First Semester Final Exam King Saud University
(without calculators) Time allowed: 3 hours College of Science

Monday 5-6-1445 240 Math Math. Department

Q1: If Ais a matrix such that A B] = [ﬂ, then find:

(i) the size of A. (1 mark)

(i) an eigenvalue of A. (1 mark)

Q2: If A,BEM,,, det(B)=2 and det(A)=3, then find det(2ATB™). (2 marks)

Q3: Let V be the subspace of R* spanned by the set S={v;=(1,1,1,0), v,=(-2,0,0,2),
va=(-1,3,3,4), va=(-5,-1,-1,5)}.

(i) Find a subset of S that forms a basis of V. (3 marks)

(i) Find dim(V). (1 mark)

(i) show that (-6,0,0,7)€V. (3 marks)

Q4: Let W={(a,0)€ R?*: a€ R}. Show that W is a subspace of R?. (3 marks)

Q5: Let B={(1,0),(1,1)} and B'={u,v} be two bases of R?. If the transition matrix from B' to B is

1 2 .
[2 1], then find u. (2 marks).
1 a b
Q6:LletA=|0 —1 |, wherea, bandc are real numbers.
0O 0 O

(i) Show that A is diagonalizable. (3 marks)

(ii) If P is the matrix that diagonalizes A, then find the product P"AP. (1 mark)

(iii) If x=[0 1 0]" is an eigenvector of A, then find the value of a . (2 marks)

Q7: Let R® be the Euclidean inner product space. Apply the Gram-Schmidt process to
transform the following basis {u;=(0,1,—1),u,=(0,4,2),us=(1,0,0)} into an orthonormal basis.
(5 marks)

Q8: Let M;;, be the vector space of square matrices of order 2, and let T: M= R be the

function defined by T (CCL Z

(i) Tis a linear transformation. (2 marks)

(ii) Find a basis for ker(T). (3 marks)

(iii) Find [T]s g where B and B' are the standard bases of M, and R, respectively. (2 marks)
(iv) Find rank(T). (1 mark)

Q9: (i) If B={u,v,w} is a basis of a vector space V, then find the coordinate vector (v)s.

(1 mark)

(i) If u and v are orthogonal vectors in an inner product space such that [[ul|=8 and ||v||=6,
then find llu+vll. (1 mark)

(iii) If B is a 5%7 matrix with nullity(B)=3, then find rank(B"). (1 mark)

(iv) Show that if A is a diagonalizable matrix of order n such that AP=PA, where P is the
matrix that diagonalizes A, then A is a diagonal matrix. (1 mark)

) =aforalla,b,c,d € R. Show that:

(v) Suppose that A and B are invertible matrices of the same size. Show that if B is similar to
A, then B is similar to A™. (1 mark)



Q1: If Ais a matrix such that A B] = [i], then find:

(i) the size of A. (1 mark)
(i) an eigenvalue of A. (1 mark)

Answer: (i) Suppose A is of size mXxn. Since B] is of size 2X1 and the product A B] is

defined, so n=2. But the product 4 B] is of size mx1 and is equal to [ﬂ which is of size 2x1.
So, m=2. Hence, A is of size 2X2.

(ii) Since A B] = [ﬂ =2 B], so 2 is an eigenvalue of A.

Q2: If A,BEM,,, det(B)=2 and det(A)=3, then find det(2A'B™?). (2 marks)

Answer: det(2A'B™)= 2°det(A")det(B')=4det(A)(det(B))*=4(3)(1/2)=6.

Q3: Let V be the subspace of R* spanned by the set S={v;=(1,1,1,0), v»=(-2,0,0,2),
va=(-1,3,3,4), va=(-5,-1,-1,5)}.

(i) Find a subset of S that forms a basis of V. (3 marks)

(i) Find dim(V). (1 mark)

(iii) show that u=(-6,0,0,7)€V. (3 marks)

Answer: (i) Putting the vectors as columns in the following matrix:

1 -2 -1 -5 1 -2 -1 -5 1 -2 -1 -5

1 0 3 -1| e |0 2 4 4 (o, |0 2 4 4

1 0 3 1| brRe [0 2 4 4 (DR |0 O O O

0 2 4 5 0 2 4 5 0 0 0 1
1 -2 -1 -5

iR 0 1 2 2
22 3
Rw |0 0O 0 1

0 0 0 O
So, S={v1, V,,V4} is a basis of V.
(i) dim(V)=|S|=3.
(iii) Suppose u=avi+bv,+cv4, where a, b and c are scalars. So,
1 -2 -5 -6 1 -2 -5 -6 1 0 -10
1 0 -1 0| (4 [0 2 4 Ja 102 4 6
1 0 -1 0 DRy |0 2 4 6 ((DRx |0 O O O
0 2 5 7 0 2 5 7 0 0 1 1
1 0 -10 1 001
L |01 2 3] [0101
R« |0 0 1 1| 3Ry |0 0 1 1
0 0 0 O 0 00O

—a=b=c=1
So, ueVv.
Q4: Let W={(a,0)€ R?: a€ R}. Show that W is a subspace of R?. (3 marks)
Answer: 1- If a=0, then (0,0)EW. So W+0.
2- Take u=(a4,0),v=(a,,0)EW. Now, u+v=(ai+a,,0). So u+veW.
3- Take u=(a,0)eW & keR. Now, ku=(ka,k0)=(ka,0). So kuEW.
1,2 and 3 imply that W is a subspace of R,
Q5: Let B={(1,0),(1,1)} and B'={u,v} be two bases of R If the transition matrix from B' to B is
[1 2
2 1
Answer:

], then find u. (2 marks).



