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Abstract In this paper, we first review the theory of Dunkl operators for complex
reflection groups and then the theory of hyper-Bessel functions, which are a particular
case of Meijer’s G-function and satisfy a higher order differential equation. Then we
show that there exists a close relation between both theories. In fact, the components
of the eigenfunctions of a Dunkl operator for a complex reflection group in the rank
one case can be expressed in terms of hyper-Bessel functions.
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1 Introduction

Dunkl theory generalizes the theory of special functions of one or several variables,
which leads to generalizations of classical Fourier analysis and builds up the frame-
work for a theory of special functions and integral transforms. This theory started
20 years ago with Dunkl, Heckman, and Cherednik. They showed that Weyl group
invariant special functions associated with root systems can be obtained by sym-
metrization of certain special functions in several variables which are not Weyl group
invariant, but which are in a sense more simple. These non-invariant special functions
are joint eigenfunctions of Dunkl type operators. Roughly speaking, these are com-
muting differential or difference operators with reflection terms, associated to some
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40 F. Bouzeffour

finite reflection group, which can be a Weyl group or Coxeter group, or a complex
reflection group [5].

The theory of special functions associated with real reflections and their related
harmonic analysis has been intensively developed, but the one related to complex
reflection group needs more study. In this work, we investigate in the rank one case
some particular cases of complex reflection Dunkl operators and their relationship to
the class of hyper-Bessel functions, Meijer’s G-function, and H -function. Moreover,
we show that the symmetrization of the eigenfunctions of complex reflection Dunkl
operators are solution of higher order differential equations.

The specialization of this theory to the case of rank one has its own interest because
everything can be done there in a much more explicit way, and new results for special
functions in one variable can be obtained. In the rank one case, the complex reflection
groups are cyclic groups of the form

G:(l,a,...,em_1>, c=en.
Dunkl operator 7T (k) related to G is given by
df(z m— 1
T(k)f(2):= f( ) Z Zs‘”f (e72) (1.1)

which is a particular case of the more general differential-complex reflections opera-
tor

d Al
Taf(z):= f(z) Z yy EZ Z e f(el2) (1.2)

where A;, 1 <i <m — 1 are real functions satisfying
Ai(ez) = A (2). (1.3)

We will prove in Sect. 4 that the mth power 7" (k) of the operator (1.1) acts on
G-invariant functions as the hyper-Bessel operator

m—1 .
. d mvi+m—j\d
Bm._jlj[l(dz+ =) (14
The remaining sections of this paper are organized as follows. In Sect. 2, we first
recall notations and some results for Dunkl operators and we establish a new repre-
sentation for the complex Dunkl operator by using circular matrices. In Sect. 3, we
discuss various types of generalizations of Bessel functions which can be found in
the literature. In Sects. 4 and 5, we compute the eigenfunctions of the complex Dunkl
operator related to the groups G(m, 1, 1) and Z/mZ X --- x Z/myZ in terms of
hyper-Bessel functions.
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Special functions associated with complex reflection groups 41

2 Dunkl operators for complex reflection groups

In CV, we consider the standard hermitian form

N
ow) = Y Fur.
k=1

Let U(N) be the group of unitary transformations of C". The basic ingredient in the
Dunkl theory are finite complex reflections acting on CV. An element s € U(N) is
called a complex reflection if s has finite order and H, := Ker(s — /d) is a hyperplane
in CV. Let s be a complex reflection then there exists a nonzero vector w € CV and
mth primitive root of unity ¢ such that

Z,w
5(z) :=sw,g(z)=z—(1—s)< 2>w, 2.1
lwl
so that the matrix of s,, is given by
Wi w;
(8)i,j =68 —(1—¢) W

where |w| = /(w, w).

If ¢ is a unitary transform for CcN , we have

-1
tsv’gt = St(v),e-

A finite complex reflection group is a finite subgroup of U (N) generated by complex
reflections. Let m, p € N be such that p|m. The subgroup G(m, p, N) of U (N) con-
sists of permutation matrices whose nonzero entries are mth roots of unity and the
product of the nonzero entries is an (m/ p)th root of unity. This subgroup is a complex
reflection group (see [6]). Let G C U (N) be a finite complex reflection group acting
in its reflection representation CV. Denote by A the set of reflection hyperplanes of
reflection of G and write G g for the (pointwise) stabilizer of H € A in G.

