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Time-independent Schrodinger equation
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Applications: simple systems

* Potential wells
— Stationary states “V(x)

» atoms (crude model)
« electrons in metals (surprisingly good model) E

"R

*  Potential barriers A 4
— Tunnelling
« radioactive decay

Increasing energy

Potential steps

— Scattering
Boundary conditions at a potential discontinuity

Dir. Abdallah M. Azzeer Page 13

 Boundary conditions at a potential discontinuity
- (1) The wavefunction, % is continuous
- (2) The gradient , d ¥/dx, is continuous

w (X)

Dir. Abdallah M. Azzeer Pane 14
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The Infinite Square Well potential

x<-a/2 orx>al2

0
V(x)=
0 -al2<x<al2

For —a/2 <x < a/2 the general solution is still

77(:/2 +af?

2mE
n

w(x) = Asinkx + Bcoskx ~ where k=

Asin(-ka/2) + Bcos(-ka/2) = 0
Asin(ka/2) + Bcos(ka/2) = 0

What are the boundary conditions ? w(x)=0at x ==+a/2
adding, we find 2Bcos(ka/2) =0
subtracting we find ~ 24sin(ka/2) =0
Since we require that 4 or B be different from zero, we get two classes of solutions:
Class Two:B = 0, sin(ka/2) = 0

W(x) = Asin(kx)
kal2=nrx
k,=nnla, n even # 0.

Class One: 4 = 0, cos(ka/2) =0

Y(x) = Beos(kx)
kal2= 72,372,572, ...
k, =nznla, n odd

Wkl #’h’n’

Abdallain M.Azzeer
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consider £,: This is the lowest energy — the particle
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cannot have zero energy — basically due to the uncertainty
principle. Equivalently, there must be zero-point energy
because there must be zero-point motion
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compare classical (dashed) with QM

Note alternating parity! (again)
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As usual, the relations between A’, B’, C, and G are determined by the continuity of v and
dyldx at x =+a/2

So, we now have 4 equations and only 4 unknowns — this is a problem. Why ?

We need to leave one constant free for amplitude (and so we can satisfy the normalization condition)

To solve this, we treat the total energy as an additional constant that can be adjusted as necessary
(where we will find that £ can only take on certain values )

The general solution to the square-well potential is quite complex and involves a transcendental
equation — see Appendix H

three bound eigenvalues three bound eigenfunctions

Vo v

Note alte !
. Abdallah M. Azzeer Page 19

Before moving onto the next section, it is instructive to consider what happens as we let /, becomes
very large

vi)

o« cos [(2mE1/h)x]

moderate height s ~[/ZmiTo = Epy/ml

—a/? 0 +af2

Ya(x)

—— o cos [(+/2mE 1 /h)x]
infinite height

—af2 0 +af?
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The Barrier potential Vix)

0<x<a Vo

So what’s a barrier potential ? V(ix)="°
0 x<0, x>a

4] a

Classically what do we expect for particle traveling in the +x direction towards x =0 ?
If E < V,, particle bounces back, if £ > V), particle passes barrier, slow down in 0 <x <a, speed up x > a

Quantum mechanically we find tunneling through the barrier when £ < V/, with a probability which
(a) increases as E - V| increases and (b) decreases as a increases.
(b) We will also find that inside the barrier y(x) decays exponentially.

In the next section we will consider several tunneling phenomena in detail
in this section we solve Schrodinger’s equation for y(x)

Looking first at the regions x < 0 and x > a, what are the general solutions ?

@) Ae™ + Be x<0 . i \2mE
=" ) where =
v Ce™™ + De ™* x>a i h

And since there is no particle moving in x > a towards x < a, what can we say about D ? D=0

What info do we need before we can write down the general solution for the region 0 <x<a ?
Whether E< V,or E> V), We’ve already examined both cases — let’s start with E <V,
So what’s the general solution in the region 0 <x <a with E <V, ?

‘What are our continuity conditions ?

| w(x)=Fe™ +Ge™  where k, = 7“2’11(:0_12) |
Dr. Abdallal M. Azzeer Paae 21

A+B=F+G
ik\(4 - B) = k,(-F + G)
Ce — okt 4 Gethe
ik, Ce™* = k,{Ge*"* — Fe™"}
As expected, we have indeed 4 linear equations in the 5 unknowns 4, B, C, F, and G.

