
Chapter 3: Point Estimation 
 

3.1:  Suppose 𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏 is a random sample from gamma distribution:  

            f(𝑥; 𝛼, 𝛽) =
𝜷𝜶

𝚪(𝜶)
𝒙𝜶−𝟏𝒆−𝜷𝒙   , 𝑥 > 0 ⇒ X~Gamma (α,

1

𝛽
) ⇒ E(X) =

α

𝛽
  𝑎𝑛𝑑 𝑉(𝑋) =

α

𝛽2 

           Derive the MME for parameters 𝛼 and 𝛽. 

      MME: 

         𝝁𝒊
′ = 𝑴𝒊, 𝑤ℎ𝑒𝑟𝑒   𝝁𝒊

′ = 𝑬(𝑿𝒊)   𝑎𝑛𝑑    𝑴𝒊 =
𝟏

𝒏
∑  𝑿𝒋

𝒊𝒏
𝒋=𝟏   

            𝜇1
′ = 𝑀1                                                                             𝜇2

′ = 𝑀2      

       𝐸(𝑋1) =
1

𝑛
∑  𝑋𝑗

1𝑛
𝑗=1                                                          𝐸(𝑋2) =

1

𝑛
∑  𝑋𝑗

2𝑛
𝑗=1  

        E(X) =
1

𝑛
∑  𝑋𝑗

𝑛
𝑗=1                                                     𝑉(𝑋) + (E(X))

2
=

1

𝑛
∑  𝑋𝑗

2𝑛
𝑗=1  

              
α

𝛽
= �̅�    … (1)                                                        

α

𝛽2 + (
α

𝛽
)

2
=

1

𝑛
∑  𝑋𝑗

2𝑛
𝑗=1     … (2) 

     From (1) we have       α = �̅�𝛽    … (3) 

    By putting (3), 𝑖𝑛𝑡𝑜 (2), 𝑤𝑒 𝑔𝑒𝑡 

          
�̅�𝜷

𝛽2 + (
�̅�𝜷

𝛽
)

2

=
1

𝑛
∑  𝑋𝑗

2𝑛
𝑗=1    ⇒     

�̅�

𝛽
+ �̅�2 =

1

𝑛
∑  𝑋𝑗

2𝑛
𝑗=1   

                                                            ⇒    
�̅�

𝛽
=

1

𝑛
∑  𝑋𝑗

2𝑛
𝑗=1 − �̅�2 

                                                            ⇒ �̂� =
�̅�

1

𝑛
∑  𝑋𝑗

2𝑛
𝑗=1 −�̅�2

    … (4) 

          We put (4) in (3) we got 

              α̂ =
�̅�2

1

𝑛
∑  𝑋𝑗

2𝑛
𝑗=1 −�̅�2

. 

Note: 

 

 

 

 

• ∏ 𝑥𝑖
𝑎𝑛

𝑖=1 = (∏ 𝑥𝑖
𝑛
𝑖=1 )𝑎    

• ∏ 𝑒
𝑥𝑖
𝜃𝑛

𝑖=1 = 𝑒
∑ 𝑥𝑖

𝑛
𝑖=1

𝜃  

• ∏
2

𝜃

𝑛
𝑖=1 = (

2

𝜃
)

𝑛

 

 

• ∏ 𝑥𝑖!
𝑛
𝑖=1 = ∏ 𝑥𝑖!

𝑛
𝑖=1     

• ∏ 𝑒𝜃𝑛
𝑖=1 = 𝑒𝑛𝜃 

• 𝑙𝑛(∏ 𝑥𝑖
𝑛
𝑖=1 ) = ∑ 𝑙𝑛𝑛

𝑖=1 (𝑥𝑖) 

• ∑ 1𝑛
𝑖=1 = 𝑛 

 

𝑉(𝑋) =  𝐸(𝑋2) − (E(X))
2

=
1

𝑛
 



3.2:  Find the MME and the MLE for the parameter p of Bernoulli distribution:  

                 𝒇(𝒙) = 𝒑𝒙𝒒𝟏−𝒙, 𝒙 = 𝟎, 𝟏 

              Then, determine the unbiasedness, sufficiency and consistency of the MLE 

                 ⇒ 𝑋~Bernoulli(𝑝)  ⇒ 𝐸(𝑋) = 𝑝  𝑎𝑛𝑑   𝑉(𝑋) = 𝑝𝑞 ,     where,     𝑞 = 1 − 𝑝ℎ𝑒𝑟𝑒 𝑞 = 1 − 𝑝 

         MME: 

                𝝁𝒊
′ = 𝑴𝒊, 𝑤ℎ𝑒𝑟𝑒   𝝁𝒊

′ = 𝑬(𝑿𝒊)   𝑎𝑛𝑑    𝑴𝒊 =
𝟏

𝒏
∑  𝑿𝒋

𝒊𝒏
𝒋=𝟏   

                𝜇1
′ = 𝑀1  ⇒  𝐸(𝑋1) =

1

𝑛
∑  𝑋𝑗

1𝑛
𝑗=1  ⇒  �̂� = �̅� 

       MLE: 

        (1) 𝐿 = ∏ 𝑓(𝑥𝑖) =𝑛
𝑖=1 ∏ 𝑝𝑥𝑖𝑞1−𝑥𝑖 = 𝒑∑ 𝒙𝒊

𝒏
𝒊=𝟏 𝒒𝒏−∑ 𝒙𝒊

𝒏
𝒊=𝟏𝑛

𝑖=1  

       (2)   𝑙𝑜𝑔𝐿 = ∑ 𝑥𝑖
𝑛
𝑖=1 𝑙𝑜𝑔𝑝 + (𝑛 − ∑ 𝑥𝑖)𝑛

𝑖=1 log (1 − 𝑝) 

       (3) 
𝜕

𝜕𝑝
 𝑙𝑜𝑔𝐿 = 0 

           ⇒
∑ 𝑥𝑖

𝑛
𝑖=1

𝑝
−

𝑛−∑ 𝑥𝑖
𝑛
𝑖=1

1−𝑝
=0 

     ⇒  ⇒
(1−𝑝) ∑ 𝑥𝑖

𝑛
𝑖=1 −𝑝(𝑛−∑ 𝑥𝑖)

𝑛
𝑖=1

𝑝(1−𝑝)
=0 

          ⇒ (1 − 𝑝) ∑ 𝑥𝑖
𝑛
𝑖=1 − 𝑝(𝑛 − ∑ 𝑥𝑖)𝑛

𝑖=1 =0 

             ⇒ ∑ 𝑥𝑖 − 𝑝 ∑ 𝑥𝑖
𝑛
𝑖=1

𝑛
𝑖=1 − 𝑛𝑝 + 𝑝 ∑ 𝑥𝑖

𝑛
𝑖=1 = 0 

             ⇒ ∑ 𝑥𝑖
𝑛
𝑖=1 − 𝑛𝑝 = 0 

             ⇒ 𝑝 =
∑ 𝑥𝑖

𝑛
𝑖=1

𝑛
 

               ⇒  �̂� = �̅�  

       Unbiasedness: 

        𝐸(p̂) = 𝐸(�̅�) = 𝐸(𝑋) = 𝑝 ⇒ p̂ = �̅� 𝑖𝑠 𝑢𝑛𝑏𝑖𝑎𝑠𝑒𝑑 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑜𝑓 𝑝. 

      Sufficiency:  

      By using factorization theorem  

     We have  𝐿 = ∏ 𝑓(𝑥𝑖) =𝑛
𝑖=1 ∏ 𝑝𝑥𝑖𝑞1−𝑥𝑖 = 𝑝∑ 𝑥𝑖

𝑛
𝑖=1 𝑞𝑛−∑ 𝑥𝑖

𝑛
𝑖=1𝑛

𝑖=1 =𝑝𝑛�̅�𝑞𝑛−𝑛�̅� 



     We can see that we can write ∏ 𝑓(𝑥𝑖) =𝑛
𝑖=1 𝐾1(�̅�, 𝑃)𝐾2(𝑥1, 𝑥2, … , 𝑥𝑛) ,  

      Where 𝐾1(�̅�, 𝑃) = 𝑝𝑛�̅�𝑞𝑛−𝑛�̅� and 𝐾2(𝑥1, 𝑥2, … , 𝑥𝑛) = 1 

      ⇒  p̂ = �̅� Sufficient of 𝑃. 

     Consistency: 

        (1) 𝐸(p̂) = 𝑬(�̅�) = 𝑬(𝑋) = 𝑝              

             ⇒ 𝑙𝑖𝑚𝑛→∞ 𝐸(p̂) =  𝒑 

        (2) 𝑉(p̂) = 𝑽(�̅�) =
𝑽(𝑋)

𝑛
=

𝑝(1−𝑝)

𝑛
 

         ⇒ 𝑙𝑖𝑚𝑛→∞ 𝑉(p̂) = 𝑙𝑖𝑚𝑛→∞
𝑝(1−𝑝)

𝑛
=0 

             Then, from (1) and (2)   p̂ = �̅� consistent of 𝑃. 

