Chapter 3: Random Time Series Model

The random process {y;} is called general liner process if'it’s possible to express it in the
form:
Ve=pU+&+ Pr& 1+ Yoo+ P3ee 3+ ..., t=0,%1,%2, ..
where, g,~iid WN(0,52), p is a constant and {1, } is a sequence of fixed values.
the process {y,} is stationary if one of the following conditions is satisfied:

1. ; are finite.

2. XZoPi < oo.

Question 1*:

For the model y; = &, + 0.2y,_; find m-weights and 1-weights.

The m-weights formula |y, = &; + TV + T Yip + T3Yi_3 + ...

7T1=02 7T2=0 7T3:O

The y-weights formula |y, = & + Y161 + Y&y + Y385 + ...

And for y weight, we find:
Ve = & +0.2y;4
Vi1 = -1+ 0.2y, 5
Viea = E—2 + 0.2y, _3
Ve-3 = -3+ 0.2y¢4

Ve = &+ 0.2[y; 4]

Ve =& +0.2[g;_1 + 0.2y, _,]

Ve =& + 0261 + 0.2%[y,_,]

Ve =& + 0261 + 0.2%[5,_, + 0.2y,_4]

Ve =& +0.2¢,_1 +0.2%¢,_, +0.23y,_,

Ve =& +0.26_1 +0.2%5_, + 0.23[y, ;5]

Ve =& +0.26_1 +0.2%_, +0.23[g,_5 + 0.2y, _4]

ye =& +0.26_1 +0.2%¢5,_, + 0.235,_5 + 0.2%y,_,

;=02 P, =022=004  1p; =0.2%=0.008




Question 2:

For the model y, = ¢, — 0.3¢,_4 find the first three = weights and first three
weights.

solution:

The l/) WelghtS fOFmU|a Yt = & + lplgt—l + l/)zgt_z + l/)3€t_3 + ..

P =—0.3 P, =0 Y3 =0

The  weights formula |y; = & + T Vi—q1 + T Vi—p + T3Viz + ...

And for  weight, we find:

Vi =& —03_1=> & =y +03&_4
€-1 = Ye-1 T 0.3&
€2 = Y2 +0.3&3
€3 = Y3 +0.3&4

& =Yy + 03[, 4]

& =y + 03[y, +0.35,_,]

& =y +0.3y,_; + 0.3%¢,_,

& =y + 0.3y, + 0.3%[5,_,]

& =y + 03y, +0.3%[y,_, + 0.35,_5]

& =y +03y,_; +0.3%y,_, +0.3%3¢,_,

& =y + 0.3y, + 0.3%y,_, + 0.33[5,_5]

& =y + 03y, +0.3%y,_, + 0.33[y,_5 + 0.35,_,]
& =y +03y,_; +0.3%y,_, + 0.33y,_3 + 0.3%s_,

Ve = & — 03y, —0.3%y,_, —0.3%,_3 — 0.3%,_,

m, =-03 mw,=-03%2 m3;=-033




e Finding m-weights and y-weights for mixed:

The - weights formula

Ve = & + l/)].gt—l + wzgt_z + 110381'—3 + ey t = 0, il, iz,

Y(B) = Yo + 1B + Y,B* + P3B> + -
The rz- weights formula

Ve = &t + T1Yt-1 + T Ve_»o + TT3Vt—3 AF ane t = 0, il,iz,

n(B) = my + 1B + m,B% + m3B3 + -

To find y- weights ¢ (B) Y(B) = 6(B)

To find - weights | 6(B) m(B) = ¢(B)

Question 3:
FOI’ the m0d8| yt = 0'7yt—1 + St + 0'68t—1 - 0.4gt_2

find y¥-weights and m-weights.

solution:

to find the y-weight and mr-weights:

Ve = 0.7y;1 + & + 0.66,_1 — 0.4¢,_,

Ve — 0.7y,1 =& +0.66_1 —0.4¢_,

Ve —0.7y,1 =& +0.66_1 —0.4¢_,

y; —0.7By, =¢& + 0.6 Be, — 0.4 B%¢,

(1-0.7B)y, =(1+ 0.6 B—0.4 B?)¢,
¢(B) y: = 6(B) &



To find - weights

¢(B) P(B) = 6(B)

(1—-0.7B) (g + Y4B + Y,B* + Y3B3 +---) = (1 + 0.6 B — 0.4 B?)

