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1- Course Syllabus (Credit Hours: 4 (3+2))

No

List of Topics

Introduction to Number Systems:

& Binary System (Binary to Decimal Conversion - Decimal to Binary
Conversion — Arithmetic: addition, subtraction, multiplication)

s (Octal Number System (Conversions and Arithmetic)
¢ Hexadecimal Number System (Conversions and Arithmetic)

* Proposition calculus and connectives
s Truth tables
* Propositional Equivalence.

Sets:

& Set operations

Boolean Algebra:

s Boolean Functions

+ Representation Boolean Functions
« Logic Gates

* Minimization of Circuit

Basic Concepts of Graph Theory:

o Graph Terminology and Special Types of Graphs
+« Connectivity

King Saud University
College of Applied Studies & Community Service
Department of Computer Science & Engineering

King Saud University
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Course ODbjectives

Learn how to think mathematically.

Grasp the basic logical and reasoning mechanisms
of mathematical thought.

Acquire logic and proof as the basics for abstract
thinking.

Improve problem-solving skills.

Grasp the basic elements of induction, recursion,
combination and discrete structures.
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Chapter 2: Sets

¢ Sets.

 Functions.

* Seguences, and Summations.
Matrices.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics
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Sets (1/24)
A et Is an unordered collection of objects.

The objects In a set are called the elements, or
members, of the set. A set Is said to contain Its
elements.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics i
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Sets (2/24)
S={a,b,c,d}

We write a € S to denote that a 1S an element of
the set S. The notation e € S denotes that e 1S not
an element of the set S.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 8
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Sets (3/24)

King Saud University

The set O of odd positive integers less than 10
can be expressed by 0 = {1, 3,5,7,9}.

The set of positive integers less than 100 can be
denoted by {1, 2,3, ... ,99}.

ellipses (...)

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 9
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Another way to describe a set Is to use set
builder notation.

The set O of odd positive integers less than 10
can be expressed by O = {1, 3,5,7,9}.

O = {x | x 1s an odd positive integer less than 10},

10 = IxeZ" | xis odd and x < 10}.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 10
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N ={0, 1,2, 3, ...}, the set of all natural numbers
Z={...,-2,-1,0,1,2, ...}, the set of all integers
77 =1{1,2,3,...}, the set of all positive integers

Q={p/q|p€Z qeZandq # 0},
the set of all rational numbers

R, the set of all real numbers

R™, the set of all positive real numbers
C, the set of all complex numbers.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics
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Sets (6/24)

Interval Notation

Closed interval |a, b]
Openinterval (a,b)

a,b] = {x|a < x

I\

b}
b}
b}

|l
f-*\
&=

INA

a X

VANWA

= {x|a < x

v Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science

Discrete Mathematics
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Sets (7/24)

If A and B are sets, then A and B are equal if and only if
Vx(x€A<e x€B). We write A=B, If A and B are
equal sets.

« Thesets{1,3,5}and {3,5,1}are equal, because
they have the same elements.

« {1,3,3,5,5,5}Isthe same as the set
{1, 3,5} because they have the same elements.

v Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science
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Empty Set

There Is a special set that has no elements. This set is
called the empty set, or null set, and is denoted by @.

The empty set can also be denoted by { }

14

Discrete Mathematics
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Sets (9/24)

Cardinality

The cardinality iIs the number of distinct elements in S.
The cardinality of S is denoted by |S].

Discrete Mathematics

v Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science 15
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Sets (10/24)
Examplel

S ={a,b,c, d}
S| =4

A=1{1,2,3,7,9}

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 16
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Sets (10/24)
Examplel

S ={a,b,c, d}
S| =4

A=1{1,2,3,7,9}
|A] =5

@ =1}
@] =0

LR

...'Ootot““
(7 “3\“‘
1 3

"”, L= — ‘/g\\“.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 17
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Example2

S = {a, b,c,d, {2}}
S| =

A=1{1,2,3,{2,3},9}
Al =

0} =4 3
{0} =

LR
...'Ootot““
(7 “3\“‘
1 3
"”, L= — ‘/g\\“.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 18
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Sets (11/24)

Example2

S = {a, b,c,d, {2}}
S| =5

A=1{1,2,3,{2,3},9}
|Al =5

0} =4 3
@3 =1

LR
...'Ootot““
(7 “3\“‘
1 3
"”, L= — ‘/g\\“.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 19
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Sets (12/24)

Infinite

Aset Is said to be infinite If it is not finite.
The set of positive integers is infinite.

