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Explain your reasoning for why you have answered a certain
value.

Exercise 1 You know that ages in a certain population follow a single-
parameter Pareto distribution with

f(x) =
�

x�+1
, x > 1

A random sample of size six produced four losses with values 19, 23, 75 and
95, and two losses exceeding 100. Use the method of maximum likelihood
estimation to estimate the parameter �.

A) 0:3655 B) 0:2655 C) 0:1655 D) 0:0655

Exercise 2 For a sample of 100 pieces of data, you know the following: �xi
= 97; 000; �x2i = 890; 340; 000. A lognormal distribution with parameters �
and � is used to �t the data. Estimate � and � using the method of moments.
The value of � is among the following A) 4:7588 B) 5:7536 C) 6:7588 D) 3:7588
The value of � is among the following A) 2:0584 B) 1:4991 C) 0:4868 D) 2:4974

Exercise 3 A certain Burr distribution has parameters � = 1, and � and
 unknown (use distribution in A.2.2.2). You know the following about a
random variable that follows a Burr distribution.
60% of values are greater than 50.
10% of values are greater than 9; 200.
Find the value of � for this Burr distribution using this data. The method
you will be using is known as percentile matching.

A) 113 B) 213 C) 313 D) 413

Exercise 4 (Bonus) You are given:
(i) Losses follow an exponential distribution with mean �.
(ii) A random sample of 20 losses is distributed as follows:

Loss Range Frequency
[0; 1000] 7
[1000; 2000] 6
[2000;1) 7

Calculate the maximum likelihood estimate of �.
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Exercise 5 You observe the following sample of losses:

600 700 900

No information is available about losses of 500 or less. Losses are assumed
to follow an exponential disttribution with mean �.
Determine the maximum likelihood estimate of �.

A) 233 B) 400 C) 500 D) 733 E) 1233

Exercise 6 A group dental policy has a negative binomial claim count N
distribution with mean 300 and variance 800. Ground-up severity X is given
by the following table:

Severity Probability
40 1=4
80 1=4
120 1=4
200 1=4

You expect severity to increase 50% with no change in frequency. You decide
to impose a per claim deductible of 100. Calculate the expected total claim
payment ES after these changes.

A) 7500 B) 10500 C) 14500 D) 19500 E) 22500
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APPENDIX A. AN INVENTORY OF CONTINUOUS DISTRIBUTIONS 2

A.2 Transformed beta family

A.2.2 Three-parameter distributions

A.2.2.1 Generalized Pareto (beta of the second kind)–α, θ, τ

f(x) =
Γ(α+ τ)

Γ(α)Γ(τ)

θαxτ−1

(x+ θ)α+τ
F (x) = β(τ , α;u), u =

x

x+ θ

E[Xk] =
θkΓ(τ + k)Γ(α− k)

Γ(α)Γ(τ)
, −τ < k < α

E[Xk] =
θkτ(τ + 1) · · · (τ + k − 1)

(α− 1) · · · (α− k)
, if k is an integer

E[(X ∧ x)k] =
θkΓ(τ + k)Γ(α− k)

Γ(α)Γ(τ)
β(τ + k, α− k;u) + xk[1− F (x)], k > −τ

mode = θ
τ − 1
α+ 1

, τ > 1, else 0

A.2.2.2 Burr (Burr Type XII, Singh-Maddala)–α, θ, γ

f(x) =
αγ(x/θ)γ

x[1 + (x/θ)γ ]α+1
F (x) = 1− uα, u =

1

1 + (x/θ)γ

E[Xk] =
θkΓ(1 + k/γ)Γ(α− k/γ)

Γ(α)
, −γ < k < αγ

VaRp(X) = θ[(1− p)−1/α − 1]1/γ

E[(X ∧ x)k] =
θkΓ(1 + k/γ)Γ(α− k/γ)

Γ(α)
β(1 + k/γ, α− k/γ; 1− u) + xkuα, k > −γ

mode = θ

µ
γ − 1
αγ + 1

¶1/γ
, γ > 1, else 0

A.2.2.3 Inverse Burr (Dagum)–τ , θ , γ

f(x) =
τγ(x/θ)γτ

x[1 + (x/θ)γ ]τ+1
F (x) = uτ , u =

(x/θ)γ

1 + (x/θ)γ

E[Xk] =
θkΓ(τ + k/γ)Γ(1− k/γ)

Γ(τ)
, −τγ < k < γ

VaRp(X) = θ(p−1/τ − 1)−1/γ

E[(X ∧ x)k] =
θkΓ(τ + k/γ)Γ(1− k/γ)

Γ(τ)
β(τ + k/γ, 1− k/γ;u) + xk[1− uτ ], k > −τγ

mode = θ

µ
τγ − 1
γ + 1

¶1/γ
, τγ > 1, else 0
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A.3.3 One-parameter distributions

A.3.3.1 Exponential–θ

f(x) =
e−x/θ

θ
F (x) = 1− e−x/θ

M(t) = (1− θt)−1 E[Xk] = θkΓ(k + 1), k > −1
E[Xk] = θkk!, if k is an integer

VaRp(X) = −θ ln(1− p)

TVaRp(X) = −θ ln(1− p) + θ

E[X ∧ x] = θ(1− e−x/θ)
E[(X ∧ x)k] = θkΓ(k + 1)Γ(k + 1;x/θ) + xke−x/θ, k > −1

= θkk!Γ(k + 1;x/θ) + xke−x/θ, k an integer

mode = 0

A.3.3.2 Inverse exponential–θ

f(x) =
θe−θ/x

x2
F (x) = e−θ/x

E[Xk] = θkΓ(1− k), k < 1

VaRp(X) = θ(− ln p)−1
E[(X ∧ x)k] = θkG(1− k; θ/x) + xk(1− e−θ/x), all k

mode = θ/2

A.5 Other distributions
A.5.1.1 Lognormal–μ,σ (μ can be negative)

f(x) =
1

xσ
√
2π
exp(−z2/2) = φ(z)/(σx), z =

lnx− μ

σ
F (x) = Φ(z)