Each Gy is a cyclic subgroup of G of order mpy > 2. For H € A, fix vy € cN
with H = (vy)t and write sy for the complex reflection s,, ¢, where ey =
exp(2im/my). The characters of Gy form a cyclic group, generated by the restric-
tion xy of the determinant to Gy. We will thus label the character group of Gy
by

aH = {X;j;jzo,...,mﬂ — 1}.
Consider the natural action of U (N) on a function f : CN — C which is given by
g f@=1r(s"2), geUM).

We define

X;i(si])s;j, i=0,....,mg—1. 2.2)
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These obey

mH—l

id= Z PH,i,» PHiPH,j =0ijPH,i- (2.3)
i=0

Then, the elements py ; are idempotents which are generalizations of the primitive
idempotents (1 — s)/2 and (1 + 5)/2 for a real reflection s.

For every C € A/G, we choose a vector k¢ = T(kc,l, sk me—1,0) e C"e,
Let H € A, we put

my—1

ap =ag(k)= Y kuipm.i. 24)

For every H € A, we denote by 2 the ny x ny matrix which is given by (see [2])

1 1 1 1
U xg' G xg 63 - XH st~ i)
Q= — Xa 6w xg Gk xg6ETh | 25

: — '1 — .1 ' — 1' —1
Uxg™ ) g™ 62 - xg "

For every 0 <i, j <ng — 1, we have

Xa' (k) = 1 (s5) = xk (s77)-

Hence, 2y is a symmetric matrix.
Let f:CN — Cand H € A, we denote by Ay (f)(z) the vector-valued function
from CV into C™# , defined by

f@)
f(SHZ)
An(f)@) = _ . 2.6)
f( mg— l z

Let w € CV. The Dunkl operator is a differential-complex reflection operator as-
sociated to G defined by [6]

H)m

Ty(f)(z) =0y f(2) + Z 7”%1(}‘)(1),
He.A VH)mp
w UH myg—1myg—1
_awf(ZH,;@T Z Zk,xﬁ st F(shz), (2.7)

where 9, denotes the directional derivative corresponding to w € CV.
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Proposition 2.1

(W, VA )y (LRHAHf kH ) myy

<Z, UH)mH

Tuf@=0uf@+ )

HeA
Proof A simple calculation shows that
an () =(2uAu (), kH)mH

Hence,

(W, V) my (LA f, ki) my
(z, vH) ’ O

Tuf@=0f@)+ )

HeA

We denote by P := C|[z] the C-algebra of polynomial functions of N variables

z=1(z1,...,zn). It has the natural grading
P=@P.
neN

where P, is the subspace of homogeneous polynomials of (total) degree n.

Lemma 2.2

1. Iff € 51\1(@) then wa e En(O).
2. The Dunkl operator Ty, is a homogeneous differential-difference operator of de-
gree —1 on P, that is, Ty p € Py— for p € P,.

Proof This follows immediately from the fact that fori =1,...,myg — 1,
1 my—1
_ —j(J i
Pri(N@ =~ ZO x5 £ (s72)
j:
my—1 J Ny —j(l
(1 - EH)X ](SH)
= (Z’ UH> -
/go mylvg|?

! (2 vm)
X/o 8UHf(z—t(1—81{1) lszT; vH>dt ) -

The following proposition follows by an easy calculation.

Proposition 2.3

l. goTyog t= ewforall g eG.
2. If f € EN(C) is G-invariant then Ty, f = 0y,.
3. If f, g € En(C), and least one of them is G-invariant, then

Tw(fg) =Tu(f)g + fTu(g).
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44 F. Bouzeffour

Theorem 2.4 [6] Let G a finite complex reflection group. Then for all z, w € CN
TyT. = T.T,.

Example 2.1 (Coxeter groups) Let G be a finite Coxeter group and R be a fixed root
system associated to G. Under the standard embedding RY  CV, we assume that R
is a root system in C", so that we can define the positive root system R, c RN ¢ CV.
Moreover, for any real reflection s € O (N), we can regard s as complex reflection. In
particular, the groups G(1, 1, N), G(2,1, N), and G(2, 2, N) are the Coxeter groups
of types Ay_1, By, and Dy, respectively. In this case, each Gy is generated by a
real reflection sy of order my = 2, the corresponding idempotents are given by

eno=1+sp)/2 and ep1=(—-sn)/2,
and the related Dunkl operator is defined by [5]

f(@) — f(sa2)

Tuf@ =0 f@)+ Y k@) (e, w) )

a€eR

Example 2.2 (The group G(m, 1, N)) Let ¢ :=¢,, = e%ﬂ. The group G(m, 1, N),
consists of the N x N permutation matrices with the nonzero entries being powers
of €. The group is generated by the transpositions (i,i +1),i =1,..., N — 1, and by
the complex reflection s which is defined by

§5iz2=(21,...,€Zis ..., IN)-

The symmetric group Sy is obviously a subgroup of G (m, 1, N). In this notation, the
Dunkl operator is given by [6]

m—1 Lo
RO LD 33

—&’'x; X;
Jj#i r=0

The classical real reflection groups occur as the special cases Ay_; = Sy =
G(,1,N),BCy =G(2,1,N),and Dy = G(2,2, N).

