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Chapter 4: Parameter Estimation 

 

• Method of moments: 

 

𝐴𝑅(1): 𝑦𝑡 = 𝜀𝑡 + 𝜙1𝑦𝑡−1  
 

            𝜙̂1 = 𝜌̂1 = 𝑟1 

 

𝐴𝑅(2): 𝑦𝑡 = 𝜀𝑡 + 𝜙1𝑦𝑡−1 + 𝜙2𝑦𝑡−2  
 

 𝜙̂1 =
𝑟1(1−𝑟2)

1−𝑟1
2      𝜙̂2 =

𝑟2−𝑟1
2

1−𝑟1
2  

 

 𝑀𝐴(1): 𝑦𝑡 = 𝜀𝑡 − 𝜃1𝜀𝑡−1 

 

 𝑟1 =
−𝜃1 

1+𝜃1
2 

 

 𝑟1 𝜃2 + 𝜃 + 𝑟1 = 0 

 

  𝜃̂1 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
=

−1±√1−4𝑟1
2

2𝑟1
 

          ACF of MA (1) 
 

 𝜌(𝑘) = {

           1               𝑘 = 0

−
𝜃1 

(1 + 𝜃1
2 )

      𝑘 = 1

          0                𝑘 ≥ 2

 

 

   

 Estimation the 𝜎𝛼
2 

for 𝐴𝑅(𝑝): 𝜎̂𝜀
2 = (1 − 𝜙̂1𝑟1 − 𝜙̂2𝑟2 − ⋯ − 𝜙̂𝑝𝑟𝑝)𝑆2 

for 𝐴𝑅(1): 𝜎̂𝜀
2 = (1 − 𝑟1

2)𝑆2   ;    𝜙̂1 = 𝑟1 

for 𝐴𝑅(2): 𝜎̂𝜀
2 = (1 − 𝜙̂1𝑟1 − 𝜙̂2𝑟2)𝑆2   ;    𝜙̂1 =

𝑟1(1−𝑟2)

1−𝑟1
2    𝑎𝑛𝑑  𝜙̂2 =

𝑟2−𝑟1
2

1−𝑟1
2   

for 𝑀𝐴(𝑞): 𝜎̂𝜀
2 =

𝑆2

(1+𝜃̂1
2+𝜃̂2

2+⋯+𝜃̂𝑞
2)

 

for 𝑀𝐴(1): 𝜎̂𝜀
2 =

𝑆2

(1+𝜃̂1
2)

 

for 𝐴𝑅𝑀𝐴(1,1): 𝜎̂𝜀
2 =

1−𝜙̂1
2

(1−2 𝜃̂1𝜙̂1+𝜃̂1
2)

𝑆2 
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• Least squares methods: 

 

for 𝐴𝑅(1):  

 

 (𝑦𝑡 − 𝜇) = 𝜀𝑡 + 𝜙1(𝑦𝑡−1 − 𝜇)  

 𝜀𝑡 = (𝑦𝑡 − 𝜇) − 𝜙1(𝑦𝑡−1 − 𝜇)  

 𝑆(𝜙1 , 𝜇) = ∑ 𝜀𝑡
2𝑛

𝑡=2 = ∑ [(𝑦𝑡 − 𝜇) − 𝜙1(𝑦𝑡−1 − 𝜇)]2𝑛
𝑡=2  

 

 
𝜕𝑆

𝜕 𝜇
 = 2 ∑ [(𝑦𝑡 − 𝜇) − 𝜙1(𝑦𝑡−1 − 𝜇)][−1 + 𝜙1] = 0𝑛

𝑡=2  

        ⇒   ∑ [(𝑦𝑡 − 𝜇) − 𝜙1(𝑦𝑡−1 − 𝜇)]  = 0𝑛
𝑡=2  

        ⇒   ∑ [𝑦𝑡 − 𝜇 − 𝜙1𝑦𝑡−1 + 𝜙1𝜇]    = 0𝑛
𝑡=2  

        ⇒   ∑ 𝑦𝑡
𝑛
𝑡=2 − ∑ 𝜇  𝑛

𝑡=2 − 𝜙1 ∑ 𝑦𝑡−1
𝑛
𝑡=2 + ∑ 𝜙1𝜇  𝑛

𝑡=2 = 0 

        ⇒   ∑ 𝑦𝑡
𝑛
𝑡=2 − (𝑛 − 1)𝜇 − 𝜙1 ∑ 𝑦𝑡−1

𝑛
𝑡=2 + (𝑛 − 1)𝜙1𝜇 = 0 

        ⇒   ∑ 𝑦𝑡
𝑛
𝑡=2 − 𝜙1 ∑ 𝑦𝑡−1

𝑛
𝑡=2 − (𝑛 − 1)𝜇 + (𝑛 − 1)𝜙1𝜇 = 0 

        ⇒   ∑ 𝑦𝑡
𝑛
𝑡=2 − 𝜙1 ∑ 𝑦𝑡−1

𝑛
𝑡=2 − (1 − 𝜙1)(𝑛 − 1) 𝜇 = 0 

        ⇒   ∑ 𝑦𝑡
𝑛
𝑡=2 − 𝜙1 ∑ 𝑦𝑡−1

𝑛
𝑡=2 = (1 − 𝜙1)(𝑛 − 1) 𝜇 

 

