scale j and position k (with the
usual modification when f is a tempered distribution periodic over Z). Let A denote
the interval [k27/, k277 4 277/). Write C;, (resp. ¥,) instead of C; x (resp. ¥ x). If j
is fixed, denote by A ; the set of all intervals A where k € {0, ..., 2/ —1}).

Remark 1 In this paper, all functions are in co (T), i.e,
3C>0 Vi |G]=C. 4)
Let # mean cardinality. Let « > 0. For each j > 0 consider
Nj@) =t e Aj : |Ci| = 27%) ©)

The wavelet profile v ¢ is defined by

log N;
v/ (@) = Tim fimsup 2@ U0, 17 6)
&0 oo log(27)
The wavelet density o is defined by

e log(Nj(a +¢) — Nj(a —¢))
py(a) = inf lim sup .
£>0 oo log(2/)

€{-oojuUl0,1]. (7

Heuristically, this means that at large scale j there are about 2"/ ¥/ (resp. 2°7(@)J)
wavelet coefficients of size larger than (resp. of order) 27%/ .

The function v is increasing and right-continuous. It is also the increasing hull of
of-

In [24], it is proved that it does not depend on the chosen wavelet basis. The function
P is upper-semi-continuous but may depend on the chosen wavelet basis.

Clearly, since f € C%(T), we can extend v r and py to negative values of «, by
putting v () = —oo and pr(a) = —00.
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Let
Umin = inf{a >0 : Vf(ol) > 0}

and

o

Uy = 1IN .
azdpin vy (o)

The sunny wavelet profile is given by

—00 ifa < amin
vr(a
d’(a@) ={ a sup r(@) ifomin < o < dmax (8)
o'e(0,a] &
1 ifo > apax -

Definition 1 Let 0 < a < b < 0o. A positive function g has increasing visibility on
[a, b] if the function g(x)/x is increasing on (a, b].

The sunny wavelet profile has the property of increasing visibility on [¢tin, @max]-
The sunny wavelet profile method due to Aubry and Jaffard [4] asserts that, if d y has
increasing visibility on an interval [a, b] then
Yoace(a,b] df(oz)zd‘;c(o(). &)
In [4], it is proved that it yields an upper bound for uniform Holder functions
Va d(a)<d’(a). (10)
Recall that f is uniform Hoélder if there exists @ > 0 such that f € C*(T), in the
sense that, (1) holds for any x and y in [0, 1] and C is uniform. This implies that (see
(33])
IC>0 Vi |Ci<C27%, (11)

The wavelet leader associated to a dyadic interval A is defined by

e, = sup |Cy/| (12)
AT

where the supremum is over all dyadic intervals A’ = [k'27/ " k'277 277"y included
in 1. Thanks to (11), this supremum is finite.
Let @ > 0. For each j > 0 consider

Mf(@)=tred; : e =2"") (13)
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and
M7 (@) =t{reA; : e <279}, (14)
The increasing leader profile d?f is defined for o € [0, oo] by

log M].L (¢ +¢)

J}(a) = Elim lim sup € {—oo} U0, 1]. (15)

—0 o0 log(2/)

The decreasing leader profile c?; is defined for « € [0, c0) by

- log M7 (e — ¢)
d; (@) = lim lim sup B E—

La i e A a6

. . . df@)j dy(@)j
Heuristically, this means that at large scale j there are about 2"/ (resp. 27/ )
wavelet leaders of size larger (resp. smaller) than 27/, _
The increasing leader profile is increasing, right-continuous, and d}“ (00) = 1.

The decreasing leader profile is decreasing, left-continuous, and cﬁi? 0) =1.

Clearly, since f € C%(T), we can extend J}r and c?; to negative values of «, by
putting c?]f () = —o0 and c?]? (a) = 1.

In [6], it is proved that, if f is uniform Holder, then J}" and JJT do not depend on
the chosen wavelet function v in the Schwartz class. Let

ay = inf{a € [0, o0] : 67}_(05) =1}. a7
The leader profile function is given by

c?}r(oz) ifoa < ay

dy(@) = d; @) ife>a. (18)
The leaders profile method [6] asserts that
Va dp(e)=ds(@). (19)

In [6], it is shown that the leaders profile method yields an upper bound for uniform
Holder functions

Va de@) <ds(@). (20)
In [17], it is proved that, if f is uniform Holder, then

Va dp(@) <d’(a). 1)
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It is also shown that, if f is uniform Holder, then on [&,in, o]
df =d" <= d is with increasing visibility . (22)

Remark 2 Since, only wavelet leaders for j > 0 are needed in the values of Holder
exponent and increasing and decreasing leader profiles, then from now on, we will
identify functions that have the same wavelet coefficients C;. With this identification,
Besov spaces B‘;’q (T), for0 < s < 00,0 < p < 00,0 < g < 00, are characterized
by (see [15,33])

a/p\ 4

1y -
feBMe= |3 | X 1c2t <o @)
j=0 AEA

(with the usual modification when p = oo and/or ¢ = 00).

