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Problem 1. (6 marks)

1. For a special fully continuous whole life insurance on (65): (i) The death benefit at time t is by =
2000e%95¢ for ¢ > 0, (ii) Level premiums are payable for life, (iii) yg5,, = 0.04, t >0 and § = 0.05

(a) (2 marks) Calculate the annual net premium rate for this life insurance.

(b) (2 marks) Calculate the premium reserve at the end of year 2.

2. (2 marks) For a fully discrete whole life insurance of 1000 on (50), you are given:
1000Pso = 25, 1000441 = 440, 1000¢g0 = 20, and i = 6%
Calculate 1000 19 Vsg.

Solution:

1.

(a) APV(FB) at time zero is given by

E [sze*m} - / bre ™% fos(t)dt = 2000 / fos(t)dt = 2000.
0 0
APV(FP) at time zero is given by

o o.9]
Pags = P / e % ypesdt = P / e~ 005004 gy
0 0

100 [ 100
= p— 0.09¢ %% qt = p——.
9 Jo 9

Therefore the annual net premium rate for this life insurance, given, by the equivalence principle
is
P =180

(b) The APV, at time 2, of future benefit is
APV(FB), = / birae ™ iperfigr dt = / 2000¢%-05(t+2) =005t =004 4y
0 0

oo o0
= 2000 / e~ 00240 04dt = 20001 / 0.04e 0% gt = 2210.3418.
0 0

and the APV, at time 2, of future premium rates is Pagy where

1 — pTer 1 1 100
aﬁ?ZE[ ! }

5 | u+o 009 9

1
APV (FB), — Pagr = 2210.3418 — 180 x %

= 2210.3418 — 2000 = 210.3418.

2V



2. We know that

1000 19V50 = 1000 (Ao — Psodso) = 1000A60 — 1000 P50 g0

1—A
— 1000 Agp — 25060 = 100040 — 25 < y 60) .

Now, we need Agg By recursion relation for life insurance we can write

Ao = vg60 + VD60 As1,

then
1000 Agy = v x 1000 ge0 + vpgo X 1000 Ag1
20 1-0.02
= 440 = 425.66
106~ 106
Consequently
1 —0.42566
1000 19V50 = 425.66 — 25 <006> (1.06) = 171.99316.

Problem 2. (6 marks)

For a fully discrete 20—year deferred whole life insurance of 1000 on (50), you are given: (i) Premiums
are payable for 20 years. (ii) Deaths are Uniformly Distributed between integral ages. (iv) 6 = In(1.045),
d59 = 460 = q70 = 0.5 and 9V = 60, 10V = 250, 21V = 1850

1. (2 marks) Calculate the level net premium for this policy.

2. (2 marks) Calculate 11V, the net premium reserve at the end of year 11.

3. (2 marks) Calculate 50V, the net premium reserve at the end of year 20.

Solution:
1. Remark first that 7 = 0.045. From recursion formula we have

(oV+P)1+1i) = gs0x0+ 10V pso

1
= (I—gs9) 10V = (1 — 2) 250 = 125.0

then 125.0
P=""""_60=59.6172
Coir ~ 60=7596

2. From recursion formula we have also

(10V+P)(1+14) =gs0 X 0+ 11V peo

henee 250 + 59.6172) x 1.045
L= (290F : 2) x 1035 _ 647 009948
)
3. We have 1000 ;
20V (1.045) = g70 x 1000+ 21V (1= gro) = —— + %
then 1000 + 1850
20V = ——————— =1363.636364.

2 (1.045)



Problem 3. (6 marks)

1. (2 marks) For an insurance policy of 10,000 on (70):
(i) Premiums are payable quarterly. The quarterly net premium is 175.
(ii) Benefits are paid at the end of the year of death.
(iii) g7g = 0.04, with constant force of mortality between integral ages.
(

iv) i = 0.1 and g1V = 1122. Calculate g7V.

2. (2 marks) For a fully continuous 10—year endowment insurance of 100,000 on (55):
(i) The annual gross premium is 250.
(ii) Expenses are 3% of the gross premium, plus settlement expenses of 100.
(iii) p, = 0.001(1.015)* and § = 0.04
Using Euler’s method Lower end with step h = 0.1 to calculate ¢ gV9.

3. (2 marks) For a whole life insurance of 20,000 on (z), we assume that benefits are payable at the
moment of death, level premiums are payable at the beginning of each year, Deaths are uniformly
distributed over each year of age and ¢ = 0.04, d, = 8, dz4+10 = 6,

Calculate the 10 year net premium reserve for this insurance.

