
𝑳𝒆𝒄𝒕𝒖𝒓𝒆 𝟏| Week 2 14/2/2017   Tuesday 

1 | P a g e 
 

𝒍𝒊𝒇𝒆 𝒂𝒏𝒏𝒖𝒊𝒕𝒚 ∶ 𝑰𝒎𝒎𝒆𝒅𝒊𝒂𝒕𝒆 

𝑅𝑒𝑚𝑒𝑚𝑏𝑒𝑟 𝑡ℎ𝑒𝑟𝑒 𝑖𝑠 𝑛𝑜 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 𝑡𝑜 𝑔𝑒𝑡 𝑡ℎ𝑒 𝑎𝑛𝑛𝑢𝑖𝑡𝑦 𝐼𝑚𝑚𝑒𝑑𝑖𝑎𝑡𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑙𝑦 , 𝑠𝑜 𝑤𝑒  𝑤𝑖𝑙𝑙 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ𝑡  

𝑎𝑛𝑛𝑢𝑖𝑡𝑦 𝑑𝑢𝑒 . 

𝑾𝒉𝒐𝒍𝒆 𝒍𝒊𝒇𝒆 𝒂𝒏𝒏𝒖𝒊𝒕𝒚 

        𝐷𝑒𝑎𝑡ℎ 

1 1 1 1 1 … 1 𝑛𝑜 𝑚𝑜𝑟𝑒 𝑝𝑎𝑦𝑚𝑒𝑛𝑡𝑠 𝑏𝑒𝑦𝑜𝑛𝑑                    

0 1 2 3 4  𝐾𝑥        𝐾𝑥 + 1 

 

        𝐷𝑒𝑎𝑡ℎ 

0 1 1 1 1 … 1 𝑛𝑜 𝑚𝑜𝑟𝑒 𝑝𝑎𝑦𝑚𝑒𝑛𝑡𝑠 𝑏𝑒𝑦𝑜𝑛𝑑      

0 1 2 3 4  𝐾𝑥        𝐾𝑥 + 1 

 

𝐴𝑛𝑛𝑢𝑖𝑡𝑦 𝑑𝑢𝑒 ℎ𝑎𝑠 𝑎𝑛 𝑒𝑥𝑡𝑟𝑎 𝑝𝑎𝑦𝑚𝑒𝑛𝑡 𝑜𝑓 1𝑆𝑅 , 𝑡𝑜 𝑔𝑒𝑡 𝑡ℎ𝑒 𝑖𝑚𝑚𝑒𝑑𝑖𝑎𝑡𝑒 𝑤𝑒 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑟𝑒𝑚𝑜𝑣𝑒 𝑖𝑡 ∶  

 

𝑤ℎ𝑒𝑟𝑒 𝑎𝑥  𝑖𝑠 𝐴𝑃𝑉 𝑜𝑓 𝐼𝑚𝑚𝑒𝑑𝑖𝑎𝑡𝑒 𝑙𝑖𝑓𝑒 𝑎𝑛𝑛𝑢𝑖𝑡𝑦 𝑜𝑓 1𝑆𝑅 𝑜𝑛 (𝑥). 

𝑻𝒆𝒎𝒑𝒐𝒓𝒂𝒓𝒚 𝒍𝒊𝒇𝒆 𝒂𝒏𝒏𝒖𝒊𝒕𝒚  

         

1 1 1 1 1 … 1 0                    

0 1 2 3 4  𝑛 − 1        𝑛 

 

         

0 1 1 1 1 … 1 1      

0 1 2 3 4  𝑛 − 1        𝑛 

 

−1       + 𝐸𝑛 𝑥 

 

 

 

 

 

𝐷𝑢𝑒 

𝐼𝑚𝑚𝑒𝑑𝑖𝑎𝑡𝑒 

𝐷𝑢𝑒 

𝐼𝑚𝑚𝑒𝑑𝑖𝑎𝑡𝑒 

𝑎𝑥:𝑛̅| = 𝑎̈𝑥:𝑛̅| − 1 + 𝐸𝑛 𝑥 

𝑎𝑥 = 𝑎̈𝑥 − 1 
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𝑫𝒆𝒇𝒇𝒆𝒓𝒆𝒅 𝒍𝒊𝒇𝒆 𝒂𝒏𝒏𝒖𝒊𝒕𝒚 

         𝐷𝑒𝑎𝑡ℎ 

1 1 1 1 1 … 1 𝑛𝑜 𝑚𝑜𝑟𝑒 𝑝𝑎𝑦𝑚𝑒𝑛𝑡𝑠 𝑏𝑒𝑦𝑜𝑛𝑑                    

n n+1 n+2 n+3 n+4  𝐾𝑥        𝐾𝑥 + 1 

 

        𝐷𝑒𝑎𝑡ℎ 

0 1 1 1 1 … 1 𝑛𝑜 𝑚𝑜𝑟𝑒 𝑝𝑎𝑦𝑚𝑒𝑛𝑡𝑠 𝑏𝑒𝑦𝑜𝑛𝑑      

n n+1 n+2 n+3 n+4  𝐾𝑥        𝐾𝑥 + 1 

 

− 𝐸𝑥𝑛  

 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 

 𝑨𝒙 = 𝟎. 𝟐𝟖 

 𝑨𝒙+𝟐𝟎 = 𝟎.𝟒 

 𝑨
𝒙:
𝟏
𝟐𝟎̅̅̅̅ |  
= 𝟎. 𝟐𝟓 

 𝒊 = 𝟎. 𝟎𝟓 

𝑭𝒊𝒏𝒅 𝒂𝒙:𝟐𝟎̅̅̅̅ |. 

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛. 

 𝐴𝑥 = 𝐴1
𝑥:20̅̅̅̅ |
+ 𝐴𝑥20|   

𝐴𝑥 = 𝐴1
𝑥:20̅̅̅̅ |
+ 𝐸𝑥20 ∙ 𝐴𝑥+20 

0.28 = 𝐴1
𝑥:20̅̅̅̅ |
+ (0.25) ∙ (0.4) 

→ 𝐴1
𝑥:20̅̅̅̅ |
= 0.18 

𝑛𝑜𝑤… 

𝐴𝑥:20̅̅̅̅ | = 𝐴1
𝑥:20̅̅̅̅ |
+ 𝐴

𝑥:
1
20̅̅̅̅ |
= 0.18 + 0.25 = 0.43 

𝑇ℎ𝑒𝑛… 

𝑎̈𝑥:20̅̅̅̅ | =
1 − 𝐴𝑥:20̅̅̅̅ |

𝑑
=
1 − 0.43

1
21

= 11.97 

𝐹𝑖𝑛𝑎𝑙𝑙𝑦… 

𝑎𝑥:𝑛̅| = 11.97 − 1 + 0.25 = 11.22∎ 

𝐷𝑢𝑒 

𝐼𝑚𝑚𝑒𝑑𝑖𝑎𝑡𝑒 

𝑎𝑥𝑛| = 𝑎̈𝑥 − 𝐸𝑥𝑛  𝑛|  
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𝒎− 𝒕𝒉𝒍𝒚 𝒂𝒏𝒏𝒖𝒊𝒕𝒚  

𝑡ℎ𝑖𝑠 𝑎𝑛𝑛𝑢𝑖𝑡𝑦 𝑚𝑎𝑘𝑒𝑠 𝑝𝑎𝑦𝑚𝑒𝑛𝑡𝑠 𝑒𝑣𝑒𝑟𝑦
1

𝑚
 𝑜𝑓 𝑎 𝑦𝑒𝑎𝑟 𝑎𝑛𝑑 𝑒𝑎𝑐ℎ 𝑝𝑎𝑦𝑚𝑒𝑛𝑡 𝑖𝑠

1

𝑚
 𝑆𝑅 . 

 

        𝐷𝑒𝑎𝑡ℎ 

1

𝑚
 

1

𝑚
 

1

𝑚
 

1

𝑚
 

1

𝑚
  … 

1

𝑚
 𝑛𝑜 𝑚𝑜𝑟𝑒 𝑝𝑎𝑦𝑚𝑒𝑛𝑡𝑠 𝑏𝑒𝑦𝑜𝑛𝑑                    

0 
1

𝑚
  

2

𝑚
 

3

𝑚
 

4

𝑚
   1 −

1

𝑚
      1 

 

        𝐷𝑒𝑎𝑡ℎ 

0 
1

𝑚
 

1

𝑚
 

1

𝑚
 

1

𝑚
  … 

1

𝑚
 𝑛𝑜 𝑚𝑜𝑟𝑒 𝑝𝑎𝑦𝑚𝑒𝑛𝑡𝑠 𝑏𝑒𝑦𝑜𝑛𝑑                    

0 
1

𝑚
  

2

𝑚
 

3

𝑚
 

4

𝑚
   1 −

1

𝑚
      1 

ℎ𝑒𝑛𝑐𝑒 𝑤𝑒 𝑐𝑎𝑛 𝑐𝑜𝑛𝑐𝑙𝑢𝑑𝑒 ∶ 

𝑎̈𝑥
(𝑚) =

1

𝑚
+
1

𝑚
𝑣
1
𝑚 ∙ 𝑝𝑥1
𝑚

+
1

𝑚
𝑣
2
𝑚 ∙ 𝑝𝑥2
𝑚

+
1

𝑚
𝑣
3
𝑚 ∙ 𝑝𝑥3
𝑚

+⋯ 

 

 

𝐴𝑛𝑑 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑚 − 𝑡ℎ𝑙𝑦 𝑎𝑛𝑛𝑢𝑖𝑡𝑦 𝐼𝑚𝑚𝑒𝑑𝑖𝑎𝑡𝑒 ∶ 

𝑎𝑥
(𝑚)
= 𝑎̈𝑥
(𝑚)
−
1

𝑚
 

𝑎
𝑥:𝑛|̅̅ ̅
(𝑚)
= 𝑎̈
𝑥:𝑛|̅̅ ̅
(𝑚)
−
1

𝑚
+
𝐸𝑥𝑛
𝑚

 