 

      3.3:  Let 𝒇(𝒙) = 𝜽𝒆−𝜽𝒙, 𝒙 > 𝟎  , and let 𝑇 be an estimator for 𝝉(𝜽). Study if 𝑇 is unbiased,  

              consistent estimator for 𝜏(𝜃), then compute MSE in the three cases  

 

    Given that  𝑓(𝑥) = 𝜃𝑒−𝜃𝑥 , 𝑥 > 0  ⇒ X~exp (
1

𝜃
) ⇒ E(X) =

1

𝜃
  𝑎𝑛𝑑 𝑉(𝑋) =

1

𝜃2 

              (a) 𝑻 = �̅�       𝝉(𝜽) =
𝟏

𝜽
 

             Unbiasedness: 

             𝐸(𝑇) = 𝐸(�̅�) = 𝐸(𝑋) =
1

𝜃
=  𝝉(𝜽)    ⇒ 𝑇 = �̅� 𝑖𝑠 𝑢𝑛𝑏𝑖𝑎𝑠𝑒𝑑 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑜𝑓 

1

𝜃
. 

         Consistency: 

            (1)𝐸(𝑇) = 𝐸(�̅�) = 𝐸(𝑋) =
1

𝜃
              

                   ⇒ 𝑙𝑖𝑚𝑛→∞ 𝐸(𝑇) =
1

𝜃
 =  𝝉(𝜽) 

            (2) 𝑉(T) = 𝑉(�̅�) =
𝑉(𝑋)

𝑛
=

1

𝜃2

𝑛
 

                   ⇒ 𝑙𝑖𝑚𝑛→∞ 𝑉(𝑇) = 𝑙𝑖𝑚𝑛→∞
1

𝑛𝜃2
=0 

                   Then, from (1) and (2)   𝑇 = �̅� 𝑖𝑠 consistent. 𝑜𝑓 
1

𝜃
.  



 

          MSE: 

                  𝑀𝑆𝐸(𝑇) = 𝑉(𝑇) + [
1

𝜃
− 𝐸(𝑇)]

2

=
1

𝑛𝜃2 + [
1

𝜃
−

1

𝜃
]

2

=
𝟏

𝒏𝜽𝟐 

Or since  𝑇 = �̅� 𝑖𝑠 𝑢𝑛𝑏𝑖𝑎𝑠𝑒𝑑 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑜𝑓 
1

𝜃
  then  

𝑀𝑆𝐸(𝑇) = 𝑉(𝑇) = 𝑉(�̅�) =
𝑉(𝑋)

𝑛
=

1
𝜃2

𝑛
=

1

𝑛𝜃2
 

 

(b) 𝑻 =
𝟏

�̅�
       𝝉(𝜽) = 𝜽 

  Since  X~exp (
1

𝜃
) ≡ X~Gamma (1,

1

𝜃
) ⇒ 𝑦 = ∑ 𝑋𝑖

𝑛
𝑖=1 ~Gamma (𝑛,

1

𝜃
) ⇒ f(y) =

𝜃𝑛

Γ(𝑛)
𝑦𝑛−1𝑒−𝜃𝑦 

Then, 𝑬 (
𝟏

𝒀
) = ∫

1

𝑦
𝑓(𝑦)𝑑𝑦 =

𝜃𝑛

Γ(𝑛)

∞

0
∫

1

𝑦
𝑦𝑛−1𝑒−𝜃𝑦𝑑𝑦

∞

0
 

                                                     =
𝜃𝑛

Γ(𝑛)
∫ 𝑦𝑛−2𝑒−𝜃𝑦𝑑𝑦

∞

0
 

                                                     =
𝜃𝑛

Γ(𝑛)

Γ(𝑛−1)

𝜃𝑛−1 ∫
𝜃𝑛−1

Γ(𝑛−1)
𝑦𝑛−2𝑒−𝜃𝑦𝑑𝑦

∞

0
 

                                                    =
𝜃𝑛

Γ(𝑛)

Γ(𝑛−1)

𝜃𝑛−1
=

𝜽

𝐧−𝟏
 

        𝑬 (
𝟏

𝒀𝟐) = ∫
1

𝑦2 𝑓(𝑦)𝑑𝑦 =
𝜃𝑛

Γ(𝑛)

∞

0
∫

1

𝑦2 𝑦𝑛−1𝑒−𝜃𝑦𝑑𝑦
∞

0
 

                                                 =
𝜃𝑛

Γ(𝑛)
∫ 𝑦𝑛−3𝑒−𝜃𝑦𝑑𝑦

∞

0
 

                                                 =
𝜃𝑛

Γ(𝑛)

Γ(𝑛−2)

𝜃𝑛−2 ∫
𝜃𝑛−2

Γ(𝑛−2)
𝑦𝑛−3𝑒−𝜃𝑦𝑑𝑦

∞

0
 

                                                 =
𝜃𝑛

Γ(𝑛)

Γ(𝑛−2)

𝜃𝑛−2
=

𝜽𝟐

(𝐧−𝟏)(𝐧−𝟐)
 

           Then,    𝑽 (
𝟏

𝒀
) = 𝑬 (

𝟏

𝒀𝟐) − (𝑬 (
𝟏

𝒀
))

𝟐

=
𝜃2

(n−1)(n−2)
− (

𝜃

n−1
)

2

=
𝜽𝟐

(𝐧−𝟏)𝟐(𝐧−𝟐)
 

 

 

∫
𝜃𝑛−1

Γ(𝑛 − 1)
𝑦𝑛−2𝑒−𝜃𝑦𝑑𝑦

∞

0

= 1 

∫
𝜃𝑛−2

Γ(𝑛 − 2)
𝑦𝑛−3𝑒−𝜃𝑦𝑑𝑦

∞

0

= 1 

 𝑬 (
𝟏

�̅�
 ) ≠

𝑬(𝟏)

𝑬(�̅�)
 

𝑬 (
𝑿

𝒂
) =

𝑬(𝑿)

𝒂
 

 

Γ(𝑛) = (𝑛 − 1)! 



             Unbiasedness: 

             𝐸(𝑇) = 𝐸 (
1

�̅�
 ) = 𝐸 (

1

∑ 𝑋𝑖
𝑛
𝑖=1

𝑛

) = 𝐸 (
𝑛

∑ 𝑋𝑖
𝑛
𝑖=1

) = 𝑛𝐸 (
1

∑ 𝑋𝑖
𝑛
𝑖=1

) = 𝑛𝐸 (
1

𝑌
) =  

𝑛𝜃

n−1
≠ 𝜃 = 𝝉(𝜽)        

          ⇒  𝑇 =
1

�̅�
 𝑖𝑠 𝑎 𝑏𝑖𝑎𝑠𝑒𝑑 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑜𝑓  𝝉(𝜽) = 𝜃. 

 

         Consistency: 

            (1)  𝐸(𝑇) = 𝐸 (
1

�̅�
 ) = 𝐸 (

1

∑ 𝑋𝑖
𝑛
𝑖=1

𝑛

) = 𝐸 (
𝑛

∑ 𝑋𝑖
𝑛
𝑖=1

) = 𝑛𝐸 (
1

∑ 𝑋𝑖
𝑛
𝑖=1

) = 𝑛𝐸 (
1

𝑌
) =  

𝑛𝜃

n−1
           

                   ⇒ 𝑙𝑖𝑚𝑛→∞ 𝐸(𝑇) = 𝑙𝑖𝑚𝑛→∞ 
𝑛𝜃

n−1
= 𝜃 =  𝝉(𝜽) 

            (2) 𝑉(𝑇) = 𝑉 (
1

�̅�
 ) = 𝑉 (

1

∑ 𝑋𝑖
𝑛
𝑖=1

𝑛

) = 𝑉 (
𝑛

∑ 𝑋𝑖
𝑛
𝑖=1

) = 𝑛2𝑉 (
1

∑ 𝑋𝑖
𝑛
𝑖=1

) = 𝑛2𝑉 (
1

𝑌
) =

𝑛2𝜃2

(n−1)2(n−2)
 

                   ⇒ 𝑙𝑖𝑚𝑛→∞ 𝑉(𝑇) = 𝑙𝑖𝑚𝑛→∞
𝑛2𝜃2

(n−1)2(n−2)
 =0 

                   Then, from (1) and (2)   𝑇 =
1

�̅�
 𝑖𝑠 consistent. 𝑜𝑓 𝜃.  