7+ =1{123,..}

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 20
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Sets (13/24)

Subset

The set A is said to be a subset of B if and only if
every element of A is also an element of B .

We use the notation A € B to indicate that
A is a subset of the set B .

ACB © Vx(x€A—->x€ERB)

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 21
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Sets (13/24)

Subset

The set A is said to be a subset of B if and only if
every element of A is also an element of B .

We use the notation A € B to indicate that
A is a subset of the set B .

(ASB)=(B2A)

ACB © Vx(x€A—->x€ERB)

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 22
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Sets (13/24)
Subset

For every set S,
)P<S and (i)S CS.

To show that two sets A and B are equal, show that
A € Band B C A.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 23
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Sets (14/24)
Proper Subset

The set 4 is a subset of the set B but that A # B,

we writeA C B
and say that 4 is a proper subset of B.

AcB o (Vx(x€eA>x€B)AIx(x EBAx ¢ A))

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 24
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Example

For each of the following sets,
determine whether 3 is an element of that set.

{1234}
{{1}, {2}, (3}, {4}}

25

Discrete Mathematics
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Venn Diagram

A ={1,234,7}
B = {0,3,5,7,9)
C ={1,2)

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 26
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Sets (17/24)
Venn Diagram

A={1234,7
B = {0,3,5,7,9)\
C ={1,2}

Universal Set ——

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science

Discrete Mathematics 27
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Sets (18/24
Power Set ( )

The set of all subsets.

[f the setis S. The power set of S is denoted by P(S).

The number of elements in the power setis 2P|

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 28
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Sets (18/24)

Power Set

The set of all subsets.

[f the setis S. The power set of S is denoted by P(S).

The number of elements in the power setis 2P|

S ={1,2,3}

|P(S)| = 23 = 8 elements

King Saud University- College of Science

29
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Sets (19/24)

Examplel

What is the power set of the empty set?

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 30
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Sets (19/24)
Examplel

What is the power set of the empty set?

P®) = {9}.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 31
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Sets (20/24)
Example2

What is the power set of the set {#}?

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 32
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Sets (20/24)
Example2

What is the power set of the set {#}?

P({0}) = {0, {0}}.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 33
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Sets (21/24)

The ordered n-tuple

The ordered n-tuple (a4, ay, ..., a,) is the ordered
collection that has aq as its first element, a, as its

second element, ..., and a,, as its nth element.

In particular, ordered 2-tuples are called ordered

pairs (e.g., the ordered pairs (a, b))

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 34
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Sets (22/24)

Cartesian Products

Let A and B be sets.
The Cartesian product of A and B, denoted by A X B,

is the set of all ordered pairs (a, b), where a € A and

b€ B.Hence, AXB={(a,b)|la€ A Ab € B}.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 35
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Cartesian Products - Example

LetA ={1,2}, and B = {a, b, ¢}
AxXxB={1,a),(1,b),(1,¢),(2,a),(2,b),(2,¢c)}.

|AX B| =1Al*|Bl =2+3 =6

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 36
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Cartesian Products - Example

LetA ={1,2}, and B = {a, b, ¢}
AxXxB={1,a),(1,b),(1,¢),(2,a),(2,b),(2,¢c)}.

|AXB| =|Al«|B|=2%3=6

Find B X A?

| 25 0.9._‘“‘

77 e\
grrt R

1 K
| 6 N
o = )
:'Q'
"
$18
N\ /48
LN T—A '0‘,’,’!:
DONE o
B 2
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The Cartesian product of more than two sets.

The Cartesian product of the sets Ai,A4,, ...,
A,, denoted by A1 X A, X - X A, is the

set of ordered

n-tuples (aq, ay, ... ,a,), where a; belongs to A; for

[ = i, 2, ... ,n. In other words,

"‘:‘\“"‘.ﬁ {(al) az, ... )A'ﬂl><| AIZ €<A.l.. ﬁ)‘ﬂnl — 1’ 2’ ’n}.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 38
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Example:

AXBXC,whereA={0,1},B={1,2},and C={0,1,2)}

AXBxC=1{(010),(0,1,1),(0,1,2),(0,2,0),(0,2,1),(0,?2,2),
(1,1,0),(1,1,1),(1,1,2),(1,2,0), (1,2, 1), (1, 2, 2) }.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 39
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Set Operations (1/7)

Union
Let A and B be sets. The union of the sets A and B,

denoted by A U B, is the set that contains those

elements that are either in 4 or in B, or in both.

