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vestion 1: [4] Find and sketch the largest region of the xy-plane for which the initial
value problem

dy _
((1 +y3)a = x3
y(0)=0

has a unique solution.

Question 2: [4, 4]

a) Solve the initial value problem
{(xyz + 4x)dx + (8y — 2x%y)dy =0, x| <2
y(0)=0

b) Obtain the general solution of the differential equation
-T T

d}’ : y SR -
2cosxa+ysmx—(4x+5) y? =0, xe(2 '3

Question 3:[4, 4]

a) Solve the differential equation
(cosy + ycosx)dx + (sinx — xsiny)dy = 0

b) By using an appropriate substitution, or any other method, find the general

solution of the differential equation

d
dy yln(xy) x>0, y>0

Question 4: [5] A small metal bar, whose initial temperature was 20°C, is dropped into a large
container of boiling water. One second later the object's temperature is 22°C. How long will it

take the bar to reach 90°C? How long will it take the bar to reach 98°C?
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Question 1: Find and sketch the largest region of the xy-plane for which the initial value
problem

dy
I 2
{(1 +y )dx x
y(0)=0
has a unigue solution.

Solution:

dy . X%
{E— T+ f(y)
y(0)=0

fand % are continuous on IR x (IR \{-1})

Since 0> —1 then the answeris IR X (-1,)
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Question 2:

a) Sclve the initial value problem
{(xy2 +4x)dx + 8y — 2x2y)dy =0,  |x] <2
y(0)=0

Solution:

x(y? + 4x)dx = 2y(x* — 4)dy

x 2y
g dx = s 4dy Separable

1 2x 2y
Efxz—ttdx_ fy2+4dy

1
-2-ln|x2 —4|=In|y*+4|+c

1
at (0,0): Elnl-—4| =Inl4|+¢
1
c= —Eln(4)

1 1
Elnlx2 — 4| =In]y? + 4| - Eln(4)

ln(y22+4) = ln(\/4—x2)

2
4 2+4= V4 -x?
IS e
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Question 2:
b) Obtain the general solution of the differential equation

2c05x 5% 4 ysinx - (4x + 5)%y* = 0,  x€ (s
cosx -~ ysinx - (4x+5)*y* =0, «x (2-2)

Solution:

dy 1 (4x+5)% ,
dx ¥ Etanx p= 2cosx
1dy 1 1 (4x+5)?
— —+-tanx — = ——
Yy dy 2 ' 2cosx
Letu=y™?
du_ Y
dx dx
dy 1 du
dx  —2y~3dx
2l el du+1t _(fifx+5)2
Ty Ty Sadx 2 T Tocesx

2 §
du (—tanx)u = (4x +5) 4| Linear
dx —cosx

u(x,y) = el —tanxdx _ oln(cosx) — coex

&y (4x +5)? Multi
du ~ _ — ply by
cosx ——+ (cosx)(—tanx)u —cosx {gas) (cosx)

P(x) = —sinx, Q(x) = (4x +5)?

-:—x(u.u) = wuQx) » pu= IILQ(X)dX
cosX .U = —f(4x +5)% dx

1
= —— | 4(4x +5)* dx

4

5 1(4x+5)3+

CoSX . U = Z 3 c
cosx 1 4 +5)3+
= =12 X c
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Question 3:

a) Solve the differential equation .
(cosy + ycosx)dx + (sinx — xsiny)dy = 0

Solution:

aMm
M(x,y) = cosy +ycosx, —— = —siny+ cosx

dy
N .
N(x,y) = sinx — x siny , T35 = Cosx = siny
oM ON )
—=—— = D.Eis Exact.
dy Ox

fx,y) = f M(x,y)dx = f(cosy + y cosx)dx = x cosy + y sinx + @(y)

= —x siny + sinx + ¢'(y)

ay
of : . i . :
5_}; = N(x,y) = —xsiny +sinx + ¢'(y) = sinx — x siny
' =0
o) =c

~ f(x,y) = xcosy+ysinx=c
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Question 3:

b) By using an appropriate substitution, or any other method, find the general
solution of the differential equation

dy _y
—== 0, >0
T xln(xy). x> y

Solution:

u
Letu=xy »y= =

du
dy _ xa—u

dx x2

u
X - u
dx = ?ln(u)

x2

d
x—u— u=uln(u)
dx

du
xa—uln(u)-*-u

! d —1d
uln(u) +u M

1 d _J’ld
fuln(u)+u =

f " [ln(u) 71 ¢ j o

o 1
—u_ = )=
fln(u)+1 an J’xdx
Inlln(w) + 1| = Inlx| + ¢

~D.Eis -» In[ln(xy)+1|=Inx+c¢
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Question 4: A small metal bar, whose initial temperature was 20°C, is dropped into a large
container of boiling water. One second later the object's temperature is 22°C. How long will it
take the bar to reach 90°C? How long will it take the bar to reach 98°C?

Solution:

The temperature of the bar at time t is given by the formula

T@)=T, +Ce"

But T(0) =20, Ts = 100 and T(1) = 22 then

20=100+C C=-80
22=100-80e*
k 78 3
e ] — _
80 40
The time t taken by the bar to reach 90°C satisfies

90 =100 — 80e *' = 100—80(%)’

.
(40)_8
- s.82

On the other hand, the time t taken by the bar to reach 98°C satisfies

0. 8:="1900"= 8 0e * :100—80(2—(9))’

F R
(40) =800
I ~ 146
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