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Cauchy’s Inequalities and Applications

Let f be a holomorphic function on an open subset Q of C. For

z9 € Q and r > 0 such that D(zy, r) C Q, there exists a power
series Z ax(z — zo)k which converges to f on D(zy, r) and if

k>0
M¢(zo,r) = sup |f(z)], we have
zeD(zp,r)
Me¢(zg, r
o) < M0y e, (1)

These inequalities are called the Cauchy’s inequalities.
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Cauchy’s Inequalities and Applications

Proof
By theorem ?? (chapter IV)

1 f(w) 1 [ O —ind
L= dw = f e do.
n = 5 /7 (w = z) 1 w=o 3 /0 (20 + re®)e

Thus |a,| <

M .
f(ano,f), with (t) = zo + re'?, 6 € [0, 2x].
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Cauchy’s Inequalities and Applications

Any bounded holomorphic function on C is constant.

Proof

Let f be a bounded holomorphic function on C and let
—+00

M = sup,cc |f(2)]. If f(z) = Z anz", then by Cauchy's
M n=0

inequalities |a,| < — forallr>0andall n>1. Since for n > 1,
r

M:

lim, 100 75 = 0, then a, = 0 for all n > 1 and f is constant. |
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Cauchy’s Inequalities and Applications

Theorem (The fundamental Theorem of algebra, or
D’Alembert’s Theorem)

Every non constant polynomial has at least one zero.

This theorem is rephrased as " C is algebraically closed”. For the
proof, we need the following lemma:

Lemma (Growth Lemma)

Let P be a polynomial of degree n > 1,
P(z) = ap+ a1z + ...+ anz", then there exists R large enough
such that

MS]P(Z)\SMa VzeCand |z| > R. (2)

v
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Cauchy’s Inequalities and Applications

Proof
n
a :
Forz #0, P(z) = 2" Z nfk . In use of the triangle
z
k=0
inequality, we have
n—1 3 n—1 3
k k
217 (ool = [ s || < 1P@)I < 1217 Janl + |3 2%
k=0 k=0
n—1
So lim Z akk = 0, then there exists R large enough such
|z] =400 —o zn—
that for |z| > R,
n—1 3 ’a |
Z k < = the result now follows. O
zh—k 2
k=0
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Cauchy’s Inequalities and Applications

Proof of theorem 1.3
Let P € C[X] be a non constant polynomial. If P never vanishes,

then the function f(z) =

) is holomorphic on C and is

bounded because lim|,_, » |P(z)| = +oo0, thus f is constant and
P is constant, this contradicting our assumption.
(|
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Cauchy’s Inequalities and Applications

Every polynomial of degree n has exactly n (not necessarily
distinct) zeros.

Proof
The proof is given by induction on the degree of the polynomial.
O

Every polynomial of degree n takes every complex number exactly
n times.

Proof
If P is a polynomial of degree n and a € C, then the polynomial
@ = P — ais also a polynomial of degree n. By Corollary 1.5, Q
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Mean Property and Maximum Principle

Definition

We say that a continuous function f on an open set S fulfills the
Mean Property on Q, if for all a € Q and all r > 0 such that
D(a,r) C Q

Remark 1 :
If f satisfies the Mean Property, then Ref and Imf also satisfies
the Mean Property.
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Mean Property and Maximum Principle

Proposition

Any holomorphic function on an open set ) satisfies the Mean
Property.

Proof
Let f € H(Q2), a € Q and r > 0 such that D(a, r) C Q, the Cauchy
formula on a circle yields

1 f(w) 1 [ "
(2) 2iﬂLW—a W= on Jy flatred)

where v(0) = a+ rel’, 0 € [0, 27]. ad
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Mean Property and Maximum Principle

Q Let f be a continuous function on an open set ). We say that
f has a relative maximum at a point a € S if there exists a
neighborhood V' C Q of a such that |f(z)| < |f(a)| for all
zeV.

@ We say that f satisfies the Maximum Modulus Principle on Q
if for any relative maximum a of f, f is constant in a
neighborhood of a.
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Mean Property and Maximum Principle

Any function which satisfies the Mean Property on Q (in particular
f € H(R)) satisfies the Maximum Modulus Principle.