Besov spaces are Baire spaces (see [34]). Any countable intersection of dense open
sets is dense and called a generic set. If a given property (P) in B;’q('[[‘) holds in a
generic set, then we say that quasi-all functions in Bf,‘q (T) satisfy (P).

We are now in a position to state our main results. We will first obtain general
optimal upper bounds for the sunny wavelet and increasing leader profiles for functions
in B,l/ 49(T). For the latter, we will separate cases ¢ <t andt < q.

1
Theorem 1 1. (a) Forall f € B,”q(T)

—o00 ifa<0
at if0<a<l1/t (24)
1 ifa>1/t.

dY(@)

INIA I

1
(b) If0 < q < t, then forall f € B! (T)

—o00 ifa<0
at if0<a<l1/t (25)
1 if a>1/t.

dj (o)

INIA

1
(c) If0 <t < q, then forall f € B} *(T)

—o00 ifa<0
ag if0=a=l/q (26)
1 ifa>1/q.

df (@)

INIA I

2. All above upper bounds are optimal, namely in each case there exists a function
F in the corresponding space for which the above upper bounds are equalities.
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In the next section, we will prove Theorem 1.
In the fourth Section, we will first prove that actually optimality in Theorem 1 holds
Baire generically.

Theorem 2 1. (a) Quasi-all functions in B'"(T) satisfy

—o00 ifa<0
d}i(a)z at if0<a<l1/t 27
1 ifas>l1/t.

(b) If0 < g <'t, then quasi-all functions in B,l/ La(T) satisfy

~ —o00 ifa<0
d;.r(oe) =Jdat if0<ac<l/t (28)
‘ 1 ifa>1/t.

(c) If0 <t < q, then quasi-all functions in B,l/t’q (T) satisfy

} -0 ifa<O0
df@=1aq if0<a<l/q (29)
1 ifa>1/q.

2. The generic set Ay ; of (27) is the same as the one of (28), but is different from the
one of (29) denoted A?.

We therefore deduce the following corollary (see first point) which shows that result
(22) can not be always extended for non-uniform Holder functions.

Corollary 1

e If0 <t < q then for all f € Al the increasing part of c?f corresponds to
a € [0, 1/q), on which it has increasing visibility, and

Vae 0 1/q] df(a)>dj@) .

o If0 < g <t then forall f € Ay, the increasing part of Jf corresponds to
o € [0, 1/t], on which it has increasing visibility, and

Vael0,1/1] dp(a) =d}(a).

Actually, the generic set A, (resp. A;) is the same as the one (resp. is a correctly
reduced generic set of the one) of Jaffard and Meyer [27], in which they computed the
Holder spectrum for functions in B;" /14 (R™) whent > 0and 0 < ¢ < 1. (Note that,
forg > 1,itwas proved (see [27]) that quasi-all functions in B;" /tq (R™) are not locally
bounded, so Holder spectra are meaningless). This leads to the following theorem
which confirms the effectiveness of the wavelet leader profile method compared to the
sunny wavelet profile method.
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Theorem 3

o If0 <t <q < 1thenforall f € A? the increasing part of dy corresponds to
a € [0, 1/q], on which it has increasing visibility, and

Vae(0,1/q] df(a) = c?f(a) > d;»(oe) .
The decreasing part is reduced to a single point —oo.
o If0 < q <tandq < 1,thenforall f € A, theincreasing partofdy corresponds
to o € [0, 1/t], on which it has increasing visibility, and

Vael0,1/1] dp(@) =ds(a) =d}(@) .

The decreasing part is reduced to a single point —oo.