AUB={x|x€eAvVvxeB}

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 40
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Set Operations (1/7)

Union
Let A and B be sets. The union of the sets A and B,

denoted by A U B, is the set that contains those

elements that are either in 4 or in B, or in both.

A U B is shaded.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics
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Set Operations (1/7)

Union
Let A and B be sets. The union of the sets A and B,

denoted by A U B, is the set that contains those

elements that are either in 4 or in B, or in both.

The union of the sets {1, 3,5} and {1, 2, 3}
is the set {1, 2, 3,5}

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 42
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Set Operations (2/7)

Intersection

Intersection

Let A and B be sets. The intersection of the sets A and

B, denoted-by-A-A-Bisthesetthatcontainsthese-elements that
ANB={x|x€eAAx€B)}
are in both 4 and B.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics
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Set Operations (2/7)

Intersection

Intersection

Let A and B be sets. The intersection of the sets A and

U
B, denoted by nents that

are in both A ¢

A N B 1s shaded.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics
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Set Operations (2/7)
Intersection

Intersection

Let 4 and B be sets. The intersection of the sets A and
B, denoted by A N B, e set that t ose el ts

The 1ntersect10n oflti}ie SetS f agn g} T, él:aé}
are in bot d B.

is the set f,‘?%af

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 45
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Disjoint
Two sets are called disjointif their intersection is the

empty set.

ANB =0

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 46
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Set Operations (4/7)

Difference

Let A and B be sets. The difference of A and B,
denoted by A — B, is the set containing those

elements that are in 4 but not in B.

A—B={x|xeAAx & B}

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics
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Set Operations (4/7)

Difference

Let A and B be sets. The difference of A and B,
denoted by A — B, is the set containing those

elements that are in 4 but not in B.

A=1{135), B ={123)
A — B = {5}

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 48
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it ) - Set Operations (4/7)
Difference

A — B 1s shaded.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 49




Complement

Set Operations (5/7)

Let U be the universal set.

King Saud University

The complement of the set A, denoted by ATh

An element x belongs to U if and only if x & A.

A_={x€U|x€A}

King Saud University- College of Science

Discrete Mathematics
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Set Operations (5/7)

Complement

Let U be the universal set.
The complement of the set A, denoted by ATh

An element x belongs to U if and only if x & A.

U — {1)2)3)4)5}) A — {1)3}
Ah = { 245

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 51
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A Set Operations (5/7)
Complement

A is shaded.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 52
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Generalized Unions

We use the notation
n
A UA U UA, = 4
i=1

to denote the union of the sets A, A,, ..., A,,.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 53
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kit Set Operations (6/7)
Generalized Unions

A U B U C 1s shaded.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 54
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Generalized Intersections

We use the notation

nl

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 55
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Set Operations (7/7)

Generalized Intersections

A N B NC is shaded.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 56
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Set ldentities (1/8)
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TABLE Set Identities.
Identity Name
ANnU=A Identity laws
AU =A
AvU=U Domination laws
Ang =4
AUA=A Idempotent laws
ANA=A
(A=A Complementation law
AUB=BUA Commutative laws
ANB=BnNA

Dr. Ahmed Alsayed- 0559596720

King Saud University- College of Science

Discrete Mathematics 57
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Set Identities (2/8)

TABLE Set Identities.

AuUBUO) =AUB)UC Associative laws
ANBNC)=ANBNC

AUBNO) =AUB)N(Au () Distributive laws
ANBUC)=ANBUMANCO)

ANB=AUB De Morgan’s laws
AUB=ANB

AUANB) =A Absorption laws
AN(AuB)=A

AUA=U Complement laws
ANA=0

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 58
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Set Identities (3/8)
Examplel

Prove that AN B = A U B.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 59
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Examplel — Answer

Prove that AN B = A U B.

First, we will show that A N B

IN
> |
C

o |

Next, we will show that A U B CANB.

King Saud University- College of Science

Dr. Ahmed Alsayed- 0559596720

Ag<2Sdodl

King Saud University

Discrete Mathematics
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First, we will show that AN B C AUB.

reANB by assumption

xrZANDB defn. of complement

—((x € A) A (z € B)) defn. of intersection

—(x € A)V—-(x € B) 1st De Morgan Law for Prop Logic

rZAVxr e B defn. of negation
reAvVzeB defn. of complement
reAUB defn. of union

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 61
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Next, we will show that A U B CANB.

reAUB by assumption

(x € A)V (z € B) defn. of union

(& A)V (z € B) defn. of complement

—(x € A)V—(z € B) defn. of negation

-((x € A)A (x € B)) by 1st De Morgan Law for Prop Logic
—-(z € AN B) defn. of intersection

reANB defn. of complement

62

Discrete Mathematics
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Set Identities (7/8)

Example2

Use set builder notation and logical equivalences to establish
the first De Morgan law AN B = AUB.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 63
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F4:2 810 Set Identities (8/8) :
ExampIeZ — Answer
Use set builder notation and logical equivalences to establish

the first De Morgan law AN B = AUB.