BO: l/)o =1

(1—=0.78) Yo + Y1 B + Y,B?> + Y3B3 +--) = (1+ 0.6 B — 0.4 B?)

Bl Y, — 0.7, =06 = [, = 1.3

(1—-0.7B) (Yo + Y;B+ Y,B? + P3B3 +--) = (1+ 0.6 B — 0.4 B?)

B% 1, — 0.7, =04 = [, =023

(1—-0.7B) (Yo + Y;B + Y,B? + 3B +--) = (1+ 0.6 B — 0.4 B?)

B3 ¥;—07Y,=0 = [, =021

(1-0.7B) Wy + Y1B + Y,B*+ Y3B*> +--) = (1+ 0.6 B— 0.4 B?)

B*: ), — 0.735 = 0
BS: 1/)5—077’04 == O

Yo=1
_ W, =13
Y- weights= { 1/)12 — 03



To find - weights |0(B) m(B) = ¢(B)

(1 + 06 B - 04‘ BZ) (77:0 + 7T1B + ﬂsz + 7T3B3 + "‘) - (1 - O7B)

BO: Ty = 1

Bl: T4 + 0.6 Ty = —-0.7 = m = —1.3

BZ: 7T2+067T1_04‘T[0=0
B3: 7T3+067T2_04‘7T1=0

T[O == 1
- weights= m, =-—1.3
7Tl'+0.677,'i_1—0.477:i_220 ; i =2



Question 4:

For the model y; = 0.1y,_; + & + 0.2&;,_4

find y-weights and m-weights.

to find the y-weight and -weights:
Ve =01y, + & +0.2¢6_4
Ve —01y;y =& +0.2¢6_4
(1-0.1B)y; = (1+0.2B)¢;

¢(B) y. = 0(0B) &

e To find y- weights|p(B) Y(B) = 6(B)

(1—-0.1B) (Yo + Y4B + Y,B*+--) = (1+ 0.2 B)
BY% |yo=1

Bl: ), — 0.1y =02 = [p; =023
BZ: 1/)2_0.11’01 =0

Yo=1
Y- weights= Y, =03

e To find - weights [{6(B) m(B) = ¢(B)

BO: T[O == 1

Bl: /2] + 0.2 Ty = —-0.1 = m = —-0.3

B?: my,+02m =0

Ty = 1
- weights= m, = —0.3
n;+02m,_4,=0 ; i>1




e Auto-regressive processes:
AR(P): Ve =&+ Oy + P2Yea t o+ DpYep

p(k) = ¢1p(k—1) + pop(k —2) + -+ +Ppplk —p) ; k=12,..

AR (1):y: = & + 1Yt
AR models are always invertible.

Stationary condition for AR (1):

lp,l <1 or |[B|>1

Auto-correlation function (ACF) for AR (1):
p(k)=¢%; k=12,..
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Question 5:

Assume the process {y, } follow the AR (1) model with parameter ¢, = 0.4, and
assuming that E(y,) = 0

1. write down the mathematical form of this model.
Ve =& + 0.4y,

where g,~iid N(0,52) is the white noise process

2. is {y,} stationary, why?
the stationary condition for the AR (1) is:
o] <1=]04] <1

S0, this process is stationary.

3. Drive the autocorrelation function p;

Ve = & + 0.4y,_4,
multiply both sides by y;_, and taking the expectation.
VeVe-k = EVe-k T 0.4V 1Ytk
EQtye—x) = E(&ye—i) + 0.4E(Ye_1 Vi)

0

Yk = 04y, for k>1
dividing both sides by y,

E — 0 4yk—1
Yo Yo

Pr = O'4pk—1 fOI’ k > 1

p1 = 0.4p,=0.4(1) =0.4

p, = 0.4p; = 0.4(0.4) = 0.42

p; = 0.4p, = 0.4(0.4%) = 0.4°

pr = 0.4p,_, = 0.4(0.4%"1) = 0.4%



AR (2): y¢ = & + P1Ye—1 + P2YVe2

AR models are always invertible.