          MSE: 

                  𝑀𝑆𝐸(𝑇) = 𝑉(𝑇) + [𝜃 − 𝐸(𝑇)]2 =
𝑛2𝜃2

(n−1)2(n−2)
+ [𝜃 −

𝑛𝜃

n−1
]

2

=
(𝑛2+𝑛−2)𝜃2

(n−1)2(n−2)
 

 

(c) 𝑻 =
𝒏−𝟏

∑ 𝑋𝑖
𝒏
𝒊=𝟏

̅̅ ̅̅ ̅̅ ̅̅ ̅̅        𝝉(𝜽) = 𝜽   

 

         Unbiasedness: 

             𝐸(𝑇) = 𝐸 (
𝒏−𝟏

∑ 𝑋𝑖
𝒏
𝒊=𝟏

̅̅ ̅̅ ̅̅ ̅̅ ̅̅  ) = (𝑛 − 1)𝐸 (
1

∑ 𝑋𝑖
𝑛
𝑖=1

) = (𝑛 − 1)𝐸 (
1

𝑌
) = (𝑛 − 1)

𝜽

𝐧−𝟏
=  𝜃           

             𝑻 =
𝒏−𝟏

∑ 𝑋𝑖
𝒏
𝒊=𝟏

̅̅ ̅̅ ̅̅ ̅̅ ̅̅  𝑖𝑠 𝑎𝑛 𝑢𝑛𝑏𝑖𝑎𝑠𝑒𝑑 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑜𝑓 𝝉(𝜽) =  𝜃. 

        



 Consistency: 

            (1)  𝐸(𝑇) = 𝐸 (
𝒏−𝟏

∑ 𝑋𝑖
𝒏
𝒊=𝟏

̅̅ ̅̅ ̅̅ ̅̅ ̅̅  ) = (𝑛 − 1)𝐸 (
1

∑ 𝑋𝑖
𝑛
𝑖=1

) = (𝑛 − 1)𝐸 (
1

𝑌
) =  𝜃         

                   ⇒ 𝑙𝑖𝑚𝑛→∞ 𝐸(𝑇) = 𝑙𝑖𝑚𝑛→∞ 𝜃 = 𝜃 

            (2) 𝑉(𝑇) = 𝑉 (
𝒏−𝟏

∑ 𝑋𝑖
𝒏
𝒊=𝟏

̅̅ ̅̅ ̅̅ ̅̅ ̅̅   ) = (𝑛 − 1)2𝑉 (
1

∑ 𝑋𝑖
𝑛
𝑖=1

) = (𝑛 − 1)2𝑉 (
1

𝑌
) =

(𝑛−1)2𝜃2

(n−1)2(n−2)
=

𝜃2

(n−2)
 

                   ⇒ 𝑙𝑖𝑚𝑛→∞ 𝑉(𝑇) = 𝑙𝑖𝑚𝑛→∞
𝜃2

(n−2)
=0 

                   Then, from (1) and (2)   𝑇 =
𝒏−𝟏

∑ 𝑋𝑖
𝒏
𝒊=𝟏

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  𝑖𝑠 consistent. 𝑜𝑓 𝜃.  

          MSE: 

                  𝑀𝑆𝐸(𝑇) = 𝑉(𝑇) + [𝜃 − 𝐸(𝑇)]2 =
𝜃2

(n−2)
+ [𝜃 − 𝜃]2 =

𝜃2

(n−2)
 

 

      3.4:  If 𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏 be a random sample from (𝑥; 𝜃). Show if the given statistic T  is sufficient  

statistic for 𝜃: 𝑓(𝑥; 𝜃) = 𝒆−(𝒙−𝜽) , 𝑥 > 𝜃 ; 
                                                   𝑇 = 𝒀𝟏 = Minimum(𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏).  
  
 

                 we say that 𝑇 is a sufficient statistic of 𝜃 if and only if  
∏ 𝑓𝑋(𝑥𝑖)𝑛

𝑖=1

𝑓𝑇(𝑡)
  does not depend on 𝜃 

             ∏ 𝑓𝑋(𝑥𝑖)
𝑛
𝑖=1 = ∏ 𝒆−(𝒙−𝜽)) = 𝑒−(∑ 𝑥𝑛

𝑖=1 −𝑛𝜃)𝑛
𝑖=1 = 𝑒− ∑ 𝑥𝑛

𝑖=1 +𝑛𝜃 

            𝑓𝑇(𝑡)= 𝑓𝑌1
(𝑦1)= 𝑛𝑓𝑋(𝑦1)[1 − 𝐹𝑋(𝑦1)]𝑛−1,    𝑦1 >  𝜃 

            𝐹𝑋(𝑥) = 𝑃(𝑋 ≤ 𝑥) = ∫  𝑓𝑋(𝒕)
𝑥

0
𝑑𝑡=∫  𝒆−(𝒕−𝜽)𝑥

0
𝑑𝑡=1 − 𝒆−(𝒙−𝜽) , 𝑥 >  𝜃   

           𝑓𝑇(𝑡)= 𝑓𝑌1
(𝑦1)= 𝑛𝒆−(𝑦1−𝜽)[1 − (1 − 𝒆−(𝑦1−𝜽))]

𝑛−1
= 

                                           =𝑛𝒆−(𝑦1−𝜽)𝒆−(𝑦1−𝜽)𝑛
𝒆−(𝑦1−𝜽)−1

= 𝑛𝒆−𝒏(𝑦1−𝜽),   𝑦1 >  𝜃 

𝑓(𝑋1, 𝑋2, … , 𝑋𝑛) =
∏ 𝑓𝑋(𝑥𝑖)

𝑛
𝑖=1

𝑓𝑇(𝑡)
=

𝑒− ∑ 𝑥𝑖
𝑛
𝑖=1 +𝑛𝜃)

𝑛𝑒−𝑛(𝑦1−𝜃)
=

𝑒− ∑ 𝑥𝑖
𝑛
𝑖=1 𝑒𝑛𝜃

𝑛𝑒−𝑛𝑦1𝑒𝑛𝜃
=

𝑒− ∑ 𝑥𝑖
𝑛
𝑖=1

𝑛𝑒−𝑛𝑦1
 

Which does not depend on 𝜃, then T=min(𝑋1, 𝑋2, … , 𝑋𝑛) = 𝑌1 is sufficient statistic of  𝜃 



 

      3.5:   Suppose for a given random variable 𝑻𝟏 and 𝑻𝟐 be two independents unbiased 

                estimators  for 𝜃 and with the same variance 𝜎2. Define two random variables as  

                            𝒀 =
𝟑𝑻𝟏+𝟐𝑻𝟐

𝟓
  and 𝒁 =

𝑻𝟏+𝟐𝑻𝟐

𝟑
 

                   Find MSE(𝑌) and 𝑀𝑆E(𝑍) and compare between them. 
 

                    Since 𝑇1 and 𝑇2 are unbiased estimators of 𝜃 

                     Then,   𝐸(𝑇1) = 𝜃 and 𝐸(𝑇2) = 𝜃    

 

                    𝑴𝑺𝑬(𝒀) =  𝑉(𝑌) + [𝜃 − 𝐸(𝑌)]2 

                   𝐸(𝑌) = 𝐸 (
3𝑇1+2𝑇2

5
) =

3

5
𝐸(𝑇1) +

2

5
𝐸(𝑇2) =

3

5
𝜃 +

2

5
𝜃 = 𝜃  

                    ⇒ 𝑌 is an unbiased estimators of 𝜃 ⇒   𝑀𝑆𝐸(𝑌) =  𝑉(𝑌) 

                   𝑉(𝑌) =  𝑉 (
3𝑇1+2𝑇2

5
) =

9

25
𝑉(𝑇1) +

4

25
𝑉(𝑇2) =

9

25
𝜎2 +

4

25
𝜎2 =

𝟏𝟑

𝟐𝟓
𝝈𝟐 

                                       ⇒ 𝑀𝑆𝐸(𝑌) =
𝟏𝟑

𝟐𝟓
𝝈𝟐 

                  𝑴𝑺𝑬(𝒁) =  𝑉(𝑍) + [𝜃 − 𝐸(𝑍)]2 

                   𝐸(𝑍) = 𝐸 (
𝑇1+2𝑇2

3
) =

1

3
𝐸(𝑇1) +

2

3
𝐸(𝑇2) =

1

3
𝜃 +

2

3
𝜃 = 𝜃  

                    ⇒ 𝑍 is an unbiased estimators of 𝜃 ⇒   𝑀𝑆𝐸(𝑍) =  𝑉(𝑍) 

                   𝑉(𝑍) =  𝑉 (
𝑇1+2𝑇2

3
) =

1

9
𝑉(𝑇1) +

4

9
𝑉(𝑇2) =

1

9
𝜎2 +

4

9
𝜎2 =

𝟓

𝟗
𝝈𝟐 

                                         ⇒ 𝑀𝑆𝐸(𝑍) =
𝟓

𝟗
𝝈𝟐 

                   Comparing  𝑴𝑺𝑬(𝒀)  and 𝑴𝑺𝑬(𝒁) 

    𝑀𝑆𝐸(𝑌)  =
13

25
𝜎2 =

13(9)

25(9)
𝜎2 =

117

225
𝜎2

  𝑀𝑆𝐸(𝑍) =
5

9
𝜎2 =

5(25)

9(25)
𝜎2 =

125

225
𝜎2

} ⇒
125

225
𝜎2 >

117

225
𝜎2 ⇒ Y is better estimator of 𝜃 than Z 

 