Solution:

1. From recursion we have

(s1V 4 0) (1.1)**7%1 = 10000 v' %% 15781 + 825V 0.15P78.1
T
eV = VO (1.1)°" — 10000 x (1.1)""™ (1 — o15p7s.1)
' 0.15P78.1
C (31V +0) (1.1)*° = 10000 x (1.1) 777 (1 — p%5)
i W
(1122) (1.1)* — 10000 x (1.1)7%™ (1 - (0.96)0'15>
= - = 1087.9630
(0.96)"
and
V= (8.25V +175) (1.1)%% — 10000 x (1.1)7%° (1 — o.25p78.25)
' 0.25078.25
V +175) (1.1)%% — 10000 x (1.1)7%° (1 — p9
_ )(11) i (LD~ (1 - pi”) (since 0.25 + 0.25 < 1)
P78
(1087.9630 + 175) (1.1)%25 — 10000 x (1.1)7°% (1 - (0.96)0'25>
(0.96)"
and
V- (85V +175) (1.1)%2 — 10000 x (1.1)7%3 (1 — g.2p7s5)
' 0.2P78.5
V 4 175) (1.1)%% — 10000 x (1.1)7%3 (1 — p%2
_ (b ) (L) o3 an-7( p78)(since 0.2+0.25 <1)
P78

(1208.8814 + 175) (1.1)°2 — 10000 x (1.1)"%* (1 - (0.96)0'2)

_ — = 1342.4098.
(0.96)°




2. We have ¢; = 0.03, e; = 0 and p, = 0.001(1.015)* moreover

t+h V9 = h (Gt — ;G — (b + Ey) prp 1)

VI o~
' LoD (60 + ppse)
VI—h(Gi(1—¢)— (b + E
_ t+h ( t ( Ct) ( t t) /’LZE+t) (t _ 997 h = 01)
1+ h (6 + pors)
then
v 10V9—-0.1 (250 (1 —0.03) — (100000 + 100) ,u55+9_9)
9.9 =

1+0.1 (004 + H55+9.9)
but 55499 = Hesg = 0.001(1.015)%49 = 0.002628 and 19V¥ = 0 since this is a term insurance. Then

100000 — 0.1 (250 (1 — 0.03) — (100000 -+ 100) (0.002628))

= 99577.57698.
1+ 0.1(0.04 + 0.002628)

99V ~

Again backward recursion and taking (t = 9.8, h = 0.1) we get

9.0V9 — 0.1 (250 (1 — 0.03) — (100000 + 100) 15519 8)
1+0.1(0.04 + p55,95)

9.8VY9 ~

and fs5, 9.5 = Heas = (0.001) (1.015)548 = 0.002624, thus

99577.57698 — 0.1 (250 (1 — 0.03) — (100000 + 100) (0.002624))

= 99156.94665.
1+ 0.1(0.04 + 0.002624)

98V ~

3. We know that for level benefits equals 1 we have 1oV = A$+10 — Pag410, where P the level net premium
for a semi—annual whole life insurance of 1 on (z). We first calculate P. The APV of benefit is

- i 1 . 0.04 0.04
A, = EAI = 5(1 —diy) = In(1.04) < 1ol (8)) = 0.706063339
From the equivalence principle we have P = Az W = 0.088257917.

At the end of 10 years, the APV of future beg:éﬁt is

_ i i 0.04 0.04
Ao = S Ao = 2(1 — di =0 (226 = 0.784514821
2110 = 5 Arti0 = (1 = ddat0) In(1.04) ( 1.046> 0.7845148

Consequently, 20000 1oV = 20000 (0.784514821 — 0.088257917(6)) = 5099.34638.

Problem 4. (6 marks)

1. (2 marks) For a fully discrete whole life insurance of 10,000 on (45):
(i) Both net and gross premiums are reduced by half starting with the 215" premium.
(ii) Expenses are 50% of premium in the first year, 10% of premium in renewal years.
(iii) A45 = 0.15, A65 = 0.24, A75 = 0.40, d= 0.04, 20P45 = 0.90 and 30P45 = 0.75.
Calculate the expense reserve at time 30 given that the gross premium G = 97.886 and the net premium
P = 85.857.