1 2
PB'—)B:|:2 1:|:[[U]B | [V]B]

= [U]B = |:;:|

=u=010)+(2)LY=010)+(2,2)=(3,2)

1 a b
Q6:letA=|0 -1 c], where a, b and ¢ are real numbers.
0O 0 O

(i) Show that A is diagonalizable. (3 marks)
(i) If P is the matrix that diagonalizes A, then find the product PAP. (1 mark)
(iii) If x=[0 1 0]"is an eigenvector of A, then find the value of a. (2 marks)

Answer: (i) A is an upper triangular. So, the eigenvalues are 1, -1 and 0. Since they are
distinct, A is diagonalizable.

1 0 0
(i)P'AP=D =0 -1 0] (the arrangement of the entries in the main diagonal is not
0 0 O
important).
(iii) Ax=Ax. So,
0 0 1 b1[0 a
-0l 5 bl L
0 0 0 0110 0
So,a = 0.

Q7: Let R® be the Euclidean inner product space. Apply the Gram-Schmidt process to
transform the following basis {u;=(0,1,—1),u,=(0,4,2),us=(1,0,0)} into an orthonormal basis.
(5 marks)

Answer:

u, =(0,1,-1),u, =(0,4,2),u, =(1,0,0),

v,=u,=(0,1,-1)
v o=y SUpVi >
U f "
_(0,4,2)-2(042), (0’1’2_1) ~(0,1,-1) = (0,4,2) - 2(0,1,-1)
(0,1,-1)|
—(0,4,2)-(0,1,-1) = (0,3,3)
SUgVp > <UgVy >

Vy=U;— 2 vy
vl .l

<(1,0,0),(0,1,-1) > <(1,0,0),(0,3,3) >

~(1,0,0)— 7 0,1,-1) - )~ 0,3,3)
00" 01 (033
=(1,00)—9(01—1)—%(0,3,3)=(1,0,0)
(01 ~1)
S
w =—2=—(033)=i(033)=i(011)
TR 000
~(1,0,0)

Ib/ ]



Q8: Let M;, be the vector space of square matrices of order 2, and let T: M= R be the
a b
c d
(i) Tis a linear transformation. (2 marks)

(ii) Find a basis for ker(T). (3 marks)

(iii) Find [T]g g where B and B' are the standard bases of M, and R, respectively. (2 marks)
(iv) Find rank(T). (1 mark)

function defined by T [ ] =aforalla,b,c,d € R. Show that:

Answer: Forall A = [Ccl Z], B = [?,’ Z:]E My,, kE R:

() 1-Tase)=T[* T4 P TiayT)
2-T(kA)=T [i‘c‘ I’EZ]: ka =kT(A)
So Tis linear.
(i) ker(T)={A€ Mz T(A)=0=([® "]e M la=0)=0 P]e Mzl bede R}
={oly ol +ely ol+ely flcaer]
So, theset S = { g (1)] , [2 8], 8 (1)]} spans ker(T). Observe that
oo ol +<li ol+elo =10 o

implies that
0 b] _ [0 0
c d 0 0
and hence b=c=d=0. So, S is linearly independent also. Thus, S is a basis of ker(T).

1R -1r(® -or( o -omr(? o-o

Now,

7o oDl =2l (5 oD, =olr (i oDl =olr(ly DI, =0 meretore

[Tles=[1 0 0 O]
(iv) Since dim(ker(T))=3, so nullity(T)=3 and hence rank(T)=dim(My;)-nullity(T)=4-3=1.

Q9: (i) If B={u,v,w} is a basis of a vector space V, then find the coordinate vector (v)s.

(2 mark)

Answer: As v=0u+1v+0w and writing a vector as a linear combination of the vectors in B is
unique, so (v)g=(0,1,0)

(i) If u and v are orthogonal vectors in an inner product space such that |lull=8 and [v]|=6,
then find llu+vll. (1 mark)

Answer: As U and v are orthogonal, so [lu+vl|2=|[ull2+]IvlI2=64+36=100. So [lu+Vv]|=10.
(iii) If B is a 57 matrix with nullity(B)=3, then find rank(B"). (1 mark)

Answer: rank(B")=rank(B)=7— nullity(B)= 7—3=4

(iv) Show that if A is a diagonalizable matrix of order n such that AP=PA, where P is the

matrix that diagonalizes A, then A is a diagonal matrix. (1 mark)

Answer: Since A is diagonalizable, we have that PAP is a diagonal matrix. But we have that

AP=PA. So, P"*AP=P}(AP)=P}(PA)= (P"'P)A =IA=A. So, A is diagonal.

(v) Suppose that A and B are invertible matrices of the same size. Show that if B is similar to

A, then B™ is similar to A™. (1 mark)

Answer: Since B is similar to A, so B= PAP. Taking the inverse of the both sides, we have
B—1= P—lA—l(P—l)—1= P—lA—IP

So, Bt is similar to A™.