𝑎𝑥
(𝑚)

𝑛| = 𝑎̈𝑥
(𝑚)

𝑛| −
𝐸𝑥𝑛
𝑚

 

𝐿𝑒𝑡 𝑢𝑠 𝑑𝑒𝑛𝑜𝑡𝑒 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 ∶ 

𝑒𝑞1       𝑎̅𝑥 = 𝑎̅𝑥:𝑛|̅̅ ̅ + 𝑎̅𝑥𝑛|  

𝑒𝑞2      𝑎̅𝑥𝑛| = 𝑣
𝑛 𝑝𝑥𝑛 ∙ 𝑎̅𝑥+𝑛 

𝑹𝒆𝒄𝒖𝒓𝒔𝒊𝒐𝒏𝒔 

 𝑒𝑞1 𝑒𝑞2 

𝐶𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠  𝑎̅𝑥 = 𝑎̅𝑥:𝑛|̅̅ ̅ + 𝑎̅𝑥𝑛|  𝑎̅𝑥𝑛| = 𝑣
𝑛 𝑝𝑥𝑛 ∙ 𝑎̅𝑥+𝑛 

𝐷𝑖𝑠𝑐𝑟𝑒𝑡𝑒 (𝐷𝑢𝑒) 𝑎̈𝑥 = 𝑎̈𝑥:𝑛|̅̅ ̅ + 𝑎̈𝑥𝑛|  𝑎̈𝑥𝑛| = 𝑣
𝑛 𝑝𝑥𝑛 ∙ 𝑎̈𝑥+𝑛 

𝐷𝑖𝑠𝑐𝑟𝑒𝑡𝑒 (𝐼𝑚𝑚𝑒𝑑𝑖𝑎𝑡𝑒) 𝑎𝑥 = 𝑎𝑥:𝑛|̅̅ ̅ + 𝑎𝑥𝑛|  𝑎𝑥𝑛| = 𝑣
𝑛 𝑝𝑥𝑛 ∙ 𝑎𝑥+𝑛 

𝐷𝑖𝑠𝑐𝑟𝑒𝑡𝑒 𝑚 − 𝑡ℎ𝑙𝑦 (𝐷𝑢𝑒) 𝑎̈𝑥
(𝑚)
= 𝑎̈
𝑥:𝑛|̅̅ ̅
(𝑚)
+ 𝑎̈𝑥

(𝑚)
𝑛|  𝑎̈𝑥

(𝑚)
𝑛| = 𝑣𝑛 𝑝𝑥𝑛 ∙ 𝑎̈𝑥+𝑛

(𝑚)
 

𝐷𝑖𝑠𝑐𝑟𝑒𝑡𝑒 𝑚 − 𝑡ℎ𝑙𝑦 (𝐼𝑚𝑚𝑒𝑑𝑖𝑎𝑡𝑒) 𝑎𝑥
(𝑚)
= 𝑎
𝑥:𝑛|̅̅ ̅
(𝑚)
+ 𝑎𝑥

(𝑚)
𝑛|  𝑎𝑥

(𝑚)
𝑛| = 𝑣𝑛 𝑝𝑥𝑛 ∙ 𝑎𝑥+𝑛

(𝑚)
 

𝐷𝑢𝑒 

𝐼𝑚𝑚𝑒𝑑𝑖𝑎𝑡𝑒 

𝑎̈𝑥
(𝑚)
= 

1

𝑚
∙ 𝑣
𝑘
𝑚 ∙ 𝑝𝑥𝑘
𝑚

⬚

∞

𝑘=0
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 

 𝑨̅𝟑𝟎 = 𝟎. 𝟔 

 𝑨̅ 𝟏
𝟑𝟎:𝟏𝟎|̅̅ ̅̅ ̅
= 𝟎. 𝟏 

 𝜹 = 𝟎. 𝟎𝟐 

 𝑨̅
𝟑𝟎:
𝟏
𝟏𝟎|̅̅ ̅̅ ̅
= 𝟎. 𝟕 

𝒇𝒊𝒏𝒅: 

1. 𝒂̅𝟑𝟎:𝟏𝟎|̅̅ ̅̅ ̅ 

2. 𝒂̅𝟑𝟎 

3. 𝒂̅𝟑𝟎𝟏𝟎|  

4. 𝒂̅𝟒𝟎 

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛. 

𝐴̅
30:10|̅̅ ̅̅ ̅
= 𝐴̅ 1

30:10|̅̅ ̅̅ ̅
+ 𝐴̅

30:
1
10|̅̅ ̅̅ ̅
= 0.1 + 0.7 = 0.8 

1. 𝑎̅30:10|̅̅ ̅̅̅ =
1−0.8

0.02
= 10∎ 

2. 𝑎̅30 =
1−𝐴̅30

𝛿
=
1−0.6

0.02
= 20∎ 

3. 𝑎̅3010| = 𝑎̅30 − 𝑎̅30:10|̅̅ ̅̅̅ = 20 − 10 = 10∎ 

4. 𝑎̅40 =
1

𝐸3010

∙ 𝑎̅30 =
1

0.7
∙ 10 = 14.28571429∎ 

𝑹𝒆𝒄𝒖𝒓𝒔𝒊𝒐𝒏 𝒇𝒐𝒓𝒎𝒖𝒍𝒂   

𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 ∶ 

𝑎̈𝑥 = 1 + 𝑣𝑝𝑥 ∙ 𝑎̈𝑥+1 

𝑎̈𝑥:𝑛|̅̅ ̅ = 1 + 𝑣𝑝𝑥 ∙ 𝑎̈𝑥+1:𝑛−1|̅̅ ̅̅ ̅̅ ̅ 

𝑡𝑖𝑚𝑒 0                               𝑡𝑖𝑚𝑒 1 

𝑎𝑔𝑒 𝑥 

                      𝑞𝑥                  𝐷𝑖𝑒 → 𝑛𝑜 𝑚𝑜𝑟𝑒 𝑝𝑎𝑦𝑚𝑒𝑛𝑡𝑠 

 

𝑎̈𝑥 

                                    𝑝𝑥                    𝐿𝑖𝑣𝑒 → 𝑝𝑎𝑦𝑚𝑒𝑛𝑡𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑒𝑠 

𝑷𝒓𝒐𝒐𝒇 ∶ 

𝑎̈𝑥 = 𝑣
𝑘 ∙ 𝑝𝑥𝑘

∞

𝑘=0

= 1 + 𝑣𝑘 ∙ 𝑝𝑥𝑘

∞

𝑘=1

 

= 1 + 𝑣𝑘+1 ∙ 𝑝𝑥𝑘+1

∞

𝑘=0

= 1 + 𝑣𝑘+1 ∙ 𝑝𝑥 𝑝𝑥+1𝑘

∞

𝑘=0

 

= 1 + 𝑣𝑝𝑥 𝑣
𝑘 ∙ 𝑝𝑥+1𝑘

∞

𝑘=0
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= 1 + 𝑣𝑝𝑥 ∙ 𝑎̈𝑥+1∎ 

 

𝒇𝒐𝒓 𝒎 − 𝒕𝒉𝒍𝒚 𝒇𝒐𝒓 𝒆𝒂𝒄𝒉 𝒔𝒕𝒆𝒑 ∶ 

𝑎̈𝑥
(𝑚)
=
1

𝑚
+ 𝑣
1
𝑚 ∙ 𝑝𝑥1
𝑚

∙ 𝑎̈𝑥+1
(𝑚)

 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 

𝒀𝒐𝒖′𝒓𝒆 𝒈𝒊𝒗𝒆𝒏 ∶ 

 𝒇𝒐𝒓 𝒂 𝒄𝒆𝒓𝒕𝒂𝒊𝒏 𝒎𝒐𝒓𝒕𝒂𝒍𝒊𝒕𝒚 𝒕𝒂𝒃𝒍𝒆 𝒘𝒊𝒕𝒉 𝒒𝟑𝟎 = 𝟎. 𝟎𝟓 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆 𝒂̈𝟑𝟎 = 𝟏𝟐. 𝟔 

 𝒇𝒐𝒓 𝒂 𝒎𝒐𝒓𝒕𝒂𝒍𝒊𝒕𝒚 𝒕𝒂𝒃𝒍𝒆 𝒊𝒅𝒆𝒏𝒕𝒊𝒄𝒂𝒍 𝒆𝒙𝒆𝒑𝒕 𝒕𝒉𝒂𝒕 𝒒𝟑𝟎 = 𝟎. 𝟐 𝒂𝒏𝒅 𝒂̈𝟑𝟎 = 𝒚. 

𝒄𝒐𝒎𝒑𝒖𝒕𝒆. 

1. 𝒚. 

2. 𝒂𝟑𝟎 𝒐𝒏 𝒕𝒉𝒆 𝒃𝒂𝒔𝒊𝒔 𝒐𝒇 𝒍𝒊𝒇𝒆 𝒕𝒂𝒃𝒍𝒆 𝒘𝒊𝒕𝒉 𝒒𝟑𝟎 = 𝟎. 𝟐.  

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 . 

1. 

𝑎̈30 = 1 + 𝑣𝑝30 ∙ 𝑎̈31 

→ 12.6 = 1 + 1.06−1 ∙ (1 − 0.05) ∙ 𝑎̈31 

→ 𝑎̈31 = 12.94316 

𝑇ℎ𝑒𝑛 … 

𝑦 = 𝑎̈30 = 1 + 𝑣𝑝30 ∙ 𝑎̈31 

𝑦 = 𝑎̈30 = 1 + 1.06
−1 ∙ (1 − 0.2) ∙ 12.94316 

𝑦 = 𝑎̈30 = 10.76842∎ 

2. 

