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Midterm Exam I, Actuarial Mathematical Models I

Exercise 1
The survival function So(t) of the age-at death Ty is given by

So(t) = for t>0,

1+0?
1. Find Fy(t) the c.d.f of Ty
Find fo(t) the p.d.f of Ty
Find S,(t) the survival function of the future life time T, of an age .

Calculate opqp.

v e e

Calculate 105920 -
Solution:

1. The c.d.f. Fy(t) of Ty is given by Fy(t) =1 — Sp(t) =1 for all ¢ > 0.

- (1+t

/
2. The p.d.f. fo(t) of Ty is given by fo(t) = Fi(t) = (1 - jt)g) = 2 for all £ > 0.

3. The survival function S, (t) of future life time 7, is given in terms of Sy(¢) by: g +t)3

g (t) SO<:C + t) (1+J»’+t) _ (1 + :C)Q
: So(2) o (Lra+t)?

2
4. We know that ;p, = S,(t), then op19 = S19(2) = (1(iJ{&3)2)2 = 882 = 0.71598.

5. We know that ,,jn¢s = m4nGz — mQ@e = mPz — m4nPz, then

105920 = 10P20 — 15P20 = S20(10) — So(15)

(1+20?%  (1420?* 0.11862
(14+20+10)2 (1+20+15)2 ‘




Exercise 2

1. You are given the following mortality table:

x| 20 [21[22] 23 24
0 0.0700

7, | 30,000 23,900
d, | 1,200

Determine the probability that a life age 21 will die within two years.

2. CANCELED You are gien g, = 0.01 + Wko fork=0, 1, ..., 9. Calculate 4p; 16

3. Find p, when the Mortality follows Gompertz’s law (u, = Bc*). You are given that spgg = 0.95
and 19pgo = 0.87. Determine 3opgo.

Solution:

1. The required probability is oqo; = 1 — % We need /5, and {53 which will be backed up as follows

1

Uy = Loy — dap = 30000 — 1200 = 28800

now we shall use ¢, = % or equivalently ¢, = ff(‘}i, thus lo3 = % = 123’3%07 = 25698.92. So
we get
25698.92
=1——— =0.1076764.
2021 23800

2. CANCELED By definition of ;p, we can write

4Pz+6 = / % and ke = % = loyk —loy1ik = 1 lo
z+6 T
hence
9 9
Eac - é:v—i—lO - Z <€z+k - gw—l—l—‘rk) - Eax Z k\q;r
k=0 k=0
5 5
E.Z’ - Em—‘r(‘} - <€z+k - Ew—l—l—‘rk) - Eax Z k\q;r
k=0 k=0
thus
9 5
Ea:-i—lO = Eaz (1 - Z kqu> and El‘-ﬁ-ﬁ = Ew <1 - Z k|q:rz>
k=0 k=0
therefore

) by 1= 0 mae 1305 0(0.01+0.01k) 055
T s 1= wte  1— 300 ,(0.01+0.01k) 0.79

= 0.6962.



3. By definition of ;p, we can write

BeT

_ B

e =€ [5H pyds — B [ittesds _ e—Bf(;5 c*tsds

Take the log for x = 60, t = 5 and ¢t = 10 in the previous formula we get,

B (5 — 1 B0 (10 _
Bl —1) = —1n(0.95) and (e ) = —In(0.87)
In(c) In(c)
Dividing the first into the second,
In(0.87)
+1 = — L =2715015
o n(0.95)

¢ = +/1.715015 = 1.11392
AV —1 = 24.4453

e = (D (5
= —In(speo) (sto—_ll)

A0 —1
— (~1n0.95) ( —— ) — 1.753641
P = e LT Z 01731

Exercise 3
1. Assume that the life table function is given by £, = 10000e"%* 2 > 0. find 3110¢25

2. Assume that the life table function at some ages is given as follows: (i) Ly = 94,000, (ii)
l41 = 93,000, (i) 45 = 92,000
Assuming Constant Force of Mortality between integral ages, find 1.3G40.5-

3. The force of mortality at some ages of a certain mortality table are given: (i) pgys = 0.02, (ii)
ters = 0.04 and (iii) pgy s = 0.06. Under UDD assumption, calculate the probability that a
person age 60.5 will die within two years.

Solution:

1. We have

_ _ . log g
3/10925 = 13925 — 3Q25 = 3P25 — 13P25 = g— - g_
25 25
log — lsg e—0.05%28 _ ,—0.05x38
los e—0.05%25

— 6—0.05><3 _ 6—0.05><13 — 03386

2. We can write under CFM assumption

0.8
1.8P40 P40 X o08Pa1 P40 (Pa1) o 0.5 0.8
- - 0.5 - (p40) (p41)
0.5P40 0.5P40 (pao)

B @ 0.5 &ﬁ 0.8_ % 0.5 % 08_09861
Uy ly S\ 93 e '

1.3P405 =



thus
1.3440.5 = 1-— 1.3P405 = 1 —-0.9861 = 0.0139.

3. The probability that a person age 60.5 will die within two years is given by

P (Ts05 <2) = 29605 =1 — 2peos-

First calculate opgo.5. We have

2.5P60 _ 2P60 X 0.5P62 _ Peo X Pe1 X 0.5P62

2P60.5 = =
0.5P60 0.5P60 0.5P60
(1 —ge0) (1 — ge1) (1 — 0.5g62)
(1 — 0.5¢g0) -
Remember that under UDD assumption we have
Pop i = % forall integer z and 0 <r <1

1 —rq,

Therefore g, = 7722 and then i) goo = 17555505 = 0-0198, i) g61 = 15550 = 0-0392 and ii)

0.06

462 = Tr05x006 — 0-0082, consequently

(1—0.0198) (1 — 0.0392) (1 — 0.5 x 0.0582)
(1—0.5x 0.0198) .

Finally, the required probability 2gg05 = 1 — 0.92351 = 0.07649.

= 0.92351

2P60.5 =

Exercise 4

1. Ismail at age 30, wants to buy a 3—year endowment insurance, with a 40,000 SAR benefit payable
at the end of the year of death. Determine the net single premium for this insurance assuming

that Ismail is subject to a constant force of mortality, ., = 0.08 and a constant force of interest
0 =0.04.

2. A Woman, age 36, purchases a 3—year term insurance with benefits payable at the end of the
year of death. The benefit is given by the formula: by = 5000 x (1.04)* for t =1, 2, 3 Mortality
1s described in the following table:

Age 35 36 37 38 39 40
¢, | 60,000 | 50,000 | 47,500 | 45,000 | 42,500 | 40,000

Calculate the net single premium for this insurance when v = 0.05.

3. You are given the following excerpt from a TWO year select-and—ultimate mortality table:

] | by | lager | layr [T+ 2
30 | 10,000 | 9,000 | 8,000 | 32
311 9,500 | 8,500 | 7,500 | 33
321 9,200 | 8,100 | 7,000 | 34
33 [ 8,700 | 7,500 | 6,300 | 35
34 [ 8,000 | 6,600 | 5,200 | 36

You are also given that a 4-year pure endowment for 250,000 SAR issued at age 30 to a life
selected at age 30 has a net single premium of 50,000 SAR Assume a constant rate of interest.
Determine the net single premium for a 3-year pure endowment for 250,000 SAR issued at age
31 to a life selected at age 31.



Solution:

1. The net single premium is 40000 A;y,5 where

Asgg = Asloza + 3BE30 = vgs0 + v°psogs1 + v° apsogs2 + 0% 3pso

= vgso + v’paoga1 + v° 2p30 (g32 + p32) = vgs0 + v2P30q31 + v° 9pso
_ o004 (1 _ 670.08) | 008 (670.08) (1 _ 670.08) | 012,016

0.07387 4 0.65516 4 0.75578 = 1.4848

The answer is therefore 40000(1.4848) = 59392.

2. The net single premium NSP is given by:

NSP = vby qz6 + v°by P3s g7 + v°b3 2P3s s
Usg —la7 o, lsrlsy —Ll3g 5 U3glszg — lsg
wby 30 ST ey, TeTTeT T Hss |y as as — a0
Y “ U Uy Tl s
1

= (Ub1 (C36 — L37) + vy (L37 — L38) + v°bs (L35 — 639))
36

5000 ( 1.04 1.04\2 1.04\°
= <— (b6 — l37) + ( > (U37 — ls3) + (m) (U35 — «439)>

lss \ 1.05 1.05

1.04
1.05

20000
= 7358

5000 [ 1.04 1.04
(— (50000 — 47500) + (1—05

2
47500 — 4
L ) (47500 — 45000) +<

)3 (45000 — 42500))

3. The NSP of this policy is given by 25000014[31};% = 250000 3Ej31) where

l
A[31]:§ = 3E[31} =° 3P[31] = v 3P[31] = v? [Sng.
C31)
Now, let us back out the discount factor. We have
{130]4+4 5200
50000 = 250000 v* B ey 1 = 50t 22— = 052 x 5o
Yl 10000 o

0.52 x 5

which gives v = (516)0'25 = 0.78751.

Therefore the Net Single Premium for the 3—year pure endowment is .

7000

250000 3Ejz1] = 250000 (0.78751)° (m

) = 89967.



Exercise 5

1. You are given: (i) The benefit of 120,000 on a ten—year endowment insurance is payable at the
moment of death, or at the end of 10 years if (x) survives 10 years. (ii) p,, = 0.02 fort >0
(111) 6 = 0.04. Calculate the expected present value.

2. The expected present value of an n—year term insurance paying 10,000 at the moment of death
to (x) is 36125. You are given: (i) .., =0.008, t >0 (i) 6 = 0.032. Determine n

3. A 5-year deferred whole life insurance of 200,000 on (z) is payable at the moment of death. You

are gien that
Poys = 0.02 for allt >0 and 6, = 0.06 for allt >0

Calculate the expected present value (net single premium) of this insurance.

Solution:

1. The APV is given by 120000Ax:m and we know that

A A H —-n 0 —-n 6
Aaz'n = A%n +tnb,=——=(1-c¢ (o) +e (k+9)
e

for n =10, p = 0.02 and 6 = 0.04

- 0.02

A — _—10(0.06) —10(0.06) — 0.69921.
#1502+ 001 (¢ ) +e
Finally APV is given by 1200004, 1 = 120000 x 0.69921 = 83905.

2. We know that ALy = A5 (1 — e () = GE8 (1 — e700") = 0.8¢7004" = 0.36125, which gives
n = 19.876 ~ 20.

3. The APV of the insurance is given by 2000005|/_1$ where

A, = Dy dt = / 0t gty g — 1 =5erd) — DL —5x0.08 _ () 16758
5| /5 € " tPx Hayy : e e H o+ 5¢ 0.08°

so the APV is 200000 x 0.16758 = 33516.