2.1 Decomposition of functions with respect to the cyclic group

Let G be a finite complex reflection group, denote by A the set of reflection hyper-
planes of reflections in G, and write G  for the stabilizer of H € A in G.

Definition 2.1 Let H € Aand 0 < j <mpy — 1. A function f : CN = C is called of
type j with respect to H if

fsuz) = xhsu) f(2)

holds for every z € CV.
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Special functions associated with complex reflection groups 45

Lemma 2.5 Let H € Aand f : CN — C. Then, f can be decomposed uniquely in
the form

mpy—1

f=> fuj (2.8)

where the component function fy ; is of type j and given by
fi@ = pri(H@ =(2uAn(H@) ), . (2.9)

where {e;} is the standard canonical basis of C"" and < -, - >, is the canonical
hermitian product in C™H .

Let £y (C) be the C-algebra of entire functions in CV, and we denote by £y i (©)
the subspace of Ey(C) of functions of type j with respect to the hyperplane H. Of
course, we have

mj—1

En©) = P €n,(©).

Example 2.3 1. Let k :=«;,, = em and let G = (1,e,.. .,8"’"1) be a cyclic group
where ¢ = e’n. The hyper-trigonometric functions are a components of the expo-
nential function €“* with respect to G. Also these functions can be considered as
a generalization of the elementary trigonometric functions cos(z) and sin(z) (see
[7, 12]).

The m-cosine is given by

1 m—1 )
08y (2) = sinyy p(2) 1 = — Z e’z
m

j=0

nm

o0 . Z
=§)(_1) o (2.10)

The m-sine functions of type / with 1 </ <m — 1 are given by

m—1

: 1 i ikel
sin,i(z) = — Z gl eive’s
mk-* “

J=0

nm+l

zg (nm+l)'

The function y(z) = cos,, (1z) is the unique C*°-solution of the system

Y (@) = =A"y(2),
YO =1 yDO==y"0)=0

@ Springer



46 F. Bouzeffour

Furthermore, we have

k $iny, 1k (2) forl <k=<l-1,
TE Siny, ;(z) = { cosy (2) fork =1, (2.11)
< — sy m41—-k(z) forl <k.

2. The components of type j (0 < j <n — 1) of the generalized hypergeometric
series , F,; with respect to G is given by (see [1])
Z}’l
n(=p+g)n ) ’

(@) (ap)j 2/ ( A, ar+ ), ..., A, ap + j)
(b1)j - (bg)j J', T\A*(n, j+ 1D, A, b1+ j), ..., A(n, by + j)

where A(n, a) is the following set

a a+1 a+n—1

n n n

and A*(n, j + 1) represents the fact that the denominator 7 is always omitted.

3 Generalizations of Bessel functions
3.1 The Bessel functions

The normalized Bessel function j, (z) is defined by

&k
Ja(Z).:sz(:)m, zeC. (3.1)

Here we use the notation of the shifted factorial:
(@j:=a@+1)-(@+j—-1) (G=12,..); (@o:=1.
The function j, (x) is related to the Bessel functions J, (see [13]) by

2T (a+ 1)
o Ja

Ja(2) == (2).

The function y(z) = jy (Xz) is the unique C*°-solution of the problem

Byy(z) = —2%y(z), y(0)=1, y(0)=0,

where
d> 2a+1d
Byi=—+—— 32
2Ta2 T 4z G2
The cases o = —% and o = % yield the functions

sin(z)

J—1/2(2) = cos(z), J12@) =
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Then we get the elementary formulas
d . .
=0 +irzjip0a) and e =ine.
Z

Dunkl [5] generalized the operator % to a mixture of a differential and a real reflec-
tion operator

d 2
T:T(oz)::d—z+a+ Y

(1—ys), (3.3)

where
) (@2) = f(—2).
The generalized exponential function is defined by
Ea(irz) = ju(AZ) + iAZja+1(AZ).

