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Abstract

A new laminar-to-turbulent transition criterion for predicting the onset of turbulence for yield-pseudoplastic fluids was
developed. This criterion is defined as the ratio of the laminar shear stress to the viscous shear stress. The value of the ratio
is equal to unity in the viscous sublayer and should be greater than unity in the turbulent zone. The rheological
characteristics of the fluids studied were described by a power-law yield-pseudoplastic model. Two equations relating the
Metzner and Reed parameters (' and &’) to those of yield-pseudoplastic model (r,, p,, and n) were derived. The developed
criterion can also be used to determine the onset of turbulent flow for Bingham and yield-dilatant fluids. © 1998 Elsevier

Science B.V.
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1. Introduction

A yield-pseudoplastic fluid is a fluid for which a
finite shearing stress is required to initiate motion
and for which there is a non-linear relationship be-
tween the shearing stress in excess of the initiating
stress and the resulting velocity gradient. Fluids that
behave as yield-pseudoplastic fluids include thick-
ened hydrocarbon greases, certain asphalts and bitu-
mens, some emulsions and waxy crude oils, and
drilling fluids. The rheological properties of these
fluids can be described by a power-law yield pseudo-
plastic model (Govier and Aziz, 1982). Design of a
pipeline for handling such fluids depends on the

* Corresponding author. Fax: +966-1-4674422.

accuracy of the equations used for determining the
type of flow (whether it is laminar or turbulent) and
frictional pressure loss.

The onset of turbulence for time-independent flu-
ids can be set by three criteria: the values of critical
Reynolds number, stability parameter, and general-
ized stability parameter. These three criteria deter-
mine the end of the laminar flow region. In the
present work, a criterion is developed to determine
the beginning of the turbulent pipe flow. The viscous
interaction coefficient equation proposed by Zandi
and Rust (1965), Murthy and Zandi (1969), Desouky
and El-Emam (1990), and Desouky (1991) was used
to derive the new criterion equation. It is a linear
relationship between the viscous shear stress and
laminar shear stress. The viscous shear stress and
laminar shear stress were mathematically expressed
in terms of the friction factor, Reynolds number, and
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fluid properties. The validity of the developed crite-
rion was verified by comparing the values of the
critical Reynolds number calculated from the ob-
tained equation and those determined from Hanks
correlation. The evaluation emphasizes the validity
of the criterion for determining if the type of flow is
laminar or turbulent.

2. Literature review

The critical Reynolds number was investigated by
Metzner and Reed (1955). They plotted the friction
factors of power-law fluids against the generalized
Reynolds number and concluded that the power-law
fluids do not describe the region of laminar flow
when the friction factor is less than or equal to
0.008. Dodge and Metzner (1959), Shaver and Mer-
rill (1959), and Metzner and Park (1964) determined
the critical Reynolds number by plotting the friction
factor of power-law fluids against generalized
Reynolds number. The values of the critical Reynolds
number determined from their charts agreed with
those obtained from the chart developed by Metzner
and Reed (1955). Thus the critical Reynolds number
criterion was limited to power-law fluids.

Ryan and Johnson (1959) did a stability analysis
of laminar flow based upon the assumption of small
perturbations being applied to the equation of mo-
tion. Their stability parameter criterion was ex-
pressed by the following equation,

Rup du
dr’

- ()

The parameter Z has a value of zero at the pipe
wall and at the pipe center. Its maximum value
occurs at a radial position r,, at which the end of the
laminar region can be determined from the velocity
profile equation. Since the formula for the Z-parame-
ter changes as the laminar velocity profile changes,
the stability parameter is not a generalized criterion.

