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Strong Induction

STRONG INDUCTION To prove that P(n) is true for all positive integers n, where P(n)
Is a propositional function, we complete two steps:

BASIS STEP: We verify that the proposition P(1) is true.
INDUCTIVE STEP: We show that the conditional statement

[P(1) A P(2) A - - - AP(K)] — P(k + 1) is true for all positive integers k.

Exercises
1. Assume {a,}a=1 Isasequence defined as:

a, =3, a, =6 ,a,=ay_1+ a,_, Vn=3
Prove that 3| a,, for all positive integers n .
Solution: Let P(n) be the proposition, P(n): 3|a, ,Vvn=1=a,=3c:c€ N

BASISSTEP: P(Q): 3l ay=3 = «~ P(1) istrue
P(2): 3| a, =6 = ~ P(2) istrue

INDUCTIVE STEP: We assume 1),P2),..,P(k—=2),P(k—1),P(k) (¥
All are hold for integer k >72.

Under this assumption, it must be shown that P(k + 1) is also true .

P(k+1): Ap+1 = A + Ap—q (**)

ay_q1 5 ap both are true, (from inductive hypothesis *) =
P(k): 3lay, =a,=3c;: ¢, €N

P(k N 1) 3| Ax—1 = Ax—1 = 3C2 0y E N

by subist.into(**)

Apyq = A + ap_q = 3¢, + 3¢, =3(c; + ¢;) = 3¢

:c=(c;+ c3) EN
gy =3¢ = 3|lagy; =~ P(k+1)  istrue.

Then P(n)istrueforvn=>1. #
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2. Assume {a,}a=; Isasequence defined as:

a,=8,a,=4 ,a,=a,_1+ a,_, Yn =3

Prove that a,, is even for all positive integers n .
Solution:



Math 151 Discrete Mathematics [Mathematical induction, 2" principle] By. Malek Zein AL-Abidin
3. Assume {a,}a=o IS asequence defined as:

a,=9, a; =15 , an=%+6 :Vn > 2

Prove that 3|a,, for all nonnegative integers n.
Solution:
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4. Assume {b,}o=, Iisasequence defined as:

b1=1,b2=2, bn=2bn—1_bn—2 Vn23

Prove that b, =n  for all positive integers n.
Solution:
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5. Assume {a,}n=; Iisa sequence defined as:

1
a, =-1, a; =—7, az;=—v10 , a,=a,-1.0p_2.0,_3 VN =4

Prove that a,, < 0 for all positive integers n.
Solution:
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6. Assume {a,}a=; IS a sequence defined as:

a,=1,a,=5, apy;1 =2a,+3a,_; :vn=2 (%)
Prove that 3™ < a,,; < 2.3™ for all positive integers n.
Solution: Let P(n) be the proposition, P(n): 3" <a,,;<2.3",vn=>1

BASISSTEP: P@): 3'<a,=5<2.3'=6 = -~ P(1) istrue

INDUCTIVE STEP: We assume that P(2),..,P(k—=2),P(k—=1),P(k) (*%
All are hold for integer k =*.

Under this assumption, it must be shown that P(k + 1) is also true .

from (*):> P( k+1 ): Ak +2 = 2 Ak +1 + 3 Ay (***)

Ar+q 5 Qi both are true, (from inductive hypothesis **) =
Pk): 3*<ap,, <2.3*=2.3"<2qa,,, <4.3k (1)

P(k—1): 3k 1<q,<2.3%¥1 = 3.3¢1 <3q, <2.3.3k1
ila

3% <3aq,<2.3% (2)

(1) +(2) = 2.3%+3%<2ap4 +3a,<4.3%+2.3%

by subist.into (***)