Then it follows immediately from well-known differential recurrence formulas for
Bessel functions that

TEy(irz) =irEy(iAZ).
Consider the Dunkl type operator T4 ¢,

T d + LA 27 (1 ) (3.4)
=, — — -_— = - - t’ °
AT dz 2\ A 4 s

where A is a real function and t a real number.
The simplest examples of the operator T4 ; are provided by

1. The Dunkl operator for which (A(z) = |z]***!, T =0);
2. The Dunkl-Heckman operator (A(z) = sinhk1+%2/2(|z]) cosh*2/2(|z]), T = 0)
d 1 2 l+e X
Tk . & <k1 te -+ 267 te )(1 —9). 3.5)
dz —e 2

3. The Cherednik operator (A(z) = sinh>®17%2)(|z])cosh®2(|z]), T = ki + 2k2)
where

d 2k, 4ky
ykok) . — = 1 —s) — (k| + 2k2). 3.6
sttt )9 a2k (3.6)

A simple computation shows that the square of A4 ; is given by
T2 d2+A/d+ LA /+ A/+22(1 )+ 72 (3.7)
=—+—— - — T— 421 —s)+ 7. .
AT T a2 T Adz  \2\ A A

Thus, on even functions the square of the operator T4 ; acts as the following second
order differential operator

d> A d

L 338
2 AT (3-8)

Lpz:=
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48 F. Bouzeffour

3.2 The hyper-Bessel functions

The hyper-Bessel differential operator, or a Bessel type differential operator, is a sin-
gular linear differential operator of arbitrary order m > 2 of the form (see [12])

oo i d 49
dzm 7 dzm! zn=ldz
with arbitrary real numbers ay, ..., ay—1.
The operator B, can be written in the form
m—1 d d
Pa— ]!—[1 <Zd_z o + 1)d—z, (3.10)

where the coefficients a,,_j are given by

k ( l)j m—1
XZ: '(k_J)'l—[l(mvs-i-k—j), k=0,1,....m—1. (3.11)

By the following formula

T a)f =P (L rap
—+ta —+ta ,
Zdz = Za’z

the operator B, takes the form:

m—1 .
d mvi+m—j\d
By, = — )= 3.12

m H(dz+ z )dZ ( )

The simplest higher order hyper-Bessel operator is the operator of m-fold differenti-

ation
am _mf 4 d ! d N l>
dzm ¢ Zdz Zdz Zdz

For m =2 and a; = 2 + 1, the hyper-Bessel operator generalizes the well known
second order differential operator of Bessel B, defined in (3.2).
In 1953, Delerue [3] introduced for the first time the hyper-Bessel functions J,, (x)

with a vector index v = (vy, ..., Vyu—1) e Rm-1 satisfying for j =1,...,m—1,v; >
—1, that is,
(£l 7] z\"
J, =" __ F,_ - — , 3.13
Y& =T, <v+1 (m) ) G139
where

vl=vi+ -+ vp-1,
v+n=w;+n,...,vy_1+n) @meN),
rv)y=IWw)) x---xT'(vyu_1).

@ Springer



Special functions associated with complex reflection groups 49

The normalized hyper-Bessel function of index v is defined by [11]

—=[vl
Tv(@) = (i) r(v+1J,(z)
m
-y —1)”F(v+1)< ) . (3.14)
= n'F(v +n+1)
The function 7, (1z) is the unique C°°-solution of the following problem [11]

By (f)(2) =—A"f(2),

{f<0)=1, FO@ == FrD () =0 619

From Corollary 2 in [11] and (3.14), we obtain the following differential recurrence
relations for the normalized hyper-Bessel functions 7, (x)

d (Zym-1

e T TR TR (310
d

( - +ﬂ)$<z> Z"kju_ek(z), (3.17)

where e; (1 < j <m — 1) is the standard basis of Rm—1L,
The normalized hyper-Bessel function has the Poisson integral representation [4]

Sro+y (!
m % 1.0 VI, V2, .eey Upn—l —1
G" 0 ( | T zm)t”’ cosy, (tz) dt,
(27'[)("17])/2 0 m—1,m—1 —E,...,——m "
(3.18)

where the function cos,, is defined in (2.10), the Meijer’s G-function Gﬁ’; (z) is given
by means of the contour integral in the complex plane

1 m,n
z) 2171/6 ()% ds,

o T (b — s)IT]_ 11“(1 —ag+5)
m_, T —be+)I)_,  T(ag—s)

Here C is a suitable contour in C; m, n, p, g are integers such that 0 <m < g, 0 <
n < q; the parameters a; and by are complex numbers for which

Tv(2) =

ai,az,...,dap

m,n _ mn
Cplg @) :=G) (blbg,...,bq

and

®mn( )

bi+lstaj—1I'—1; j=1,....p k=1..,q11I=01.2....

