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Chapter 2: Sampling Distribution 

2.1:  If 𝒆𝟑𝒕+𝟒𝒕𝟐
 is the MGF of the random variable  �̅� with sample size 6,  

             find P(−2 < �̅�< 6).  
 

            given that,   𝑀�̅�(𝑡) = 𝑒3𝑡+4𝑡2
 ⇒  �̅�~ 𝑁(𝜇�̅� , 𝜎2

�̅�)   

 We know that if 𝑋~ 𝑁(𝜇𝑋 , 𝜎2
𝑋)  ⇒ 𝑀𝑋(𝑡) = 𝑒𝜇𝑡+

1

2
𝜎2𝑡2

 

                        Then,  𝜇�̅� = 3  and 
1

2
𝜎2

�̅�
= 4⇒𝜎2

�̅� = 8 

                                     ⇒  �̅�~ 𝑁(3,8) 

                    𝑃(−2 < �̅� < 6) = 𝑃 (
−2−3

√8
< 𝑍 <

6−3

√8
) 

                                                   = 𝑃(−1.77 < 𝑍 < 1.06)  

                                                   = 𝑃(𝑍 < 1.06) − 𝑃(𝑍 < −1.77) 

                                                   =0.8554 − 0.0384 

                                               =0.8170 

 

2.2:  Let 𝑿 be the mean of a random sample of size 5 from a normal distribution with 𝜇 = 0 and  

           𝜎2 = 125. Determine 𝑐 so that (�̅�< 𝑐) = 0.975.  

 

           given that 𝑋~ 𝑁(0,125) , n=5 and 𝑃(�̅� < 𝑐) = 0.975 

          Since 𝑋~ 𝑁(0,125) ⇒  �̅�~ 𝑁(0,
125

5
= 25)     

           𝑃(�̅� < 𝑐) = 0.975 ⇒ 𝑃 (𝑍 <
𝑐−0

5
) = 0.975 

                                               ⇒     
𝑐−0

5
=

𝑐

5
= 1.961.96 = 

                                                   ⇒       c=9.8 

 

𝑋~ 𝑁(𝜇, 𝜎2) ⇒  �̅�~ 𝑁(𝜇,
𝜎2

𝑛
) 
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2.3: Determine the mean and variance of the mean �̅�of a random sample of size 9 from a 

distribution   having pdf  𝒇(𝒙) = {
𝟒𝒙𝟑, 𝟎 < 𝒙 < 𝟏

𝟎     , 𝒆𝒍𝒔𝒆 𝒘𝒉𝒆𝒓𝒆
   

 

            We want to find  𝜇�̅� and 𝜎2
�̅� , we have to find first 𝜇𝑋 𝑎𝑛𝑑 𝜎2

𝑋  

         𝜇𝑋 = 𝐸(𝑋) = ∫ 𝑥
1

0

𝑓(𝑥)𝑑𝑥 = ∫ 𝑥
1

0

4𝑥3𝑑𝑥 = ∫ 4𝑥4
1

0

𝑑𝑥 =
4

5
 

          𝜎2
𝑋 = 𝐸(𝑋2) − (𝐸(𝑋))

2
  

         𝐸(𝑋2) = ∫ 𝑥21

0
𝑓(𝑥) = ∫ 𝑥21

0
4𝑥3𝑑𝑥 = ∫ 4𝑥51

0
𝑑𝑥 =

4

6
 

          𝜎2
𝑋 =

4

6
− (

4

5
)

2

=
2

75
 

           Then,  𝜇�̅� = 𝜇𝑋 =
4

5
  and 𝜎2

�̅�=
𝜎2

𝑋

𝑛
=

2

75

9
=

2

675
. 

2.4: Let 𝒁𝟏, 𝒁𝟐, … , 𝒁𝟏𝟔 be a random sample of size 16 from the standard normal distribution  

         (0, 1). Let 𝑿𝟏, 𝑿𝟐, … , 𝑿𝟔𝟒 be a random sample of size 64 from the normal distribution (𝜇, 1).  

      The two samples are independent.  