      3.6:  Let (𝑥,)= 
𝟏

𝜽
 ;𝑥∈(0,𝜃), and let 𝑇 be an estimator for 𝜃. Study if 𝑇 is unbiased, consistent  

and compute MSE, then compare between their variances for the following cases:  

 

                Given 𝑋~𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0, 𝜃)   

                  ⇒ 𝒇
𝑿

(𝒙) =
𝟏

𝜽
, 𝑬(𝑿) =

𝜽

𝟐
  , 𝑽(𝑿) =

𝜽𝟐

𝟏𝟐
  and 𝑭𝑿(𝒙) = {

𝟎,             𝒙 < 𝟎
𝒙

𝜽
,    𝟎 ≤ 𝒙 < 𝜽

𝟏,            𝒙 ≥ 𝜽

   

 

           (a) T =min(𝑿𝟏, 𝑿𝟐, … , 𝑿𝒏) = 𝒀𝟏 

                         𝒇𝒀𝟏
(𝒚𝟏)= 𝑛𝑓𝑋(𝑦1)[1 − 𝐹𝑋(𝑦1)]𝑛−1,     0 ≤ 𝑦

1
< 𝜃 

                                        =𝑛
1

𝜃
[1 −

𝑦1

𝜃
]

𝑛−1

 

𝐸(𝒀𝟏) = ∫ 𝑦1𝑓𝑌1
(𝑦1)𝑑

𝜃

0
𝑦1 = ∫ 𝑛

𝑦1

𝜃
[1 −

𝑦1

𝜃
]

𝑛−1

𝑑
𝜃

0
𝑦1 ,     let 𝑢 =

𝑦1

𝜃
⇒ d𝑢 =

1

𝜃
𝑑𝑦1 ⇒ 𝜃d𝑢 = 𝑑𝑦1 

                                                  = 𝑛𝜃 ∫ 𝑢2−1[1 − 𝑢]𝑛−1𝑑
1

0
𝑢 

                                                 = 𝑛𝜃𝛽(2, 𝑛) = 𝑛𝜃
Γ(2)Γ(𝑛)

Γ(2+𝑛)
 

                                                 =  𝑛𝜃
Γ(𝑛)

(𝑛+1)𝑛Γ(𝑛)
=

𝜽

(𝒏+𝟏)
 

 

𝐸(𝒀𝟏
𝟐) = ∫ 𝑦1

2𝑓𝑌1
(𝑦1)𝑑

𝜃

0
𝑦1 = ∫ 𝑛

𝑦1
2

𝜃
[1 −

𝑦1

𝜃
]

𝑛−1

𝑑
𝜃

0
𝑦1                                                        

                                                        =∫ 𝜃𝜃𝑛
𝑦1

2

𝜃𝜃
[1 −

𝑦1

𝜃
]

𝑛−1

𝑑
𝜃

0
𝑦1 

                                                       = ∫ 𝜃2𝑛 (
𝑦1

𝜃
)

2

[1 −
𝑦1

𝜃
]

𝑛−1

𝑑
𝜃

0
𝑦1,   let 𝑢 =

𝑦1

𝜽
⇒ d𝑢 =

1

𝜽
𝒅𝑦1 ⇒ 𝜽d𝑢 = 𝒅𝑦1 

                                                       = 𝑛𝜃2 ∫ 𝑢3−1[1 − 𝑢]𝑛−1𝑑
1

0
𝑦1 

                                                       = 𝑛𝜃2𝛽(3, 𝑛) = 𝑛𝜃
Γ(3)Γ(𝑛)

Γ(3+𝑛)
 

                                                     =  𝑛𝜃2 Γ(𝑛)

(𝑛+2)(𝑛+1)𝑛Γ(𝑛)
=

𝟐𝜽𝟐

(𝒏+𝟐)(𝒏+𝟏)
 

- Beta function 

𝛽(𝑎, 𝑏) = ∫ 𝒙𝒂−𝟏[1 − 𝒙]𝑏−1𝒅
𝟏

𝟎

𝑥 =
Γ(𝑎)Γ(𝑏)

Γ(𝑎 + 𝑏)
 

- Γ(𝑛) = (𝑛 − 1)! 

 



𝑉(𝒀𝟏) = 𝐸(𝒀𝟏
𝟐) − (𝐸(𝒀𝟏))

𝟐
=

2𝜃2

(𝑛+2)(𝑛+1)
−

𝜃2

(𝑛+1)2=
𝒏𝜽𝟐

(𝒏+𝟐)(𝒏+𝟏)𝟐
 

 

                Unbiasedness: 

                    𝑬(T) = 𝑬(𝒀𝟏) =
𝜽

𝑛+1
 

                ⇒   𝑇 = 𝒀𝟏 𝑖𝑠 𝑎 𝑏𝑖𝑎𝑠𝑒𝑑 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑜𝑓  𝜃 

 

                     Consistency: 

            (1)  𝐸(T) = 𝐸(𝑌1) =
𝜃

𝑛+1
 

                   ⇒ 𝑙𝑖𝑚𝑛→∞ 𝐸(𝑇) = 𝑙𝑖𝑚𝑛→∞ 
𝜃

𝑛+1
= 0 ≠  𝜃 (it’s not asymptotically unbiased) 

  No need to check the other condition we can see here that 𝑇 = 𝒀𝟏 is  not a consistent estimator of 𝜃       

                 MSE: 

                  𝑀𝑆𝐸(𝑇) = 𝑉(𝑇) + [𝜃 − 𝐸(𝑇)]2 

                                   =
𝑛𝜃2

(𝑛+1)2(n+2)
+ [𝜃 −

𝜃

𝑛+1
]

2

 

                                    = 
(𝑛+2𝑛2+𝑛3)𝜃2

(𝑛+1)2(n+2)
 

       (b) T = 𝒏𝒀𝟏 

                Unbiasedness: 

                    𝐸(T) = 𝐸(𝑛𝑌1) =
𝑛𝜃

𝑛+1
 

                ⇒   𝑇 = 𝑛𝑌1 𝑖𝑠 𝑎 𝑏𝑖𝑎𝑠𝑒𝑑 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑜𝑓  𝜃 

                     Consistency: 

            (1)  𝐸(T) = 𝐸(𝑛𝑌1) =
𝑛𝜃

𝑛+1
 

                   ⇒ 𝑙𝑖𝑚𝑛→∞ 𝐸(𝑛𝑌1) = 𝑙𝑖𝑚𝑛→∞ 
𝑛𝜃

𝑛+1
=  𝜃 (it’s asymptotically unbiased) 



            2) 𝑉(𝑇) = 𝑉(𝑛𝑌1  ) = 𝑛2𝑉(𝑌1) = 𝑛2  
𝑛𝜃2

(𝑛+1)2(n+2)
=  

𝑛3𝜃2

(𝑛+1)2(n+2)
 

                   ⇒ 𝑙𝑖𝑚𝑛→∞ 𝑉(𝑇) = 𝑙𝑖𝑚𝑛→∞
𝑛3𝜃2

(𝑛+1)2(n+2)
=𝜃2 ≠ 0 

                   Then, we can see here that 𝑇 = 𝑛𝑌1 is  not a consistent estimator  𝑜𝑓  𝜃 

                 MSE: 

                  𝑀𝑆𝐸(𝑇) = 𝑉(𝑇) + [𝜃 − 𝐸(𝑇)]2 

                                   =
𝑛3𝜃2

(𝑛+1)2(n+2)
+ [𝜃 −

𝑛𝜃

𝑛+1
]

2

 

                                    = 
(𝑛3+𝑛+2)𝜃2

(𝑛+1)2(n+2)
 

       (c) T = 𝟐�̅� 

                Unbiasedness: 

                    𝐸(T) = 𝐸(2�̅�) = 2𝐸(�̅�) = 2𝐸(𝑋) = 2
𝜃

2
= 𝜃 

                ⇒   𝑇 = 2�̅� 𝑖𝑠 𝑎𝑛 𝑢𝑛𝑏𝑖𝑎𝑠𝑒𝑑 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑜𝑓  𝜃 

                     Consistency: 

            (1) 𝐸(T) = 𝐸(2�̅�) = 2𝐸(�̅�) = 2𝐸(𝑋) = 2
𝜃

2
= 𝜃 

                   ⇒ 𝑙𝑖𝑚𝑛→∞ 𝐸(2�̅�) = 𝑙𝑖𝑚𝑛→∞ 𝜃 =  𝜃  

            2) 𝑉(𝑇) = 𝑉(2�̅�) = 4𝑉(�̅�) =  
4𝑉(𝑋)

𝑛
=  

4(
𝜽𝟐

𝟏𝟐
)

𝑛
=

𝜽𝟐

𝟑𝒏
 

                   ⇒ 𝑙𝑖𝑚𝑛→∞ 𝑉(𝑇) = 𝑙𝑖𝑚𝑛→∞
𝜽𝟐

𝟑𝒏
=0 

                       Then, we can see here that 𝑇 = 2�̅�1 is  a consistent estimator of  𝜃 . 