338 < apyp <63k
3kl < ajyp < 2.3.3%
3k+1 < ak+2 < 2 3k+1

= ~ P(k+1) istrue

P(n) istrue for vn=>1
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7. Assume {a,}a=o IS a sequence defined as:

ap=1, a,=2a,_.14+1 :Vn=1

Provethat a,, = 2™t1 —1  for all nonnegative integers n.
Solution:
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8. Assume {a,}n=; Iisa sequence defined as:

a, =3, a, =9, a3=15, a,=ay_1+ ap_,ta,_3 :Vn=4

Prove that 3 divides a,  for all positive integers n.
Solution:
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9. Assume {a,}a=o IS a sequence defined as:

ay=1,a,=1, ap,=2a,_1+ ap_, :Vn =2

Prove that a,, 1sodd for all nonnegative integers n.
Solution:
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10. Assume {a,}n=o IS a sequence defined as:

a,=0,a,=4, a,=—-2a,1+3a,_, :Yn=2 (*)

Provethat a, =1 —(—=3)" for all nonnegative integers n.
Solution:



Math 151 Discrete Mathematics [Mathematical induction, 2" principle] By. Malek Zein AL-Abidin
11. Assume {a,}n=o IS a sequence defined as:

ay=1, a4=2 , a,=4a,_1—3a,_, :Vn=2

Prove that a, = 3™ — 1 for all nonnegative integers n.
Solution:
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12. Assume {a,l}a=o IS asequence defined as:

a,=9, a;, =15 ,a, =3 a, = a“_lang_za"_3+6 :Vn >3

Prove that 3|a, for all nonnegative integers n.
Solution:
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13. Assume {up}a=; Isa sequence defined as:

w=1,u,=2,u3=3 , U, =3Up_1— Up_p — Up_3 : VN =4

Prove that u, = n for all positive integers n.
Solution:
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14. Assume {a,}a=; IS asequence defined as:

Ap—1t ap_p+adn_3

:Vn =>4
3

a,=1,a,=2,a3=3, a, =

Prove that 1 <a, <3 forall positive integers n.
Solution:
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15. Assume {up}a=; IS a sequence defined as:

_3 _ 8 _ 3un_1+2un_2
u,=-, U =— , Uy = 3

:Vn >3
4 13

Prove that u, <1 for all positive integers n.
Solution:
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16. Assume {up}a=; IS a sequence defined as:

Zun_1+ Un—-2 +8

U =2, u=4 , u, = .

:Vn >3

Prove that u,, = 2n for all positive integers n.
Solution:
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17. Assume {a,}n=o IS a sequence defined as:

apy=1, a1 =2, a,=3, ap,=au_1+tay_,+ 2a,_3 :¥Yn=>3

Prove that a, < 3" for all nonnegative integers n.
Solution:
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18. Assume {a,}n=o IS a sequence defined as:

a=1, a4 =2 , a,=4a,1—4a,_, :VYn=2

Prove that a, = 2" for all nonnegative integers n.
Solution:
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19. Assume {a,}n=o IS a sequence defined as:

a=1, a4 =1, a,=4a,1—4a,_, :Vn=2

Provethat a, = 2" —n2""1 for all nonnegative integers n.
Solution:
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20. Assume {a,}n=; Iisa sequence defined as:

a,=1,a,=3 |, a,=ap_1+a,_, :Yn=3

1++/5

2

Prove that a, = ( ™+ (1_7\@)" for all positive integers n.

Solution:
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21. Assume {a,}n=; isa “Fibonacci” sequence defined as:

a,=1,a,=1 |, a,=ap_.1+a,_, :Yn=3

1++/5

2

Prove that a, < ( )*  for all positive integers n.

Solution:
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22. Assume {a,}a=, IS asequence defined as:

ay=1,a,=1,a,=3, ap,=a,_1+t+ay,_, +a,.3 :Yn=2

Prove that a, < 3™  for all nonnegative integers n.
Solution:
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23. Assume {a,}a=o IS asequence defined as:

ay=2,a,=4,a,=6, a,=5a,_3 :Yn=>3

Prove that 2|a,  for all nonnegative integers n.
Solution:
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24.  Assume {ap,l}a=q Iisa “Fibonacci” sequence defined as:

a,=1,a,=2 |, a,=2a,_1+a,_, :Yn=2

5 L
Prove that a, < (E)" for all positive integers n.
Solution:



