
Chapter 3 

3.1 Methods of moment: 

𝐸(𝑥𝑘) =
∑ (𝑥𝑖)𝑘𝑛

𝑖=1

𝑛
 , 𝑘 = 1, … , 𝑚      𝑤ℎ𝑒𝑟𝑒 𝑚 𝑖𝑠 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 

• COMPLETE DATA: 

3.2.1 Maximum likelihood method: 

𝐿(𝜃) = ∏ 𝑓(𝑥𝑖|𝜃)

𝑛

𝑖=1

 

ℓ = ln(𝐿(𝜃)) 
𝜕ℓ

𝜕𝜃
= 0, 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝑒𝑎𝑐ℎ 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝑦𝑜𝑢 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 

3.2.2 Maximum likelihood method for grouped data: 

Interval # of observation 
(𝑐0, 𝑐1) 𝑚1 

: : 
(𝑐𝑛−1, 𝑐𝑛) 𝑚𝑛 

𝐿(𝜃) = ∏(𝐹(𝑐𝑖) − 𝐹(𝑐𝑖−1))
𝑚𝑖

  

𝑛
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3.2.3 Maximum likelihood method for mixed data: 

Interval # of observation 
(𝑐0, 𝑐1) 𝑚1 

: : 
(𝑐𝑛−1, 𝑐𝑛) 𝑚𝑛 

𝑥1 𝑘1 
: : 

𝑥𝑝 𝑘𝑝 

𝐿(𝜃) = ∏(𝐹(𝑐𝑖) − 𝐹(𝑐𝑖−1))
𝑚𝑖

𝑛
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∗ ∏(𝑓(𝑥𝑖))
𝑘𝑖

𝑝

𝑖=1

 

• INCOMPLETE DATA: 

Censored data: 

• Left-censored data: an observation less than value d is recorded as d 

• Right-censored data: an observation greater than value u is recorded as u 

Truncated data: 

• Left-truncated data: an observation less than value d is not recorded 

• Right-truncated data: an observation greater than value u is not recorded 



3.3 Method of percentiles: 

1. Order data 

2. Find p 
𝑝

𝑛 + 1
≤ 𝑔 <

𝑝 + 1

𝑛 + 1
 

3. �̂�𝑝 = (𝑛 + 1) [(
𝑝+1

𝑛+1
− 𝑔) 𝑥(𝑝) + (𝑔 −

𝑝

𝑛+1
) 𝑥(𝑝+1)] 

�̂�𝑝 ∈ (𝑥𝑝, 𝑥𝑝+1) 

�̂�𝑝 = 𝐹𝑥
−1(𝑔) 

3.4 Fisher information 

𝐼(𝜃) = 𝐸(ℓ′(𝜃))
2

= −𝐸(ℓ′′(𝜃)) 

𝑤ℎ𝑒𝑟𝑒 ℓ(𝜃) = 𝐿𝑛(𝐿(𝜃)) 

𝑉𝑎�̂�(𝜃) =
1

𝐼(𝜃)
 

 