  

                 MSE:  

                 since 𝑇 is an unbiased estimators of 𝜃    

                      ⇒  𝑀𝑆𝐸(𝑇) = 𝑉(𝑇)   =
𝜽𝟐

𝟑𝒏
. 



                                              

       (d) T =
𝒏+𝟏

𝒏
𝒀𝒏 , where 𝑌𝑛 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚  

𝒇𝒀𝒏
(𝒚𝒏)= 𝑛𝑓𝑋(𝑦𝑛)[𝐹𝑋(𝑦𝑛)]𝑛−1,     0 ≤ 𝑦

𝑛
< 𝜃 

               =𝑛
1

𝜃
[

𝑦𝑛

𝜃
]

𝑛−1

=
𝑛

𝜃𝑛 𝑦𝑛
𝑛−1 

𝑬(𝒀𝒏) = ∫ 𝑦𝑛𝑓𝑌𝑛
(𝑦𝑛)𝑑

𝜃

0
𝑦𝑛 = ∫ 𝑛

𝑦𝑛

𝜃
[

𝑦𝑛

𝜃
]

𝑛−1

𝑑
𝜃

0
𝑦𝑛  

             = ∫
𝑛

𝜃𝑛 𝑦𝑛
𝑛𝑑

𝜃

0
𝑦𝑛 =

𝒏𝜽

𝒏+𝟏
 

𝑬(𝒀𝒏
𝟐) = ∫ 𝑦𝑛

2𝑓𝑌𝑛
(𝑦𝑛)𝑑

𝜃

0
𝑦𝑛 = ∫ 𝑛

𝑦𝑛
2

𝜃
[

𝑦𝑛

𝜃
]

𝑛−1

𝑑
𝜃

0
𝑦𝑛  

             = ∫
𝑛

𝜃𝑛 𝑦𝑛
𝑛+1𝑑

𝜃

0
𝑦𝑛 =

𝜽𝟐𝒏

𝒏+𝟐
 

𝑽(𝒀𝒏) = 𝑬(𝒀𝒏
𝟐) − (𝑬(𝒀𝒏))

𝟐
=

𝜃2𝑛

𝑛+2
− (

𝜃𝑛

𝑛+1
)

2

=
𝑛𝜃2

(𝑛+1)2(𝑛+2)
 

 

                Unbiasedness: 

                    𝐸(T) = 𝐸 (
𝑛+1

𝑛
𝑌𝑛) =

𝑛+1

𝑛
𝐸(𝑌𝑛) =

𝑛+1

𝑛
(

𝜽𝒏

𝒏+𝟏
) = 𝜃 

                ⇒   𝑇 =
𝑛+1

𝑛
𝑌𝑛 𝑖𝑠 𝑎𝑛 𝑢𝑛𝑏𝑖𝑎𝑠𝑒𝑑 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑜𝑟 𝑜𝑓  𝜃 

                     Consistency: 

            (1) 𝐸(T) = 𝐸 (
𝒏+𝟏

𝒏
𝒀𝒏) =

𝒏+𝟏

𝒏
𝐸(𝒀𝒏) =

𝒏+𝟏

𝒏
(

𝜃𝑛

𝑛+1
) = 𝜃 

                   ⇒ 𝑙𝑖𝑚𝑛→∞ 𝐸(T) = 𝑙𝑖𝑚𝑛→∞ 𝜃 =  𝜃  

            2) 𝑉(𝑇) = 𝑉 (
𝒏+𝟏

𝒏
𝒀𝒏) = (

𝒏+𝟏

𝒏
)

2

𝑉(𝒀𝒏) =
(𝒏+𝟏)2

𝒏2

𝒏𝜽𝟐

(𝒏+𝟏)𝟐(𝒏+𝟐)
=

𝜽𝟐

𝑛(𝑛+2)
 

                   ⇒ 𝑙𝑖𝑚𝑛→∞ 𝑉(𝑇) = 𝑙𝑖𝑚𝑛→∞
𝜽𝟐

𝑛(𝑛+2)
=0 

                       Then, we can see here that 𝑇 =
𝒏+𝟏

𝒏
𝒀𝒏 is  a consistent estimator of  𝜃 . 

  



                 MSE: 

                 since 𝑇 is an unbiased estimators of 𝜃    

                 ⇒ 𝑀𝑆𝐸(𝑇) = 𝑉(𝑇)     =
𝜽𝟐

𝑛(𝑛+2)
= 

𝜽𝟐

𝑛(𝑛+2)
.    

 

         Comparing the MSE 

          We will compare (c) and (d) because they are unbiased estimators    

                   
 𝑀𝑆𝐸(2�̅�) =  

𝜽𝟐

𝟑𝒏
=

(𝑛+2)𝜃2

3𝑛(𝑛+2)

   𝑀𝑆𝐸 (
𝑛+1

𝑛
𝑌𝑛) =

𝜽𝟐

𝒏(𝒏+𝟐)
=  

3𝜃2

3𝑛(𝑛+2)

 

                 Since n=1,2,3,… 

                 𝒏 ≥ 𝟏 ⇒ 𝒏 + 𝟐 ≥ 𝟏 + 𝟐  

                            ⇒ 𝑛 + 2 ≥ 3 

                   ⇒
(𝑛+2)𝜃2

3𝑛(𝑛+2)
≥

3𝜃2

3𝑛(𝑛+2)
 

⇒ 
𝑛+1

𝑛
𝑌𝑛 is a better estimator of 𝜃 than 2�̅�  

 

 
3.7:  For a random sample 𝑋1,X2,…,𝑋𝑛 drawn from the following distributions, find the Fisher  

           information, 𝑰𝑿 (𝜃):  

 

             𝑰𝑿(𝜽) = 𝒏𝑰(𝜽) 

               𝑰(𝜽) = 𝑬 [
𝒅

𝒅𝜽
𝒍𝒏𝒇(𝒙)]

𝟐

= −𝑬 [
𝒅𝟐

𝒅𝜽𝟐 𝒍𝒏𝒇(𝒙)] 

 

  (a) 𝑩𝒆𝒓𝒏𝒐𝒖𝒍𝒍𝒊(𝜽) 

          𝒇(𝒙) = 𝜽𝒙(𝟏 − 𝜽)𝟏−𝒙,    𝒙 = 𝟎, 𝟏                  𝑬(𝑿) = 𝜽        𝑽(𝑿) = 𝜽 (𝟏 − 𝜽) 



         𝑙𝑛𝑓(𝑥) = 𝑙𝑛𝜃𝑥(1 − 𝜃)1−𝑥 = 𝑥𝑙𝑛𝜃 + (1 − 𝑥)ln (1 − 𝜃) 

         
𝑑

𝑑𝜃
𝑙𝑛𝑓(𝑥) =

𝑥

𝜃
−

1−𝑥

(1−𝜃)
 

        
𝑑2

𝑑𝜃2 𝑙𝑛𝑓(𝑥) =
−𝑥

𝜃2
− (−(−1))

(1−𝑥)

(1−𝜃)2   

                             =
−𝑥

𝜃2
−

(1−𝑥)

(1−𝜃)2 

 

           𝑰(𝜽) = 𝑬 [
𝒅

𝒅𝜽
𝒍𝒏𝒇(𝒙)]

𝟐

= 𝑬 [
𝑥

𝜃
−

1−𝑥

(1−𝜃)
]

𝟐

 

                                                     = 𝐸 [
𝑥(1−𝜃)−𝜃(1−𝑥)

𝜃(1−𝜃)
]

2

= 𝐸 [
𝑥−𝑥𝜃−𝜃+𝑥𝜃)

𝜃(1−𝜃)
]

2

 

                                                   = 𝐸 [
𝑥−𝜃

𝜃(1−𝜃)
]

2

=
1

𝜽𝟐(1−𝜃)2 𝐸[𝑋 − 𝜃]2 

                                                   =
1

𝜽𝟐(1−𝜃)2 𝐸[𝑋 − 𝐸(𝑋)]2 

                                                  =
1

𝜽𝟐(1−𝜃)2 𝑉[𝑋] =
1

𝜽𝟐(1−𝜃)2 𝜃(1 − 𝜃) =
1

𝜃(1−𝜃)
 

                   ⇒ 𝑰𝑿(𝜽) = 𝒏𝑰(𝜽) =
𝑛

𝜃(1−𝜃)
 

Or  

                   𝑰(𝜽) = −𝑬 [
𝒅𝟐

𝒅𝜽𝟐 𝒍𝒏𝒇(𝒙)] = −𝑬 [
−𝑋

𝜃2
−

(1−𝑋)

(1−𝜃)2] 

= −𝑬 [
−𝑋(1 − 𝜃)2 − (1 − 𝑋)𝜃2

𝜃2(1 − 𝜃)2
] 

                                                               = −𝑬 [
2𝜃𝑋−𝑋−𝜃2

𝜃2(1−𝜃)2
] =

−𝟏

𝜃2(1−𝜃)2
𝑬[2𝜃𝑋 − 𝑋 − 𝜃2] 