ANB={x|x&ANB) by definition of complement
= {x| ~(x € (ANB))} by definition of does not belong symbol
= {x| (x €A Ax€EB)} by definition of intersection
={x|(x€A)V-(x €B)} by the first De Morgan law for logical equivalences

={x|x&AVx¢&B} by definition of does not belong symbol
={x|x€& A_ VX E }_3’} by definition of complement

= {x|x € AUB) by definition of union

=AUB by meaning of set builder notation

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 64
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Functions (1/21)

Function

Let A and B be nonempty sets. A function f from 4 to
B is an assignment of exactly one element of B to
each element of A.

We write f(a) = b if b is the unique element of B
assigned by the function f to the element a of A.

If f is a function from A to B, we write f:A - B.
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Functions (2/21)

Function
Adams ® -0 A
Chou @ e B
Goodfriend @ o C
Rodriguez e oD
Stevens ® >0 F

Assignment of grades in a discrete mathematics class.
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Functions (3/21)
The Function f:A > B

The function f maps A to B.
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£E2 1O Functions (3/21)
The Function f:4A - B

Domain: 4

Co-Domain: B

fla) =b
b is the /mageof a
a is a preimageof b

The range, or image, of f The function f maps A to B.

o8 }s.j;he set of all images of

68
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The Function f:4A - B

Domain = {a, b, c,d, e}

S Q
:

Co-Domain = {1,2,3,4,5,6,7}

7
\

Range = {1,3,4,5,7}

W~ O U1 D W N -
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Definition
Let f1and f,be functions from A to R. Then f1+ f,and f;f,are also

functions from A to R defined for all x € A by
(f1+ f2)(x) = f1(x) + f2(x),
(f1f2)(x) = f1(x)f2(x).

Discrete Mathematics
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Functions (6/21)

Example

Let /1 and f, be functions from R to R such that f1(x) = x4 and
f2(x) = x — x?. What are the functions f1+ fand f1f2 ?

(f1+ f2(x) = f1(x) + fa(x) = x* + (x —x?) =1x,

(fif2) (x) = f1(0)f2(x) = x?(x — x%) = x3 — x*.
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Definition
Let f be a function from A to B and let S be a subset of A.

The image of S under the function f is the subset of B that consists of

the images of the elements of S.
We denote the image of S by £(S), so

fS={t|IsesS(t=1())}
or shortly {f (s) | s € S}.
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22 K Functions (8/21)

King Saud University

Example
Let A ={a,b,c,d,e}and B = {1,2,3,4} with f(a) = 2, f(b) =1,
f(c) =4, f(d) =1,and f(e) = 1.

S={b,c,d}c A
The image of the subset S = {b,c,d} isthe set f(S) = {1,4}

73
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Functions (9/21)

One-to-One function (Injective)

A function fis said to be one-to-one, or injective,
If and only If Aa) = A6) implies that 2= 6 for all aand 6 in the domain

of £
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One-to-One function (injective)

fla)=1
fb) =3
f© =7
fd) =4
fle) =5
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NOT One-to-One function (Not injective)

fla) =1
fb) =1
fle)=7
f(d) =4

f(e) =5

Discrete Mathematics
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Functions (10/21)

onto function (surjective)

A function ffrom Ato Bis called onto, or surjective, if and only if for

every element b € Bthereis an element ae Awith fa) = b.
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fla)=1
fb) =1
fle)=4
f(d) =2
fle) =3

Co-Domain = {1,2,3,4}

wG\w l\\j"

Range = {1,2,3,4}

78
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Functions (10/21)
NOT onto function (Not surjective)

(3 laf
(3 1bf
(3 4cf
(3 1df
(3 3ef

B Range = {1,3,4}

1,2,3,4Co-D¢main =}

Discrete Mathematics
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Functions (11/21)
One-to-one corresponaence (bijection)

The function fis a one-to-one correspondence, or a bijection, if it is

both one-to-one and onto.
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Functions (11/21)
One-to-one corresponaence

(bijection)