The Meijer’s G-function plays an important role in the theory of special functions
because almost all the special functions, as well as the elementary functions, can be
represented as G-functions. In particular, the generalized hypergeometric series , Fy
is related to Meijer’s G-function by

ai,az,...,dp
”Fq<b1,bz,.. by )
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50 F. Bouzeffour
9o
_1lj=1 7 p l—a,l—a,...,1—a, B
T Tla) PPH\0 L =bi 1 =b, . 1 =by |~ )

Furthermore, the hyper-Bessel can be represented as a product of m-integrals

(%)|v|+m—1/21-v(v + 1)
Qn)m=D2 (v +1/2)

T(2) =

lm l
—k
/ / m " /mlf lCosm(Zl‘l"'l‘mfl)dl‘l"'dl‘m*l’
0

k= l
(3.19)
3.3 G-Bessel function

Letn=1,2,...,and m =0, 1, .... The G-Bessel function is defined by [10]

. ~n0 Z
G(2) -—Go,n (bl +m,by+m,....,by+m

z) . (3.20)

The function y(z) = Ggl)’;‘ (z) satisfies the linear ordinary differential equation
Pl od b0 d
-y (z——a'+l>— <z——b> 7) =
(=D J:l] pE k|=|1 pE y(2)

In particular, for n, m > 1, the function G(z) defined in (3.20) is an eigenfunction of
the hyper-Bessel type operator

An,mG(Z) = (- l)mG(Z),

where

n m—1
izm:—Zml_Il_I(Z——bk—m—i-])
k=1 j=1

4 Complex reflection Dunkl operator associated to G(m, 1, 1)

In the one-dimensional case (N = 1), we take p = 1. The corresponding reflection
group G(m,1,1) (m > 2) is a cyclic group Z/mZ acting on C by multiplication
by the mth roots of unity ¢ :=¢,, = e ‘m . In thlS case, we have only one reflection
“hyperplane”, with multiplicities k = (k1, ..., k;—1,0) where k; =mv; +m — j and
the corresponding Dunkl operator 7 (k) is g1ven by

m—1

Tk f(2) = f(Z) Z ZS”’f @.1)
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These operators and their connection to hyper-Bessel functions are also investigated
in [8].

Theorem 4.1 Under the condition

ki=mvi+m—j=0, j=1,...,m—1, 4.2)
the following system
T (k) f(z) =kAf(2),
{ FO) =1, 4.3)

has a unique C*°-solution which is given by

Dy, 2) =Y (AT A; T ()

j=1

m—1 (K)x)j
=TJy(A2) + . T4+ 1,041,011 vm) (A2,
v(A2) ; miw+1)--- (mej T (GRS R TFES ST BV 1)( )
4.4)
where
d "rd mue+m—k\ d
Ap=1, Ap—1=—, Aj= —t— ), 2=Zj=<m.
" "= i=11 (dz Z )dz s=m
k=j+1
4.5)
Proof Let f be a solution of the system (4.3). We decompose f as
m
=Y 1
j=1
where the function f; is of type j. Then the system (4.3) is equivalent to
S @+ o P @) =k X (), “6)
m(0) =1, f10)=---= fin_1(0)=0.
For j =1,..., m, the functions fjf and zflfj are of type j — 1, and the functions f,

2z~ f1 are of type m.
Hence, we can write the system (4.6) in the following equivalent form

fi 4+ =L £ — e fon,

4
fz/ + mvz-ﬁ;m—z f2 — K)"fla
fhy + M e = KA fma,
fn/1 ZK)"fm—la
Sm(0) =1, f10) == fin—1(0) =0.
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52

Therefore, the function f;, satisfies

Mo+ 22D = )
O =1, fPO==£"""0)=0
Thus,
fm = jV(A'Z)ﬂ
[i@=wr) AT,z (1<j<m—1),
where
d
Am = l, Am—l = 7
dz
_ 4,
A._Wll—[l<d+mvk+m—k)d l<j<m-2 4.8)
J - - ) 5> — — - <.
k=1 dz z dz
More precisely, one has
(kA)/
u7(v1+1,...,vj+l,vj+1 ..... vm,l)()hZ)-
O

F@) =500 + ; i+ D)y + 1)

Proposition 4.2
1. If fisoftype j,withl < j <m,then T (k) is of type j — 1 and
d (z)
rofo="2+" 0.

