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Problem 1. (5 marks)

1. For a special fully discrete whole life insurance on (40) you are given:
(i) The benefit is 12000 if death occurs before age 55 and 6000 if death occurs afterwards.
(ii) Expenses are

Per premium | Per policy
First year 80% 120
Renewal 4% 10

(iii) Mortality follows the Illustrative Life Table and ¢ = 0.06.

(a) Calculate the level gross premium.

(b) Calculate the reserve at the end of the year 15.

2. Calculate the FPT reserve at the end of year 2 for a fully discrete 20—year endowment insurance
of 1000 on (40) using ILT and i = 0.06.

3. You are given: (i) 1000435 = 235.68 and (ii) 100045, = 281.05, (iii) Deaths are uniformly
distributed between integral ages. Calculate the semi—continuous reserve at time 12 for a whole
life insurance of 1000 on (38) when ¢ = 0.05.

Solution:
1.
(a) APV(F.P.)0 = Gayy = 14.8166G,

APV(D.B.), = 12000415 + 6000 1544 = 12000 (As — 151A440) + 6000 15 As
= 12000 A49 — 6000 15449 = 12000 As9 — 6000 15E4s0 Ass
= 12000A49 — 6000 As55 5F40 10Es5
12 x 161.32 — 6 x 305.14 x 0.73529x0.52652 = 1227.

and

APV(FExp.), = 120+ 0.8G + (10 + 0.04) a
= 120+ 0.8G + (10 + 0.04G) (440 — 1)
— 110+ 0.76G + (10 4 0.04G) g
= 110+ 0.76G + (10 + 0.04G) (14.8166)
= 1.3527G + 258.17

Finally G is given as the solution of 1.3527G +258.17+1227 = 14.8166G, hence G = 110.31



(b) The gross reserve at time 15 is

15Vg = 6000A55 + (10 + 004G> d55 - Gd55
= 6000A55 + (10 — 0.96G) dss
= 6 x 305.14+ (10 — 0.96 x 110.31) x 12.2758 = 653.620.

2. The FPT reserve at time 2 is the time 1 level net premium reserve for a 21-year endowment
insurance on (39), that is

2Viosg, = 1Varmg =1- “:j
and
d42:T8y = G2 — 18Fu2d60 = Gy2 — v Sim
_15 8188074 ”

= 14.551 — (1.06) x 11.1454 = 11.098.

9259571

We can backup a4.7g using recursion on annuities.

d40:ﬂ = (d40 - 20E40d60) =1+ p40d41:@

. 4o — 20FBs0de0 —1  14.8166 — 0.27414 x 11.1454 — 1
(41:79] = T—qao = 1-0.00278
1+i 1.06

=11.439

Then the net premium reserves,

11.098
11.439

S, VIPT = 1000 (1 — ) = 29.81

3. We have Asg = 0.2356820-99) — (22998 and A,y = 0.2810520:%) — () 27425

0.05 0.05
Ay — Asg
1— Ass

0.05
Vo= ———1000
2 In(1.05) (
0.05 0.27425 — 0.22998

= —— 1000
In(1.05) ( 1— 0.22998

) = 58.918.

Problem 2. (5 marks)
1. For a double decrement model you are given the following
¢ = 0125, ¢l =0.252 and gff) = 0.335

Calculate q( )

2. Consider a double-decrement model: (1) if the cause of death is accident and (2) if the cause of

death is due to other means. Given qg(f) = 505 and qx = 2qg(61)7 calculate the probability that an

individual age 20 will die from accident within 3 years.

3. Assuming constant forces of decrement in each year of age, you are given:
¢V =015, ¢ =025 and 12 =03, pl) =0.2

Calculate 1|q§?)) for a double-decrement table.



Solution:
1. We know that
a5 = a5 —ast) =1 —pi) — g5 =1 —0.125 — pii) = 0.875 — piy)

)
Moreover 1|q§? = pég) qéé) which implies that pé? = 1'%)5 = 0252 _ () 75224, thus qé? = 0.875 —

0.335
0.75224 = 0.12276.

2. The probability of dying from accident within 3 years is the sum of the probabilities of dying in

each year, which are

1 T
qgo) +p§0) Q§1) + 229%0) qgQ)

We know Q:(t ) = Qa(cT) q(2) = Qa(:T)—QQa(cl)a hence Qa(: )= 9(67)7 thus q(l) :1*)22000 - 3107 ;) = é22010 - %
and q%) = %% = m. Moreover pgo) =1- ﬁ =0. 9 and le =1- 22010 = 0.895 then
o) = P& plt) = 0.9 x 0.895 = 0.8055.
Fmally + 0.9 x % + 0.8055 x 300 = 0.094368.
3. We have
/(1 _
1\Qz(10) = PELO) Qz(u) = p4(0) p4(0) qA(n) =(1-015)e€ 03 ngl)

Now, we need to find q41 . We have
@) boo Lo e @
4y = /0 sPa1 :U’41+s ds_/o sPa1” sPa1 Matys dS
1 s 1 s
_ / =025 (piff)) W2 ds = / o025 (1_(12(12)) @, ds
0 0
1
= / e %% (0.75)° (— In (0.75)) ds = 0.22767.
0

Finally 1/¢5 = 0.85¢7030.22767 = 0.14336.

Problem 3. (5 marks)

1. For a 3—year fully discrete term insurance of 5000 on (50), subject to a double decrement model:
Decrement (d) is death. Decrement (w) is withdrawal.

ng) dgf”) dg;d)

x
50 | 3000 | 50 | 30
ol | — 30 | 40
22 | — — 20

Assume that a withdrawal benefit of 1000 is possible in the second year. Calculate the level
annual premium for this insurance for ¢ = 0.04.

2. For a fully continuous whole life insurance of 12000 on () is subject to CFM and CFI that is
w, = p for all x, and § = 0.05. The net single premium for is 4000. Suppose that we change the
mortality assumption to a double decrement model with u; ) = = pand ux ) such that u( ) = 2/19(01).
Assume that the benefit amount and force of interest are unchanged. Determine the net single

premium for the double decrement model.



3. An insurance company uses a double model to calculate premiums and reserves for a special
10-year term insurance policy. Let (1) be death due to accident and (2) be death due to other
causes and suppose

1Y = 0.005 + 0.0004€*%%% and p» = 0.0001

The basic death benefit is 10,000, but the death benefit becomes 15,000 if death occurs as a
result of an accident. The death benefit is payable immediately on death. Premiums are payable
continuously throughout the term. Ignore expenses. Using a force of interest of 5% per year and
ignoring expenses, for a policy issued to a life aged 25. The level premium is 161.13.

(a) Write down the Thiele’s differential equation satisfied by the benefit reserve.

(b) Use Euler’s method with h = 1 and a backward recursion to find for the reserve at the end

of year 7.
Solution:
1. We have
@
APV(FP>0 = P <1 +tv pg(;) + ’U2 2pg7(-))) =Pl1l+vw ﬁ + U %
l50 Cso
6(7—) 7’) E(T) d (1)
_p <1 1y 0~ %50 50 12 51
g(T)
50
oy, g W 59 e g -
40
1 3000 80 1 3000 — 80— 70
= P|(1 = 2.8142P.
( 104 3000 T (1042 3000 )
and

APV(F.B.), = 50004 +10000” yq7
= 5000 (v g8 + v 1glf) +0® 210l ) + 1000 v2 y0f)
5 1 w
= 3 (U défé + v d51 + v qég)) +§ v dél)

5 ( 30 0 50 ), 1 30
3 T 30ap

106~ (1.06)2 © (1.06)?
= 183.80 + 9.2456 = 193.0456

193.0456
Thus P = e = = 68.5970.

2. The net single premium for the double decrement model is the APV of future premiums

(r)
™ 19 P L
S ) 3u+0 31+ 0.05

12000 AL = 12000

We need just to find g which can be backed from 4000 = 12000—£—, hence p = 0.025 thus

+0 05?7

_ 3 % 0.025
12000 A7) = 12 = 7200.
0004, 0003 x 0.025 + 0.05 7200




3. We have 8" = 0.005 + 0.0004¢%% and {2 = 0.0001

S - s 4 2
/ ugsi_u du = 104/ (51 + 460 08(25-+u) ) du = 10" 4 51s + — ( 0.08s 1)
’ 0 0.08
spg[;) =exp | —107*(5ls + — de? ( 0.08s 1) '
0.08

10 10 4 2
APV(FP), = P /0 e % p{Dds = /O e %05 exp (—0.0001 <5ls + 0—38 (2% — 1))) ds
= 7.5547

and

10
APVED), — 1000 [ ) (1508 02, o
0

10 2
= / e %% exp (—0.0001 (513 + (;108 (i 1))) (15 (5 + 0.4e®03E5H)) 4 1) ds
0
= 1067.4.

So the premium is P = %956574‘; = 141.2895 a correction is taken P = 161.13.

(a) The Thiele’s differential equation satisfied by the benefit reserve is

d.,Vv

- 1
i P+ (6+ Mg5)+t) tV = b( )M25+t - bt N;S)th

= 161.13+ (0.05 + 0.0051 + 0.0004¢” %) |1 — 15 (5 + 0.4" ) — 1
— 16113 4 (0.0551 4 0.0004¢% %50 ¥ — 15 (5 4 0.420525+0) 1
= 85.13 + (0.0551 + 0.0004¢%08E5+0)) 17— 600825+

(b) The backward recursion scheme of Euler’s method is

1080V — 10-(ks1)nV
h

or equivalently

= 85.13 + (0.0551 + 0.000460'08(35—kh)) Lo_rnV — 6e0-08(35—kR)

o-(enV — 10-knV = —h (85.13 + (0.0551 + 0.0004€ 05 FY 0, 1V — 6008635k

with terminal value 1oV = 0. Now we start with £ = 0 and compute the reserves recursively,

using h = 1:
we get
oV = 1V — (85.13 + (0.0551 + 0.0004e*0535)) )1 — 6 -08(39)
= 0 — (85.13 + (0.0551 + 0.0004¢* %50 — 620535)) = 98.668
sV = oV — (85.13 + (0.0551 + 0.0004e*53) g — 6e20864))
= 98.668 — (85.13 + (0.0551 + 0.0004¢*%%) (98.668) — 6°*5(3) = 98.584
Vo= gV — (85.13 + (0.0551 + 0.0004e*533)) (7 — 6e208(33))

= 98.584 — (85.13 + (0.0551 + 0.0004¢" %3 (98.584) — 6°%%*)) = 91.549



Problem 4. (5 marks)

1. Consider a permanent disability model of the following form:

(0) Healthy u—gl> (1) Disabled
ue N ot

and

0.75 0.25 1
01 02 _ oo 12
o =J00—2z M “100—2 " ~100—=x

for, = < 100;

This leads to

, ¢ 100 —
00 __ 11:1_ d 0120,75 1— 1 00 . 7
P = P 100 — 2" ¢ e 100—x) " \100—z —¢

Observe that ;pl2 =1 — pJ9 — pJs for t < 60.

A 3—year insurance on (40) pays an annuity of 6000 per year at the beginning of each of the
second and the third years if the insured is disabled and 12,000 at the end of the year of death if
death occurs within 3 years. Premiums are payable at the beginning of each year if the insured
is healthy at that time and are determined by the equivalence principle.

Calculate the annual premium for i = 0.03.

. Consider again a permanent disability model with three states: healthy (state 0), disabled (state
1), and dead (state 2). The forces of transition are, for all z: ' = 0.10, p2* = 0.05 and
pl? = 0.25 and interest 6 = 0.05.

A whole life insurance on (40) pays a benefit of 4000 at the time of transition to state 2.
Continuous premiums of 400 per year are payable for 10 years while the insured is healthy.
Calculate the reserve at time 2 if the insured is healthy.

Solution:

1. We know APV (F.P.), = P times APV of an annuity-due of 1 per year in state 0 that is

00 00
Pao 2P 40 1 59 1 58
APV(FP.), =P|(1 =P(l14+——+——-—] =2.8659P
( )0 ( + 1.03 + (1.03)2) ( + 1.03 60 + (1.03)2 60

and

APV(F.B.), = APV (Disability Benifits),+APV (Death Benifits),

6000(]?40 4 2Pao )+12000<p40 4 2Pi_ 3Pap >

1.03 ' (1.03)2 1.03 ' (1.03)2 © (1.03)

So we first calculate the required probabilities

59 60 58 60
01 01
=075 (= |In( = | = 0.012395 =075 = |In( =) = 0.024579
Pao (60) n<59) > 2Pao (60) n(58>

and observe that
59
PR = 1-pR—pit=1- o 0012305 = 0.0042717

58
e = 1— oply— oply=1-— oo — 0024579 = 0.0087543

57 57 60
sphe = 1— aplo— aplo=1-— L (@) In (ﬁ) — 0.013454.



Hence

012 024
APV(F.B), = 6000 (OO 5% 00 579)

103 (103

19000 (90042717 | 0.0087543  0.013454
1.03 (1.03)2 (1.03)3
= 6000 x 0.035202 + 12000 x 0.024711 = 507.7440

Finally the net level premium is P = 537823130 =177.16738.

. We know that
oV = APV(F.B.)2 — APV(F.P.)2

1

0o 8
= 4000/ e 0-05s Z Sp42 ,u42+sds 400/ e 0-05s sp42)ds
0 k=0 0

We first calclulate f08 e=005s 5190 g and JoT e S Pl kR ds,
The APV of a continuous annuity of 1 per year for 8 years at time 2 in the healthy state is:

5 8 1 — —8%02
/ —0.05s sp42 ) ds — / o—5(0.054+0.15) J¢ _ —7 = 3.9905.
0 0 ’

Thus APV (F.P.), =400 x 3.9905 = 1596.20. And

- > > 0.05
/ 6—0.058 spzolg ﬂgg+5 dS — / 6—0.0580‘056—0.158618 _ 005/ e—O.QSdS — " 025
0 0 0 02
But
spgé = / tp42 N42+t 5— tp42+t dt = / e 0150 17 0-25(s=) ¢
0 0
= (.1e Y255 /S 01t gy — 0255 (eO.ls . 1) _ o 015s _ ,—025s
0
thus
0.25/ e 005 (6_0'158 — 6_0'258) ds = ().25/ (6_0'25 — 6_0'38> ds
0 0
1 1
= 025 ———) =0.41667.
(0.2 0.3)
Therefore

1

/ e 00 N s uh3y, ds = 0.25+ 0.41667 = 0.66667
0 k=0

hus APV (F.B.), = 4000 x 0.66667 = 2666.68, finally 5V = 2666.68 — 1596.20 = 1070.48.