 

(a) 𝑷(𝒁𝟏 < 𝟐) = 0.9772 

 

     (b) 𝑷(∑ 𝒁𝒊
𝟏𝟔
𝒊=𝟏 > 𝟐) 

           We know that if  

    𝑋𝑖~𝑁(𝜇, 𝜎2), 𝑖 = 1,2, . . , 𝑛 ⇒ ∑ 𝑋𝑖
𝑛
𝑖=1 ~ 𝑁(𝑛𝜇, 𝑛𝜎2) 

              𝑍~𝑁(0,1)    Then, ∑ 𝑍𝑖
16
𝑖=1 ~ 𝑁(0,16) 

            𝑃(∑ 𝑍𝑖
16
𝑖=1 > 2)= 𝑃 (𝑍 >

2−0

4
) = 𝑃(𝑍 > 0.5) = 𝑃(𝑍 < −0.5) = 0.3085 

 

       (c) 𝑷(∑ 𝑍2
𝒊

𝟏𝟔
𝒊=𝟏 > 𝟔. 𝟗𝟏) 

            We know that if       𝑍𝑖~𝑁(0,1), 𝑖 = 1,2, . . , 𝑛 ⇒ 𝑍𝑖
2~ χ2

1 ⇒ ∑ 𝑍2
𝑖

𝑛
𝑖=1 ~ χ2

𝑛 

            Then , 𝑃(∑ 𝑍2
𝑖

16
𝑖=1 > 6.91) =  𝑃( χ2

16 > 6.91) = 0.975 

𝑃(𝑍 > 𝑎) = 1 − 𝑃(𝑍 < 𝑎) = 

or 𝑃(𝑍 > 𝑎) == 𝑃(𝑍 < −𝑎) =

= 
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(a)  find c such that 𝑷(𝑺𝟐 > 𝒄) = 𝟎. 𝟎𝟓 

                    since 𝑍𝑖~𝑁(0,1), 𝑖 = 1,2, . . ,16 

⇒
(𝑛 − 1)𝑆2

𝜎2
=

(16 − 1)𝑆2

1
= 15𝑆2~ χ2

𝑛−1 =  χ2
15 

Then, 𝑃(𝑆2 > 𝑐) = 0.05 ⇒ 𝑃(15𝑆2 > 15𝑐) = 0.05 ⇒ 𝑃(χ2
15 > 15𝑐) = 0.05 

                                       ⇒  15𝑐 = 25 ⇒ c =
25

15
=

5

3
 

 

(b) What is the distribution of 𝒀 = ∑ 𝑍2
𝒊

𝟏𝟔
𝒊=𝟏 + ∑ (𝑿𝒊 − 𝝁)𝟐𝟔𝟒

𝒊=𝟏  

 

We know from (c) that ∑ 𝑍2
𝑖

16
𝑖=1 ~ χ2

16 

Since 𝑋𝑖~𝑁(𝜇, 1) ⇒
𝑋𝑖−𝜇

1
~𝑁(0,1) ⇒ (𝑋𝑖 − 𝜇)2~ χ2

1 ⇒ ∑ (𝑋𝑖 − 𝜇)264
𝑖=1 ~ χ2

64 

               And we know that if 𝑋~ χ2
𝑛 and 𝑌~ χ2

𝑚 ⇒ X + Y~ χ2
𝑛+𝑚. 

 Then,      𝒀 = ∑ 𝑍2
𝑖

16
𝑖=1 + ∑ (𝑋𝑖 − 𝜇)264

𝑖=1 ~ 𝛘𝟐
𝟏𝟔+𝟔𝟒=𝟖𝟎 

 

(c) E(Y)=80 

(d) Var(Y)=2(80)=160 

(e) 𝑷(𝒀 > 𝟏𝟎𝟓) = 𝑃(χ2
80 > 105) = 0.025 

(f)  Find c such that    𝒄
∑ 𝑍2

𝒊
𝟏𝟔
𝒊=𝟏

𝒀
~ 𝑭𝟏𝟔,𝟖𝟎 

                we know that ∑ 𝑍2
𝑖

16
𝑖=1 ~ χ2

16 and 𝑌~ χ2
80 

                   ⇒  
∑ 𝑍2

𝑖
16
𝑖=1 /16

𝑌/80 
~ 𝐹16,80 

                  Then, c=
1

16
1

80

=
80

16
= 5 

(g) Let 𝑸~ 𝛘𝟐
𝟔𝟎  find c such that    𝑷 (

𝒁𝟏

√𝑸
< 𝒄) = 𝟎. 𝟗𝟓 

              We know that 𝑍 1~ 𝑁(0,1)  and given that 𝑄~ χ2
60 then  

𝑍1

√
𝑄

60

~ 𝑡60 

            𝑃 (
𝑍1

√𝑄
< 𝑐) = 0.95 ⇒  𝑃 (

𝑍1

√
𝑄

60

<
𝑐

√
1

60

) = 0.95 ⇒  𝑃 (𝑡60 <
𝑐
1

√60

) = 0.95 
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                         ⇒  𝑃(𝑡60 < √60𝑐) = 0.95 