𝑎30 = 𝑎̈30 − 1 = 10.76842 − 1 = 9.76842∎ 
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𝑹𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒅𝒊𝒔𝒄𝒓𝒆𝒕𝒆 𝒂𝒏𝒅 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 +  𝒎 − 𝒕𝒉𝒍𝒚 𝒍𝒊𝒇𝒆 𝒂𝒏𝒏𝒖𝒊𝒕𝒊𝒆𝒔 

𝒀 − 𝒁 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝑼𝑫𝑫 

𝑎̅𝑥 =
1 − 𝐴̅𝑥
𝛿

 

=
1 −
𝑖
𝛿
𝐴𝑥

𝛿
 

𝑎̈𝑥
(𝑚)
=
1 − 𝐴𝑥

(𝑚)

𝑑(𝑚)
 

=
1 −
𝑖
𝑖(𝑚)
𝐴𝑥

𝑑(𝑚)
 

=
1 −
𝑖
𝑖(𝑚)
(1 − 𝑑𝑎̈𝑥)

𝑑(𝑚)
 

=
1 −
𝑖
𝑖(𝑚)
𝐴𝑥

𝑑(𝑚)
 

=
𝑖𝑑

𝑖(𝑚) ∙ 𝑑(𝑚)
∙ 𝑎̈𝑥 −

𝑖 − 𝑖(𝑚)

𝑖(𝑚) ∙ 𝑑(𝑚)
 

𝛽(𝑚) =
𝑖 − 𝑖(𝑚)

𝑖(𝑚) ∙ 𝑑(𝑚)
                                                     𝛼(𝑚) =

𝑖𝑑

𝑖(𝑚) ∙ 𝑑(𝑚)
 

 

 

𝑰𝒇 𝒎 → ∞ 

𝛽(∞) =
𝑖 − 𝛿

𝛿2
                                                     𝛼(∞) =

𝑖𝑑

𝛿2
 

 

 

𝒇𝒐𝒓 𝒏 − 𝒚𝒆𝒂𝒓 𝒅𝒆𝒇𝒇𝒆𝒓𝒆𝒅 𝒍𝒊𝒇𝒆 𝒂𝒏𝒏𝒖𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝑷𝒓𝒐𝒐𝒇: 

𝑎̈𝑥
(𝑚)

𝑛| = 𝐸𝑥𝑛 ∙ 𝑎̈𝑥+𝑛
(𝑚)

 

= 𝐸𝑥𝑛 [𝛼(𝑚) ∙ 𝑎̈𝑥+𝑛 − 𝛽(𝑚)] 

= 𝛼(𝑚) 𝐸𝑥𝑛 ∙ 𝑎̈𝑥+𝑛 − 𝐸𝑥𝑛 ∙ 𝛽(𝑚) 

 

𝒇𝒐𝒓 𝒏 − 𝒚𝒆𝒂𝒓 𝒕𝒆𝒎𝒑𝒐𝒓𝒂𝒓𝒚 𝒍𝒊𝒇𝒆 𝒂𝒏𝒏𝒖𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 

𝑈𝐷𝐷 ⇒ 

𝐴̅𝑥 =
𝑖

𝛿
𝐴𝑥  

𝐴𝑥
(𝑚)
=
𝑖

𝑖(𝑚)
𝐴𝑥 

 

𝑑(𝑚) = 𝑚[1 − (1 − 𝑑)
1
𝑚] 

𝑎̈𝑥
(𝑚) = 𝛼(𝑚) ∙ 𝑎̈𝑥 − 𝛽(𝑚) 

 

𝑎̅𝑥 =  𝛼(∞) ∙ 𝑎̈𝑥 − 𝛽(∞) 

 

= 𝑎̈𝑥
(𝑚)

𝑛| = 𝛼(𝑚) ∙ 𝑎̈𝑥𝑛| − 𝛽(𝑚) ∙ 𝐸𝑥𝑛  

 

𝑎̈𝑥:𝑛̅|
(𝑚)
= 𝛼(𝑚) ∙ 𝑎̈𝑥:𝑛|̅̅ ̅ − 𝛽(𝑚)[1 − 𝐸𝑥𝑛 ] 
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𝒎− 𝒕𝒉𝒍𝒚 𝒍𝒊𝒇𝒆 𝒂𝒏𝒏𝒖𝒊𝒕𝒊𝒆𝒔 𝒇𝒐𝒓𝒎𝒖𝒍𝒂𝒔 ∶ 

 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆: 

𝑭𝒐𝒓 𝒂𝒏𝒏𝒖𝒊𝒕𝒚 𝒑𝒂𝒚𝒂𝒃𝒍𝒆 𝒔𝒆𝒎𝒊𝒂𝒏𝒏𝒖𝒂𝒍𝒍𝒚 𝒚𝒐𝒖′𝒓𝒆 𝒈𝒊𝒗𝒆𝒏 ∶ 

𝑫𝒆𝒂𝒕𝒉 𝒊𝒔 𝒖𝒏𝒊𝒇𝒐𝒓𝒎𝒍𝒚 𝒅𝒊𝒔𝒕𝒓𝒊𝒃𝒖𝒕𝒆𝒅 𝒐𝒗𝒆𝒓 𝒆𝒂𝒄𝒉 𝒚𝒆𝒂𝒓 𝒐𝒇 𝒂𝒈𝒆 . 

𝒒𝟔𝟗  = 𝟎. 𝟎𝟑 

𝒊 = 𝟎. 𝟎𝟔 

𝟏𝟎𝟎𝟎𝑨̅𝟕𝟎 = 𝟓𝟑𝟎 

𝑭𝒊𝒏𝒅 𝒂̈𝟔𝟗
(𝟐)
. 

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛. 

𝐴̅70 =
𝑖

𝛿
𝐴70 

0.530 =
0.06

ln (1.06)
𝐴70 

→ 𝐴70 = 0.5147086884 

𝑎̈70 =
1 − 0.5147086884

3
53

= 8.573479838 

𝑎̈69 = 1 + 𝑣𝑝69 ∙ 𝑎̈70 

𝑎̈69 = 8.845542871 

𝑎̈69
(2) = 𝛼(2) ∙ 𝑎̈69 − 𝛽(2) 

𝛼(2) =
𝑖𝑑

𝑖(2) ∙ 𝑑(2)
=

(0.06) (
3
53
)

(0.0591260282)(0.05742827529)
= 1.000212219 

𝛽(2) =
𝑖 − 𝑖(2)

𝑖(2) ∙ 𝑑(2)
=

0.06 − 0.0591260282

(0.0591260282)(0.05742827529)
= 0.2573907527  

𝑎̈69
(2) = (1.000212219) ∙ (8.845542871) − (0.2573907527) = 8.590029311∎ 

 

 

 

 

 

𝑊ℎ𝑜𝑙𝑒 𝑙𝑖𝑓𝑒 𝛼(𝑚) ∙ 𝑎̈𝑥 − 𝛽(𝑚) 
𝑛 − 𝑦𝑒𝑎𝑟 𝑑𝑒𝑓𝑓𝑒𝑟𝑒𝑑 𝛼(𝑚) ∙ 𝑎̈𝑥𝑛| − 𝛽(𝑚) ∙ 𝐸𝑥𝑛  

𝑛 − 𝑦𝑒𝑎𝑟 𝑡𝑒𝑚𝑝𝑜𝑟𝑎𝑟𝑦 𝛼(𝑚) ∙ 𝑎̈𝑥:𝑛|̅̅ ̅ − 𝛽(𝑚)[1 − 𝐸𝑥𝑛 ] 

𝑑 =
3

53
 

𝑑(2) = 2 ∙ [1 − (1 −
3

53
)

1
2
] = 0.05742827529 

𝑖(2) = 0.0591260282 
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𝑾𝒐𝒐𝒍𝒉𝒐𝒖𝒔𝒆 𝒇𝒐𝒓𝒎𝒖𝒍𝒂  

𝑁𝑜 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑢𝑠𝑒 𝑈𝐷𝐷  

 

 

𝑜𝑟 𝑎𝑙𝑠𝑜 𝑦𝑜𝑢 𝑐𝑎𝑛 𝑢𝑠𝑒 ∶ 

 

𝑏𝑢𝑡 𝑖𝑡′𝑠 𝑛𝑜𝑡 𝑎𝑐𝑐𝑢𝑟𝑎𝑡𝑒 . 

𝑰𝒇 𝒚𝒐𝒖 𝒅𝒐𝒏′𝒕 𝒉𝒂𝒗𝒆 𝝁𝒙 𝒚𝒐𝒖 𝒄𝒂𝒏 𝒂𝒑𝒑𝒓𝒐𝒙𝒊𝒎𝒂𝒕 𝝁𝒙 𝒃𝒚 ∶ 

 

 

𝑬𝒙𝒂𝒎𝒑𝒍𝒆 ∶ 

𝒇𝒐𝒓 𝒈𝒓𝒐𝒖𝒑 𝒐𝒇 𝒊𝒏𝒅𝒊𝒗𝒊𝒅𝒖𝒂𝒍𝒔 𝒂𝒍𝒍 (𝒙), 𝒚𝒐𝒖′𝒓𝒆 𝒈𝒊𝒗𝒆𝒏: 

 𝟑𝟎% 𝒂𝒓𝒆 𝒔𝒎𝒐𝒌𝒆𝒓𝒔 𝒂𝒏𝒅 𝟕𝟎% 𝒂𝒓𝒆 𝒏𝒐𝒏 − 𝒔𝒎𝒐𝒌𝒆𝒓𝒔  

 𝒕𝒉𝒆 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒇𝒐𝒓𝒄𝒆 𝒐𝒇 𝒎𝒐𝒓𝒕𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒔𝒎𝒐𝒌𝒆𝒓𝒔 𝒊𝒔 𝟎. 𝟎𝟔 

 𝒕𝒉𝒆 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒇𝒐𝒓𝒄𝒆 𝒐𝒇 𝒎𝒐𝒓𝒕𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒏𝒐𝒏− 𝒔𝒎𝒐𝒌𝒆𝒓𝒔 𝒊𝒔 𝟎. 𝟎𝟑 

 𝜹 = 𝟎. 𝟎𝟖 

𝒄𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆 𝒗𝒂𝒓(𝒂̅𝑻𝒙) 𝒇𝒐𝒓 𝒂𝒏 𝒊𝒏𝒅𝒊𝒗𝒊𝒔𝒖𝒂𝒍 𝒄𝒉𝒐𝒔𝒆𝒏 𝒂𝒕 𝒓𝒂𝒏𝒅𝒐𝒎 𝒇𝒓𝒐𝒎 𝒕𝒉𝒊𝒔 𝒈𝒓𝒐𝒖𝒑. 