Al =B]

:1 f(a)=1
//2 f(b) =3

4 f(C)=5

5 f(d) =2

Co-Domain = {1,2,3,4,5}

fle) =4

B Range = {1,2,3,4,5}

81
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NOT One-to-one correspondence (Not
bijection)

fla) =1
f(b) =3 NOT one-to-one

f(c)=5 NOTonto

fld=1
Co-Domain = {1,2,3,4,5}

fle) =4

Range = {1,3,4,5}
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NOT One-to-one correspondence (Not
bijection)

fla)=1

f(b) =2  Onto

f(c) =3 NOT one-to-one

fld) =1
Co-Domain = {1,2,3,4}

fle) =4

B Range = {1,2,3,4}

Discrete Mathematics
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NOT One-to-one correspondence (Not
bijection)

fla)=1

f(b) =3 One-to-one

flc)=5 NOT onto

fd) =2

Co-Domain = {1,2,3,4,5}

Range = {1,2,3,5}

Discrete Mathematics
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Functions (12/21)
Examples

ol
ae

L W)
be

o3
co

o4
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Functions (12/21)

ol

ae
W)

be
o3

co
o4

King Saud University- College of Science

One-to-one

NOT onto

Discrete Mathematics
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Functions (12/21)

Examples
ae
ol
be —
o2
co

e3
de
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Functions (12/21)
Examples

ae
ol

be — NOT One-to-one
o2
ceo Onto

e3

de
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Functions (12/21)
Examples

ae ol
be (W)

cCe® o3

de o4
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Functions (12/21)

ae ol

be (W)

cCe® o3

de o4

King Saud University- College of Science

One-to-one
Onto

-~ bijection

Discrete Mathematics 90
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Functions (12/21)
Examples

ae ol
be Wi
co ®3

de o4
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Functions (12/21)

Examples

ae ol
be o2 NOT One-to-one

ce ®3 NOT Onto

de o4

A — B
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i) Functions (12/21)

Examples

ol

ae
o2

be
e3

ce®
o4

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics




< ol_1
)

N Y — 2g<aJlodl
: ; -‘7'.,:: Sl | King Saud University

Functions (12/21)

Examples
ol
ae
o2 .
- NOT a function
fronfromAsto B
e3
ceo
o4
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Functions (13/21)

Examples

xDetermine whether the functionf) = x + 1 from the set of integers

to the set of integers Is one-to-one.
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Functions (13/21)

Examples (Answer)

x Determine whether the functionfy = x + 1 from the set of integers

to the set of integers is one-to-one.

()=b+1b f and=a+ laf

(b) = fa (if fis ong—tp—ongxj) and aequal 6then).
a+1=b+1
a=0>b

IS Ong—to—onex.. f
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Functions (14/21)

Examples
Determine whether the function f(x) = x? from the set of integers to

the set of integers Is one-to-one.
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Functions (14/21)
Examples (Answer)

Determine whether the function f(x) = x? from the set of integers to

the set of integers Is one-to-one.
f(a) =a?and f(b) = b?
f (x)is one—to—one (if f(a) = f(b) and gequal & then).
a’ = b?
+a=+b
a may be not equal b

~ f(x) 1s NOT one—to—one

King Saud University- College of Science Discrete Mathematics 98
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Functions (15/21)

Inverse Functions
Let fbe a one-to-one correspondence from the set Ato the set B. The

Inverse function of £is the function that assigns to an element 6

belonging to B the unique element a in A such that f(a) = b. The

inverse function of fis denoted by f~1. Hence, f~1(b) = a when

f(a) = b.
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Functions (15/21)
Inverse Functions

f7(b)
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Functions (16/21)

Invertible
A one-to-one correspondence is called invertible because we can
define an inverse of this function. A function is not invertible if it is
not a one-to-one correspondence, because the inverse of such a

function does not exist.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 101
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Functions (17/21)

Invertible — Example

Let fbe the function from {a,b,c} to {1,2,3}such that f(a) = 2,
f(b) = 3, and f(c) = 1. Is finvertible, and If it Is, what is its

Inverse?
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Invertible — Example

Let 7 be the function from {a, b, c} to {1,2,3}such that f(a) = 2,
f(b) = 3, and f(c) = 1. Is finvertible, and if it Is, what Is Its

Inverse?

ANnswer:

The function f Is invertible because it Is a one-to-one correspondence.

The inverse function f~1 reverses the correspondence given by f, so

f% > =c, f74(2)=a, and f~1(3) = b.