                           ⇒ √60𝑐 = 1.671      

                          ⇒ 𝑐 =
1.671

√60
= 0.2157 

(h) Find c such that 𝑷(𝑭𝟔𝟎,𝟐𝟎 > 𝒄) = 𝟎. 𝟗𝟗   

 𝑐 = 𝐹0.99,60,20 =
1

𝐹0.01,20,60
=

1

2.20
= 0.4545 

 

2.5:  Let  𝑿~ 𝑵(𝟓, 𝟏𝟎) find 𝑷(𝟎. 𝟎𝟒 < (𝑿 − 𝟓)𝟐 < 𝟑𝟖. 𝟒) 

     Since 𝑋~ 𝑁(5,10) ⇒   
𝑋−5

√10
~ 𝑁(0,1) ⇒  (

𝑋−5

√10
)

2

~ χ2
1 

    Then,  𝑃(0.04 < (𝑋 − 5)2 < 38.4)= 𝑃 (
0.04

(√10)
2 < (

𝑋−5

√10
)

2

<
38.4

(√10)
2) 

                                                                    = 𝑃(0.004 < χ2
1 < 3.84) 

                                                                    = 𝑃(χ2
1 < 3.84) − 𝑃(χ2

1 < 0.004) 

= (1 − 𝑃(χ2
1 > 3.84)) − (1 − 𝑃(χ2

1 > 0.004)) 

                                                =1 − 𝑃(χ2
1 > 3.84) − 1 + 𝑃(χ2

1 > 0.004) 

= 𝑃(χ2
1 > 0.004) − 𝑃(χ2

1 > 3.84) = 0.95 − 0.05 = 0.90 

2.6:  Let 𝑺𝟐 be the variance of a random sample of size 6 from the normal distribution (𝜇, 12).  

         Find  

            𝐺𝑖𝑣𝑒𝑛 𝑡ℎ𝑎𝑡 𝑋~𝑁(𝜇, 12)    𝑛 = 6 

         (a)  𝑬(𝑺𝟐) = 𝜎2 = 12    

                 𝑽(𝑺𝟐) =
2𝜎4

𝑛−1
=

2(𝜎2)2

6−1
=

2(12)2

5
= 57.6 

         (b) Distribution of 𝑺𝟐 

           We know that 𝑋~𝑁(𝜇, 12)    ⇒
(n−1)𝑆2

𝜎2 ~χ2
𝑛−1     

                                                                       ⇒
(6−1)𝑆2

12
~χ2

𝑛−1  ⇒
𝟓𝑺𝟐

𝟏𝟐
~𝛘𝟐

𝟓 



Zahra Kaabi 
 

         (c)  𝑷(𝟐. 𝟑𝟎 < 𝑺𝟐 < 𝟐𝟐. 𝟐) 

              We have from (b) 
5𝑆2

12
~χ2

5 

              𝑃(
5

12
(2.30) < 

5

12
𝑆2 <

5

12
(22.2))= 𝑃(

5

12
(2.30) < χ2

5 <
5

12
(22.2)) 

                                                                           = 𝑃(0.96 <  χ2
5 < 9.25) 

                                                                           =𝑃(χ2
5 > 0.96) −  𝑃(χ2

5 > 9.25) 

                                                                          =0.975-0.1 

                                                                          =0.875 

2.7:  Let 𝑿𝟏, 𝑿𝟐 𝒂𝒏𝒅 𝑿𝟑be iid random variable, each with pdf f(𝑥) = 𝒆−𝒙 , 0 < 𝑥 < ∞ ; and  

        let 𝒀𝟏 < 𝒀𝟐 < 𝒀𝟑 be the order statistics of the random variables. Find:  

 

        (a) the distribution of 𝒀𝟏 = 𝐦𝐢𝐧 (𝑿𝟏, 𝑿𝟐, 𝑿𝟑) 

