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:Heisenberg's uncertainty principle s saail) axe Saolly cijay Lasda g
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it is impossible to simultaneously measure the position and momentum
of a particle (exactly).
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EXAMPLE 6.3 Many elementary particles are unstable. For example, the 4 has
an average lifetime of only 3 % 10™2* 5. The average mass of the A is 1232 MeV/c?.
What is the uncertainty in the measurement of the mass of the A?

SOLUTION Since the A exists on the average for only 3 x 107 5, the uncer-
tainty in its rest energy is

A 6.58x 107" eVs

= - e X 110 MeV
2Ar 203 x 10 5)

AE =

Thus,

my = 1232 = 110 MeV/c?

Dir. Abdallah M. Azzeer Pane 20
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EXAMPLE 6.4 “Zero-Point” Energy of a Harmonic Oscillator. Until about
1930 it was widely believed, and siated in textbooks, that as T— 0 K, all motion

ceased, in particular, the vibratory motion of atoms in a crystal that Einstein and
Debye used in their theories of the specific heat of solids. But, according to the
uncertainty principle, if the position of an atom is fixed at a lattice point, its momen-
tum must have an infinite uncertainty. A large momentum uncertainty implies, as
we show presently, a large kinetic energy; that would be in contradiction to the
classical result, which states that a system will approach the state of minimum
energy as the temperature approaches 0 K. The problem is to identify the state of
minimum energy of a harmonic oscillator, consistent with the requirements of the
uncertainty principle.

Dr. Abdallah M. Azzeer page 21

SOLUTION Let us associate the unceriainty in momentum Ap with the standard
deviation in p. That is,

(Ap)? = {(p - (p* = ((p* - 2pp} + (") (6,10)

where the symbol { } denotes the average value of the enclosed quantity. Since the
average value of the momentum of the harmonic oscillator is zero,

(4p)* = (p?) (6.11)

The average kinetic energy of a particle of mass m is

{KE]. = ﬂ
2m
which, in this case, is
(xg) = 21 (6.12)
2m

Dr. Abdallalh M. Azzeer Pane 22
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The average potential energy of a harmonic oscillator is
(PE) = (%) = dmw(x?) (6.13)

where k is the spring constant and @ = Vkim. If, as with the momentum, we
associate the uncertainty in x, Ax, with the standard deviation of that variable, we

have
(Ax) = (=% (6.14)
and (PE) = Ime(Ax)* (6.15)
The total energy of the system is the sum of the average kinetic and potential
energies
- (4p)*
B = pmakcas + LS8 (6.16)
Im

and if we now use the uncertainty relation we can write Equation (6, 16) as

Dr. Abdallalh M. Azzeer

Paae 23

fi*/&m

E = dmw'{Ax)* + (6.17)

(Ax)

o

The minimum value of £ is obtained by differentiating Equation (6.17) with
respect to Ax and setting the derivative equal to zero. The result is

| f
(Ax)min = \,‘E {6.18)

and the corresponding minimum value of the energy is
Epin = Hho (6.19)
The lowest energy state of the harmonic oscillator is not the state in which the

mass is “at rest’” but that state in which the mass vibrates with an amplitude given
by Equation (6.18) and an energy of hw.

Dr. Abdallalh M. Azzeer
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EXAMPLE 6.5 Width of Atomic Spectral Lines. When an atom is raised to an
excited state, it usually decays to the ground state in about 10 iy Consequently,
there is an uncertainty in the energy of this short-lived excited state and a corre-
sponding uncertainty in the wavelength of the radiation emitted as the atom returns
to the ground state. It 15 of interest to examine this uncertainty width, and compare it
to other line-broadening effects.

Dr. Abdallah M. Azzeer
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SOLUTION The wavelength of the emitted photon 15

(6.20)

where E, is the energy of the initial, excited state and E, the energy of the final,
ground state. According to Equation (6.%) this energy difference has an
uncertainty of

h
2L

AE=

If we differentiate Equation (6.20) with respect to E, we obtain

di he A

i, (E-EF E-F

Conseguently,

Dr. Abdallah M. Azzeer
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In this instance, AE is in the neighborhood of 3 X 107° eV, or about eight
orders of magnitude smaller than the energy difference of atomic transitions, which
are of the order of a few electrovolts. The uncertainty line width for atomic transi-
tions is, therefore, quite small, and is almost always overshadowed by other sources
of line broadening such as the Doppler effect (see Problem 5.30). The lifetimes of
excited nuclear states are, however, very much shorter, typically between 107 and
10°"" 5, and y rays from most nuclear transitions have natural line widths of the
order of a few keV

Dr. Abdallal M. Azzeer Page 27

Uncertainty Principle: Bound Electron Problem

The binding energy of an electron in a crystal lattice is E = 1.2x10* eV.
Find the minimum spread Ax of the electron wave function using the
Uncertainty Principle.

h h hc

Ax =3 —
Ap  \2mE  2x\2mcE

Modern Units:

1240 eV nm

~ =18 nm
27r\/2(0.511><106 eV)(12x107 1)

MKS Units:

34
/] 1.05x10°" J -5 :

\2mE \/2(9.1><10‘31 kg)(1.2x107 eV )(1.6x107"° J /e )

Dir. Abdallah M. Azzeer Pane 28
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Uncertainty Principle: Lifetime Problem

The time-energy uncertainty principle allows the creation of “virtual”
particles that violate energy conservation, but only for lifetimes short
enough that AEAt ~ h. If a virtual particle with energy E = 140 MeV is
created that travels close to the speed of light (v ~ ¢), find how far it can
travel in its short lifetime.

n658x1071% ey -5
AE 140x10° eV

Ax = vAt =(3>< 10® m/s)(4.7 x 10724 s)

At ~ —47x107% s

Ax=15x10""m or 1.5 fin

Dir. Abdallah M. Azzeer Paae 29

Uncertainty Principle: Natural Line Width

* Heisenberg Uncertainty Principle leads to “unavoidable” natural
line width for transitions between two energy states.