2. If f is of type m, then
T" (k) f = B f,

where

4.1 Integral representation

In [4], Dimovski and Kiryakova studied the generalized Riemann-Liouville trans-

form R, ,, which is defined by

m'2rw+1) Gm 1,0 (Vl,vz,.--,vml
_m=1

Romf(2) = ————75 1
vom Qm)m=D/2 Jo Tm=lm=t\ - e

t’"> M f(tz) de

3 (%)WH""—I/ZF(U 4 1)
C Q2m)m=D2r (v +1/2)
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1 1m—1
xf f l—[(l—tk Vk k/m k Lf(at - tyer)dty - dty .
0 0
=1

(4.9)

The operator R intertwines the hyper-Bessel operator B, operator defined by (3.10)
and the mth differential operator i—’fn (see [9])
dl’n
mOR”m_R”modm (4.10)

For m =2, the transform R, ;, is reduced to the so-called Riemann-Liouville trans-
form

1
T At
From (3.18), we get
Tv(A2) = Rom(cospm (1)) (2) (4.12)
Let consider the operator V;, defined by
m
V=Y AjoRymol™ /op, (4.13)
j=1

where the operator p; is the projection operator defined in (2.2) and [ is given by

1(f)(z)=/;f(t)dt-

The operator [ is the right inverse of the derivative operator d%:

d
—ol=1.
dz

Lemmad4.3 Forn=1,2,..., we have
® (0
( )(f)(z)—ﬂ)—zf O

Theorem 4.4 The hyper-Dunkl-Bessel function has the integral representation

D, 2) = Vi (") ().

Proof The exponential function ¢**? has the following decomposition with respect
to the cyclic group of order m

m—1

oM — cos;, (A7) + Z ! sinm,l(kz).
j=1
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From the relation (2.11), we get

. 1 m=J
sing, j(Az) = T dgn cosy (A2).
By Lemma 4.3, we can write
. 1 R L]
— AzZ\ —
7l opj(ex z)_ W(Im Jo dzmj)cosm()»z)
1 m ! G2\
- A —Dk
= Gy <cosm( 7) — ]; (=1 )
Hence,
Rymo "o pj (eKA‘)(Z)
m—j—1 km
. r'v+1) AZ
= (k1) ™ A7) — B Y S LAY (s )
() (j”( 2) ;0 D F(v+k+1)k!(m) )

The order of differential operator A; is equaltom — j (j =1,...,m), then

m 1 km
(Z i Lo+rh rov+1 (kz) ):0.
I'(v+k+1)k!
Thus,

Vi (¢) (@) = D (1)) ™" A7, (2) = D(1, 2).
j=1 -

5 Complex reflection Dunkl operator associated to Z/mZ x -+ x Z/mNZ
Let e, ..., ey be the standard basis of CV. We denote by s; (1 < j < N) the re-

fection with respect to the hyperplane perpendicular to e;, that is to say, for every
z=(z1,...,28) € CV,

(z,€j)
5j(@) =7 —(1—gj)~—Le;
lle;l
=(21s ey Zjm15 852 Tt 1o -5 IN), (5.1
27z
where ¢; = e’ ,and mj =2,3,.... Let G be the finite reflection group generated

by {s;:j=1,...,N},s0 G is 1s0m0rphic to Z/mZ x --- x Z/myZ. The corre-
sponding group has the relations

sjsp =sks; and s;."j =1. 5.2)
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Forl1<j<Nand1<i<mj;—1,letv;; bereal numbers satisfying m v, ; —m; +
r > 0. Associated with these objects are the Dunkl operators 7; (for j =1,..., N)

mj=1 . mj—1 A ‘
Tif(z) = % + Z mjvr]—m]~l—r Z g;r'f(s}(z))_
J

r=1 2 i=0

Proposition 5.1 For A= (A1,...,AN) € CN, the initial system problem

Tif@)=kjrjf(z), fO)=1, j=1,...,N,

has a unique C*°-solution D,I)V (z, A) called Dunkl kernel and given by

N
DY (r.2) =[] Dy; (. 2.
j=1

z

where kj = ei "v=(v ), vj = (vi,j)mj and Dy; (A, z;) is defined in (4.4).

i=1
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