To solve, first express F and G in terms of 4 and B, then C in terms of 4 and B, then finally B in terms of 4

W*(x, t) ¥ (x, t) Al ¢

What does W™ look like ?

i .
% ka -k 212
For T' we find T=V‘C . 1+ (e 4 )2 =|1+ AL
v A* A 16(E/V,)(1-E/V,) 4E/V,)(1-E/V,)

E( E)_
andifk,a>>1then T~ 16—(17—} Hf

0 0

T decreases exponentially with increasing barrier width a. The last two results provide the
essence of barrier penetration or tunneling phenomena, which are purely quantum mechanical

Dir. Abdallah M. Azzeer Pane 22
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The Step potential: energy > step height Vix)

First question: what happens to a classical particle ?
A particle moving in the +x direction will simply slow Vi) =iy
down at x =0, from v, = p,/m = [2E/m]"? to

v, = py/m = [2(E - V,)/m]"2

Vix)=0
What happens to a wave ? & ; - %

A wave traveling in the +x direction and passing from the first medium to the second medium will be
partially reflected and partially transmitted

So, the quantum mechanical interpretation for a particle would be ... ?

The particle has a certain probability 7' of being transmitted and a probability R = 1 — T of being reflected
The general solution here is, of course, the same as for the x < 0 part of the £ < V/, case, who remembers ?

Ae™™ + Be <0 / / i
y(x)= Ty lkyx t where f, = 21l and k, = M
Ce™ + De™™ x>0 /) h
Noting - the physical meaning of each term What can we say about D ?
- that the particle is moving from x <0 towards x > 0 D=09

- that there is no particle moving in x > 0 towards x < 0

And from the continuity of y(x) at x = 0 what constraint do we have ? A4+ B8=C

What do we get from the continuity of dy(x)/dx at x=0? ik,(4 — B) = ik,C =) 4-B-= ky/k, C
Dr. Abdallah M.AzZzeer Paage 23

k, |C [k +k, |C 2k,
Adding these two equations we get A=|1+-2 == 12 |— =) C= A
g q & ( k)2 k, 2 k, +k,
k, \C (k—-k,\C k —k,
And subtractin B=|1-22 ==t 22|~ =) B=—124
= ( ~o k)2 ky +k,
; e
For x < 0, what does the ﬁr.st tferm repre.sent 2 Ae™ 4 4 k1 kz ok o
incident particle w(x) = 11Ky
and the second term ? A 2k s x>0
reflected particle L gz
For x > 0, what does the only term represent ?
- . W (x, )W (x, £) All ¢
transmitted particle choosing
k, =2k,
So, what does P(x,t) = ¥ *¥ look like ? T
S (16/9) A*A
x £ 0: combination of a traveling plane wave
+ oscillatory standing wave
x 2 0: traveling plane wave ~— (4/9) A*A
. . . 0 i
The reflection coefficient R is Sk c*C
2 The transmission probability is 7=1-R=—"2_
R BB _(k-k P v (k+k,)  A*4
A* A\ k +k, e
. woops! Why doesn’t T'equal —— ?
is<lwhenk,<k,(E>V,) A* 4
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Name of
System

Barrier
potential
(energy
above top)

Finite
square
well
potential

Infinite
square
well
potential

Simple
harmonic
oscillator
potential

Physical
Example

Electron scat-
tering from
negatively
ionized atom

Neutron
bound in
nucleus

Molecule
strictly
confined
to box

Atom of
vibrating
diatomic
molecule

Potential and
Total Energies

e —Vix)

—t—E A f|| f'j\lf*\,l;
- X

Probability
Density

kg
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0 a a
Vix)
|
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Significant
Feature

No reflection
at certain
energies

Energy
quantization

Approximation
to finite
square well

Zero-point
energy
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Name of
System

Zero
potential

Step
potential
(energy
below top)

Step
potential
(energy
above top)

Barrier
potential
(energy
below top)

Physical
Example

Proton in
beam from
cyclotron

Conduction
electron near
surface of
metal

Neutron
trying to
escape
nucleus

« particle
trying to
escape
Coloumb
barrier

Potential and

Probability

Total Energies Density
*
E P
Vix}
— Vix)
S E— | RIEVE
— | |
0 0
g
E P*y
Vix)
0 0
| ]
|
| |
E ; o
0 a ) 0 a

Significant
Feature

Results used
for other
systems

Penetration
ol excluded
region

Partial reflec-
tion at
potential

discontinuity

Tunneling
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