3 Proof of Theorem 1
3.1 Proof of the First Point in Theorem 1
@1If f € B/ (T) then f € B}/"(T), ie.,

1/t

sup Z |C;| < 00.
720 \sen;

Fixa > 0and § > 0. For any ¢ > 0 there exists a sequence (j,,) withlim,,_, », j, = 00
such that

Njn (@ +¢) > 2]11(\)(;"(0!)*5) )
Therefore

Z |C,\|t > 2in(Vy(@)=8)n—(a+e) jut
rEA;

Jn
It follows that

vi(@) =8 —(x+e)t <0
Letting 6 and ¢ tend to 0 we obtain

vi(a) < at (30)

which yields (24).
(b) We will apply the following proposition.
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Proposition 1 For p > 0 define the oscillation space O, (T) by

1/p
fe0,(T) = I|flp '= sup Zef <00. (€2))
A VY

o The following embeddings hold.
Vp>0Vs>0 0,(T) = C%(T) . (32)
Vo<p<p 0,(T) <> 0,/(T) . (33)

1
Vp=0 BI'(T) < 0,(T). (34)

o If f € O,(T) for p > 0 then

Va >0 df(@) <ap. (35)

LetO < g < t.Let f € B/"(T). Since ¢ < ¢, then f € B/"'(T). But (34)

implies that f € O;(T). Result (35) yields (25).
() Let0 <t < g and £ € B"(T). It follows from embedding (34) that
f € O;(T). But (33) implies that f € O,(T). Result (35) yields (26).

Proof of Proposition 1.

e The space O,(T) is a particular case of general oscillation spaces O;J/ taken in
[26]. The proof can be directly deduced from Proposition 2 in [26]. But since our
particular case is simple, we will give the proof. The first embedding follows from
the fact that

Vi |Gl=e=Iflp.
The first embedding implies that
VA enZ|fl p -

The second embedding comes from the fact that

P p'=p p
2o =Tl

)LEA]' )\.EA/'

The third embedding is deduced from the fact that

L ED ISP IS SIS

AEA; AEA; ji=j N CA J'ZiNeAj

e The proof is similar to the one of (30).
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3.2 Proof of Optimality in Theorem 1
We will give the proof of each case separately.
3.2.1 Optimality of (24)

Let j > landk € {0, ..., 2/ — 1} be given. Write

k K . :
3 =7 with K odd and J < j. (36)
Let
2 2
a=—-+—+1. 37
rq
Let
1 J
F)y=Y) > —277 §(x) (38)
j=12eA; J

Proposition 2 If F is the function given in (38) then

-0 ifa<0

vp(@) ={at  if0<a<1 (39)
1 ifoa> % .
Proof We will use the following trivial lemma. O

Lemma 1 For each 1 < J < j there are 2”7 /2 values of k satisfying (36).

Clearly, vy doesn’t change if we replace C;, in (13) by j“C;. We have
ViedA; jCiel27/1].

So, it suffices to prove (39) for o € [0, 1/1).
Let A € A ;. Relation

jeC, z 277t (40)
is equivalent to % < (x¢+¢)jand J < j. This means that
J<(ae+e)j and J <j. 41)
For ¢ small enough

(@+eot<1. (42)
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Lemma 1 yields
. 1
fhen; @ jC =27y == 3 o)
J<(a+e)tj
It follows from (41) and (42) that there exists a constant C such that

éz(a+8)j < ﬁ{)‘ c A] . jaCA > 2—(0l+£)j} < C2(C(+S)tj )

Consequently vr (o) = ot.
Clearly apin = 0, opgx = 1/t and

Va dp@) =vr().

3.2.2 Optimality of (25) when 0 < g <t

(43)

Assume that 0 < g < . We take the function F given in (38). If A" C A then j' > j

and J' > J. It follows that
VA e =0C).
It follows that
it =vp .
It is given by the right-hand term in (39).
3.2.3 Optimality of (26) when 0 <t < g

Consider the function

1
F)y=) ————— ¥jx@) .
= (jlog HA)7

where
kj=(@G—202/7" if 2" <j<2 " withreN.
Proposition 3 Ler F be the function given in (46) and (47). Let j > 2.

1. If k = k; then

1
&G =—"T7-"
(j(In j))a
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2. Ifk #kj. Let J be as in (36).
(@) If27 < j then there exists C > 0 independent of j and k such that

Ll <e) < L} . (49)
(j(n j)2)a (j(n j)*)a

(b) If j < 27 then there exists C > 0 independent of j and k such that

1/C C
g iy (50)
(J22])q (J22J)q
Proof
1. If k = kj, then C;, = % For all j' > j, we have % < C,. Thus
(jn )24 (J'(n jH2)4
(48) holds.

2. Letnow k # k;.
(a) If2/ < jthenJ <r < j.Letj > jwith2" < j' <2""!.LetA' € A with
A’ C A. This implies that Cys # 0 if and only if 2"—]’, = ]l;—,zr = 2"—, It follows
that j/ > jifand only if j/ =2" +2" /K > j.
L2 <j <2+ 2"/ K, then it follows from above that (49) holds.
i IF 27+ 2/ K < j < 2% take j € [27F1,2742) such that £ =

L2270 — k. And (49) holds.

or+l
(b) If j <2/ thenr < J < j.If2" < j <27+ )/ € Ay, Chand Cy # 0
then 2"—1/, = j/z_r,zr = 2% It follows that v’ > J. By taking r’ = J, we get (50).

m}

Proposition 4 Let F be the function given in (46) and (47). Then

y —o00 ifa<0
di(@)={aq if0<a<l/q . (51)
1 ifa>1/q.