Several investigators (Hanks and Christiansen,
1962; Hanks, 1963; Hanks, 1968; Hanks and Ricks,
1975) have taken a different approach to the laminar
stability problem and proposed a generalized stabil-
ity parameter that is applicable to laminar flow in
any geometry. They defined a parameter S as the

ratio of the magnitude of the acceleration force term
to the viscous force term in the fundamental equation
of motion,

| pre|
= P (2)

The parameter S, like Ryan and Johnson’s (1959)
parameter Z, is zero at the pipe wall, at an intermedi-
ate maximum point, and at a line of symmetry in the
velocity field. Eq. (2) was applied to Bingham plas-
tics, and the following relations were developed:

R He 1 4X 1X" 3
= —_—— +._.
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and
X He
(1—X)° 16800

(4)

3. Criterion development

The critical Reynolds number, stability parameter,
and generalized stability parameter criteria were de-
veloped to determine the boundary of the laminar
region. The present criterion determines the begin-
ning of the turbulent region for fluids with a yield
stress. The rheological behavior of these fluids was
described by the following power-law yield-pseudo-
plastic model (Govier and Aziz, 1982):

K ( du)’ 5
=7, +K|—]| .
T=1, i (5)
A linear relationship between laminar shear stress
and viscous shear stress in turbulent flow is given by
Zandi and Rust (1965), Murthy and Zandi (1969),
Desouky and El-Emam (1990) and Desouky (1991)
as:

C=1"/7. (6)

The parameter C is the viscous interaction coeffi-
cient which signifies the concept that as a result of
chaotic motion in turbulence, the viscous shear stress
7" is amplified and yields much higher values than
the laminar shear stress 7. The value of C is equal to
unity in the viscous sublayer and should be greater

than unity in the turbulent zone. The laminar shear
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stress can be expressed in terms of the generalized
Reynolds number (Re,) defined by Metzner and
Reed (1955) as:

vd du
r=— (7

" Reyp dr’

The viscous shear stress was defined by Knudson
and Katz (1958) as:

v=0.2]1 . VD S du 8
T ( R ) PPV 2 @ ®)
Substituting Egs. (7) and (8) into Eq. (6), the follow-

ing equation is obtained.

ry [ f
C=O'2ReMR(1—E) 5 (9)
where
D vy
Reyr = T (10)

The friction factor can be obtained from the equation
of Torrance (1963) using the Clapp correlation
(Clapp, 1961),

-1_ = i._s_?i[l - 1=n/2
77 - og(1 —x) +logRep . f ]

+045-2.75/n, (11)
where
x=1,/T,, (12)
and

DpV="

Rep ¢ = K8l (13)

The relative thickness of the viscous sublayer (1 —
r/R) can be evaluated from Bingham fluid data,
since the yield-pseudoplastic fluid data in the transi-
tion zone between the viscous sublayer and the
turbulent zone are not available in the literature
(Govier and Aziz, 1982; Desouky and El-Emam,
1990; Hemeida, 1993).

The following definitions are used to derive a
mathematical expression for (1 — r/R):

16
Reg(l —4/3x +x*/3)

f=

(Bingham friction factor) (14)

n =1 (Bingham model) (15)
Reyr = Rey (Bingham Reynolds number) (16)

2100 4 x*
Rep=——— |1 ——x+—

(1-x)'t 37 3
(Critical Bingham Reynolds number) (17)
C =1 (Value of C at laminar sublayer) (18)

Substituting Egs. (14)—(18) into Eq. (9), one gets,
r
(1—E)=0.0386(1—x)3/2. (19)

Substituting Eq. (19) into Eq. (9), the following
equation is obtained:

C=5.46 X 10 Reyg /(1 —x)*% (20)

Eq. (20) expresses the new laminar—turbulent-transi-
tion criterion by which the onset of turbulence can
be predicted. If C > 1.0 the type of flow is turbulent;
if C < 1.0 laminar flow is present.

3.1. Relationship between (W, K') and (1,, n, k)
Two equations relating the Metzner and Reed

(1955) parameters (#', K') to yield-pseudoplastic
model parameters (7,, n, k) were derived as follows:

L1, A o
noon A

and

K'=1,/M, (22)
where

A=x(1—x)"""+ (1 -x)"""2x?—2x(1

-—x)/nz] + (1 —x)"'_l[x3 —2x*(1

—x)/n], (23)
A =(1=x)"/ny+2x(1—x)"/n, + x2(1

—x)"/n, (24)
A= [4(TW/K)1/",)\2]'{, (25)
n, = (1+n)/n, (26)

ny=(1+2n)/n, (27)
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and
ny=(1+3n)/n (28)

Egs. (21)-(28) are used to determine the values of »
and K’ from the constants of Eq. (5), The values of
n' and K’ are needed for calculating the Metzer and
Reed Reynolds number (Re, ) from Eq. (10).