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 103




/ISION dJ < ol 1
P agsdloll s

- :2{';.' ; : i King Saud University

Functions (18/21)
Composition of the Functions fand g

Let g be a function from the set A to the set B and let #be a function
from the set B to the set C. The composition of the functions fand g,

denoted by f o g, is defined by o gW(=f g ¢ ( ))

(fog)a)

flg(@)

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 104
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Functions (18/21)
Composition of the Functions fand g

Let g be a function from the set A to the set B and let #be a function
from the set B to the set C. The composition of the functions fand g,

denoted by f o g, is defined by o gW(=f g ¢ ( ))

(fog)a)
g(a) f(g(@)
o ° ®
a g(a) f(g(a))
___:;__.. ___7f__..

»2294 NoOte that the composition fo g cannot be defined unless the range of g is

A a subset of the domain of 7.
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Functions (19/21)
Composition Example 1

Let g be the function from the set {a , b, c} to itself such that g(a) = b,
g(b) = ¢, and g(c) = a. Let Fbe the function from the set {a, b, c} to
theset{1,2,3 }suchthat {a) =3, AbH)=2,and fc) = 1. What Is the

composition of fand g, and what is the composition of gand 7?

106
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Functions (19/21)
Composition Example 1

Let g be the function from the set {a , b, c} to itself such that g(a) = b,
g(b) = ¢, and g(c) = a. Let Fbe the function from the set {a, b, c} to
theset{1,2,3}suchthat fa)=3, b)) =2,and f¢) =1.

ANnswer:

1)The composition of fand g (i.e., (fo 9)
(Feg)(@) =2, (Feg)(b)=1, (Fog)(0)=3

e=sle composition of g and 7 (i.e,, (go /) cannot be defined

%
Z Ay
:’/ P Ny

A
\

King Saud University- College of Science
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Functions (20/21)

Composition Example 2
Let 7and g be the functions from the set of integers to the set of

Integers defined by Ax) = 2x + 3 and g(x) = 3x + 2. What is the

composition of fand g? What is the composition of gand £?
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Functions (20/21)

Composition Example 2
Let Fand g be the functions from the set of integers to the set of

Integers defined by Ax) =2x+ 3 and g(x) = 3x+ 2.

ANnswer:

1) The composition of fand g (i.e., (fog))
(Fog)(x) = f(g(x)) =2@Bx+2)+3=6x+7

2) The composition of gand 7 (i.e., (g 1))

109
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~ Functions (21/21)

The Graphs of Functions
e (—3,9) 3,9 e
Let f be a function from A to
B. The graph of the function
f Is the set of ordered pairs
e(—2,4) 2,4) e
{(a,b)| a € Aand b € B}.
-1,1) e ®(1,1)
©
0,0)

The graph of f(x) = x? from Z to Z.

King Saud University- College of Science Discrete Mathematics 110
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= gome Important Functions (1/4

Floor function y = | x|
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2:%:850) some Important Functions (2/4

Celling function y = [x]
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Some Important Functions (3/2
Useful Properties
—|x]

—x] = —|x]

|
=
_
|

| x| +n
[x]1+n

=
+
=
el
|

~
+
X
—
I
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Some Important Functions (4/4

Examples

:0.5J =

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics 114
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Some Important Functions (4/4)
Examples-Answer

0.5] =0

0.5] =1

3] =3

—0.5] = —[0.5] = —1
—1.2] = -1

1.1] =1

v Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science
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Definition
« A sequence Is a set of things (usually numbers) that
are in order.

» Forexample, 1, 2, 3,5, 8 Is a sequence with five terms and
1,3,9,27,81,...,30,...I1san infinite sequence.

Wk use the notation a, to denote the image of the
Integer n. We call a,, a term of the sequence.

* \\e use the notation {a,,} to describe the sequence.

116
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Sequences (2/13) :

Example

» Consider the sequence {a,} , where
1

an:ﬁ

The list of the terms of this sequence, beginning with aq,
namely,

Starts with

Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science Discrete Mathematics
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Sequences (3/13)

Geometric

A geometric progression 1s a sequence of the form

a, ar,ar’, ..., ar", ...

where the|initial term a|and

the|common ratio r|are real numbers.

2,10,50, 250, ...

Discrete Mathematics
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Geometric — Examplel

l,-1,1,—-1,1,...;

119
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i) Sequences (5/13)

Geometric — Example2

2,10, 50, 250, 1250, .. .;

far"}, n=2012,..