Proof Leta > 0 and j > 2 fixed. By (48) and (49), intervals A € A; with k = k; or

(k # kj and 27 < j), give a contribution 14 j /2 to M j(a+¢), so a zero contribution

ind} ().

On the other hand, thanks to Lemma 1, by (50), intervals A € A; with j < 27k £k |
;/JC T < 2~(@+8)J give a contribution of the order of 29 +8)J to Mj(a+e),if

J227)4

and only if J < g(« + ¢)j so a ga contribution in ci;f(oe), ifandonly if 0 <@ < 1/g

(because J < j). O

and
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4 Proof of Theorem 2
4.1 Proof of (27)

Let F be the function given in (38). Since 0 < t < coand 0 < g < oo then B,l/ t’q(']I‘)
is separable. Let ( f;;) be a dense sequence in Btl/ t4 (T). Set

&)=Y Y G+ Y CuF)yn(x) . (52)

j<nieA,; j=nieh;

The generic set is

Age=) U Bgn.r) (53)
meNn=m

1
where B(g,, r,) is the open ball of Btl/ h4 (T) centered at g, and radius r,, = T 27/t

n

If f € Ay, then for infinitely many scales n, we have
1

ViedA, [G(NH= ECA(F) . (54)

It follows that
Va di(a) >vy(e) > vr(e) =dp(@) .
This result together with both (24), Proposition 2 and (43) yield (27).

4.2 Proof of (28)

Assume that 0 < g <t < oo. Let A, ; be the generic set given in (53). Relation (54)
implies that infinitely many scales n, we have

VieAn  e(f)z 5CiF). (55)
It follows from (44) that
VieA, eal(f)= %ex(F) . (56)
Therefore
Va df(@) = df(@).

This result together with both (24), (45) and Proposition 2 yield (28).
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4.3 Proof of (29)
Assume that 0 < t < g < oo. The generic set A? is as in (53) with

1 1
2@+ D log2)d)i

'n

and g, as in (52) associated to the function F' given in (46).

Clearly, from the proof of Proposition 3, wavelet leaders of F are attained, i.e.,

Vi 3N CA e=Cy.
Proposition 3 also implies that

1

VAieA; e (F) > T
QI + Dlog2)?)4

Proposition 5 If f € A, then for infinitely many n’s
1
VieAn e(f) = zeA(F) :

Proof Let f € A!. For infinitely many n’s
If —gnll <rn.
So
VA" Cu(f) = Car(gn)l < rn .

This implies that

Vi'zn Vi ey 1Cu(HI=1Ciu(gn)l —ra=Cu(F) =1y .

Let A € A,. Thanks to (58) and (59), there exists A’ C A such that

1

Cy(F)=ey(F) > :
Qnt+l((n + 1) log 2)2)4

=2r, .

Thus, by (61), for such A" we have

1
1N 2 Cu(F) = rn = ex(F) =1y = Zex(F).

(57)

(58)

(59)

(60)

(61)

) Birkhduser
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Hence

1
ex(f) = 1C ()l = Sen(F).

Thanks to (60)
VfieAl df=df. (62)

This result together with Proposition 4 and (62) yield (29). [
Let us now deduce Corollary 1.

e If 0 < t < q then for all f € A], the increasing part of d '+ corresponds to
« € [0, 1/gq], on which it has increasing visibility, and

Vae(0,1/q] dp(a) =aq > at > dy(a) .

o If 0 < g < t then for all f € A,,, the increasing part of d ' corresponds to
« € [0, 1/t], on which it has increasing visibility, and

Vael0,1/1] dy(a) =at =dj(@) .

The generic set Ay ; (resp. Afi) is the same as the one (resp. is a correctly reduced

generic set of the one because r,, was 1/(2(n(log n)2)1/4Y) of Jaffard and Meyer [27],
in which they computed the Holder spectrum for functions when moreover 0 < g < 1.
(Note that, for ¢ > 1, it was proved (see [27]) that quasi-all functions in B,m /14 (R™)
are not locally bounded, so Holder spectra are meaningless). This leads to Theorem
3 which confirms the effectiveness of the wavelet leader profile method compared to
the sunny wavelet profile method.
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