4. Calculations procedure

To calculate the value of C from Eq. (20), the
following procedure is proposed.

(1) Correlate the rheological characteristics of the
yield fluid with Eq. (5) and determine the values of
7,, K, and n.

(2) Calculate the value of 7, from the following
flow shear equation of power-law yield-pseudoplas-
tic model:

8y 1 ' I+n/n
2 -dz) @

_Ty)z/(1+3n)

+ 27'y(7'w

n

iy

+Ty2/(1:") I (29)

(3) Determine the value of x, using Eq. (12).

(4) Determine the friction factor from Eq. (11).

(5) Calculate the value of Rey, from Eq. (10).

(6) Calculate the value of C from Eq. (20). If
C > 1.0, the flow is turbulent. If C < 1.0, the flow is
laminar.

4.1. Comparison with published data

To verify the validity of the proposed laminar
turbulent-transition criterion, a comparison was made
between the critical Reynolds numbers calculated
from Eq. (20) and those estimated by Hanks (1963)
and Turian and Yuan (1977). The data were used to
calculate the viscous interaction coefficient (C) from
Eq. (20). The results are plotted in Fig. 1. It can be
observed that the value of C increases with increas-
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— X=0.7
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T
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Fig. 1. Predicting the onset of turbulence for different yield-pseu-
doplastic fluids.

ing Reynolds number. The critical Reynolds numbers
are determined from this figure at C = 1. The same
data were used to calculate the critical Reynolds
number given by Egs. (3) and (4). The results ob-
tained are plotted in Fig. 2, and a 45° straight line is
drawn on the same plot. This figure reveals the
closeness of the plotted data to the 45° straight line.
This ensures that Eq. (20) can be used to determine
the type of flow as efficiently as Egs. (3) and (4).

FROM FIG. 1

CRITICAL REYNOLDS NUMBER OBTAINED

103 .
103 104 105
CRITICAL REYNOLDS NUMBER CALCULATED
FROM EQS. 3 AND 4

Fig. 2. Crossplot for the critical Reynolds number obtained from
Fig. 1 and those calculated from Egs. (3) and (4).
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5. Conclusions

The developed criterion given by Eq. (20) can be
used to predict adequately the type of flow, whether
it is laminar or turbulent, for yield-pseudoplastic,
yield-dilatant, and Bingham fluids. A comparison
between the critical Reynolds number calculated from
the proposed criterion Eq. (20) and Hank’s correla-
tions (Egs. (3) and (4)) ensures the validity of the
developed criterion. Two equations that relate the
Metzner and Reed parameters (#', K’) to the power-
law yield-pseudoplastic model parameters (7, K, n)
were derived.

6. Nomenclature

Cviscous interaction coefficient

D inside pipe diameter, m

f Fanning friction factor

8. gravity coefficient, m/s?

He Hedstrom number

K Metzner and Reed parameter, Pa - s

k parameter in Eq. (5), Pa s

n parameter in Eq. (5)

n Metzner and Reed parameter

R Pipe radius, m

Reg Reynolds number of Bingham flu-
ids

Repc critical Reynolds number of Bing-
ham fluids

Reyr Reynolds number defined by Met-
zner and Reed

Rep Reynolds number defined by Clapp

r radial position, m

S generalized stability parameter de-
fined by Hanks

u point velocity, m/s

14 average velocity

X yield stress/wall shear stress ratio

Z stability parameter defined by
Ryan and Johnson

Superscripts

v viscous stress

Subscripts

y yield stress
w pipe wall

Greek Symbols

p mass density, kg/m’
£ the vorticity (¢ = VX v)
T shear stress, Pa

A parameter in Eq. (23)

A, parameter in Eq. (24)
A parameter in Eq. (25)
vV operator
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