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Matrices and Matrices Operations

Matrices and Matrices Operations

Definition

A real matrix is a rectangular array whose entries are real numbers.
These numbers are organized on rows and columns. A m X n
matrix will refer to one which has m rows and n columns, and the
collection of all m x n matrices of real numbers will be denoted by
Mm.n(R). We adopt the notation, in which the (j, k) entry of
the matrix A (that in row j and column k) is denoted by a; , and
the matrix A = (aj «).

A matrix in .#m n(R) is called a matrix of dimension (or of type)

(m, n).
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Matrices and Matrices Operations

Definition

e Two matrices A = (ajx) and B = (bj «) in M m n(R) are called
equal if a; = bj  for all j, k

e A matrix in .41 n(R) is called a row matrix.

e A matrix in .#y,1(R) is called a column matrix

e If the entries of a matrix are zero, we denote this matrix (0) or 0
e A matrix in .#, ,(R) is called a square matrix of type n and
AMn.n(R) will be denoted by .Z,(R)

e A square matrix A = (aj ) € #nn(R) is called diagonal if

(

10

ajx=0if j# k, example A= [0 0
0 0

w O O
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Matrices and Matrices Operations

Definition

A square matrix A = (aj k) € #n,n(R) is called upper triangular if
2 =0ifj>k

A square matrix A = (aj«) € #nn(R) is called lower triangular if
2 =0ifj <k

A diagonal matrix A = (aj «) in .#,(R), where aj; = 1 is called
the identity matrix and denoted by /,.
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Matrices and Matrices Operations

Matrix Operations

Matrix algebra uses three different types of operations.

@ Matrix Addition: If A= (aj«) and B = (bj«) have the same
dimensions (or the same type), then the sum A + B is given
by A+ B = (aj7k + bj,k)-

@ Scalar Multiplication: If A= (aj ) is a matrix and « a scalar
(real number), the scalar product of a with A is given by
aA = (aaj-’k).
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Matrices and Matrices Operations

© Matrix Multiplication:
0 If Ae A »(R) is a row matrix, A= (a1,...,a,) and
by
B € M,1(R) a column matrix, B= | : |, we define the
by
product A.B by:
AB = aib; +---+ a,b,.
This matrix is of type (1,1) (one column and one row) and
called the inner product of A and B.
@ If A= (aj k) € Mmn(R) and B = (bj «) € Mnp(R), then the
product AB is defined as AB = (¢j k) € Mm p(R), where ¢j i is
the inner product of the j row of A with the k' column of B

n
Gk = § aj bk
(=1
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Matrices and Matrices Operations

The operations for matrix satisfy the following properties

Let A, B, C denote matrices in Mmn(R), and a, b € R.
QO A+B=B+A,
Q@ A+(B+C)=(A+B)+C,
Q a(A+ B)=aA+aB,
O (a+ b)A=aA+ bA,
Q (ab)A = a(bA),
@ If0 is the null matrix in M m n(R), then A+ 0 = A.
Q@ IhA=Aand Al, = A,
If D € Mnp(R), E € Mpq(R) and F € M; m(R), then
O A(DE) = (AD)E,
O (A+B)D = AD + BD,
@ F(A+B)=FA+FB,
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Matrices and Matrices Operations

Remark 1 :

Let A€ Mmn(R) and B € 4, p(R). If By, ..., Bp are the
columns of B, then the columns of AB are A.By, ... ,A.B,.

By
b11
If B=

bn,l
AB;

C1,1
AB = :

Cm,1

B>
b1
bn,2

AB>
C1,2

Cm,2

Bp
bl,p
. then

bnp
AB,

CLp
, where

Cm,p

n
Gk =Y 3ibik.
i=1
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Matrices and Matrices Operations

Remarks 2 :

@ The multiplication operation of matrix is not commutative i.e.

AB # BA in general. For example A = (0 1) and

0 0
00 1 0 00
B_<1 0).ThenAB—<0 0) andBA—<0 1).
_ (01 2 _
GIfA—<O 0>,thenA =0.
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Matrices and Matrices Operations

Definition

The transpose of the matrix A = (aj «) in Mm(R) is the matrix
in My m(R), denoted by AT and defined as follows:
AT = (bj,k)r where bj,k = dk,j-

Let A,B € Mmn(R) and C € 4, ,(R), then
QO (A+B)T=AT + BT,
Q@ (AC)T =CTAT,
0 (AT) =A
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Matrices and Matrices Operations

Definition

A square matrix A is called symmetric if AT = A.

»
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The Elementary Row Operations

Definition (The Elementary Row Operations)

There are three elementary matrix row operations:
@ (Interchange) Interchange two rows,
@ (Scaling) Multiply a row by a non-zero constant,

© (Replacement) Replace a row by the sum of the same row and
a multiple of different row.