                                                              =
−𝟏

𝜃2(1−𝜃)2
[𝟐𝜽𝑬(𝑿) − 𝑬(𝑿) − 𝜃2] 

                                                             =
−𝟏

𝜃2(1−𝜃)2
[𝟐𝜽𝜃 − 𝜃 − 𝜃2] 

                                                            =
−𝟏

𝜃2(1−𝜃)2
[𝟐𝜃2 − 𝜃 − 𝜃2] = 

                                                           =
−𝟏

𝜃2(1−𝜃)2
[𝜃2 − 𝜃] =

𝜃−𝜃2

𝜃2(1−𝜃)2 =
𝜃(1−𝜃)

𝜃2(1−𝜃)2 =
𝟏

𝜃(1−𝜃)
 

V(X)= 𝐸[𝑋 − 𝐸(𝑋)]2 



                        ⇒ 𝑰𝑿(𝜽) = 𝒏𝑰(𝜽) =
𝑛

𝜃(1−𝜃)
 

 

  (b) 𝑬𝒙𝒑𝒐𝒏𝒆𝒏𝒕𝒊𝒂𝒍(
𝟏

𝜽
) 

          𝒇(𝒙) = 𝜽𝒆−𝜽𝒙,    𝒙 > 𝟎                  𝑬(𝑿) =
𝟏

𝜽
        𝑽(𝑿) =

𝟏

𝜽𝟐
 

         𝑙𝑛𝑓(𝑥) =  𝑙𝑛𝜃 + 𝑙𝑛𝒆−𝜽𝒙 = 𝑙𝑛𝜃 − 𝜃𝑥 

         
𝑑

𝑑𝜃
𝑙𝑛𝑓(𝑥) =

1

𝜃
− 𝑥 

        
𝑑2

𝑑𝜃2
𝑙𝑛𝑓(𝑥) =

−1

𝜃2
 

 

           𝑰(𝜽) = 𝑬 [
𝒅

𝒅𝜽
𝒍𝒏𝒇(𝒙)]

𝟐

= 𝑬 [
1

𝜃
− 𝑋]

𝟐

 

                                                     = 𝐸 [𝑋 −
1

𝜃
]

2

 

                                                    =𝐸[𝑋 − 𝐸(𝑋)]2 

                                                    =𝑉[𝑋] =
1

𝜽2 

                   ⇒ 𝑰𝑿(𝜽) = 𝒏𝑰(𝜽) =
𝑛

𝜽2 

Or  

 

𝑰(𝜽) = −𝑬 [
𝒅𝟐

𝒅𝜽𝟐
𝒍𝒏𝒇(𝒙)] = −𝑬 [

−1

𝜃2
] 

                                   = − [
−1

𝜃2
] =

1

𝜽2                                           

                        ⇒ 𝑰𝑿(𝜽) = 𝒏𝑰(𝜽) =
𝑛

𝜽2 

 

(c) 𝑵𝒐𝒓𝒎𝒂𝒍(𝜽, 𝝈𝟐) 𝝈𝟐 𝒌𝒏𝒐𝒘𝒏  



          𝑓(𝑥) =
1

√2𝜋𝝈𝟐
𝑒

−
1

2

(𝑥−𝜽)2

𝝈𝟐 ,    𝑥 ∈ (−∞, ∞)                  𝐸(𝑋) = 𝜽        𝑉(𝑋) = 𝝈𝟐 

          𝑓(𝑥) =
1

(2𝜋𝝈𝟐)1/2 𝑒
−

1

2

(𝑥−𝜽)2

𝝈𝟐  

         𝑙𝑛𝑓(𝑥) = ln(1) −
1

2
ln(2𝜋𝝈𝟐) −

1

2

(𝑥 − 𝜽)2

𝝈𝟐
 

         𝑙𝑛𝑓(𝑥) = −
1

2
ln(2𝜋𝝈𝟐) −

1

2

(𝑥−𝜽)2

𝝈𝟐  

         
𝑑

𝑑𝜃
𝑙𝑛𝑓(𝑥) =

−1

2𝝈𝟐 2(𝑥 − 𝜽)(−𝟏) =
(𝑥−𝜽)

𝝈𝟐  

         
𝑑2

𝑑𝜃2 𝑙𝑛𝑓(𝑥) =
−1

𝝈𝟐  

           𝑰(𝜽) = 𝑬 [
𝒅

𝒅𝜽
𝒍𝒏𝒇(𝒙)]

𝟐

= 𝑬 [
𝑋−𝜽

𝝈𝟐 ]
𝟐

 

                                                     = 
1

𝝈𝟒 𝐸[𝑋 − 𝜽]2 

                                                    =
1

𝝈𝟒 𝐸[𝑋 − 𝐸(𝑋)]2 

                                                    =
1

𝝈𝟒 𝑉[𝑋] =
𝝈𝟐

𝝈𝟒 =
1

𝝈𝟐 

                   ⇒ 𝑰𝑿(𝜽) = 𝒏𝑰(𝜽) =
𝑛

𝝈𝟐 

Or  

𝑰(𝜽) = −𝑬 [
𝒅𝟐

𝒅𝜽𝟐
𝒍𝒏𝒇(𝒙)] = −𝑬 [

−1

𝝈𝟐
] 

                                   = − [
−1

𝜃2
] =

1

𝝈𝟐                                           

                        ⇒ 𝑰𝑿(𝜽) = 𝒏𝑰(𝜽) =
𝑛

𝝈𝟐 

3.8:    Let 𝑿𝟏, 𝑿𝟐,…, 𝑿𝒏 be a random sample drawn 𝑁(𝜇,𝜎2),𝜎2 is known. Find:  

 

    (a)  CRLB 

                CRLB=
((𝝉(𝝁)′)

𝟐

𝑰𝑿(𝝁)
 



        We got from (3.7) (c)  𝐼𝑋(𝜇) =
𝑛

𝜎2
   

    (i) 𝝉(𝝁) = 𝝁 ⇒ (𝜏(𝜇)′ = 1 ⇒ ((𝜏(𝜇)′)2 = 1 

                  ⇒  CRLB=
((𝝉(𝝁)′)

𝟐

𝑰𝑿(𝝁)
=

1
𝑛

𝜎2

=
𝜎2

𝑛
 

    (ii) 𝝉(𝝁) = 𝒆𝝁 ⇒ (𝜏(𝜇)′ = 𝑒𝜇 ⇒ ((𝜏(𝜇)′)2 = 𝑒2𝜇 

                  ⇒  CRLB=
((𝝉(𝝁)′)

𝟐

𝑰𝑿(𝝁)
=

𝑒2𝜇

𝑛

𝜎2

=
𝑒2𝜇𝜎2

𝑛
 

  (iii) 𝝉(𝝁) =
1

(𝜇+1)
⇒ (𝜏(𝜇)′ =

−1

(𝜇+1)2
⇒ ((𝜏(𝜇)′)2 =

1

(𝜇+1)4
 

                  ⇒  CRLB=
((𝝉(𝝁)′)

𝟐

𝑰𝑿(𝝁)
=

1

(𝜇+1)4

𝑛

𝜎2

=

1

(𝜇+1)4

𝑛

𝜎2

=
𝜎2

𝑛(𝜇+1)4 

 

(b) MVUE of 𝜇 

 We have seen that  �̂�𝑴𝑳𝑬 = �̂�𝑴𝑴𝑬 = �̅� 

     𝐸(�̅�) = 𝐸(𝑋) = 𝜇 ⇒  �̅� is an unbiased estimator of 𝜇 

     𝑉(�̅�) =
𝑉(𝑋)

𝑛
=

𝜎2

𝑛
 

      𝑽(𝑻) ≥ 𝐂𝐑𝐋𝐁 =
((𝝉(𝝁)′)

𝟐

𝑰𝑿(𝝁)
 

Here we have  𝑉(�̅�) =
𝜎2

𝑛
  and    CRLB=

𝜎2

𝑛
   (from 3.8 (a) (i) ) 

 𝑉(�̅�) is equal to the lower bound ⇒ �̅� is MVUE 

 

 

3.10:  Let 𝑋1,2,…,𝑋𝑛 be a random sample from a distribution with pdf  

           
               𝑓(𝑥;𝜃)=𝜽𝟐𝒙𝒆−𝒙𝜽 , 𝒙 > 𝟎   , 𝜽 > 𝟎 

          ⇒ 𝑓(𝑥) =
𝜃2𝑥2−1𝑒−𝑥𝜃

Γ(2)
⇒ 𝑋~𝐺𝑎𝑚𝑚𝑎(2,

1

𝜃
) 



 

  (a) Argue that 𝒀 = ∑ 𝒙𝒊
𝒏
𝒊=𝟏 is a complete sufficient statistic for 𝜃.  