-16
AEZE: 6é6><10 eVv-s _107 eV
At 107"s (typical lifetime)

 For transitions to the ground state E_, AE leads to AA.

Given - Eiatan \AE\:hcA—f,
A y;
E-E, 4

Dir. Abdallah M. Azzeer Pane 30
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Uncertainty Principle: Transition Energy Problem

The decay of an excited atom leaves it in a lower-energy state. If the higher
energy state has a lifetime At,; = 1 ps, and the lower state has At, =4 ps,
find the fractional uncertainty A£/E in the transition energy if E = 1.5
MeV.

o 6.58x107" el -5

. - —6.6x107% eV
"k TALDTE 1xH0~2 5
58x107'0 ey . _
e A\ O_IfV 2.6 %107 e
Atlow 4%x10°“ s
-4 1l
AE, 0 = AEp +AE, | =(6.6+1.6)x 107 eV =8.2x 107 eV’

AE,,., 85x107* eV

5.7x10710

E, g 15x10°%ey
Dir. Abdallah M. Azzeer Paae 31
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Fx ), a=2n o =n
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How do we understand the wave-character of electrons?
Photon = Electromagnetic Wave E , B
| « E * = Interference effects

y : Wave function

Lyl =ypy’

v =y, ty,
V=lwl =l + .|

= ‘V’l‘z"' ‘V’Z‘z +2|y,[jy,[cos ¢

» Which slit does the electron pass through? Slit 1 or Slit 2
Dr. Abdallalh M. Azzeer Pane 37

What happens if we block off each slit in turn?

2 If we close off slit 1,
and allow the
electrons to pass
through 2 only then
we get the upper
blue profile as
shown.

e

If we close off slit 2,
and allow the
electrons to pass

ly, [2 through slit 1 only,
then we get the
lower blue profile
as shown.

Individual

counts/min

Dr. Abdallal M. Azzeer Pane 38
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What happens if we open both slits?

If we open both slits
simultaneously, then we get
back to the interference

2 pattern:

ly: 2

Iy + v

The blue curve on the right
represents the accumulated
pattern of counts per
minute when each slit is
closed half the time. The
red curve represents the
S diffraction pattern with
fchidal e e both slits open at the same

counts/min counts/min
time.

I B

|2

lya 2+ Iy |2

R,

What happens if the number of electrons is so
few that they go through the slits one at a time?

Dr. Abdallal M. Azzeer Paae 39

If the electrons go through the slits one at a
time, then we still get the interference
pattern!

The electron, in going through one slit,
interferes with itself going through the other
one!

This one of the big puzzles in Physics! We
cannot envisage this happening, and so we
have to turn to a mathematical
interpretation: Quantum mechanics

Dir. Abdallah M. Azzeer Pane 40
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Assume that the particle (eg electron) can be represented by a
mathematical expression eg a wavefunction \y (which could be complex)

and also assume that the intensity profile of the interference pattern (eg
the numbers of electrons detected per second) can be expressed by the

square of the absolute value of this wave function |y I

If slit 1 is opened (slit 2 closed), then we can
represent the wavefunction of the electrons
passing through slit 1 as y,; and therefore the
intensity profile is | vy, |?

If slit 2 is opened (slit 1 closed), then we can
represent the wavefunction of the electrons
passing through slit 1 as y, and therefore the
intensity profile is | v, |?

Jmiingad. " If we open slit 1 for half the time (slit 2 closed)
and then slit 2 for half the time (slit 1 closed)

then the intensity profile will be | y, >+ |w, [?

Dr. Abdallal M. Azzeer Paae 41

If we open both slits then the electron wavefunctions are superimposed
(similar to light). The combined wavefunction is then y, + y,

The intensity profile is then | y, + v, |? =
[wi P+ v P+ 209 yy)

This is different from the previous case of opening one slit 50% of the
time,ie |y, >+ |y,

The term 2 (1, . v, ) represents the interference term.

ot
¥

Note that if the wavefunctions are
complex, then |y, 2=y, vy *
(where y | * is the complex conjugate)

Dir. Abdallah M. Azzeer Pane 42
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It is important to understand that the
wavefunction of a particle (eg electron or photon)
does not have any physical meaning:

These wavefunctions are a mathematical
interpretation which appears to work (as we will
see in future lectures)

The square of the wavefunction is however
physically meaningful: It represents the
probability of a particle being detected at a
particular position (for example the intensity
distribution on a screen).

Dr. Abdallal M. Azzeer Page 43
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