Proof

Let a be a relative maximum of f and let r > 0 such that

|f(z)| < |f(a)| for all z € D(a,r).

e If f(a) = 0, the result is trivial.

e If f(a) # 0, we can suppose that f(a) > 0 (it suffices to take the

f(a)

function g(z) = f(z)‘ B

). Foralls<r,

1 27 . 1 27 .
f(a) = 27r/0 f(a+sel’)do = 277/0 f(a)—Ref(a+se’)dd = 0.
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Mean Property and Maximum Principle

Since 6 — f(a) — Ref(a+ se'’) is a non negative continuous
function and s is arbitrary, then f(a) = Ref(z), for all z € D(a, r).
And since |f(a)| > |f(z)| on the disc D(a, r), then Imf = 0 on the
disc D(a, r), which proves that f is constant on the disc D(a, r).
Therefore, |f| cannot reaches a relative maximum at a point of Q
unless f is constant. O

[Maximum Modulus Principle (second form)]

Let Q be a bounded domain and let f: Q — C be a continuous

function on Q and holomorphic on Q. If M = sup |f(z)]|, then
zeQ\Q

|f(z)] < M for every z € Q, and if there exists a € Q such that

|f(a)| = M, then f is constant on Q. (Furthermore, |f| does not

attains a maximum at an interior point unless f is constant.)
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Mean Property and Maximum Principle

Proof
Let M’ = sup |f(z)|. Since f is continuous on the compact £,
zeQ
there exists a € Q such that |f(a)] = M'.
e If 2 € Q, f is constant in a neighborhood of a, thus f is constant
on .
elfag Qand |f(z)] < M Vz € Q. M is reached on Q\ Q, then
M' =M and |f(z)| < M,V z € Q.
O
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Mean Property and Maximum Principle

Remarks 2 :

© If f is holomorphic on the annulus Q = {z € C; 1 < |z| < R}
and continuous on €2, then f reaches its maximum on the

boundary Z(0,r)U A0, R).

For example the function f(z) = z reaches its maximum on
1

the outer boundary (0, R), whereas the function g(z) = -
z

reaches its maximum on the inner boundary 0, r).

@ Theorem 2.5 is not true if Q is not bounded. For example, if
f(z) = e* and Q = {z € C; Rez > 0}, then
If(iy)| = |e¥| = 1, ie.,, F(Q) c Z0,1). But f(x) > 1
along the positive real axis. Thus, the hypothesis that € is
bounded is essential in theorem 2.5.
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Mean Property and Maximum Principle

Theorem (The Open Mapping Theorem)

Any non constant holomorphic function on a domain of C is open.

Proof

Let f be a non constant holomorphic function on a domain 2.
Assume that 0 € Q and f(0) = 0. (If a € Q and f(a) = «, we take
the function g(z) = f(a+ z) — «). It suffices to prove that f(Q) is
a neighborhood of 0.

Let r > 0 be such that D(0,r) C Q and f(z) # 0 for all z such
that |z| = r. (A such r exists if not 0 will be a cluster point
(accumulation point) of the set of zeros of f, and then f is

constant.) Let m = inf |f(z)| > 0.

z|=r
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Mean Property and Maximum Principle

If D(0, m) C f(R2) this yields the result, if not let w € C such that

. 1 .
lw| < mand w & f(2). The function ¢ (z) = @ —w is
holomorphic on Q and

V()] = 1y < sup ()| < ——
= — < su z)| < .
Wl = z1= m— |w|

Thus [w| > 2. Then if [w| < 3, w € £(2) and D(0,F) C f(Q).
O
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Mean Property and Maximum Principle

Theorem (Schwarz’s Lemma)

Let f be a holomorphic function on the unit disc D with f(0) =0
and |f(z)| <1 forallz€ D. Then

|f(2)| < |z|, Yz € D and |f'(0)] < 1.

Furthermore if there exists z € D \ {0} such that |f(z)| = |z| or if
|f'(0)| = 1, then f is a rotation, i.e. there exists some unimodular
complex number ( |\| = 1) such that f(z) = Az for all z € D.
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Mean Property and Maximum Principle

Proof
gz)= "2 it 240
The function g defined on D by: z is
g(0) =f(0)
holomorphic on D\ {0} and continuous on D, thus g is
holomorphic on the disc D. By maximum modulus principle, for
1 1
|z| <r <1, |g(z)] < sup |g(w)| == sup |f(w)| < =. This is for
|w|=r rwl=r r
all positive real number r < 1. Now, since r can come arbitrarily
close to 1, we have

1
lg(z)| < lim==1, Vze D.

r—1r
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Mean Property and Maximum Principle

This proves that |f(z)| < |z| and therefore, |f'(0)] < 1.

