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Problem 1. (5 marks)
1. Given g, 5 = 1.35 calculate fuy,95 and 1 75 assuming UDD between integral ages.
2. You are given fon sPao ds = 30.352 and fiyq,, = % for all ¢ < 50. Find n.

3. Assuming UDD between integral ages you are given: x is an integer and 0 < s < 1 such that
0.25P2+0.3 — 0.8 and sPx+0.5 = 0.8. Find s.

4. A life, age 65, is subject to mortality as described in the following excerpt from a 3—year select—
and-ultimate table:

x g[x] g[:}:}Jrl E[x}+2 €x+3
65 | 5,000 | 4,750 | 4,500 | 4,200
66 | 4,800 | 4,550 | 4,250 | 3,800

Complete the following table

z q[z] qlz]+1 q[z]+2
65
66
Solution:
1. Under UDD, we have p,,, = - for all 0 <7 < 1, 50 py05 = 1.35 = 7= hence gy =
0.80597, Thus
0.80597 0.80597
= =1.0093 and = =2.0377
H1025 = 770 95 % 0.80597 M 0T = TG 75 % 0.80597
2. We have
1o = e Jo so=ud — 05T \/ 1- 5i,
thus

which gives n = 40.

3. Under UDD, we know

0.25q,

. =—=0.2
0.2592+0.3 1-03q,

which gives ¢, = 0.64516 and

1 5s 0.64516

sPx+05 — T — = 02,
Pet0s = 5 = T 0 5q,

T 105 x 064516
hence s = 0.21.



4. We shall use qpjix =1 — Haleht1 g fo — 0, 1, 2.

CLa)k
x q[x) qlz]+1 qlz]+2
475 19 450 1 42 1
66| 1——=1——= 0.05 1—-—=—=0.05263|1— — =— =0.06667
500 20 475 19 45 15
455 5 425 6 380 9
66| 1—— =—= 0.05208 l1——= =006593 |1 — — =— =10.10588
480 96 455 91 425 85

Problem 2. (5 marks)

1. Calculate pz given 1000 A7y = 516, 1000 A7; = 530 and v = 0.95

2. Calculate 105A4107

assuming constant force of mortality between integral ages.

using the following information: ¢ = 0.04, py = 0.8 and py; = 0.75 and

3. A life annuity of 1 on (30), is payable at the beginning of each year until age 60. The annuity
payments are certain for the first 10 years. Calculate the actuarial present value of this annuity
using ILT with ¢ = 6%..

4. An actuary uses Woolhouse’s formula with three terms to approximates values of a60 = 10.25

and aéé) = 10.05. Use the same formula, same mortality and interest rate assumptions as the

actuary to calculate a(l ),

Solution:
1. From whole life insurance recursion we have

Ay =vqn+vpro An=v(1— pp)+vpon An=v—prv(l—An)

_ v=A7rg  _ 095-0.516 __
thus p7g = (Apy) — 09510380 — 0.972

2. The actuarial present value of future benefits is given by

041 1.1 2,1 3,1
A415(% = w2tz g\%Q40+U2 2 %|%Q40+U2+2 %|%Q40+U2+2 3110
91140 = 0.5G45 = L — os5ps0 =1— p%” =1-0.8" =0.10557,
0505040 = 05Ps0 — Pao = Pyy — Pao = 0.8%° — 0.8 = 0.094427,
105010 = pao (1 — os5pan) =pao (1 —pd) = 0.8 (1 — 0.75°°) = 0.10718,
311qa0 = 1.5P40 — 2P40 = P40 0.5P41 — P4oP41
— pao (P} — par) = 0.8 (0.75%% — 0.75) = 0.09282
henee 0.10557 ~ 0.094427  0.10718  0.09282
10°41% = 10° ( = ‘ : : = 38119.
457 < 1.0495 i 1.04 N 1.0415 i 1.042 )



3. This annuity is the sum of a 10-year annuity—certain and a 10-year deferred 20-year temporary
life annuity on (30). So APV(of the Annuity) is

am + d[10]]30:%| = am 4+ 10E30 d40:70]
= Gtg + 10830 (G0 — 20F0 Geo)

1 —l0
= ] + 10530 (a0 — 20E0 Geo)
1 — (0.9434)10
= w +0.54733 (14.8166 — 0.27414 x 11.1454) = 14.239.

