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Chapter 7

The SChReEIREER EqUatIon

Dr. Abdallah M. Azzeer
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Important Clue: Probability (= what we measure)

« probability of hitting the screen at point (X) = (# hits at x) / (# total)
e intensity = energy/(area-time) ~ (# hits) /(area-time)

- intensity ~ (amplitude)? for a wave

Recall 2 slit interference:

B— o-c-ep
—

E = E,, sin(kx-ot) ‘ -~

The wave associated with the electron must have the property that
mmmm)> | the square of its amplitude at point x gives the probability of hitting the
screen at point x!
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Wave Function: (46.5)

/ (Greek letter “psi)

Introduce a wave function ‘¥(x,t) to describe the matter wave for the electron:

— intensity pattern on the screen ~ ¥(x,t)?

It is tempting to write: ‘¥(x,t) = ¥, sin(kx - ot) for the matter wave,

just like E (x,t) = E, sin(kx - ot) for a light wave....

But this turns out to be wrong....

Erwin Schrodinger, 1926 concluded that
the wave function for a matter wave

had to be a complex function in order

to correctly describe “quantum” phenomena:

T(x,t) — V/O ei(kx—a)t)
with i=+-1

Dr. Abdallah M. Azzeer

Math Tutorial:

What happens if we need to take the square root of a negative number?
(Calculator gives an error message...) ®

— mathematicians just go ahead and define a quantity: -

Using this trick, one can treat i as a “unit”, like m/s for example, and carry
on with calculations as usual:

V=4 =\ (=)x4 = 2i = 4(m/s)2 =2 m/s  same thing!

« A multiple of i is called an imaginary number, e.g.“5i “

* Otherwise, it is a real number, e.g. “ 27 “

¢ A sum of real and imaginary numbers is a complex number, e.g. “27 +51 “
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What does it mean to have a wave that is complex?

Everything we can observe or measure is described by real numbers!!!
We can measure the probability of an electron hitting the screen at point X,

and probability ~ ¥(x,t)2 so the “square” of the wave function must be real...

General complex number, z:

Define the complex conjugate of z: q }

- imaginary part changes sign
Imaginary
axis

Replace the “square” of a complex number
by the product z z*

- |z|?=z2z* =a2+Db?

The “modulus” of z is |z] = Va® +b’
Real

a S <« Graphical representation

Dr. Abdallah M. Azzeer

The mathematics of complex numbers was worked out by
Leonhard Euler, 1707-1783.

was just what Schrodinger needed to describe matter waves:

Wave function for a particle moving at constant speed :
\P(x’ t) — l//o el(lcx—a)t)

Interpretation: the probability to observe a particle
within dx of x is given by P(x)dx, where:

Y¥Y = Px)

P(X) = ¥ ¥* is the probability density. (Real number, OK!)

Dr. Abdallah M. Azzeer
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ASIDE.

Analysis for a free particle: (v = constant, no force acting on it)

\P(x, t) — l//o ei(lcx—a)t)

P(x) = W+ =y, &)yl eien) = |y, P

(change the sign of imaginary parts, don't assume the amplitude is real)

P(x) is constant everywhere for a free particle!

— We have absolutely no idea where it is ???

Something’s
wrong here....

P(x)

lw, [*

X
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ASIDE

ei(lcc—a)t)

Very important idea: ~ Normalization Y(x,t) = vy,

If we know we have exactly one particle, and it is somewhere between X = £ oo, then
the probability of finding it anywhere between x = + «o must be equal to 1.

f: PO A

IT the particle is “free” but we know it is somewhere between x = + % L, say, so that
it is contained in a 1-d box along the x-axis of width L, then:

+L/2
J' P(x)dx = 1
—L/2

Area under the graph of P(x) =

P(x) probability that the particle is
somewhere in the “box”
; Iy, I ; 1
i i 2
i : L=1 = = +t—
, , L |lvel Vo -
=% L %L

(Problem with the infinite range of x is that L—»w so P(x) —» O everywhere)
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terpretation of the Wave function 4 sall 4ljall #u_
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Physical world according to Copenhagen interpretation
Physical world as Einstein and Schrodinger believe we will be able to see

Dir. Abdallah M. Azzeer Pace 13

Example

Suppose that at some instant of time a particle’s wavefunction at t=0 is
Y(x,0)=2x

What is:

(a) The probability of finding the particle between x=1.0 and x=1.001?
(b) The probability per unit length of finding the particle at x=1?

(c) The probability of finding the particle between x=0 and x=0.5?

TRY TO SOLVE

Dr. Abdallah M. Azzeer
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Example
Particle with un-normalized wavefunction at some instant of time t

Y(x,t)=a’—x’, —a<x<a

WY(x,t)=0, |x| >a

Dir. Abdallah M. Azzeer

Paae 15

DOUBLE-SLIT EXPERIMENT REVISITED

>

Incoming coherent
beam of particles
(or light)

Detecting
screen

Schridinger equation is linear: solution with both slits open is 'V = ¥, + ¥,
a . . 2 2 2 * %
Observation is nonlinear |‘P| = |‘~Pl| + |\P2| +¥ PR
1 2

Interferénce term

oives fringes
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Usual “particle” part
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_ Expectation Values 48 siall aill _
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Example :
Y=ax for 0<x<I
Y=0 for x>1,x<0

Find:(a) probability to be found in 0.45< x <0.55

(b) expectation value

The wavefunction describing a particle {

By normalizing ¥ = ax

il >
jww|‘1’|2dx=a2ﬁx2dx:a2{);} =%=1—>a=\/§

0

3770.55
[ a*xdx = a{);} =0.0251a> =0.0753

0.45
0.45

4 2
<x>= on | dx = azj.(;xz’dx = az{);} ===
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P il ) iga (a Ly

Classical Quantity Quantum Mechanics Operator
Attty doastf
Position X, 2 X, ) 2
Momentum p p=-ihv
—_jp0 _hO
P Px ox iox
_ a0 _ho
b, = oy ioy
—_ 0. 0
P P " in
., O h o
Energy E E =lh67t__1767
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The SehredIngER Equation A

Another APROACH

A vi=pl4v) 4] G s pu daly m A sl E A4S A8
ARl Janti £ (e die V(x,p,7,7) AdalS Bl

E =KE + PE =%mv2+V(x,y,z,t)

2

P

2m

+V (x,y,2,t)
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o* o o
'=pp = pi=h| _S+_5+_5 |=-A'V
p =pp D o oyt g
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n (0w 0w O'w oy
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2m ot

Time-dependent Schrédinger wave eq
o0 l) (ool Boipuieid | peid gt dlld

if H = Hamiltonian Operator (or Energy Operator)
2

-— V4V
2m

Eigen function

Hamiltonian

Eigen value
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