4
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The Elementary Row Operations

Definition

Two matrix A and B in M m »(R) are called row equivalent if B is
the result of finite row operations applied to A. We denote A ~ B
if A and B are row equivalent. (A ~ B is equivalent to B ~ A).
We denote the row operations as follows:

Q The switches of the j™ and the k™ rows is indicated by: R x

@ The multiplication of the jt row by r # 0 is indicated by:
r- RJ'.

© The addition of r times the jth row to the k" row is indicated
by.' rRJ-J(.

v
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The Elementary Row Operations

Definition (Row Echelon Form)

A matrix in M m n(R) is called in row echelon form if it has the
following properties:
@ The first non-zero element of a nonzero row must be 1 and is
called the leading entry.
@ Al non-zero rows are above any rows of all zeros,
© Each leading entry of a row is in a column to the right of the
leading entry of the row above it.
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The Elementary Row Operations

Definition (Reduced Echelon Form)

A matrix in M m n(R) is called in reduced row echelon form if it
has the following properties:

@ The matrix is in row echelon form,

@ Each leading number is the only non-zero entry in its column.
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The Elementary Row Operations

1 -1 2
@ |0 1 3] isin row echelon form but is not reduced:
0O 0 O
1 0 2
@ (0 1 5] isin reduced row echelon form:
0 00
1 -1 2
© ([0 1 5] isnotinrow echelon form.
3 0 0
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The Elementary Row Operations

2 3 -1 2 3 -1
—1R1
31 2 — 1 -2 3
4 1 O 1 0
R 1 -2 3 R 4R 1 -2 3
1,2 > 3 _1 1,2, 1,3 0 7 _7
4 1 0 0O 9 -12
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The Elementary Row Operations

e (1 2 o, 1 -2 3

! 0o 1 -1 0 1 -1

0 9 -—12 0 0 -3
Lip (1203 CARyLLRL 1 -2 0 Ry 1 00
2510 1 -1 2 lo 10 510 10
0 1 0 0 1 001
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The Elementary Row Operations

2 -3 4 -2 0 2 -3 4 -2 0

3 -1 2 -3 2 (—1)_R§,2 1 2 -2 -1 2

-2 -3 4 3 2 -2 -3 4 3 2

-3 1 0 3 1 -3 1 0 3 1
1 2 -2 -1 2 1 2 -2 -1 2

Ri2 2 -3 4 -2 0| (-9R2| O -7 8 0 -4

-2 -3 4 3 2 -2 -3 4 3 2
-3 1 0 3 1 -3 1 0 3 1
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The Elementary Row Operations

1 2 -2 -1 2 1 2 -2 -1 2
2Ri33Ris [0 —7 8 0 —4| Rp3lRs [0 1 0 1 6
e
0 1 0 1 6 0 -7 8 0 -4
0 7 -6 0 7 0 O 2 0 3
1 2 -2 -1 2 1 2 -2 -7 2
7R3 |0 1 0 1 6 R‘s_,4> 01 0 1 6
0 0 8 7 38 00 2 0 3
0 0 2 0 3 0 0 8 7 38
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The Elementary Row Operations

12 -2 -1 2 12 -2 -1 2
R |01 0 1 6 |3RsRI0 1 0 1 6
00 2 0 3 o0 1 o0 3
00 0 7 26 00 0 1 2
10 -2 -3 -10 100 -3 -7
“2Ra [001 0 1 6 |28 (010 1 6
oo 1 o0 3 001 0 3
0001% 0001%
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The Elementary Row Operations

1000 2 1000 2
3Re; |01 01 6 |(-DR2(0 1 0 0 18
o010 2| ~loo1o }
0001 2 0001%
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The Elementary Row Operations

Fractions can be avoided as follows:

1 2 -2 -1 2 7 14 —-14 -7 14
—ﬁ4 01 O 1 6| 7wRR |0 7 0 7 42
00 2 0 3 0 O 2 0 3
0 0 O 7 26 0 O 0 7 26
7 14 —-14 0 40 7 0 0 0 29
1R4,17;1>R4,2 0 7 0 0 16 7R3,h;2>R2,1 0 7 0 0 16
0 O 2 0 3 002 0 3
0 0 0 7 26 0 00 7 26
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The Elementary Row Operations

1 1 1 1
7R1:7R27§R377R4
—

cooRr
ocor o
or oo
~ oo o
~[Soe~GNIE
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The Elementary Row Operations

Each matrix is row equivalent to one and only one reduced echelon
mattrix.
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The Inverse Matrix

We say that a square matrix A of type (n, n) (or of order n) is
invertible if there is a square matrix B of type (n, n) such that
AB = BA = I,.

We denote A~! the inverse matrix of A. )

A matrix A is invertible if there is a square matrix B such that

AB = I,.
The inverse matrix of a matrix A is unique and will be denoted by
AL
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The Inverse Matrix

@ The inverse matrix if it exists is unique,

@ The inverse matrix of I, is /,.