In case either |f/(0)| =1 or |f(a)| = |a| for some a € D\ {0}, we
get |g(a)] =1 or |g(0)| =1, so |g| reaches its maximum in an
interior point of D, then g is a constant function by the Maximum
Modulus Principle and the result follows. O
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Mean Property and Maximum Principle

Let f: D(0,R) — C be a holomorphic function with f()(0) = 0
forall0 < k <n-—1. If|f(z)| < M for z € D(0,R), then

If(z )|</w<| |> Vz € D(0, R)

Furthermore, if there exists a € D(0, R) \ {0} such that
n
|f(a)| =M <|;|> , there exists o € R such that

f(z) = Mel® (%) for all z € D(0, R).
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Mean Property and Maximum Principle

Proof

There exists a holomorphic function g on D(0, R) such that
f(z) = z"g(z). The result is deduced by maximum modulus
g(Rz)R"

—u

principle for the function h(z) =

Let f be an automorphism of the unit disc D (i.e. a biholomorphic
function of the unit disc), such that f(0) = 0, then there exists
a € R such that f(z) = e'®z, for all z € D.
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Mean Property and Maximum Principle

Proof

Let g = f1, then g(0) = 0, g’(0)f’(0) = 1 and by Schwarz's
lemma |g’(0)| <1 and |f'(0)| < 1, thus |g’(0)| = |f'(0)| =1, this
yields that f(z) = !z, with a € R. O
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Mean Property and Maximum Principle

Remark 3 : )
For all a € D, we set h,(z) = 1 52 . ha(a) =0, hy(0) = a and
—az
_ alf _ Aif
|ha(el?)] = 13_ ;eie = ea—ie i 5= 1. Then h, is an

automorphism of the unit disc. The function h, o h, is an
automorphism of the unit disc and h, o h,(0) = 0, h, o hy(a) = a,
then h,; o h, = Id. Furthermore if g is an automorphism of the unit
disc with g(a) = 0, for some a € D, the function f = g o h, is so
an automorphism of the unit disc with f(0) = 0. Thus

g(z) = e®h,(z). This characterizes the group of automorphisms of
the unit disc.

BLEL Mongi Fundamental Properties of Holomorphic Functions



Convergence Theorem

Let Q be an open subset of C and K a compact subset of Q. If
r < 6(K,Q°), then for any holomorphic function f on Q

1
sup [f'(2)| < = sup |f(2)],
zeK r zek,

with K, = {z € Q; 0(z,K) < r}.

This lemma is deduced by Cauchy’s integral formula.
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Convergence Theorem

Let (fy)n be a sequence of holomorphic functions on Q which
converges uniformly on compact subsets of 2 to a function f, then
f is holomorphic on Q. The sequence (f), converges uniformly on
compact subsets of Q to f'.

Under the same hypotheses, for all k € N, the sequence (f,,(k))
converges uniformly on compact subsets of Q to (k).
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Convergence Theorem

Proof of theorem 3.2
The uniform convergence theorem yields that f is continuous. To
prove f is holomorphic, we use Morera’s theorem. For any closed

triangle A in Q, fa(z) dz =0 and by the uniform convergence
oA

lim / falz dz:/ f(z dz,then/ f(z)dz =0.
”—>+°°aA() 6A() 8A()

From the previous lemma 3.1, the sequence (f)), converges
uniformly on compact subsets K of Q to f'. d
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Singularities of Holomorphic Functions

In this section, we are interesting to study the isolated singularities
of holomorphic functions.

Definition

Let Q be an open subset of C and zp € Q. If f € H(Q2\ {z0}), we
say that zg is an isolated singularity of f.
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Singularities of Holomorphic Functions

Let Q be an open subset of C and f a holomorphic function on
Q\ {z}, z0 € Q. Assume that f is bounded in some deleted
neighborhood of zy, then f can be extended on 2 to a holomorphic
function.

Proof

Let g be the function defined on Q by

g(z) = (z—2)f(z) 27 0 Since f is bounded on some
0 z=2Zz

deleted neighborhood of zy, g is continuous. Thus g is

holomorphic on €. There exists a neighborhood V of zy such that
“+oo

g(z) = Z an(z — z9)", for all z € V. Thus f can be extended on

n=1
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Singularities of Holomorphic Functions

Let f be a holomorphic function on Q\ {zp}. If f has an isolated
singularity at zy and bounded in some deleted neighborhood of zy,

then lim f(z) exists.
Z—Z)

Definition

Let f be a holomorphic function on Q\ {zo}. If f can be extended
to a holomorphic function on a neighborhood of zy, we say that z
is a removable singularity of f.
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Singularities of Holomorphic Functions

Theorem (Classification of Isolated Singularities of
Holomorphic Functions)

Let f be a holomorphic function on Q\ {z}, (z0 € Q). Then f
satisfies one of the following properties

@ Zzy is a removable singularity of f.

© Thereexista_1,...,a_m in C, with a_,, # 0 such that z is a
m

o .
removable singularity of the function f(z) — Y ———.
-3 2k
© f comes arbitrarily close to every complex value in each
deleted neighborhood of zy. In other words, for all r > 0 such
that D(zp,r) C Q, f(D(z0,r) \ {20}) is dense in C.

v
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Singularities of Holomorphic Functions

Remark 4 :

In the second case we say that zy is a pole of order m of f. The
m

P
polynomial of ZEZO, Z J__is called the principal part of f

= (z —z)

at zp. In this case lim |f(z)| = +o0.
Z—Z)

In a neighborhood of z, the function f(z) — Z % hasa
z— 2

j=1
power series representation.
m o0
k
ax(z — z0)".
(z— zo)J
j=1 k=0

The series E ax(z — 20)¥ is called the Laurent series expansion

k=—m
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Singularities of Holomorphic Functions

Remark 5 :
In the third case we say that zy is an essential singularity of f. In

this case lim f(z) does not exist as a finite value or as an infinite
Z—Z)

value, and generally the function f which is holomorphic in a
deleted neighborhood of zy has an essential singularity at zy if

there exists no non negative integer n for which lim (z — z)"f(z)
zZ—2Z)

exists (either as a finite value or as an infinite value).
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Singularities of Holomorphic Functions

Proof of theorem 4.5

Let D*(z9,r) = D(20,r) \ {z0} C 2 and assume that the property
(3) is not valid. There exists b € C and £ > 0 such that
f(D*(z0,r)) N D(b,e) = 0, which is equivalent to |f(z) — b| > &,
Vz € D*(z,r). The function g(z) = f(z)lb
D*(zo, r) and bounded by 1, thus it can be extended to a
holomorphic function on D(zp, r). We denote this extension also
by g.

If g(z0) # 0O, then zy is a removable singularity of the function

1

is holomorphic on
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Singularities of Holomorphic Functions

If zo is a zero of g of multiplicity m, then g(z) = (z — z))"g1(2),
with g1 a holomorphic function on D(zp, r) and g1(zp) # 0. Then

_ h(z)
=)= b: (z—z0)™

= Z bi(z — zo)k, the power series expansion of h.

with h holomorphic on D(zy, r). Let

b bum
Thus f(z) = b+ ——— +. ..

(z—z)™ z—z

+me+k z—z)".
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Singularities of Holomorphic Functions

Suppose f has an essential singularity at zy, then for any complex
number a, there exists a sequence (z,), such that Iirr Zn = 2o
n——+00

and lim f(z,) = a.
n——+00
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Singularities of Holomorphic Functions

Remarks 6 :
We conclude that if f is a holomorphic function on the open set
Q\{z}, 20 € Q, then

@ Zzy is a removable singularity if and only if f is bounded in a
deleted neighborhood of zj.
@ z is a pole of f if and only if Ii_>m |f(2)] = +o0.
z—20
© Zz is a pole of f of order m if and only if
lim |(z — 2z0)"f(z)| = ¢, with ¢ € C*.

zZ—2Z)
@ Zz is an essential singularity of f, if and only if, f is not
bounded in any neighborhood of zy and Ii_>m |f(z)| does not
z—2)

exists on C U {+o00}.
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Meromorphic Functions

Definition

A mapping f is called a meromorphic function on an open subset
Q, if there exists a closed subset A C €2, such that f is
holomorphic on Q \ A and each point a € A is a pole of f.

If A=), f is holomorphic on Q.
The set A is at most countable without cluster points
(accumulation points) in €.
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Meromorphic Functions

Let f: © — C be a holomorphic function on a domain €2 and f is

. 1, ; .
not the zero function, then — is a meromorphic function on €.

f
(A=f"{0}).
Exercise 1 :
Prove that the set M() of the meromorphic functions on Q is a
field.
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Meromorphic Functions

Proposition

Let f be a meromorphic function on an open subset 2, then f' is
also a meromorphic function, and f and f' have the same set of
poles in Q.

If a is a pole of order m for f, then a is a pole of order (m + 1) for
f.

v

Exercise 2 : ,
If £ is a meromorphic on £, then 3 is meromorphic and its poles

are simple.
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