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛. 

𝑣𝑎𝑟(𝑎̅𝑇𝑥) = 𝑣𝑎𝑟(𝑌̅) =
𝐴̅𝑥 − (𝐴̅𝑥)
2 2

𝛿2
 

𝐴̅𝑥 = 𝐴̅𝑥
𝑠 (0.3) + 𝐴̅𝑥

𝑛(0.7) 

𝐴̅𝑥
𝑠 =

𝜇𝑆

𝛿 + 𝜇𝑆
=
0.06

0.08 + 0.06
=
6

14
=
3

7
 

𝐴̅𝑥
𝑛 =

𝜇𝑛

𝛿 + 𝜇𝑛
=
0.03

0.08 + 0.03
=
3

11
 

𝐴̅𝑥 = (
3

7
) (0.3) + (

3

11
) (0.7) =

123

385
= 0.3194805195 

𝐴̅𝑥
2 = 𝐴̅𝑥

𝑠2 (0.3) + 𝐴̅𝑥
𝑛2 (0.7) 

𝐴̅𝑥
𝑠2 =

𝜇𝑆

2𝛿 + 𝜇𝑆
=

0.06

2(0.08) + 0.06
=
0.06

0.16 + 0.06
=
6

22
=
3

11
 

𝐴̅𝑥
𝑛2 =

1

2𝛿 + 𝜇𝑛
=

1

2(0.08) + 0.03
=

1

0.16 + 0.03
=
3

19
 

𝐴̅𝑥
2 = (

3

11
) (0.3) + (

3

19
) (0.7) =

201

1045
= 0.1923444976 

𝑣𝑎𝑟(𝑌̅) =
(
201
1045
) − (
123
385
)
2

0.082
= 14.10573364∎

𝑎̈𝑥
(𝑚)
≅ 𝑎̈𝑥 −

𝑚− 1

2𝑚
−
𝑚2 − 1

12𝑚2
(𝛿 + 𝜇𝑥) 

 

𝑎̈𝑥
(𝑚) ≅ 𝑎̈𝑥 −

𝑚 − 1

2𝑚
  

 

𝜇𝑥 ≅ −
1

2
[ln(𝑝𝑥−1 + 𝑙𝑛(𝑝𝑥)] 
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𝑨𝒏𝒏𝒖𝒊𝒕𝒚 ∶  𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆𝒔 

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟏: 

𝑦𝒐𝒖′𝒓𝒆 𝒈𝒊𝒗𝒆𝒏: 

 𝒂̈𝟐𝟓:𝟐𝟎|̅̅ ̅̅ ̅ = 𝟏𝟕 

 𝜹 = 𝟎. 𝟎𝟓 

 𝒑𝟐𝟎 𝟐𝟓 = 𝟎. 𝟖 

 𝝁𝟐𝟓 = 𝟎. 𝟎𝟐 

 𝝁𝟒𝟓 = 𝟎. 𝟎𝟑 

𝑭𝒊𝒏𝒅 𝒂̈
𝟐𝟓:𝟐𝟎|̅̅ ̅̅ ̅ 

(𝟐)  𝒃𝒚 𝒖𝒔𝒊𝒏𝒈 𝒘𝒐𝒐𝒍𝒉𝒐𝒖𝒔𝒆 𝒇𝒐𝒓𝒎𝒖𝒍𝒂 𝒘𝒊𝒕𝒉 𝟑 𝒕𝒆𝒓𝒎𝒔 . 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛. 

𝑇ℎ𝑒𝑛 𝑎𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑊𝑜𝑜𝑙ℎ𝑜𝑢𝑠𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 𝑓𝑜𝑟 𝑚 = 2 𝑎𝑛𝑑 𝑥 = 25 ∶ 

𝑎̈25
(2)
≅  𝑎̈25 −

2 − 1

2(2)
−
22 − 1

(12)(2)2
(0.05 + 0.02) 

𝑎̈25
(2)
≅  𝑎̈25 −

1

4
−
(3)(0.07)

48
            1  

𝑎̈
25:25|̅̅ ̅̅̅
(2) = 𝑎̈25

(2) − 𝑎̈25
(2)

20| = 𝑎̈25
(2) − 𝐸20 25 ∙ 𝑎̈45

(2) 

𝑓𝑟𝑜𝑚 1   

𝑎̈
25:25|̅̅ ̅̅̅
(2) ≅ [𝑎̈25 −

1

4
− 3] − 𝐸20 25 ∙ 𝑎̈45

(2) 

𝑇ℎ𝑒𝑛 𝑎𝑝𝑝𝑙𝑦𝑖𝑛𝑔 𝑊𝑜𝑜𝑙ℎ𝑜𝑢𝑠𝑒  𝑓𝑜𝑟 𝑚 = 2 𝑎𝑛𝑑 𝑥 = 45 ∶ 

𝑎̈45
(2)
≅  𝑎̈45 −

2 − 1

2(2)
−
22 − 1

(12)(2)2
(0.05 + 0.03) 

𝑎̈45
(2) ≅  𝑎̈45 −

1

4
−
(3)(0.08)

48
           2  

𝑓𝑟𝑜𝑚 2   

𝑎̈
25:20|̅̅ ̅̅̅
(2) ≅ [𝑎̈25 −

1

4
−
(3)(0.07)

48
] − 𝐸20 25 ∙ [𝑎̈45 −

1

4
−
(3)(0.08)

48
] 

𝑎̈
25:20|̅̅ ̅̅̅
(2) ≅ 𝑎̈25 −

1

4
−
(3)(0.07)

48
− 𝐸20 25 ∙ 𝑎̈45 + 𝐸20 25 ∙

1

4
+ 𝐸20 25 ∙

(3)(0.08)

48
 

𝑏𝑦 𝑟𝑒𝑔𝑟𝑜𝑢𝑝𝑖𝑛𝑔 𝑡𝑒𝑟𝑚𝑠 ∶ 

𝑎̈
25:20|̅̅ ̅̅̅
(2) ≅ 𝑎̈25 − 𝐸20 25 ∙ 𝑎̈45 −

1

4
−
(3)(0.07)

48
+ 𝐸20 25 ∙

1

4
+ 𝐸20 25 ∙

(3)(0.08)

48
 

𝑎̈
25:20|̅̅ ̅̅̅
(2) ≅ 𝑎̈25 − 𝑎̈2520| −

1

4
−
(3)(0.07)

48
+ 𝐸20 25 ∙

1

4
+ 𝐸20 25 ∙

(3)(0.08)

48
 

𝑎̈
25:20|̅̅ ̅̅̅
(2) ≅ 𝑎̈25:20|̅̅ ̅̅̅ −

1

4
−
(3)(0.07)

48
+ 𝐸20 25 ∙

1

4
+ 𝐸20 25 ∙

(3)(0.08)

48
 

𝑎̈
25:20|̅̅ ̅̅̅
(2) ≅ 17 −

1

4
−
(3)(0.07)

48
+ (0.8)(𝑒−(20)(0.05)) ∙

1

4
+ (0.8)(𝑒−(20)(0.05)) ∙

(3)(0.08)

48
 

𝑎̈
25:20|̅̅ ̅̅̅
(2) ≅ 16.8207 ∎ 



𝑳𝒆𝒄𝒕𝒖𝒓𝒆 𝟒| Week 3 21/2/2017   Tuesday 
 

11 | P a g e 
 

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟐: 

𝒚𝒐𝒖′𝒓𝒆 𝒈𝒊𝒗𝒆𝒏: 

 𝑨𝒙 = 𝟎. 𝟐𝟒 

 𝑨𝒙+𝟐𝟓 = 𝟎.𝟒 

 𝑬𝟐𝟎 𝒙 = 𝟎. 𝟑 

 𝒅 = 𝟎. 𝟎𝟖 

𝑭𝒊𝒏𝒅 𝒂̈𝒙:𝟐𝟎|̅̅ ̅̅ ̅ . 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏. 

𝑎̈𝑥:20|̅̅ ̅̅̅ =
1 − 𝐴𝑥:20|̅̅ ̅̅̅ 
𝑑

 

𝐴1
𝑥:20̅̅̅̅ | 
= 𝐴𝑥 − 𝐴𝑥25| = 𝐴𝑥 − 𝐸20 𝑥 ∙ 𝐴𝑥+25 

𝐴1
𝑥:20̅̅̅̅ | 
= 0.24 − (0.3)(0.4) = 0.12 

𝐴𝑥:20|̅̅ ̅̅̅ = 𝐴1
𝑥:20̅̅̅̅ | 
+ 𝐴

𝑥 :
1
20̅̅̅̅ | 
= 0.12 + 0.3 = 0.42 

𝑎̈𝑥:20|̅̅ ̅̅̅ =
1 − 𝐴𝑥:20|̅̅ ̅̅̅ 
𝑑

=
1 − 0.42

0.08
= 7.25 ∎ 

 

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟑: 

𝑰𝑳𝑻 𝒊 = 𝟔%. 