Q@ (A H1l=A

Q@ If A and B are invertible in .#,(R), then (AB)"1 = B~1A"L.
Q If Ay,..., Ag are invertible in .Z,(R), then

O If Ais invertible, then (rA)~1 = 1A=L, for all r € R*.
@ If Ais invertible, then AT is invertible and (AT)~! = (A1)7.

V Ol’lgl B Elementary Row Operations on Matrices



The Inverse Matrix

Definition

We say that a matrix E of order n is an elementary matrix if it is
the result of applying a row operation to the identity matrix /.
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The Inverse Matrix

Remarks

1 -1 0
O Letthematrix A= |2 1 3| and the elementary matrix
1 -2 1
100
E=10 0 1| which is the result of switching the second
010
and the third rows of /5.
1 -1 0
We have Ro3A=EA= |1 -2 1
2 1 3
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The Inverse Matrix

1 0 2 3
© An other example: let A= |2 —1 3 6| and the
1 4 40
1 00
elementary matrix E= (0 1 0) = bRy 3.
5 O 1
0
We have 5R173A =EA=
4 14 15
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The Inverse Matrix

In general we have

For all A € #m n(R) and R an elementary row operation on
Mmn(R), E an elementary matrix such that E = R(/p). Then

EA = R(A)

where R(A) is the result of the elementary row operation R on A.
V.
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The Inverse Matrix

If E is an elementary matrix, then E has an inverse and its inverse
is an elementary matrix.

v

If Ais a square matrix of order n. The following are equivalent:

© The matrix A has an inverse.
@ The reduced row echelon form of the matrix A is /,.

© There is a finite number of elementary matrices Ei, ..., E, in
Mn(R) such that A= E; ... Ep.
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The Inverse Matrix

(Algorithm)
Let A € x(R)
© Let [B|C] be the reduced row echelon form of the matrix
[All] € Mn2n(R).
Q@ If B=1, then C=A"1.
@ If B # I,, the matrix A is not invertible.
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The Inverse Matrix

0 4 -
The inverse matrix of the matrix A= |1 0 1
2 11
01 -il1o0o0
10 11/010
1
2 2 1]00 1
10 11]010
R12,R>3 2% 110 0 1
0f 3100
el [P0 10 10
—1’fo%710721
o2 -%j1t o o
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The Inverse Matrix

Chr, |20 1010
o0 3 —-1/0 -2 1
00 3|1 2 -1

smop |[F 0O 10 1 0

257001 =20 -4 2
00 12 4 -2

DRk, |10 02 -3 2

21001 04 4 -2

00 1/2 4 -2
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The Inverse Matrix

01 -3\ /2 -3 2 100
1 0 1 4 4 2|=[(010
2 11 2 4 =2 001
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The Inverse Matrix

1 3 21
) ) ) 2 3 31
The inverse matrix of the matrix A = 33 4 9
1111
1 3 2 11 0 0 O
2 3 3 10 1 0 0
33 4 20010
1 11 110 0 0 1
1 3 2 111 000
(*2)R1£3)R1,3 0 -3 -1 —-1l]-2 1 0 O
(—1)R14 0 -6 -2 —-1|-3 01 0
0 2 -1 0|-1 0 01
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The Inverse Matrix

1321201 0 0 0
((DRu(DR (003 1 112 —1 0 0
R |06 2 13 0 -1 0
021 01 0 0 -1

132 1]/1 0 0 0

(DR 0010 1|1 -1 0 1
(—2)Rs [0 0 0 —1| -1 2 —1 0
021 0[1 0 0 -1
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The Inverse Matrix

132 1]1 0 0 0]
((2R4 (0010 1|1 -1 0 1
000 —1/-1 2 -1 0
001 —2/-1 2 0 -3
13211 0 0 0]
(MRs21Rs |01 0 0[O0 1 —1 1
(—2)Re |00 0 11 —2 1 0
00101 -2 2 -3
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The Inverse Matrix

13211 0 0 0
R |01 0 00 1 -1 1
00101 —2 2 -3
000 1/1 -2 1 0
1000 -2 3 -2 3
(-9Rep (DR (001 0 000 1 -1 1
(“1)Res 0010 1 -2 2 -3
00011 -2 1 0

»
V Ol’lgl » Elementary Row Operations on Matrices



x
S
=
s
o
1]
4
]
2
]
<=
[

o

— - - O

— — O -

— O — -

|

The inverse matrix of the matrix A, where A

|

— o O+ O +H O
o O o -
o — O O —=H = O
o O - O
i co T oo
o— oo | _
10111 111211
I [ [
— — O O O OO O +H O O
— i i
— — —
— O O O OO —=H O O O

} -

11111000
01110100
101 10010
110 10 0 01
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The Inverse Matrix

1 0001 -1 0 0
R 010 01 0 -1 0
0 01 01 0 0o -1
0 00 1 -2 1 1 1
1 -1 0 0
1 0 -1 0
-1 _
Then A= = 1 0 0 _1
-2 1 1 1
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