 

          𝑓(𝑥) = 𝜃2𝑥𝑒−𝑥𝜃  is a member of exponential family  

          𝑎(𝜃) = 𝜃2 , 𝑏(𝑥) = 𝑥   , 𝑐(𝜃) = −𝜃   , 𝑑(𝑥) = 𝑥   

         Then, 𝑌 = ∑ 𝑑(𝑥𝑖)𝑛
𝑖=1 = ∑ 𝑥𝑖

𝑛
𝑖=1   is a complete sufficient  for 𝜃 

 

 

(b)  Compute 𝑬 (
𝟏

𝒀
) and find the function of Y which is the unique MVUE of 𝜃.  

             𝐸 (
1

𝑌
)=E(

1

∑ 𝑥𝑖
𝑛
𝑖=1

) 

We have 𝑋~𝐺𝑎𝑚𝑚𝑎(2,
1

𝜃
) ⇒   𝑦 = ∑ 𝑥𝑖

𝑛
𝑖=1  ~Gamma(2n,

1

𝜃
)     

      𝑓(𝑦) =
𝜃2𝑛𝑦2𝑛−1𝑒−𝑦𝜃

Γ(2𝑛)
 

𝑬 (
𝟏

𝒀
)=∫

𝟏

𝒚

∞

𝟎
 𝑓(𝑦)𝑑𝑦=∫

𝟏

𝒚

∞

𝟎
 
𝜃2𝑛𝑦2𝑛−1𝑒−𝑦𝜃

Γ(2𝑛)
𝑑𝑦 = ∫ 𝑦−1 𝜃2𝑛𝑦2𝑛−1𝑒−𝑦𝜃

Γ(2𝑛)
𝑑𝑦

∞

𝟎
 

                       =∫
𝜃2𝑛𝑦2𝑛−2𝑒−𝑦𝜃

Γ(2𝑛)
𝑑𝑦

∞

𝟎
=

𝜃2𝑛

Γ(2𝑛)
∫ 𝑦(2𝑛−1)−1𝑒−𝑦𝜃𝑑𝑦

∞

𝟎
 

                                                              =
𝜃2𝑛

Γ(2𝑛)

Γ(2𝑛−1)

𝜃2𝑛−1 ∫
𝜃2𝑛−1

Γ(2𝑛−1)
𝑦

(2𝑛−1)−1

𝑒−𝑦𝜃𝑑𝑦
∞

𝟎
 

                                                               =
𝜃2𝑛

Γ(2𝑛)

Γ(2𝑛−1)

𝜃2𝑛−1  

                                                            =
𝜃2𝑛

(2n−1)Γ(2𝑛−1)

Γ(2𝑛−1)

𝜃2𝑛−1  

                                                            =
𝜃

2n−1
 

By using (Lehman Scheffe Theorem) THEOREM 3.13 

From (a) we got that Y=∑ 𝑥𝑖
𝑛
𝑖=1  is a complete sufficient  for 𝜃  

We have to find a function of Y which is unbiased estimators 𝐸(𝜏(𝑌)) = 𝜃 

⇒  𝐸 (
1

𝑌
) =

𝜃

2n − 1
 

∫
𝜃2𝑛−1

Γ(2𝑛 − 1)
𝑦

(2𝑛−1)−1

𝑒−𝑦𝜃𝑑𝑦
∞

𝟎

= 𝟏 

𝑓(𝑥) is a member of exponential 

family if we can write it as 

𝑓(𝑥) = 𝑎(𝜃) 𝑏(𝑥)𝑒𝑐(𝜃)𝑑(𝑥) 



                                  ⇒ 𝐸 (
2n−1

𝑌
) = (2n − 1)𝐸 (

1

𝑌
)=(2n − 1)

𝜃

2n−1
=  𝜃 

                                       Then  
2n−1

𝑌
 is MVUE of 𝜃 

(c) Drive the MLE of 𝜃 and find the approximate distribution of it. 

               𝑓(𝑥;𝜃)=𝜽𝟐𝒙𝒆−𝒙𝜽  

        (1) 𝐿 = ∏ 𝑓(𝑥𝑖) =𝑛
𝑖=1 ∏ 𝜽𝟐𝒙𝒊𝒆

−𝒙𝒊𝜽 =𝑛
𝑖=1  𝜽𝟐𝒏 ∏ 𝒙𝒊

𝑛
𝑖=1 𝒆−𝜽 ∑ 𝒙𝒊

𝒏
𝒊=𝟏  

        (2)   𝑙𝑜𝑔𝐿 = 2𝑛𝑙𝑜𝑔𝜽 + ∑ log (𝑥𝑖)𝑛
𝑖=1 − 𝜽 ∑ 𝑥𝑖

𝑛
𝑖=1  

       (3) 
𝜕

𝜕𝑝
 𝑙𝑜𝑔𝐿 =0 

           ⇒
2𝑛

𝜽
− ∑ 𝑥𝑖

𝑛
𝑖=1 =0 

     ⇒  ⇒  �̂�  =
2𝑛

∑ 𝑥𝑖
𝑛
𝑖=1

=
2

�̅�
 

 

Suppose that 𝑛 → ∞ if �̂�(𝜃) be the MLE of 𝜏(𝜃), then 𝜏 ̂(𝜃) has distribution as 

√𝑛(𝜏 ̂(𝜃) - 𝜏(𝜃)) → 𝑁 (0, 
((𝝉(𝜽)′)

𝟐

𝑰𝑿(𝜽)
)     or    𝜏 ̂(𝜃) → 𝑁 (𝜏(𝜃), 

((𝝉(𝜽)′)
𝟐

𝒏𝑰𝑿(𝜽)
). 

Then   𝜏(𝜃)= 𝜽  and   �̂� =
𝟐

�̅�
       𝜏’(𝜃)=1 

 

          𝑓(𝑥) = 𝜽𝟐𝒙𝒆−𝒙𝜽  

         𝑙𝑛𝑓(𝑥) = 2 ln(𝜽) + ln (𝑥) − 𝑥𝜃 ln 𝑒         

        𝑙𝑛𝑓(𝑥) = 2 ln(𝜽) + ln (𝑥) − 𝑥 

         
𝑑

𝑑𝜃
𝑙𝑛𝑓(𝑥) =

2

𝜽
− 𝑥 

         
𝑑2

𝑑𝜃2 𝑙𝑛𝑓(𝑥) =
−2

𝜽𝟐  

           𝑰(𝜽) = 𝑬 [
𝒅

𝒅𝜽
𝒍𝒏𝒇(𝒙)]

𝟐

= 𝑬 [
2

𝜃
− 𝑋]

𝟐

 

                                                     = 𝐸 [𝑋 −
2

𝜃
]

2

 

                                                    =𝐸[𝑋 − 𝐸(𝑋)]2 



                                                    =𝑉[𝑋] =
2

𝜽2 

                   ⇒ 𝑰𝑿(𝜽) = 𝒏𝑰(𝜽) =
2𝑛

𝜽2 

Or            

𝑰(𝜽) = −𝑬 [
𝒅𝟐

𝒅𝜽𝟐
𝒍𝒏𝒇(𝒙)] = −𝑬 [

−2

𝜽𝟐
] 

                                   = − [
−2

𝜽𝟐
] =

2

𝜽𝟐
                                           

                        ⇒ 𝑰𝑿(𝜽) = 𝒏𝑰(𝜽) =
2𝑛

𝜽𝟐 

𝜏 ̂(𝜃) → 𝑁 (𝜏(𝜃), 
((𝝉(𝜽)′)

𝟐

𝒏𝑰𝑿(𝜽)
) 

2

�̅�
→ 𝑁 (𝜽, 

𝟏
2𝑛

𝜽𝟐

). 

2

�̅�
→ 𝑁 (𝜽, 

𝜽𝟐

𝟐𝒏
 ) 

 

3.11: Let 𝑿𝟏, 𝑿𝟐,…, 𝑿𝒏 𝑛>2, be a random sample from the binomial distribution  

             𝐵𝑖𝑛𝑜(1,𝜃).  
 

 𝑋𝑖~𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(1, 𝜃) ⇒ 𝑓(𝑥) = 𝜃𝑥(1 − 𝜃)1−𝑥    𝑥 = 0,1 

       (a) Show that 𝑇=𝑿𝟏+𝑿𝟐+…+𝑿𝒏 =∑ 𝑿𝒊
𝒏
𝒊=𝟏   is a complete sufficient statistic for 𝜃.  

 

             𝑓(𝑥) = 𝜃𝑥(1 − 𝜃)1−𝑥  is a member of exponential family  

     𝑓(𝑥) = 𝜃𝑥(1 − 𝜃)1−𝑥 = 𝜃𝑥(1 − 𝜃)(1 − 𝜃)−𝑥 

=
𝜃𝑥

(1 − 𝜃)𝑥
(1 − 𝜃) = (

𝜃

1 − 𝜃
)

𝑥

(1 − 𝜃) = (1 − 𝜃)𝑒
𝑥𝑙𝑛(

𝜃
1−𝜃

)
 

          𝑎(𝜃) = (1 − 𝜃) ,           𝑏(𝑥) = 1  ,         𝑐(𝜃) = 𝑙𝑛 (
𝜃

1−𝜃
)    ,         𝑑(𝑥) = 𝑥   

         Then, 𝑇 = ∑ 𝑑(𝑥𝑖)𝑛
𝑖=1 = ∑ 𝑥𝑖

𝑛
𝑖=1   is a complete sufficient statistic for 𝜃. 