E[Xk] = exp(kμ+ k2σ2/2)

E[(X ∧ x)k] = exp(kμ+ k2σ2/2)Φ

µ
lnx− μ− kσ2

σ

¶
+ xk[1− F (x)]

mode = exp(μ− σ2)
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A.5.1.2 Inverse Gaussian–μ, θ

f(x) =

µ
θ

2πx3

¶1/2
exp

µ
−θz

2

2x

¶
, z =

x− μ

μ

F (x) = Φ

"
z

µ
θ

x

¶1/2#
+ exp

µ
2θ

μ

¶
Φ

"
−y
µ
θ

x

¶1/2#
, y =

x+ μ

μ

M(t) = exp

"
θ

μ

Ã
1−

r
1− 2tμ

2

θ

!#
, t <

θ

2μ2
, E[X] = μ, Var[X] = μ3/θ

E[X ∧ x] = x− μzΦ

"
z

µ
θ

x

¶1/2#
− μy exp

µ
2θ

μ

¶
Φ

"
−y
µ
θ

x

¶1/2#

A.5.1.3 log-t–r, μ, σ (μ can be negative)

Let Y have a t distribution with r degrees of freedom. Then X = exp(σY + μ) has the log-t distribution.
Positive moments do not exist for this distribution. Just as the t distribution has a heavier tail than the
normal distribution, this distribution has a heavier tail than the lognormal distribution.

f(x) =

Γ

µ
r + 1

2

¶
xσ
√
πrΓ

³r
2

´"
1 +

1

r

µ
lnx− μ

σ

¶2#(r+1)/2 ,

F (x) = Fr

µ
lnx− μ

σ

¶
with Fr(t) the cdf of a t distribution with r d.f.,

F (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

2
β

⎡⎢⎢⎢⎣r2 , 12 ; r

r +

µ
lnx− μ

σ

¶2
⎤⎥⎥⎥⎦ , 0 < x ≤ eμ,

1− 1
2
β

⎡⎢⎢⎢⎣r2 , 12 ; r

r +

µ
lnx− μ

σ

¶2
⎤⎥⎥⎥⎦ , x ≥ eμ.

A.5.1.4 Single-parameter Pareto–α, θ

f(x) =
αθα

xα+1
, x > θ F (x) = 1− (θ/x)α, x > θ

VaRp(X) = θ(1− p)−1/α TVaRp(X) =
αθ(1− p)−1/α

α− 1 , α > 1

E[Xk] =
αθk

α− k
, k < α E[(X ∧ x)k] = αθk

α− k
− kθα

(α− k)xα−k
, x ≥ θ

mode = θ

Note: Although there appears to be two parameters, only α is a true parameter. The value of θ must be
set in advance.
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B.2.1.2 Geometric–β

p0 =
1

1 + β
, a =

β

1 + β
, b = 0 pk =

βk

(1 + β)k+1

E[N ] = β, Var[N ] = β(1 + β) P (z) = [1− β(z − 1)]−1.

This is a special case of the negative binomial with r = 1.

B.2.1.3 Binomial–q,m, (0 < q < 1, m an integer)

p0 = (1− q)m, a = − q

1− q
, b =

(m+ 1)q

1− q

pk =

µ
m

k

¶
qk(1− q)m−k, k = 0, 1, . . . ,m

E[N ] = mq, Var[N ] = mq(1− q) P (z) = [1 + q(z − 1)]m.

B.2.1.4 Negative binomial–β, r

p0 = (1 + β)−r, a =
β

1 + β
, b =

(r − 1)β
1 + β

pk =
r(r + 1) · · · (r + k − 1)βk

k!(1 + β)r+k

E[N ] = rβ, Var[N ] = rβ(1 + β) P (z) = [1− β(z − 1)]−r.

B.3 The (a, b, 1) class

To distinguish this class from the (a, b, 0) class, the probabilities are denoted Pr(N = k) = pMk or Pr(N =
k) = pTk depending on which subclass is being represented. For this class, p

M
0 is arbitrary (that is, it is a

parameter) and then pM1 or pT1 is a specified function of the parameters a and b. Subsequent probabilities are
obtained recursively as in the (a, b, 0) class: pMk = (a+b/k)pMk−1, k = 2, 3, . . ., with the same recursion for p

T
k

There are two sub-classes of this class. When discussing their members, we often refer to the “corresponding”
member of the (a, b, 0) class. This refers to the member of that class with the same values for a and b. The
notation pk will continue to be used for probabilities for the corresponding (a, b, 0) distribution.

B.3.1 The zero-truncated subclass

The members of this class have pT0 = 0 and therefore it need not be estimated. These distributions should
only be used when a value of zero is impossible. The first factorial moment is μ(1) = (a+ b)/[(1−a)(1−p0)],
where p0 is the value for the corresponding member of the (a, b, 0) class. For the logarithmic distribution
(which has no corresponding member), μ(1) = β/ ln(1+β). Higher factorial moments are obtained recursively
with the same formula as with the (a, b, 0) class. The variance is (a+b)[1−(a+b+1)p0]/[(1−a)(1−p0)]2.For
those members of the subclass which have corresponding (a, b, 0) distributions, pTk = pk/(1− p0).
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