2. (2 marks) Calculate the FPT reserve at time 2 for a fully discrete 15-year endowment insurance of
1,000,000 on (30) given that: g3; = 0.002, d32:ﬂ =9 and i = 0.05,

3. (2 marks) For a fully discrete whole life insurance of 1000 on (30), the modified premium for each of
the first three years is 17.72, and modified premiums are level thereafter.
Calculate the modified reserve at the end of year 20 using Illustrative Life Table and ¢ = 0.06



Solution:

1. The expense premium for the first 20 years is P¢ = 97.886 — 85.857 = 12.029 ~ 12.03.
The expense reserve is the APV or EPV of future expenses minus expense premiums at time 30. Do
not forget that both the gross and the expense premiums are reduced by half after 20 years.

V¢ = 0.1%@-, - gdﬁ—, = %(0.1(} — P) iz
= %(0.1(1 — P?) <1?JA75> = 0.5 (0.1 x 97.89 — 12.03) 10__0?1'4 — —~16.8075
2. We have
10° oVIPT = 100, Vy) g = 10° (1 —~ Z‘”E> =10° (1 - 1am>
31:14) + Up31a3y.13

= 100(1- - )
1+ 35 (1—0.002) x 9

) = 58014.35407.

3. We have APV(FP), = iz + B 3G30 = Pdgo where P is the level annual net premium which is given
by

1000As30 1 1 0.06
P=""%—-1000( — —d) =1000 — ) =6.4634.
Gz (ago ) (15.8561 1.06)

Therefore

Pago — adgyz  Pdg) —a (dg0 — 3)diz0)

3130 3130

. .. .. Péan — (CL _ v3€373d‘ )
Paszo — a(d30 — 3F30d33)  * 430 30 230 #33

Jo ) 3033 7
3£30a33 V2 o 033

1 9455522
6.4634 x 15,8561 — 17.72 (15.8561 — (0575 $40352215.5906 )

— = 4.0188.
1 9455522
(1.0)3 9501381 15.5906
The modified reserve is then
mod . 1- A50
1000 20‘/:30 = 1000A50 — Bag,o = 1000A50 — ﬁ d
1 —0.24905
= 249.05 —4.0188 x ——— = 195.733664.

0.056604



Problem 5. (6 marks)
For a fully discrete 20—year term life insurance on (40), you are given:
(i) The death benefit is 10, 000.
(ii) The death benefit is payable at the end of the year of death.
(iii) Values in year 4:

Anticipated | Actual
Gross annual premium 90 90
Expenses as a percent of premium 3% 2.5%
The death probability g3 0.035 0.025
Annual effective rate of interest 5% 4%

(iii) Gross premium reserves are given as follows

End of year | Reserve
3 100
4 125

A company issued the 20—year term life insurance to 1000 lives age 40 with independent future lifetimes. At
the end of the third year 990 insurances remain in force.

1. (3 marks) Calculate the total gain in year 4 from the 990 insurances.

2. (3 marks) Decompose the total gain in gains from interest, expenses and mortality.

Solution:
1. The actual profit is
Pry = N[(sV9+Gs(1=)— &) (1+7) | = N [ (b + ) s + 4V pis]
= 990 (100 + 90(1 — 0.025)) x (1.04) — 990 x (0.025 x 10000 + 0.975 x 125) = —174848.8500.
Similarly, the expected profit is

Pr, = N [( 3V9 4+ G (1 — 63) - 63) (1 + 24)] - N [(b4 + E4) qaz + 4V p43]
= 990 (100 + 90(1 — 0.03)) X (1.05) — 990 x (0.035 x 10000 + 0.965 x 125) = —271220.4000

So the total gain is —174848.8500 — (—271220.40) = 96371.55.

2. The total Gainy = Pr} + Pr§ + Pr{ where
Interest component:

Pri = N ( 3VI + Gs (1 — 63) — 63) </Z\4 — Z4>}
— 990 (100 + 90(1 — 0.03)) (0.04 — 0.05) = —1854.270
Expenses component:
Prj = —N(Gs(c3—c3)+e3—es3) (1 +§4) - N (E4 - E4) Q3

= —990 x 90 x (0.025 — 0.03) x 1.04 — 990 x 0 x 0.025 = 463.320

Mortality component:
Pr{ = —-N (54 + By - 4Vg) (qa3 — qu3)
— 990 x (10000 — 125) x (0.025 — 0.035) = 97762.500.

Verification —1854.270 4+ 463.320 + 97762.500 = 96371.55.



