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Exercises 1 - Chapter 1 :Introduction

e Let Z ~ N(0,1) then Z2 ~ x3.
o Let Zy,Zs, ..., Zy ii.d random variables from N(0,1) .Then Y7 | ZZ ~ x2.

e Let X1, Xy, ...., X,, i.i.d random variables from N (u,0?) :

(i) If p is known . Then E?Zl(xifﬂ)Q ~X2.

o

(if) If 4 is Unknown . Then Y7 (Xi=X)2 — W;QSQ ~x2_,.

g

e Let X ~\2)Y ~ 2, . If X,Y independent then X +Y ~ X%er.

e Let Z ~ N(0,1), U ~ x? and if the Z ,U independent , then —Z= ~ t,,.

n

e Let U ~ x2 and V ~ x2, are independent chi-square variables with n and m degrees of freedom
u

respectively. Then ¥ ~ F, ,, .

o If X ~ Gamma(n,0) ,then 20X ~ x3, .

Example 1:
Proof
If X1, Xo,..., X, ~ Fxp() iid (independent and identical distributed) , then Y | X; ~ Gamma(n,9) .

Solution 1:
By using "moment generating function (MGF)” :

X ~ Ezp(f) = f(x) = 0™ M,(t) = %

Let Y = Z?:l Xz

My(t) = E(e)
— E(et(zl+m2+...,+mn))
= E(ee™2.. ")
(

= E(e")E(e?)....E(e"m)
= M, (t).M,(t)....M,, (t)
B 0 0 0
= gora— p—
0 \n
So, Y ~ Gamma(n, ).
Example 2:
Proof

If X ~ Gamma(n,0) ,then 20X ~ x3, .

Solution 2:
By using ”transformation method ” :
The random variable X have the gamma distribution with probability density function:

3

X ~ Gamma(n,0) = f(z) = Fe(n) gm0
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e Y=202 = 2=2X g i(Y)=2
w9 (V) =5

By the transformation technique, the probability density function of Y is:

o fy(y)=rIxg' W)l W)l

o Y\n-1 —2o 1
= —_— 207 ——
_ 1 nflefg
= 2m(n)’
So, Y ~x3, .
Example 3 :

Proof : If X ~U(0,1) , then T'= —log X ~ Exp(1).
Solution 3:

X ~U0,1) = f(z) =1

o t=—logr = g lt)=e"!

frt) = le*

So, t ~ Exp(8=1) .

Theorem : Let X, Xo,..., X,, be a random sample of size n from a distribution with density function
f(z). Then the probability density function of the " order statistic, X (r), 18

n!
o= i
where F(z) denotes the cdf of f(z).

F(a)" " f(2)(1 = F(x))" ™",

Example 4:
Let X(1) < X(2) < .... < X(g) be the order statistics from a random sample of size 6 from a distribution
with density function

fx) = 2¢x for0 <z < 1.
1 0 otherwise.

Find density function of X() , and what is the expected value of X g)?

Solution 4:

flz) =2z

/ 2tdt
0

= x2

F(x)
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The density function of Xy is given by :

n!
— -  F r—1 1—F n—r
@) = i@ @0 - FE)
6! 2\6—1 2\6—6
= — 2z(1 —
9olr) = Fogoen ) 20T
6!
= W(IQ)'SQI’
= 12z
Hence, the expected value of Xg is:
1
E(Xgs) = /xgﬁ(:r)dz
0
1
= /lemllda:
0
12
= B
12
13

Example 5 :
Let Y1) < Y(2) < ... < Y{6) be the order statistics associated with n = 6 independent observations each
from the distribution with probability density function:

1 for0<z < 2.
_ R
flz) = { 0  otherwise.

What is the probability density function of the first order statistics?
Solution 5:
Applying the theorem with n =6 and r = 1 , the p.d.f. of Y7 is:

9:(y) = MMF(x)Tl_lf(f)(l—F(gﬂ))n_r
aly) = 3y(1*y£)5'
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Example 6:
Choose the correct answer :
1-If Z3, Zs, ...., Zy ii.d random variables from N(0,1) .Then Zle 7?2 follow :
(A) X B) t ©) x3 (D) N(0,1)

2If X ~ X2, Y ~x2and W~ x? . If X,Y,W independent then X + Y + W follow :
(A) X B) t7 (C) Fsa (D) X7

3-If X ~ Gamma(1,p) , then also X has .....:
(A)  Chi-squared distribution with 3 degrees of freedom

(B)  Chi-squared distribution with 1 degrees of freedom
(C)  Exponential distribution(s)
(D) Exponential distribution(1)

4-Let Y1) < Y{(g) < ... < Y{6) be the order statistics associated with n = 6 independent observations
each from the distribution with probability density function:

1 for0 <z < 2.
_J 3%
flz) = { 0  otherwise.

What is the probability density function of the fourth order statistics?
Solution 6:

1-C 2-D 3-C

4-

gr(y) = mF(@“)T— f(@)(1 = F(z))"™"
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