4. Remember that the Woolhouse’s formula with three terms for a m—thly whole life annuity is

m—1 m?2—1

By assumption we have
(2 . 2—-1 22 -1 B
iy = iieo — —— = g (oo + ) = iiso — 0.250 = 0.0625 (j1g9 + 8) = 10.25
(4 .. 4—-1 42 -1 .
g = oo — —— = T35 (oo +6) = diso — 0.375 — 0.078L (y159 + 8) = 10.05

which leads to dgp = 10.8005 and ji4y + .= 4.8077, therefore

..(12 .. 12—-1 122-1
aéo = g — o1 10 (160 + 6)
12—1 122-1
= .10.8005 — — 4.8077) = 9.9443
24 123 ( )

Problem 3. (5 marks)

1. A life purchases a special fully discrete 4—year term insurance policy.  The benefit under this
insurance, payable at the end of the year of death as given in the following table

Year of Death | Benefit Payment | Probability of Death
1 400 0.1
2 300 0.2
3 200 0.3
4 100 0.4

The effective interest rate is 4% per year and level premiums are payable annually at the be-
ginning of each policy year. Calculate the level net annual premium of this insurance using
E.P.

2. A life aged 30, purchases a 20-year level continuous payment, continuous whole life insurance
policy with a benefit of 80,000. The insured is subject to a constant force of mortality equal to
0.075 and a constant force of interest equal to 0.025. Determine the net premium rate for this
policy.

3. A special temporary 3-year life annuity—due on (40) pays 10,000, 15,000 and 20,000 at the
beginning of year 1, 2, 3. Given: (i) ¢pgo = (0.7)%, for 0 < ¢t < 4.5 and ypyo = 0, for t > 4.5 ii)
1 = 0.05, compute the actuarial present value of this annuity.



4. For a life age (40) whose mortality follows p, = 0.008 with § = 0.04. All the policies are fully

continuous. Find the 20*"-percentile premium for:

(a) a 30-year payment whole life insurance of 10°;

(b) a 20-year payment whole life insurance of 10°

Solution:

1. The actuarial present value of the future benefits

APV(FB.), = 100 (4v g, + 30* 1gz + 20" 3¢z + 0" 3¢2)
= 100 <4U qz + 3U2 Pz Q41 + 2U3 2Pz Qz42 + U4 3Pz Qx+3)
=100 (4v gz + 30° Py Gus1 + 20° Pu Pai1 Gor2 + 0! Do Put1 Pav2 Qurs)

0.1 0.2 0.3 0.4
— 100 (4 3 0.9+2—>_0.9% 0.8+ ———0.9 x 0.8 x 0.7
(1.04Jr (Loaz T o X ST gy 1 Ue X )

= 144.03.
and the actuarial present value of the future premiums

APV(FP.), = P(1+vp,+0%op, +0° 3p) = P (140 py + 0% Py Pus1 +0° Dy Dot Dus2)
pl1s 0.9 Jr0.9><0.8+0.9><0.8><0.7
1.04  (1.04)?2 (1.04)3

By E.P. P = 33:3 = 48.3468

) = 2.9791P

. The actuarial present value of the future benefits

_ 0.075
APV (F.B.). = 8000045, = 80000——————— — 60, 000.
(F.B-)g 0 =8 0.075 + 0.025 ’

and the actuarial present value of the future premiums

20
APV(F.P.), = Paygy=P / e V0Bt pagdt
0

20 20
_ P/ 60.025t60.075tdt:P/ o 01t gy
0 0
1 —e2
0.1

So the net premium rate P = 86%91%% =6939.14371.

= P = 10P (1 —e™?) = 8.6466P.

. Denote by « the expected present value or the actuarial present value of this annuity, which can
be obtained using

a = 1000 (10(]40 + (10 + 15U)p40 qa1 + (10 =+ 15v —+ 20U2) 2P40 q42 + 20’02 2])40)

we know that

2P10 = Pao Pa1, then py = 2P — 0.7 and 3P40 = 2P40 Paz, then pyo = PO _ 0.7
Dao 2P40
Therefore
15 15 20 2 20 2
= 1000 {10 x 0.3 10 + —) (0.7) (0.3 10 0.7)7 (0.3 0.7
“ ( 8 +< * 1.05)( ) )+< 105" (1.05)2)( J O3+ 755 ¢ >>

= 23226.



4. The distribution of Ty, is exponential with parameter 0.04. We know that the c.d.f. Fy(t) =
1 — e 0098 Solving Fy(too) = 0.2, we get tgo = 27.893.

(a) Then the 20" —percentile premium for a 30—year payment whole life insurance of 10° on
(40) is given

S 10°
Poo = — = —orarss— = 1949.54133.
Stodl oo

since tgo < 30.

(b) Then the 20" —percentile premium for a 20-year payment whole life insurance of 10° on

(40) is given
—0.04x27.893

- 10516—0.04 — 2380.2179.

Foo = 5 —0.04x20

5t0.2]
Problem 4. (5 marks)

1. For afully discrete whole life insurance of 2000 on (45), you are given ji;5,, = 0.02 for t < 10 and
sy = 0.04 for ¢ > 10 and the annual effective interest rate ¢ = 0.05. The net level premium is
54.0402.

(a) Calculate 1oV using prospective and retrospective methods

(b) Use recursion de calculate 195V

2. For a 20-year endowment insurance of 4000 on (30), we assume that ¢, = 10 (100 — z), for
0 <z <100, ¢ = 0.03, benefits are payable at the moment of death, deaths are uniformly
distributed between integral ages. and premiums are payable annually at the beginning of
each policy year.

Calculate the net premium reserve at time 10 for the insurance.

3. Consider a 10-year term insurance policy of 150,000 issued to a life aged 25. The force of
mortality is p, = 0.005 + 0.0004e%%% and the force of interest is 6 = 0.05. The level premium
rate is P = 1402.8658.

(a) Write down the Thiele’s differential equation satisfied by the net reserve V.
(b) Use Euler’s method

nV = 4V +h (Pt + (575 - M$+t) V= by ,uz+t)

with A = 1 and a backward recursion to find for the reserve at the end of year 7.

Solution:
1. Set p1 = e %92 and p; = e %% thus ¢y =1 —p; = 0.0198 and ¢ = 1 — po = 0.03921

(a) By the prospective method we have

.
WV = 2000Ass — Piiss — 2000—2— _ 54,0402
Q2+ g +1
] — 004 1.05
— 2000—— % 54.0402—— 2 — 243.0084.

1.05 — 004 1.05 — 004



By the retrospective method we have

(1 —10E45)

)

0wV = Py 19 — 2000 A 5,19 _ 540402, %5 (1 — 10Fus) — 200058

1045 1045

. (1 —10E45)
= (54.0402 (1 +17) — 2000¢;) ———————
( ( ) a1) (g1 + 1) 10E45

(1—(1.05)""e02)
(1 —e=%02 4 0.05) (1.05) " e=0:2
1.05)"¢%2 — 1
1.05 — ¢=0.02

= (54.0402 x 1.05 — 2000 (1 — %))

= (54.0402 x 1.05 — 2000 (1 — e~"%%)) ( = 242.9784.

(b) Now, by recursion we can write

(10V + P) (1 +4)" =0"72000 05055 + 105V 0.5P55

hence
Vo= (10V + P) (14 1)*° — 452000 (1 — ¢5ps5)
10.5 -
0.5P55
264 ' 05)%5 _ (1.05)°%° _ ,—0.04x0.5
_ 26413+ 52.245) (1.05)" — (1057 2000 (1~ ) _ 291.31,
e—0. x0.5
2. By the prospective method we find
< A3O:20 .
LoV = 4000 (Am — G o
@30:20]
Moreover
_ _ a 1 100 —40— 10
Apr = AL Ejp=—2
110 3510 T 10590 = 7557706 F 7030 100 — 40
1 1-1.03710 1 50
_ = = 0.76437
In(1.03) 60 1031960
and
_ _ a 1 100 — 30 — 20
Ayy = Ab By = —2
30:20] 3020 20850 = 755755 T35 100 — 30
1 1-1.03% 1 50
— = = 0.61119.
In(1.03) 70 103970
For annuities we have
147 1.03 1 100 — 40 — 10
(40:10] qﬂ-( ) L4003 < 1.0310 100 — 40 )
1414 1.03 1 100 — 30 — 20
o 30 = 1 — 90Fs) = — = 14.060.
@30:20] qﬂv( 20E0) 4 40.03 ( 1.032 100 — 30 >

Therefore 19V = 4000 (0.76437 — %5198 3854) = 1599.42235.

3. We have P = 1402.8658.



(a) The Thiele’s differential equation satisfied by the benefit reserve is

d.Vv
dt

= B+(+ ,U25+t) tV = bt fos iy

= 1402.8658 + (0.05 + 0.005 + 0.0004% %55 H0)) 17 — 15 (50 + 4" 08(5+1))
= 1402.8658 — 15 (50 + 4e*P5E5H0) 4 (0.05 + 0.005 + 0.0004e* 550y 1/
= 652.8658 — 60e™0%+) 1 (0.055 + 0.0004¢%0525+0)) 17

(b) The backward recursion scheme of Euler’s method is

twnV —h (Pt — by Nz+t) . +nV —h (652.8658 — 6060'08(25+t))

Vo _
t LD (0 + tiye) 1+ 7(0.055 + 0.0004¢008(25+0)

with terminal value 19V = 0. Now we start with ¢ = 9 and compute the reserves recursively,
using h = 1, we get

10V — (652.8658 — 60e*05(34)) 0 — (652.8658 — 60e”05(3)

Vo= - — 243.10650
’ 1+ (0.055 4 0.0004€%98634) 1+ (0.055 4 0.0004€%-08(34)) )
oV — (652.8658 — 60e*05(3)  243.10650 — (652.8658 — 60e’-03(3))
sV = = — 406.40277,
1 + (0.055 + 0.0004¢%-08(33)) 1+ (0.055 + 0.00040-08(33))
sV — (652.8658 — 60e*0532)) - 406.40277 — (652.8658 — 60e’-03(32))
Vo= = — 499.62161.

1+ (0.055 + 0.0004¢998(32))  — 1+ (0.055 + 0.0004¢0-08(32))