 

 



      
     (b) Find the MVUE of 𝜃.  
 
         𝑇=𝑋1+ 𝑋2+ …+𝑋𝑛 =∑ 𝑋𝑖

𝑛
𝑖=1 ~𝐵𝑖𝑛𝑜𝑚𝑖𝑎𝑙(𝑛, 𝜃) ⇒ 𝐸(𝑇) = 𝑛𝜃 

 

        From (a) , 𝑇 =∑ 𝑥𝑖
𝑛
𝑖=1    is a complete sufficient statistic for 𝜃 

 

         We have to find function of T which is unbiased estimator of  𝜃 , 𝐸(𝜏(𝑇)) = 𝜃 
 

           Since we know that 𝐸(𝑇) = 𝑛𝜃 ⇒  𝐸(
𝑇

𝑛
) = 𝜃= 

           ⇒ 𝜏(𝑇) =
𝑇

𝑛
  is MVUE of 𝜃 

 

(c) Let 𝑻𝟐 =
𝑿𝟏+𝑿𝟐

𝟐
  and prove that 𝑻𝟐 is an unbiased estimator for 𝜃.  

 

             𝐸(𝑇2) = 𝐸 (
𝑋1+𝑋2

2
) =

𝐸(𝑋1)+𝐸(𝑋
2

)

2
=

θ+θ

2
= θ. 

 
(d) Find the approximate distribution of the MLE of 𝜃. 
       

 MLE: 

        (1) 𝐿 = ∏ 𝑓(𝑥𝑖) =𝑛
𝑖=1 ∏ 𝜃.𝑥𝑖 (1 − 𝜃. ).1−𝑥𝑖 = 𝜃.∑ 𝒙𝒊

𝒏
𝒊=𝟏 (𝟏 − 𝜃. )𝒏−∑ 𝒙𝒊

𝒏
𝒊=𝟏𝑛

𝑖=1  

       (2)   𝑙𝑜𝑔𝐿 = ∑ 𝑥𝑖
𝑛
𝑖=1 𝑙𝑜𝑔𝜃. +(𝑛 − ∑ 𝑥𝑖)

𝑛
𝑖=1 lo𝑔 (1 − 𝜃. ) 

       (3) 
𝜕

𝜕𝜃.
 𝑙𝑜𝑔𝐿 = 0 

           ⇒
∑ 𝑥𝑖

𝑛
𝑖=1

𝜃.
−

𝑛−∑ 𝑥𝑖
𝑛
𝑖=1

1−𝜃.
=0 

     ⇒  ⇒
(1−𝜃.) ∑ 𝑥𝑖

𝑛
𝑖=1 −𝜃.(𝑛−∑ 𝑥𝑖)𝑛

𝑖=1

𝜃.(1−𝜃.)
=0 

          ⇒ (1 − 𝜃. ) ∑ 𝑥𝑖
𝑛
𝑖=1 − 𝜃. (𝑛 − ∑ 𝑥𝑖)𝑛

𝑖=1 =0 

             ⇒ ∑ 𝑥𝑖 − 𝜃. ∑ 𝑥𝑖
𝑛
𝑖=1

𝑛
𝑖=1 − 𝑛𝜃. +𝜃. ∑ 𝑥𝑖

𝑛
𝑖=1 = 0 

             ⇒ ∑ 𝑥𝑖
𝑛
𝑖=1 − 𝑛𝜃. = 0 

             ⇒ 𝜃. =
∑ 𝑥𝑖

𝑛
𝑖=1

𝑛
 

               ⇒  �̂� = �̅�  

 



 

Suppose that 𝑛 → ∞ if �̂�(𝜃) be the MLE of 𝜏(𝜃), then 𝜏 ̂(𝜃) has distribution as 

√𝑛(𝜏 ̂(𝜃) - 𝜏(𝜃)) → 𝑁 (0, 
((𝝉(𝜽)′)

𝟐

𝑰𝑿(𝜽)
)     or    𝜏 ̂(𝜃) → 𝑁 (𝜏(𝜃), 

((𝝉(𝜽)′)
𝟐

𝒏𝑰𝑿(𝜽)
). 

Then   𝜏(𝜃)= 𝜽  and   𝝉(𝜽)̂ = �̂� = �̅�       𝜏’(𝜃)=1 

 

   𝒇(𝒙) = 𝜽𝒙(𝟏 − 𝜽)𝟏−𝒙,    𝒙 = 𝟎, 𝟏                  𝑬(𝑿) = 𝜽        𝑽(𝑿) = 𝜽 (𝟏 − 𝜽) 

         𝑙𝑛𝑓(𝑥) = 𝑙𝑛𝜃𝑥(1 − 𝜃)1−𝑥 = 𝑥𝑙𝑛𝜃 + (1 − 𝑥)ln (1 − 𝜃) 

         
𝑑

𝑑𝜃
𝑙𝑛𝑓(𝑥) =

𝑥

𝜃
−

1−𝑥

(1−𝜃)
 

        
𝑑2

𝑑𝜃2 𝑙𝑛𝑓(𝑥) =
−𝑥

𝜃2
−

(1−𝑥)

(1−𝜃)2 (−(−1))   

                             =
−𝑥

𝜃2
−

(1−𝑥)

(1−𝜃)2 

 

           𝑰(𝜽) = 𝑬 [
𝒅

𝒅𝜽
𝒍𝒏𝒇(𝒙)]

𝟐

= 𝑬 [
𝑥

𝜃
−

1−𝑥

(1−𝜃)
]

𝟐

 

                                                     = 𝐸 [
𝑥(1−𝜃)−𝜃(1−𝑥)

𝜃(1−𝜃)
]

2

= 𝐸 [
𝑥−𝑥𝜃−𝜃+𝑥𝜃)

𝜃(1−𝜃)
]

2

 

                                                   = 𝐸 [
𝑥−𝜃

𝜃(1−𝜃)
]

2

=
1

𝜽𝟐(1−𝜃)2 𝐸[𝑋 − 𝜃]2 

                                                   =
1

𝜽𝟐(1−𝜃)2 𝐸[𝑋 − 𝐸(𝑋)]2 

                                                  =
1

𝜽𝟐(1−𝜃)2
𝑉[𝑋] =

1

𝜽𝟐(1−𝜃)2
𝜃(1 − 𝜃) =

1

𝜃(1−𝜃)
 

                   ⇒ 𝑰𝑿(𝜽) = 𝒏𝑰(𝜽) =
𝑛

𝜃(1−𝜃)
 

Or  

                   𝑰(𝜽) = −𝑬 [
𝒅𝟐

𝒅𝜽𝟐 𝒍𝒏𝒇(𝒙)] = −𝑬 [
−𝑋

𝜃2
−

(1−𝑋)

(1−𝜃)2] 

= −𝑬 [
−𝑋(1 − 𝜃)2 − (1 − 𝑋)𝜃2

𝜃2(1 − 𝜃)2
] 

V(X)= 𝐸[𝑋 − 𝐸(𝑋)]2 



                                                               = −𝑬 [
2𝜃𝑋−𝑋−𝜃2

𝜃2(1−𝜃)2 ] =
−𝟏

𝜃2(1−𝜃)2 𝑬[2𝜃𝑋 − 𝑋 − 𝜃2] 

                                                              =
−𝟏

𝜃2(1−𝜃)2
[𝟐𝜽𝑬(𝑿) − 𝑬(𝑿) − 𝜃2] 

                                                             =
−𝟏

𝜃2(1−𝜃)2
[𝟐𝜽𝜃 − 𝜃 − 𝜃2] 

                                                            =
−𝟏

𝜃2(1−𝜃)2
[𝟐𝜃2 − 𝜃 − 𝜃2] = 

                                                           =
−𝟏

𝜃2(1−𝜃)2
[𝜃2 − 𝜃] =

𝜃−𝜃2

𝜃2(1−𝜃)2 =
𝜃(1−𝜃)

𝜃2(1−𝜃)2 =
𝟏

𝜃(1−𝜃)
 

                        ⇒ 𝑰𝑿(𝜽) = 𝒏𝑰(𝜽) =
𝑛

𝜃(1−𝜃)
 

 

𝜏 ̂(𝜃) → 𝑁 (𝜏(𝜃), 
((𝝉(𝜽)′)

𝟐

𝒏𝑰𝑿(𝜽)
) 

2

�̅�
→ 𝑁 (𝜽, 

𝟏
𝑛

𝜃(1−𝜃)

) 

2

�̅�
→ 𝑁 (𝜽, 

𝜃(1−𝜃)

𝒏
 ) 

 
 
 
 
 
 
 
 