Stationary condition for AR (2):

|p,| <1
¢+ <1
b, —p1 <1

Auto-correlation function (ACF) for AR (2):

p(k) = p1p(k = 1) + Ppop(k = 2) ;

k=12,..

Autocorrelation Function for C1
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Question 6:

In the following question assume &,~WN(0,02)

For the following model, state its type, and check its stationarity and/or
invertibility:

yt = 0'7yt—1 + O.Syt_z + St

model type: AR (2) or ARMA (2,0) or ARIMA (2,0,0)
stationarity: since |¢,| =|0.5] <1

¢, — ¢, = 0.5-0.7=-0.2 <1

¢, + ¢p; =05+0.7=1.2 >1

then this model is not stationarity

invertibility: AR models are always invertible
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e Moving average:

MA(q) y: = & — 0161 — 0260 — =+ — 9q€t—q

p(k) =

_9k+919k+1+"'+9q—k9q

(1+9%+922+---+9§ )

0

; k=12,..,q
; k>q

0161

MA models are always stationary.
Invertibility conditions for the MA (1):

16;] <1

Auto-correlation function (ACF) for MA (1):

1
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MA (2): yr =& — 0161 — 0,6,

MA models are always stationary.

Invertibility conditions for the MA (2):

10,1 <1
0, +6, <1
02_91<1

Auto-correlation function (ACF) for MA (2):
((—61(1-6,)

(1+62+ 63)

p(k) =

L(1+9f+ 62)

Partial Autocorrelation Function
(with F% significance fimits for the partial autocorrelstions)

1.04

0.5+
£ 06
2 04
E oz _

oo P | I I | | -
g ] LT LIS AL 1 L IR LA |
g s
E 0.6+

0.5+

1.0

1 10 15 20 25 B 35 40 45 =0

PACF for MA(2) model when

91 = 0.7,62 = _0-1

Autocorrelation Function for C3
{with 5% significance limits for the autocormelations)
104
0.8
0.5
0.4
:E 02 g S
guln T I P P | Ll
N L} TTTTI rrrrre
g -02{f-——-—-—- e
2 04
-0.6-
-0.84
-1.04
i = "I EEIEEEE ]
Lag
ACF for MA(2) model when
61 = 0.7,92 = _0.1
Autocorrelation Function
(with 5% significanc limits for the autocorrelations)
1.0
0.5
0.6
= 044
§ 0.2
e
§azf |
2 04
0.5
-0.8
-1.04
2 4 & & 1w 1 1 1 8 2

ACF for MA(2) model when

81 - 1, 82 — _0.7

Partial Autocorrelation

Partial Autocorrelation Function
[with 5% significance limits for the partial autocormelations)

0.5+
0.5

0.4+
Al
0.0 < - ~

ol 7T

0.44
-0.64
0.8

PACF for MA(2) model when

81 = 1, 82 = _0.7




Question 7:
For MA (1) process with p(1) = 0.4,

Find the value of 8 that make this model is invertible.
Ve =& — 0 &_4
Var(y,) =Var(s, — 0 &,_1) = 02 + 0% 2 = (1 + 6% )o?
Cov(ye, Ye-r) = El(er — 0 &r—1)(&—p — 0 €r—g-1)]
fork =1 E[(e, —0&_1)(g_1 —0&_y )] =—-002

x~ = =

AV I
N = O

1
0
0
p()=la=_0% _ 9 _4

Yo  (1462)0%2  1+62

-0
=04= —60 =0.4+ 0.462
1+ 62 i

= 0460°+60+04=0

or we can use the calculator

1:Simul Equation
2:Polynomial «—

. ver
Polynomial ArZHR+C
Degree? I = +

Select 2~4

__ —btVb2-4ac _ -14,/1-4(0.4)(0.4
B 2a - 2(0.4)

MA (1) is invertibility = |8] < 1 then, 8 = —0.5

0 ) = (=0.5) or (=2)

13




Question 8:
Assume the process {y, } follow the MA (2) model with parameters
6; =0.4and 6, = —-0.8
1. write down the mathematical form of this model.
Ve = & — 0.4&,_1 + 0.8¢,_,
where &, is WN(0, c2)

2. is {y;} invertible?
the invertible condition for the MA (2) is:

e |0,]<1 = |-0.8| <1
e 0,4+60,<1=>-08+04>-04<1
e 0,-0,<1=>-08-04>-12<1

the invertibility conditions are satisfied.