               Since the pdf is 𝑓𝑋(𝑥) = 𝑒−𝑥  ⇒ 𝑋~𝑒𝑥𝑝(1)  ⇒ 𝐹𝑋(𝑥) = 1 − 𝑒−𝑥 

                   𝑓𝑌1
(𝑦1) = 𝑛 𝑓𝑋(𝑦1)[1 − 𝐹𝑋(𝑦1)]𝑛−1,    0 < 𝑦1 < ∞ 

                                =  3𝑒−𝑦1[1 − (1 − 𝑒−𝑦1)]3−1  

                                =  3𝑒−𝑦1𝑒−2𝑦1  =3𝑒−3𝑦1 

                 Then,     𝑓
𝑌1

(𝑦
1)  = 3𝑒−3𝑦1  ,    0 < 𝑦1 < ∞ 

                 𝑌1~𝑒𝑥𝑝 (
1

3
)  ⇒ 𝑭𝒀𝟏

(𝒚
𝟏) = 𝑷(𝒀𝟏 ≤ 𝒚

𝟏) = 1 − 𝑒−3𝑦1 

                (b) 𝑷(𝟑 ≤ 𝒀𝟏) =  𝑷(𝒀𝟏 ≥ 𝟑) = 1 − 𝑃(𝑌1 < 3) = [1 − (1 − 𝑒−3(3))]=𝑒−9=0.00012 

                 (c) The joint pdf of 𝒀𝟐 𝒂𝒏𝒅 𝒀𝟑 

    𝒇𝒓,𝒌(𝒚𝒓, 𝒚𝒌) =
𝒏!

(𝒓 − 𝟏)! (𝒌 − 𝒓 − 𝟏)! (𝒏 − 𝒌)!
[𝑭𝑿(𝒚𝒓)]𝒓−𝟏[𝑭𝑿(𝒚𝒌) − 𝑭𝑿(𝒚𝒓)]𝒌−𝒓−𝟏[𝟏 − 𝑭𝑿(𝒚𝒌)]𝒏−𝒌𝒇𝑿(𝒚𝒌)𝒇𝑿(𝒚𝒓) 

                       We have here 𝑟 = 2, 𝑘 = 3 and n=3 

𝑓2,3(𝑦2, 𝑦3) =
3!

(2 − 1)! (3 − 2 − 1)! (3 − 3)!
[𝐹(𝑦2)]2−1[𝐹(𝑦3) − 𝐹(𝑦2)]3−2−1[1 − 𝐹(𝑦3)]𝑛−𝑘𝑓(𝑦3)𝑓(𝑦2) 

                           = 6[1 − 𝑒−𝑦2][(1 − 𝑒−𝑦3) − (1 − 𝑒−𝑦2)]0[1 − (1 − 𝑒−𝑦3)]0𝑒−𝑦3𝑒−𝑦2 

                           = 6[1 − 𝑒−𝑦2] 𝑒−(𝑦2+𝑦3) ,   0 < 𝑦2 < 𝑦3 < ∞. 
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 2.8: Let 𝒀𝟏 < 𝒀𝟐 < ⋯ < 𝒀𝒏be the order statistics from a Weibull distribution.  

           Find the distribution function and pdf of 𝒀𝟏.  

 

              If    𝑋~𝑊𝑒𝑖𝑏𝑢𝑙𝑙 (𝛼,
1

𝛽
) 

            ⇒  𝑓𝑋(𝑥) = 𝛼𝛽𝑥𝛽−1𝑒−𝛼𝑥𝛽
   

           ⇒ 𝐹𝑋(𝑥) = 1 − 𝑒−𝛼𝑥𝛽
,        𝑥 ≥ 0, 𝛼 > 0, 𝛽 > 0  

                         𝑓𝑌1
(𝑦1) = 𝑛𝑓𝑋(𝑦1)[1 − 𝐹𝑋(𝑦1)]𝑛−1,    0 < 𝑦1 < ∞ 

                                     = 𝑛 𝛼𝛽𝑦1
𝛽−1𝑒−𝛼𝑦1

𝛽
[1 − (1 − 𝑒−𝛼𝑦1

𝛽
)]

𝑛−1

 

                                     = 𝑛𝛼𝛽𝑦1
𝛽−1𝑒−𝛼𝑦1

𝛽
[𝑒−𝛼𝑦1

𝛽
]

𝑛−1

 

                                     = 𝑛𝛼𝛽𝑦1
𝛽−1 [𝑒−𝛼𝑦1

𝛽
]

𝑛

 

                                      = 𝑛𝛼𝛽𝑦1
𝛽−1𝑒−𝑛𝛼𝑦1

𝛽
 

                                      ⇒  𝑌1~𝑊𝑒𝑖𝑏𝑢𝑙𝑙 (𝑛𝛼,
1

𝛽
) 

          Then,    𝐹𝑌1
(𝑦1) = 1 − 𝑒−𝑛𝛼𝑥𝛽

. 

 

 

 