𝒙 𝒍𝒙 𝟏𝟎𝟎𝟎𝒒𝒙 𝒂̈𝒙 𝟏𝟎𝟎𝟎𝑨𝒙 
𝟔𝟓 𝟕, 𝟓𝟑𝟑, 𝟗𝟔𝟒 𝟐𝟏. 𝟑𝟐 𝟗. 𝟖𝟗𝟔𝟗 𝟒𝟑𝟗. 𝟖 
𝟔𝟔 𝟕, 𝟑𝟕𝟑, 𝟑𝟑𝟖 𝟐𝟑. 𝟐𝟗 𝟗. 𝟔𝟑𝟔𝟐 𝟒𝟓𝟒. 𝟓𝟔 
𝟔𝟕 𝟕, 𝟐𝟎𝟏, 𝟔𝟑𝟓 𝟐𝟓. 𝟒𝟒 𝟗. 𝟑𝟕𝟐𝟔 𝟒𝟔𝟗. 𝟒𝟕 
𝟔𝟖 𝟕, 𝟎𝟏𝟖, 𝟒𝟑𝟐 𝟐𝟕. 𝟕𝟗 𝟗. 𝟏𝟎𝟔𝟔 𝟒𝟖𝟒. 𝟓𝟑 

𝑭𝒊𝒏𝒅 𝒂̈𝟑| 𝟔𝟓 𝒂𝒏𝒅 𝒂̈𝟔𝟓:𝟑|̅ .  

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛. 

𝑎̈3| 65 = 𝑣
3 𝑝3 65 ∙ 𝑎̈68 = 1.06

−3 ∙
𝑙68
𝑙65
∙ 𝑎̈68  

= 1.06−3 ∙ (
7,018,432

7,533,964
) ∙ (9.1066) = 7.1229 ∎ 

𝑎̈65:3|̅ = 𝑎̈65 − 𝑎̈3| 65 = 9.8969 − 7.1229 = 2.7740 ∎ 
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𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟒: 

𝑦𝒐𝒖′𝒓𝒆 𝒈𝒊𝒗𝒆𝒏: 

 𝑨𝟔𝟎 = 𝟐𝑨𝟒𝟎 

 𝒂̈𝟒𝟎 = 𝟑𝒂̈𝟔𝟎  

𝑭𝒊𝒏𝒅 𝑨𝟒𝟎. 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛. 

𝑎̈40 =
1 − 𝐴40
𝑑
= 3𝑎̈60 = 3(

1 − 𝐴60
𝑑
) = 3(

1 − 2𝐴40
𝑑
) 

1 − 𝐴40
𝑑
= 3(
1 − 2𝐴40
𝑑
) 

1 − 𝐴40 = 3 − 6𝐴40 

𝐴40 =
2

5
 ∎ 

 

 

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟓: 

𝒇𝒐𝒓 𝒔𝒑𝒆𝒄𝒊𝒂𝒍 𝒘𝒉𝒐𝒍𝒆 𝒍𝒊𝒇𝒆 𝒂𝒏𝒏𝒖𝒊𝒕𝒚 𝒐𝒏 (𝟑𝟎) 𝒚𝒐𝒖′𝒓𝒆 𝒈𝒊𝒗𝒆𝒏 ∶  

 𝑻𝒉𝒆 𝒂𝒏𝒏𝒖𝒊𝒕𝒚 𝒑𝒂𝒚𝒔 𝟏𝟎𝟎𝟎 𝒂 𝒚𝒆𝒂𝒓 𝒇𝒐𝒓 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝟐𝟎 𝒚𝒆𝒂𝒓𝒔 𝒂𝒏𝒅 𝟐𝟎𝟎𝟎 𝒂 𝒚𝒆𝒂𝒓 𝒕𝒉𝒆𝒓𝒆𝒂𝒇𝒕𝒆𝒓. 

 𝑨𝒍𝒍 𝒑𝒂𝒚𝒎𝒆𝒏𝒕𝒔 𝒂𝒓𝒆 𝒎𝒂𝒅𝒆 𝒂𝒕 𝒕𝒉𝒆 𝒃𝒆𝒈𝒊𝒏𝒏𝒊𝒏𝒈 𝒐𝒇 𝒕𝒉𝒆 𝒚𝒆𝒂𝒓 . 

 𝑴𝒐𝒓𝒕𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒍𝒍𝒐𝒘𝒔 𝑰𝑳𝑻 . 

 𝒊 = 𝟎. 𝟎𝟔 

𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝑨𝑷𝑽 𝒐𝒇 𝒕𝒉𝒆 𝒂𝒏𝒏𝒖𝒊𝒕𝒚 . 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛. 

𝐿𝑒𝑡 𝑍 𝑡ℎ𝑒 𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒 𝑟𝑎𝑛𝑑𝑜𝑚 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 . 

𝐸(𝑍) = 1000 ∙ 𝑎̈30:20|̅̅ ̅̅̅ + 2000 ∙ 𝐸20 30 ∙ 𝑎̈50 

𝑓𝑟𝑜𝑚 𝐼𝐿𝑇 

𝑎̈30 = 15.8561 

𝑎̈50 = 13.2668 

1000 𝐸20 30 = 293.74 

𝑛𝑜𝑤… 

𝑎̈30:20|̅̅ ̅̅̅ = 𝑎̈30 − 𝑎̈20| 30 

= 15.8561 − (0.29374) ∙ (13.2668) = 11.9591102 

𝐸(𝑍) = 1000 ∙ (11.9591102) + 2000 ∙ (0.29374) ∙ (13.2668) = 11,959.1102 + 7,793.979664 = 19753.08986∎ 
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𝑨𝒏𝒏𝒖𝒊𝒕𝒚 ∶  𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆𝒔 

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟏 ∶ 

𝑭𝒐𝒓 𝒂 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒔 𝒘𝒉𝒐𝒍𝒆 𝒍𝒊𝒇𝒆 𝒂𝒏𝒏𝒖𝒊𝒕𝒚 𝒐𝒏 (𝒙) 𝒚𝒐𝒖′𝒓𝒆 𝒈𝒊𝒗𝒆𝒏 ∶ 

 𝑻𝒙 𝒊𝒔 𝒕𝒉𝒆 𝒇𝒖𝒕𝒖𝒓𝒆 𝒍𝒊𝒇𝒆𝒕𝒊𝒎𝒆 𝒓𝒂𝒏𝒅𝒐𝒎 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆 𝒇𝒐𝒓 (𝒙) 

 𝑻𝒉𝒆 𝒇𝒐𝒓𝒄𝒆 𝒐𝒇 𝒎𝒐𝒓𝒕𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝟎. 𝟎𝟔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕𝒆 𝒇𝒐𝒓 𝒂𝒍𝒍 𝒂𝒈𝒆𝒔. 

 𝑻𝒉𝒆 𝒇𝒐𝒓𝒄𝒆 𝒐𝒇 𝒊𝒏𝒕𝒆𝒓𝒆𝒔𝒕 𝒊𝒔 𝟎. 𝟎𝟒 . 

𝑪𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆 𝑷𝒓(𝒂̅𝑻𝒙|̅̅ ̅̅̅ > 𝒂̅𝒙). 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛. 

𝑎̅𝑇𝑥|̅̅ ̅̅ =
1 − 𝑣𝑇𝑥

𝛿
=
1 − 𝑒−𝛿𝑇𝑥

𝛿
 

𝑎̅𝑥 =
1

𝛿 + 𝜇
=

1

0.04 + 0.06
= 10  , 𝐵𝑒𝑐𝑢𝑎𝑠𝑒 𝑤𝑒 𝑎𝑟𝑒 𝑢𝑛𝑑𝑒𝑟 𝐶𝐹. 

𝑃𝑟(𝑎̅𝑇𝑥|̅̅ ̅̅ > 𝑎̅𝑥) = 𝑃𝑟 (
1 − 𝑒−(0.04)𝑇𝑥

0.04
> 10) 

= 𝑃𝑟(1 − 𝑒−(0.04)𝑇𝑥 > 0.4) = 𝑃𝑟(𝑒−(0.04)𝑇𝑥 > 0.6) 

= 𝑃𝑟 (𝑇𝑥 >
𝑙𝑛(0.6)

−0.04
) = 𝑃𝑟(𝑇𝑥 > 12.77064059)   𝑊ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑢𝑟𝑣𝑖𝑣𝑎𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 . 

= 𝑒−0.06(12.77064059) = 0.4647580015 ∎ 

 

𝑬𝒙𝒆𝒓𝒄𝒊𝒔𝒆 𝟐 ∶ 

𝑺𝒖𝒑𝒑𝒐𝒔𝒆 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 𝝁𝒙+𝒕 = 𝟎. 𝟎𝟏 

 𝝁𝒙+𝒕 = 𝟎. 𝟎𝟐 

 𝜹 = 𝟎. 𝟎𝟔 

𝑭𝒊𝒏𝒅 𝒂̅𝒙 . 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 . 