Question 9:

In the following question assume &,~WN (0, 62)

For the following model, state its type, and check its stationarity and/or
invertibility:

yt = gt + O.Sgt_l - 1.28t_2
model type: MA (2) or ARMA (0,2) or ARIMA (0,0,2)
Stationarity: Moving Average models are always stationary

Invertibility: since 6, =1.2 >1, then this model is not invertible.
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Autoregressive-Moving average processes:

ARMA(D,q@) Yt = P1Ve—1+ P2Ye—a + -+ PpYe_p + & — 0161 — 03605 — - — Oy,

for ARMA(p, q):

Ve =P1Ve-1 + G2Veo+ o+ QpYep + & — 0181 — 026 — - — 0584
Ve = G1Ye-1 = G2Ve2 = = QpYVi—p = & — 0181 — 0262 — - — 04
Ve — 01BY, — P By — - — ¢po}7t =& — 0,Bg, — 0,B%s, — - — 9qu€t

(1-¢,B—¢,B2 —--—$,B?) y,=(1-6,B— 0,8 —--—9,B9) ¢

$(B) y:=0(B) &

then, ARIMA(p, d, q) is:
¢(B) Vd}’t = 6(B) &
=>¢(B) zz =6(B) &

Model ARMA(p, q) ARIMA(p,d, q)
AR(p) ARMA(p, 0) ARIMA(p, 0,0)
AR(2) ARMA(2,0) ARIMA(2,0,0)
MA(q) ARMA(0, q) ARIMA(0,0, q)
MA(1) ARMA(0,1) ARIMA(0,0,1)
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ARMA(1,1) ¥y = ¢p1Ye—q + & — 0164

Auto-correlation function (ACF) for ARMA (1,1):
(1 —601)(1 — ¢46,)
P =y (1+6f—2¢:06,)
P1Px-1 k=23, ..

k=1

Question 10:

In the following question assume &,~WN (0, c2)

For the following model, state its type, and check its stationarity and/or
invertibility:

yt = 1'5yt—1 + gt + 0.2581:_1
model type:  ARMA (1,1) or ARIMA (1,0,1)

stationarity: since |¢,| =|1.5| >1, then this model is not stationarity

invertibility: since |6,| = | —0.25| <1, then this model is invertible.

Question 11:

for the following model y;, = 0.2 y;_; + & —1.1&_, +0.18 &_,
g.~WN (0, 0?), state its type, and check its stationary and / or invertibility.
Ve— 02y, 4 =& —11¢&_1+0.18¢_,
y; —0.2By, =¢& —11Bg, + 0.18 B%¢,
(1—0.2B)y, = (1—1.1B+ 0.18 B?)¢,
(1-0.2B)y, = (1 —0.2B)(1—0.9B)s,
y: = (1 —09B)¢;

model type: MA (1) or ARMA (0,1) or ARIMA (0,0,1)
stationarity: MA (1) always stationarity

invertibility: since |6,| = [0.9] < 1 then this model is invertible.
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Question 12:
write the model ARIMA(1,1,1) in the final form in terms of

z; = Vy.,y: and &

for ARMA(1,1)
Ve = Q1YVe-1 + & — 0161
Ve = P1Ve-1 = & — 6164
Ve — 1By =& — 0164
(1—¢1B) ye =& — 6164

for ARIMA(1,1,1)
(1—¢1B) z; =& — 0164 32t =YY =Y = Y1 = (1= By,
Ze —$1Bzy =& — 0184
Zt — 12 = & — 0164

Zy = Qg Zp g+ & — 0164

Ve — Vi1 = P1(Vee1 — Ve—z) t & — 01604
Ve = Vi-1 = P1Ve-1 — P1Yi—2 + & — 0164
Ve = Vi1 P1YVee1 — P1Ye—2 + & — 0164

Ve= 1+ P) Vi1 — P1ye—p + & — 0164
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