120
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Geometric — Example3

2 2 2

6121 51 6! E

, .« * ° @

{ar™}, n=201,2,..

121
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7153 C Sequences (7/13)
Geometric — Example4

Finda,r? {3+x4"}, n=0,1,2, ...

far"}, n=2012,..

v Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science
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Geometric — Example5

Finda,r? {3+x4"}, n=1,2,3,...
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Sequences (9/13)

Arithmetic

An arithmetic progression 1s a sequence of the form

aa+da+2d...,a+nd ...

where thelinitial term aland

the|common difference d |are real numbers.

Discrete Mathematics
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Arithmetic — Examplel
-1,3,7,11, ...,

{a + nd}, n=2012,..
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Arithmetic — Example2

7,4,1, -2, ...

{a + nd}, n=2012,..

126
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Sequences (12/13)

Notes:

« Are terms obtained from previous terms by adding the
same amount or an amount that depends on the
position In the sequence?

« Are terms obtained from previous terms by
multiplying by a particular amount?

« Are terms obtained by combining previous terms in a
certain way?

127
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Fibonacci Sequence

The Fibonacci sequence, fy, f1, f5, ---,
is defined by the initial conditions f, = 0, f;, = 1, and
the recurrence relation

fn =fn—1 +fn—2

forn =2 3.4, ...

0,1,1,2,3,5,8, ...
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Next, we introduce summation notation.
We begin by describing the notation used to express
the sum of the terms

am, am+l, N 7%

from the sequence {a,}. We use the notation

n
2 :a.] ’ ijma] ’ or stjfn aj

(read as the sum from j = mtoj = n ot a;)

Here, the variable j is called the index of summation

Am + Am41 + -+ - + ay.

2 VN %
‘\\ e 4"%‘ "
N o

\\\\\

-

L NS 7
Al
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52 Summations (1/8)
n n n
4=Ya=Ya
J=m I=m k=m

Here, the index of summation runs through all integers
starting with its lower limit /m and ending with its upper
limit n. A large uppercase Greek letter sigma, >, Is used
to denote summation.
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Summations (2/8)

Example 1

Express the sum of the first 100 terms of the sequence {a,},

wherea, = 1/nforn =1, 2,3, ...
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Summations (3/8)

Example 1

Express the sum of the first 100 terms of the sequence {a,},

wherea, = 1/nforn =1, 2,3, ...

Answer

100
1/n
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Summations (4/8)
Example 2

What is the value of 2;1 77
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Summations (4/8)
Example 2

What is the value of Z;zl 77

Answer

12 +2° 432+ 42+ 57

N
|l

14+44+9+16+25
53.
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Summations (5/8)
Example 3

What is the value of 3 54y 57
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Summations (5/8)
Example 3

What is the value of 3 54y 57

Z s=0+2+4=6.
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Summations (6/8)
Example 4

Suppose we have the sum

but want the index of summation to run between 0 and 4

5

4
D Jt=p (k+1y
k=0

j=1

It is easily checked that both sumsare 1 +4 + 9+ 16 + 25 = 55.
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Double Summation
Find
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Summations (8/8)
Double Summation

T

[

S~

T

[
||'M g ||'M ~
—_ —_

6+ 12+ 18 + 24 = 60.
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Matrices (1/14)

Definition:

A matrix i1s a rectangular array of numbers. A matrix
with m rows and n columns is called an m X n matrix. A
matrix with the same number of rows as columns is
called square.

1 2
1 . .
p
21102
. e

Discrete Mathematics
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EEd Matrices (1/14)

King Saud University

Definition:

A matrix i1s a rectangular array of numbers. A matrix
with m rows and n columns is called an m X n matrix. A
matrix with the same number of rows as columns is
called square.

1 1
The matrix |0 2 ]1s a 3 X 2 matrix.
1 3
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m X n matrix

Let m and n be positive integers and let

all a12 e o aln
a21 a22 e o azn

A = .
i Gy ove o
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Matr | ces (3/ 14) King Saud University N\l

m X n matrix

The (2, 1)th element or entry of A Is the element
a,1, means 2" rowand 1st column of A.

a, a,» sleie a,n
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Matrix Arithmetic (Sum.)