𝑓𝑜𝑟 0 ≤ 𝑡 ≤ 5 

𝐴̅1
𝑥
:
5|̅

= ∫ 𝑣𝑡 ∙ 𝑝𝑡 𝑥 ∙ 𝜇𝑥+𝑡 𝑑𝑥
5

0

= ∫ 𝑒−𝑡(𝜇+𝛿) ∙ 𝜇 𝑑𝑥
5

0

= ∫ 𝑒−𝑡(0.06+0.01)(0.01)𝑑𝑥
5

0

= (0.01) [
𝑒−𝑡(0.07)

−0.07
]
0

5

 

=
0.01

0.07
(1 − 𝑒−5(0.07) = 0.04218741575 

𝑓𝑜𝑟 𝑡 > 5 

𝐴̅𝑥5| = 𝐸5 𝑥 ∙ 𝐴̅𝑥+5 = 𝑒
−5(0.01+0.06) ∙

0.02

0.02 + 0.06
= 0.1761720224 

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 

𝐴̅𝑥 = 𝐴̅1
𝑥
:
5|̅

+ 𝐴̅𝑥5| = 0.2183594382 

𝑛𝑜𝑤 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑎𝑛𝑛𝑢𝑖𝑡𝑦… 

𝑎̅𝑥 =
1 − 𝐴̅𝑥
𝛿
=
1 − 0.2183594382

0.06
= 13.0273427∎

𝑅𝑒𝑚𝑒𝑚𝑏𝑒𝑟 ∶ 

𝑈𝑛𝑑𝑒𝑟 𝐶𝐹   𝑓𝑥(𝑡) = 𝑒
−𝑡(𝜇+𝛿) ∙ 𝜇 
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𝑷𝒓𝒆𝒎𝒊𝒖𝒎𝒔:𝑵𝒆𝒕 𝒑𝒓𝒆𝒎𝒊𝒖𝒎 𝒇𝒐𝒓 𝒔𝒕𝒂𝒏𝒅𝒂𝒓𝒅 𝒇𝒖𝒍𝒍𝒚 𝒅𝒊𝒔𝒄𝒓𝒆𝒕𝒆 𝑰𝒏𝒔𝒖𝒓𝒆𝒏𝒄𝒆 𝒑𝒐𝒍𝒊𝒄𝒊𝒆𝒔 

𝐵𝑒𝑛𝑒𝑓𝑖𝑡 

 

                                                              𝐼𝑛𝑠𝑢𝑟𝑒𝑟                                                      𝑃𝑜𝑙𝑖𝑐𝑦 ℎ𝑜𝑙𝑑𝑒𝑟 

 

𝑃𝑟𝑒𝑚𝑖𝑢𝑚 

𝟏) 𝒏𝒆𝒕 𝒑𝒓𝒆𝒎𝒊𝒖𝒎 𝒇𝒐𝒓 𝒏 − 𝒚𝒆𝒂𝒓 𝒕𝒆𝒓𝒎 𝑬𝒏𝒅𝒐𝒘𝒎𝒆𝒏𝒕 𝑰𝒏𝒔𝒖𝒓𝒆𝒏𝒄𝒆 𝒐𝒇 𝟏𝑺𝑹 ∶  

               1            1            1            1             …          1             1   𝑑𝑒𝑎𝑡ℎ 𝑏𝑒𝑛𝑒𝑓𝑖𝑡𝑠   =    𝐴1
𝑥
:
𝑛|̅̅ ̅

 

       1   𝑠𝑢𝑟𝑣𝑖𝑣𝑎𝑙 𝑏𝑒𝑛𝑒𝑓𝑖𝑡 =    𝐸𝑛 𝑥
                    

0  1 2 3 4            𝑛 − 1            𝑛 

𝑃𝑥:𝑛|̅̅ ̅      𝑃𝑥:𝑛|̅̅ ̅        𝑃𝑥:𝑛|̅̅ ̅       𝑃𝑥:𝑛|̅̅ ̅        𝑃𝑥:𝑛|̅̅ ̅         …          𝑃𝑥:𝑛|̅̅ ̅              𝑛𝑒𝑡 𝑝𝑟𝑒𝑚𝑖𝑢𝑚 

𝑵𝒐𝒕𝒂𝒕𝒊𝒐𝒏𝒔 ∶ 

 𝐴𝑃𝑉 𝑜𝑓 𝑓𝑢𝑡𝑢𝑟𝑒 𝑏𝑒𝑛𝑒𝑓𝑖𝑡 ∶  𝐴𝑥:𝑛|̅̅ ̅ 

 𝐴𝑃𝑉 𝑜𝑓 𝑓𝑢𝑡𝑢𝑟𝑒 𝑛𝑒𝑡 𝑝𝑟𝑒𝑚𝑖𝑢𝑚 ∶  𝑃𝑥:𝑛|̅̅ ̅ ∙ 𝑎̈𝑥:𝑛|̅̅ ̅ 

𝐼𝑛 𝑂𝑟𝑑𝑒𝑟 𝑡𝑜 𝑔𝑒𝑡 𝑡ℎ𝑒 𝑝𝑟𝑒𝑚𝑖𝑢𝑚 𝑤𝑒 𝑢𝑠𝑒 

 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒄𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆   

𝐴𝑥:𝑛|̅̅ ̅ = 𝑃𝑥:𝑛|̅̅ ̅𝑎̈𝑥:𝑛|̅̅ ̅ 

 

 

𝐼𝑓 𝑺 𝑜𝑓 𝑠𝑎𝑢𝑑𝑖 𝑟𝑦𝑖𝑎𝑙𝑠 𝑝𝑜𝑙𝑖𝑐𝑦 ℎ𝑎𝑠 𝑏𝑒𝑛𝑒𝑓𝑖𝑡 𝑜𝑓 ? ? ? 

𝑺 ∙ 𝑃𝑥:𝑛|̅̅ ̅ 

 

𝒇𝒐𝒓𝒎𝒖𝒍𝒂𝒔 𝒇𝒐𝒓 𝑷𝒙:𝒏|̅̅̅ ∶  

𝑤𝑒 𝑐𝑎𝑛 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑃𝑥:𝑛|̅̅ ̅ 𝑏𝑦 𝐴𝑥:𝑛|̅̅ ̅ ∶ 

         

 

𝐴𝑙𝑠𝑜 𝑤𝑒 𝑐𝑎𝑛 𝑤𝑟𝑖𝑡𝑒 𝑃𝑥:𝑛|̅̅ ̅ 𝑖𝑛 𝑡𝑒𝑟𝑚𝑠 𝑜𝑓 𝑎̈𝑥:𝑛|̅̅ ̅ ∶ 

        

 

 

 

 

 

→ 𝑃𝑥:𝑛|̅̅ ̅ =
𝐴𝑥:𝑛|̅̅ ̅

𝑎̈𝑥:𝑛|̅̅ ̅
 

𝐸𝑛𝑑𝑜𝑤𝑚𝑒𝑛𝑡 𝐼𝑛𝑠𝑢𝑟𝑒𝑛𝑐𝑒 

𝑅𝑒𝑚𝑒𝑚𝑏𝑒𝑟 ∶ 

𝐴𝑥:𝑛|̅̅ ̅ = 1 − 𝑑 ∙ 𝑎̈𝑥:𝑛|̅̅ ̅ 

𝑃𝑥:𝑛|̅̅ ̅ =
𝑑 ∙ 𝐴𝑥:𝑛|̅̅ ̅

1 − 𝐴𝑥:𝑛|̅̅ ̅
 

𝑃𝑥:𝑛|̅̅ ̅ =
1

𝑎̈𝑥:𝑛|̅̅ ̅
− 𝑑 
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𝟐) 𝑵𝒆𝒕 𝒑𝒓𝒆𝒎𝒊𝒖𝒎 𝒇𝒐𝒓 𝒂𝒏 𝒎− 𝒑𝒂𝒚𝒎𝒆𝒏𝒕 𝒚𝒆𝒂𝒓 𝒏 − 𝒚𝒆𝒂𝒓 𝒆𝒏𝒅𝒐𝒘𝒎𝒆𝒏𝒕 𝒊𝒏𝒔𝒖𝒓𝒆𝒏𝒄𝒆 𝒐𝒇 𝟏𝑺𝑹: 

 𝒎 ≤ 𝒏 

               1            1            1            1           1            1      …     1            1    𝑑𝑒𝑎𝑡ℎ 𝑏𝑒𝑛𝑒𝑓𝑖𝑡𝑠 = 𝐴1
𝑥
:
𝑛|̅

 

                                1   𝑠𝑢𝑟𝑣𝑖𝑣𝑎𝑙 𝑏𝑒𝑛𝑒𝑓𝑖𝑡 = 𝐸𝑛 𝑥
                    

0  1 2 3 4       𝑚− 1           𝑚     …    𝑛 − 1      𝑛 

𝑃𝑥:𝑛|̅̅ ̅𝑚       𝑃𝑥:𝑛|̅̅ ̅𝑚        𝑃𝑥:𝑛|̅̅ ̅𝑚        𝑃𝑥:𝑛|̅̅ ̅𝑚        𝑃𝑥:𝑛|̅̅ ̅𝑚      𝑃𝑥:𝑛|̅̅ ̅𝑚          𝑃𝑥:𝑛|̅̅ ̅𝑚                                            𝑛𝑒𝑡 𝑝𝑟𝑒𝑚𝑖𝑢𝑚 

𝑨𝒑𝒑𝒍𝒚𝒊𝒏𝒈 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒄𝒆 𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒍𝒆   

𝐴𝑥:𝑛|̅̅ ̅ = 𝑃𝑥:𝑛|̅̅ ̅𝑚 ∙ 𝑎̈𝑥:𝑚|̅̅ ̅̅  

 

 

 

𝒇𝒐𝒓𝒎𝒖𝒍𝒂𝒔 𝒇𝒐𝒓 𝑷𝒙:𝒏|̅̅ ̅ ∶  

𝑊𝑒 𝑐𝑎𝑛 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑃𝑥:𝑛|̅̅ ̅𝑚
 𝑏𝑦 𝐴𝑥:𝑛|̅̅ ̅ 

𝑃𝑥:𝑛|̅̅ ̅𝑚 =
𝐴𝑥:𝑛|̅̅ ̅

𝑎̈𝑥:𝑚|̅̅ ̅̅
=
𝐴𝑥:𝑛|̅̅ ̅

1 − 𝐴𝑥:𝑛|̅̅ ̅
𝑑

  

  

 

𝐴𝑙𝑠𝑜 𝑤𝑒 𝑐𝑎𝑛 𝑤𝑟𝑖𝑡𝑒 𝑃𝑥:𝑛|̅̅ ̅𝑚
 𝑖𝑛 𝑡𝑒𝑟𝑚𝑠 𝑜𝑓 𝑎̈𝑥:𝑚|̅̅ ̅̅ ∶ 

𝑃𝑥:𝑛|̅̅ ̅𝑚 =
𝐴𝑥:𝑛|̅̅ ̅

𝑎̈𝑥:𝑚|̅̅ ̅̅
=
1 − 𝑑 ∙ 𝑎̈𝑥:𝑛|̅̅ ̅

𝑎̈𝑥:𝑚|̅̅ ̅̅
 

 

 

𝟑) 𝑵𝒆𝒕 𝒑𝒓𝒆𝒎𝒊𝒖𝒎 𝒇𝒐𝒓 𝒂𝒏 𝒎− 𝒑𝒂𝒚𝒎𝒆𝒏𝒕 𝒚𝒆𝒂𝒓 𝒏 − 𝒚𝒆𝒂𝒓 𝒕𝒆𝒓𝒎 𝑰𝒏𝒔𝒖𝒓𝒆𝒏𝒄𝒆 𝒐𝒇 𝟏𝑺𝑹: 

𝒎 ≤ 𝒏 

               1            1            1            1           1            1      …     1            1    𝑑𝑒𝑎𝑡ℎ 𝑏𝑒𝑛𝑒𝑓𝑖𝑡𝑠 = 𝐴1
𝑥
:
𝑛|̅

                 

0  1 2 3 4       𝑚− 1           𝑚     …    𝑛 − 1      𝑛 

𝑃𝑚 1
𝑥:𝑛̅|
      𝑃𝑚 1

𝑥:𝑛̅|
            𝑃𝑚 1

𝑥:𝑛̅|
               𝑃𝑚 1

𝑥:𝑛̅|
              𝑃𝑚 1

𝑥:𝑛̅|
         𝑃𝑚 1

𝑥:𝑛̅|
              𝑃𝑚 1

𝑥:𝑛̅|
                                              𝑛𝑒𝑡 𝑝𝑟𝑒𝑚𝑖𝑢𝑚 

𝑵𝒐𝒕𝒂𝒕𝒊𝒐𝒏𝒔 ∶ 

 𝐴𝑃𝑉 𝑜𝑓 𝑓𝑢𝑡𝑢𝑟𝑒 𝑏𝑒𝑛𝑒𝑓𝑖𝑡 ∶  𝐴1
𝑥
:
𝑛|̅̅ ̅

 

 𝐴𝑃𝑉 𝑜𝑓 𝑓𝑢𝑡𝑢𝑟𝑒 𝑛𝑒𝑡 𝑝𝑟𝑒𝑚𝑖𝑢𝑚 ∶  𝑃𝑚 1
𝑥:𝑚̅̅̅|
∙  𝑎̈𝑥:𝑛|̅̅ ̅ 

𝐴1
𝑥
:
𝑛|̅̅ ̅
= 𝑃𝑚 1

𝑥:𝑛̅|
∙ 𝑎̈𝑥:𝑚|̅̅ ̅̅ ⇒ 𝑃𝑚 1

𝑥:𝑛̅|
=

𝐴1
𝑥
:
𝑛|̅̅ ̅

𝑎̈𝑥:𝑚|̅̅ ̅̅
 

𝒎 = 𝒏                                                                        ⇒ 𝑃𝑛 1
𝑥:𝑛̅|
=

𝐴1
𝑥
:
𝑛|̅̅ ̅

𝑎̈𝑥:𝑛|̅̅ ̅
= 𝑃1

𝑥:𝑛̅|
=

𝐴1
𝑥
:
𝑛|̅̅ ̅

𝑎̈𝑥:𝑛|̅̅ ̅
 

𝐸𝑛𝑑𝑜𝑤𝑚𝑒𝑛𝑡 𝐼𝑛𝑠𝑢𝑟𝑒𝑛𝑐𝑒 

⇒ 𝑃𝑥:𝑛|̅̅ ̅𝑚 =
𝑑 ∙ 𝐴𝑥:𝑛|̅̅ ̅

1 − 𝐴𝑥:𝑛|̅̅ ̅
 

→ 𝑃𝑥:𝑛|̅̅ ̅𝑚 =
𝐴𝑥:𝑛|̅̅ ̅

𝑎̈𝑥:𝑚|̅̅ ̅̅
 

 

⇒ 𝑃𝑥:𝑛|̅̅ ̅𝑚 =
1

𝑎̈𝑥:𝑚|̅̅ ̅̅

−
𝑑 ∙ 𝑎̈𝑥:𝑛|̅̅ ̅

𝑎̈𝑥:𝑚|̅̅ ̅̅
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𝟒) 𝑵𝒆𝒕 𝒑𝒓𝒆𝒎𝒊𝒖𝒎 𝒇𝒐𝒓 𝒇𝒖𝒍𝒍𝒚 𝒅𝒊𝒔𝒄𝒓𝒆𝒕𝒆 𝒘𝒉𝒐𝒍𝒆 𝒍𝒊𝒇𝒆 𝒊𝒏𝒔𝒖𝒓𝒂𝒏𝒄𝒆 𝒐𝒇 𝟏𝑺𝑹: 

 

 

       

𝒇𝒐𝒓𝒎𝒖𝒍𝒂𝒔 𝒇𝒐𝒓 𝑷𝒙:𝒏|̅̅ ̅ ∶  

𝑊𝑒 𝑐𝑎𝑛 𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑃𝑥:𝑛|̅̅ ̅𝑚
 𝑏𝑦 𝐴𝑥:𝑛|̅̅ ̅ 

𝑃𝑥 =
𝐴𝑥
𝑎̈𝑥
=
𝐴𝑥
1 − 𝐴𝑥
𝑑

  

  

 

𝐴𝑙𝑠𝑜 𝑤𝑒 𝑐𝑎𝑛 𝑤𝑟𝑖𝑡𝑒 𝑃𝑥:𝑛|̅̅ ̅𝑚
 𝑖𝑛 𝑡𝑒𝑟𝑚𝑠 𝑜𝑓 𝑎̈𝑥:𝑚|̅̅ ̅̅ ∶ 

𝑃𝑥 =
𝐴𝑥
𝑎̈𝑥
=
1 − 𝑑 ∙ 𝑎̈𝑥
𝑎̈𝑥

 

 

      

𝟒) 𝑵𝒆𝒕 𝒑𝒓𝒆𝒎𝒊𝒖𝒎 𝒇𝒐𝒓 𝒂𝒏 𝒎− 𝒑𝒂𝒚𝒎𝒆𝒏𝒕 𝒚𝒆𝒂𝒓 𝒏 − 𝒚𝒆𝒂𝒓 𝑷𝒖𝒓𝒆 𝑬𝒏𝒅𝒐𝒘𝒎𝒆𝒏𝒕 𝒐𝒇 𝟏𝑺𝑹: 

𝒎 ≤ 𝒏 

                                                                                                                   1    𝑑𝑒𝑎𝑡ℎ 𝑏𝑒𝑛𝑒𝑓𝑖𝑡𝑠 = 𝐴
𝑥
:
1

𝑛|̅

                 

0  1 2 3 4       𝑚− 1           𝑚     …    𝑛 − 1      𝑛 

𝑃𝑚
𝑥 :
1
𝑛̅|
         𝑃𝑚

𝑥 :
1
𝑛̅|
              𝑃𝑚

𝑥 :
1
𝑛̅|
            𝑃𝑚

𝑥 :
1
𝑛̅|
            𝑃𝑚

𝑥 :
1
𝑛̅|
            𝑃𝑚

𝑥 :
1
𝑛̅|
             𝑃𝑚

𝑥 :
1
𝑛̅|
                                              𝑛𝑒𝑡 𝑝𝑟𝑒𝑚𝑖𝑢𝑚 

𝑵𝒐𝒕𝒂𝒕𝒊𝒐𝒏𝒔 ∶ 

 𝐴𝑃𝑉 𝑜𝑓 𝑓𝑢𝑡𝑢𝑟𝑒 𝑏𝑒𝑛𝑒𝑓𝑖𝑡 ∶  𝐴
𝑥
:
1
𝑛|̅̅ ̅

 

 𝐴𝑃𝑉 𝑜𝑓 𝑓𝑢𝑡𝑢𝑟𝑒 𝑛𝑒𝑡 𝑝𝑟𝑒𝑚𝑖𝑢𝑚 ∶  𝑃𝑚
𝑥 :
1
𝑚̅̅̅|
∙  𝑎̈𝑥:𝑛|̅̅ ̅ 

𝐴1
𝑥
:
𝑛|̅̅ ̅
= 𝑃𝑚

𝑥 :
1
𝑛̅|
∙ 𝑎̈𝑥:𝑚|̅̅ ̅̅ ⇒ 𝑃𝑚

𝑥 :
1
𝑛̅|
=

𝐴
𝑥
:
1
𝑛|̅̅ ̅

𝑎̈𝑥:𝑚|̅̅ ̅̅
 

𝒎 = 𝒏                                                                        𝑃𝑛
𝑥 :
1
𝑛̅|
=

𝐴
𝑥
:
1
𝑛|̅̅ ̅

𝑎̈𝑥:𝑛|̅̅ ̅
 

= 𝑃
𝑥 :
1
𝑛̅|
=

𝐴
𝑥
:
1
𝑛|̅̅ ̅

𝑎̈𝑥:𝑛|̅̅ ̅
 

        𝑪𝒐𝒏𝒄𝒍𝒖𝒔𝒊𝒐𝒏 ∶ 

                      𝑚 ≤ 𝑛  

 

                      𝑚 = 𝑛 

𝑃𝑥 =
𝐴𝑥
𝑎̈𝑥

 

⇒ 𝑃𝑥 =
𝑑 ∙ 𝐴𝑥
1 − 𝐴𝑥

 

⇒ 𝑃𝑥 =
1

𝑎̈𝑥
−
𝑑 ∙ 𝑎̈𝑥
𝑎̈𝑥

 

𝑃𝑥:𝑛|̅̅ ̅𝑚
⬚ = 𝑃𝑚

⬚
1
𝑥:
⬚
𝑛̅|
+ 𝑃𝑚
⬚
⬚
𝑥 :
1
𝑛̅|

 

 
𝑃𝑥:𝑛̅| = 𝑃1

𝑥:𝑛̅|
+ 𝑃

𝑥 :
1
𝑛̅|
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𝑬𝒙𝒂𝒎𝒑𝒍𝒆 ∶ 

𝑺𝒖𝒑𝒑𝒐𝒔𝒆 𝒕𝒉𝒂𝒕 

1. 𝝁𝒙 = 𝝁  ∀𝒙 . 

2. 𝒍𝒙 = 𝝎− 𝒙      ; 𝟎 ≤ 𝒙 ≤ 𝝎      ; 𝒏 ≤ 𝝎 − 𝒙 .  

𝒄𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆 𝑃1
𝑥:𝑛̅|
 𝒇𝒐𝒓 𝒃𝒐𝒕𝒉 𝒄𝒂𝒔𝒆𝒔 . 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏. 

𝑃1
𝑥:𝑛̅|
=

𝐴1
𝑥
:
𝑛|̅̅ ̅

𝑎̈𝑥:𝑛|̅̅ ̅
 

𝟏.  

𝒖𝒏𝒅𝒆𝒓 𝑪𝑭 𝒕𝒆𝒓𝒎  𝒊𝒏𝒔𝒖𝒓𝒆𝒏𝒄𝒆 𝒊𝒔 ∶ 

𝐴1
𝑥
:
𝑛|̅̅ ̅
=  𝑣𝑘+1 ∙ 𝑞𝑥𝑘|

𝑛−1

𝑘=0

=  𝑣𝑘+1 ∙ (𝑝)𝑘(𝑞)

𝑛−1

𝑘=0

= 𝑣𝑞 (𝑣𝑝)𝑘
𝑛−1

𝑘=0

= 𝑣𝑞 [
1 − (𝑣𝑝)𝑛

1 − 𝑣𝑝
] 

= 𝑣𝑞 [
1 − (𝑣𝑝)𝑛

1 − 𝑣(1 − 𝑞)
] = 𝑣𝑞 [

1 − (𝑣𝑝)𝑛

1 − 𝑣 + 𝑣𝑞)
] =
𝑣𝑞

𝑣𝑞 + 𝑑
[1 − (𝑣𝑝)𝑛] 

𝒖𝒏𝒅𝒆𝒓 𝑪𝑭 𝒕𝒆𝒓𝒎  𝒂𝒏𝒏𝒖𝒊𝒕𝒚 𝒊𝒔 ∶ 

𝑎̈𝑥:𝑛|̅̅ ̅ =  𝑣
𝑘 ∙ 𝑝𝑘 𝑥

𝑛−1

𝑘=0

=  𝑣𝑘 ∙ (𝑝)𝑘
𝑛−1

𝑘=0

=  (𝑣𝑝)𝑘
𝑛−1

𝑘=0

= [
1 − (𝑣𝑝)𝑛

1 − 𝑣𝑝
] 

= [
1 − (𝑣𝑝)𝑛

1 − 𝑣(1 − 𝑞)
] = [
1 − (𝑣𝑝)𝑛

1 − 𝑣 + 𝑣𝑞)
] =

1

𝑣𝑞 + 𝑑
[1 − (𝑣𝑝)𝑛] 

𝑭𝒊𝒏𝒂𝒍𝒍𝒚… 

𝑃1
𝑥:𝑛̅|
=

𝑣𝑞
𝑣𝑞 + 𝑑

∙ [1 − (𝑣𝑝)𝑛]

1
𝑣𝑞 + 𝑑

∙ [1 − (𝑣𝑝)𝑛]
= 𝑣𝑞∎ 

2. 

𝐴1
𝑥
:
𝑛|̅̅ ̅
=  𝑣𝑘+1 ∙ 𝑞𝑥𝑘|

𝑛−1

𝑘=0

=  𝑣𝑘+1 ∙
𝑙𝑥+𝑘 − 𝑙𝑥+𝑘+1
𝑙𝑥

𝑛−1

𝑘=0

= 𝑣 𝑣𝑘 ∙
𝜔 − 𝑥 − 𝑘 − 𝜔 + 𝑥 + 𝑘 + 1

𝜔 − 𝑥

𝑛−1

𝑘=0

 

= 𝑣 𝑣𝑘 ∙
1

𝜔 − 𝑥
=
𝑣

𝜔 − 𝑥
∙
1 − 𝑣𝑛

1 − 𝑣
=
𝑣

𝜔 − 𝑥
∙
1 − 𝑣𝑛

𝑑
=
𝑣

𝜔 − 𝑥
∙
1 − 𝑣𝑛

𝑖𝑣

𝑛−1

𝑘=0

 

=
1

𝜔 − 𝑥
∙
1 − 𝑣𝑛

𝑖
=
𝑎𝑛|̅̅ ̅

𝜔 − 𝑥
∎ 

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑎̈𝑥:𝑛|̅̅ ̅ 𝑤𝑒 𝑤𝑜𝑟𝑘 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝐴𝑥:𝑛|̅̅ ̅  

𝐴
𝑥
:
1
𝑛|̅̅ ̅
= 𝐸𝑛 𝑥 = 𝑣

𝑛 [1 −
𝑛

𝜔 − 𝑥
]  

𝐴𝑥:𝑛|̅̅ ̅ =
1 − 𝑣𝑛

𝑖(𝜔 − 𝑥)
+ 𝑣𝑛 [1 −

𝑛

𝜔 − 𝑥
] 

𝑎̈𝑥:𝑛|̅̅ ̅ =
1 − (
1 − 𝑣𝑛

𝑖(𝜔 − 𝑥)
+ 𝑣𝑛 [1 −

𝑛
𝜔 − 𝑥])

𝑑
 

𝑃1
𝑥:𝑛̅|
=

𝑑
𝜔 − 𝑥 ∙

1 − 𝑣𝑛

𝑖

1 − (
1 − 𝑣𝑛

𝑖(𝜔 − 𝑥)
+ 𝑣𝑛 [1 −

𝑛
𝜔 − 𝑥])

∎ 
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𝑷𝒓𝒆𝒎𝒊𝒖𝒎𝒔:𝑵𝒆𝒕 𝒑𝒓𝒆𝒎𝒊𝒖𝒎 𝒇𝒐𝒓 𝒔𝒕𝒂𝒏𝒅𝒂𝒓𝒅 𝒇𝒖𝒍𝒍𝒚 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝑰𝒏𝒔𝒖𝒓𝒆𝒏𝒄𝒆 𝒑𝒐𝒍𝒊𝒄𝒊𝒆𝒔 

𝑾𝒉𝒐𝒍𝒆 𝒍𝒊𝒇𝒆  

𝑷̅(𝑨̅𝒙) =
𝑨̅𝒙
𝒂̅𝒙

 

=
𝒅 ∙ 𝑨̅𝒙

𝟏 − 𝑨̅𝒙
 

=
𝟏

𝒂̅𝒙
− 𝒅 

𝒏 − 𝒚𝒆𝒂𝒓 𝒕𝒆𝒓𝒎 

𝑷̅ (𝑨̅𝟏
𝒙
:
𝒏|̅̅̅
) =

𝑨̅𝟏
𝒙
:
𝒏|̅̅̅

𝒂̅𝒙:𝒏|̅̅̅
 

=

𝒅 ∙ 𝑨̅𝟏
𝒙
:
𝒏|̅̅̅

𝟏 − 𝑨̅𝒙:𝒏|̅̅̅
 

𝒏 − 𝒚𝒆𝒂𝒓 𝒑𝒖𝒓𝒆 𝒆𝒏𝒅𝒐𝒘𝒎𝒆𝒏𝒕  

𝑷̅ (𝑨̅
𝒙
:
𝟏
𝒏|̅̅̅
) =

𝑨̅
𝒙
:
𝟏
𝒏|̅̅̅

𝒂̅𝒙:𝒏|̅̅̅
 

=

𝒅 ∙ 𝑨̅
𝒙
:
𝟏
𝒏|̅̅̅

𝟏 − 𝑨̅𝒙:𝒏|̅̅̅
 

𝒏 − 𝒚𝒆𝒂𝒓 𝒆𝒏𝒅𝒐𝒘𝒎𝒆𝒏𝒕 

𝑷̅(𝑨̅𝒙:𝒏|̅̅̅) =
𝑨̅𝒙:𝒏|̅̅̅

𝒂̅𝒙:𝒏|̅̅̅
 

=
𝒅 ∙ 𝑨̅𝒙:𝒏|̅̅̅

𝟏 − 𝑨̅𝒙:𝒏|̅̅̅
 

=
𝟏

𝒂̅𝒙:𝒏|̅̅̅
− 𝒅 

𝒎− 𝒑𝒂𝒚𝒎𝒆𝒏𝒕 𝒘𝒉𝒐𝒍𝒆 𝒍𝒊𝒇𝒆 

𝑷̅(𝑨̅𝒙) =
𝑨̅𝒙
𝒂̅𝒙:𝒎|̅̅ ̅̅

𝒎  

=
𝒅 ∙ 𝑨̅𝒙

𝟏 − 𝑨̅𝒙:𝒎|̅̅ ̅̅
 

𝒎− 𝒑𝒂𝒚𝒎𝒆𝒏𝒕 𝒏 − 𝒚𝒆𝒂𝒓 𝒕𝒆𝒓𝒎 𝑷̅ (𝑨̅𝟏
𝒙
:
𝒏|̅̅̅
) =

𝑨̅𝟏
𝒙
:
𝒏|̅̅̅

𝒂̅𝒙:𝒎|̅̅ ̅̅
𝒎  

𝒎−𝒑𝒂𝒚𝒎𝒆𝒏𝒕 𝒏 − 𝒚𝒆𝒂𝒓 𝒆𝒏𝒅𝒐𝒘𝒎𝒆𝒏𝒕 𝑷̅(𝑨̅𝒙:𝒏|̅̅̅) =
𝑨̅𝒙:𝒏|̅̅̅

𝒂̅𝒙:𝒎|̅̅ ̅̅
𝒎  

 