Let A=[a;;] and B = [b;;] be m X n matrices.
The sum of A and B, denoted by A + B, iIsthe m X n
matrix that has a;; + b;; as its (4, /)th element. In other

words, A+ B = [Clij + bl]]

~1 3 4 1| [4 a4 -2
3+l 1 =3 0
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RS Matrices (4/14)

i i i Note: matrices of drfferent sizes

Let A= [a;;] and B = [b;;] be m X n matrices.
The sum of A and B, denoted by A + B, Isthe m X n
matrix that has a;; + b;; as its (4, /)th element. In other

words, A+ B = [Clij + bl]]

King Saud University

~1 3 4 -1| |4 4 -2
3+l 1 =3

S
|
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Matrix Arithmetic (Product/Multiplication)

Gy %y w= B » <
ay; Qy ... Ay —bll b12 bl./ bln_ Ci11 C1p ... Cqy
: : : b1 b oo Dy oo by | _|C21 € ..o Gy
a, dp a; : : : A . = Cjj :
: : B By ees B e Bl e, € .
_aml Ao Ak ) )

Bin AB = Cpp

146
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all a12 alk _ e

a21 022 a2k bll b12 blj bl Cll C12 Cln

: : : b1 b oo Dy oo by | _|C21 € ..o Gy
a; Qp ... day : : : A . : Cjj :
_bkl bk2 il b/\ii s bkn_ Gq  Eag .
Q1 Gy oo G| - "
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King Saud University

1 1 2 1 2
A3><3 =11 2 3 M3><2 =13 -1
1 3 —1l3x3 1 13

Asy3 X M3%2 = B3x2

1| |2
1112 ' '
21123 X —1| =
sl 11 3 =1 _ _
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Examplel (2/2)

1 1 2 1 2
A3><3= 1 2 3 M3><2= 3 -1
1 3 —1l3x3 1 1l3x
A3zx3 X M3x2 = B3y
a11=6
=(1x14+1%x34+2x1)
1 2
12 ' ' ® 3
- 1—2 3| X — = |10 3
3t 3 =1 ! | 9 =2
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Examplel (2/2)

1 1 2 1 2
A3><3= 1 2 3 M3><2= 3 -1
1 3 —1l3x3 1 1l3x
A3zy3 X M3y = B3y2
a31=9
=(1%x14+3x3+(—-1)x%x1)
1 2
12 ' ' 6 3
- 1—2 3| X — = |10 3
3—t1—3—1 _ _ 9 -2
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Example2 (1/2)
Let

1 1

A=1

Does AB = BA?

Dr. Ahmed Alsayed- 0559596720

Matrices (7/14)

and B =

King Saud University- College of Science
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o0, e®

Example2 (2/2)
Let

1 1 2 1
N [ I
Solution: We find that

AB=[3 2] and BA=[4 3].

5 3

King Saud University- College of Science
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Identity matrix (I,,)

The 7aentity matrix of order n Is the n X n matrix
I, = [511], where 51] =1ifi =jand 611 =0ifi * J.

13=

SO R
o~ O
_ O O

43X%X3

A 1S an m X n matrix, we have
AL =1 A =A.

153
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Powers of square matrices (A")

When A 1s an n X n matrix, we have

o AT=AAA A
\—_——

r times
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Transpose of A (A?)

Interchanging the rows and columns of A

1
2
3

N D &
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Matrices (10/14)
Transpose of A (A?)

Interchanging the rows and columns of A

N D &

1
2
3

At
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Matrices (11/14)

Symmetric

Asquare matrix A is called symmetricif A = At

O b |
el
oS = O
1
(SR

1 O
0 1
1 O

A At
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Symmetric

Asquare matrix A is called symmetricif A = At
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Zero—One Matrices

A matrix all of whose entries are either 0 or 1

>

|

=

|
S O

-
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Joinand meet (Zero—One
Matrices)

A\

1 ifbyi=bs =1
mee b, A\ b, ;
f | 0 otherwise,

(1 ifb,=1orb, =1

0 otherwise.

A\

b,V b,
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Example (1/3)

Find the join and meet of the zero—one matrices

A:(1)1 0 1 O

0]’ 1 1 0

B
0
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Matrices (14/14)
Example (2/3)

Find the join and meet of the zero—one matrices
1 0 1 0O 1 O
A‘% 1(* B:L1 4'
Solution: We find that the join of A and B is

A\/B=[Ov1 1vl 0VvO

v Dr. Ahmed Alsayed- 0559596720 King Saud University- College of Science

1vo 0OVl 1v0]_[1 1
{11

Ag<2Sdodl

King Saud University
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Example (3/3)

Find the join and meet of the zero—one matrices

I 0 1 0 1 0
A‘% 1(* B:L1 4'

Solution:
The meet of A and B is
IAO OALl 1AO0O O O O
ANB=10a1 11 OAJ__b 1 or
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