        ⇒   𝜇̂ =
∑ 𝑦𝑡

𝑛
𝑡=2 −𝜙1 ∑ 𝑦𝑡−1

𝑛
𝑡=2

(𝑛−1)(1−𝜙1)
 

for large n 

 ∑
𝑦𝑡

𝑛−1

𝑛
𝑡=2 = ∑

𝑦𝑡−1

𝑛−1

𝑛
𝑡=2 ≈ 𝑦̅ 

 
𝜕𝑆

𝜕𝜙1
 = 2 ∑ [(𝑦𝑡 − 𝑦̅) − 𝜙1(𝑦𝑡−1 − 𝑦̅)](𝑦𝑡−1 − 𝑦̅) = 0𝑛

𝑡=2  

          ⇒ ∑ (𝑦𝑡 − 𝑦̅)(𝑦𝑡−1 − 𝑦̅) − 𝜙1 ∑ (𝑦𝑡−1 − 𝑦̅)2𝑛
𝑡=2 = 0𝑛

𝑡=2  

 

          ⇒  𝜙̂1 =
∑ (𝑦𝑡−𝑦̅)(𝑦𝑡−1−𝑦̅)𝑛

𝑡=2

∑ (𝑦𝑡−1−𝑦̅)2𝑛
𝑡=2

 

𝑀𝐴(1) see page 95-97 
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Question 1:  

Using the method of moments, answer the following questions: 

 

a. What is the estimate of the variance of the process  {𝑦𝑡}, i.e. 𝛾(0) in the 

ARMA(p,q) models? 

𝛾(0) is estimated by the method of moments as  𝑆2 = ∑
(𝑦𝑖−𝑦̅)2

𝑛−1

𝑛
𝑖=1  

 

b. For the model  𝑦𝑡 = 𝜀𝑡− 𝜃1 𝜀𝑡−1 : 

 

i. obtain the estimate of the parameter 𝜃1. 

  

 𝑟1 =
−𝜃1 

1+𝜃1
2 

 

 𝑟1 𝜃2 + 𝜃 + 𝑟1 = 0 

 

 ⟹ 𝜃̂1 =
−𝑏±√𝑏2−4𝑎𝑐

2𝑎
=

−1±√1−4𝑟1
2

2𝑟1
 

 
 

 𝜌(𝑘) = {

           1               𝑘 = 0

−
𝜃1 

(1 + 𝜃1
2 )

      𝑘 = 1

          0                𝑘 ≥ 2

 

                                     

ii. obtain the estimate of white noise variance 𝜎̂𝜀
2 . 

 𝛾0 = 𝑉𝑎𝑟(𝑦𝑡) = 𝑉𝑎𝑟(𝜀𝑡− 𝜃1 𝜀𝑡−1) = 𝑉𝑎𝑟(𝜀𝑡) + 𝑉𝑎𝑟( 𝜃1 𝜀𝑡−1) 

                                                      𝛾0 =     𝜎𝜀
2     +     𝜃1

2𝜎𝜀
2 

                                                      𝛾0 =     𝜎𝜀
2 (1 + 𝜃1

2) 

                                                     𝜎̂𝜀
2 =

𝑆2

(1+𝜃̂1
2)
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Question 2:  

Using the method of moments, answer the following questions: 

 

a. For the model  𝑦𝑡 = 𝜙1𝑦𝑡−1+  𝜀𝑡 : 

We have the Yule-Walker equation  

                      𝜌𝑘 = 𝜙1 𝜌𝑘−1  ;   𝑘 = 1,2,3, … 

replace 𝜌𝑘 by 𝑟𝑘 we got: 

                       𝑟𝑘 = 𝜃̂1𝑟𝑘−1    ;  𝑘 = 1,2,3, … 

 

for 𝑘 = 1 :      𝑟1 = 𝜃̂1𝑟0 = 𝜃̂1 

                                     𝜃̂1 = 𝑟1  

 

b. Obtain the estimate of white noise variance  𝜎̂𝜀
2 

 

for AR (1), we have  

𝛾0 = 𝑉𝑎𝑟(𝑦𝑡) = 𝑉𝑎𝑟(𝜙1𝑦𝑡−1+  𝜀𝑡) 

                    𝛾0  = 𝑉𝑎𝑟(𝜙1𝑦𝑡−1) + 𝑉𝑎𝑟(𝜀𝑡) 

                   𝛾0 =     𝜙1𝛾1     + 𝜎𝜀
2 

                   𝛾0 =     𝜙1𝜌1𝛾0 + 𝜎𝜀
2                 where, 𝜌1 =

𝛾1

𝛾0
  ⟹    𝛾1 = 𝜌1𝛾0  

                  𝜎̂𝜀
2 =   𝛾̂0  − 𝜙̂1𝑟1𝛾̂0                  

                  𝜎̂𝜀
2 =   𝛾̂0 (1 − 𝜙̂1𝑟1)                  

                  𝜎̂𝜀
2 =   𝑆2 (1 − 𝑟1

2)                     where,  𝜙̂1 = 𝑟1                
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Question 3:  

Assume that 100 observations from an ARMA (1,1) model 

𝑍𝑡 − 𝜙1𝑍𝑡−1 = 𝛼𝑡 − 𝜃1𝛼𝑡−1 

 

Gave the following estimates 𝜎̂𝜀
2 = 10 , 𝜌̂1 = 0.523 𝑎𝑛𝑑 𝜌̂2 = 0.418 . 

 Find initial estimates for 𝜙1, 𝜃1 𝑎𝑛𝑑 𝜎𝜀
2. 

 

The ACF of ARMA (1,1) is  

 

𝜌𝑘 = {

(𝜙1 − 𝜃1)(1 − 𝜙1𝜃1)

(1 + 𝜃1
2 − 2𝜙1𝜃1)

     ;  𝑘 = 1

             𝜙1𝜌𝑘−1              ; 𝑘 = 2,3, …

 

 

 

• Estimating 𝜙1: 

𝜌2 = 𝜙1𝜌1 

𝑟2 = 𝜙̂1𝑟1     

 

𝜙̂1 =
𝑟2

𝑟1
=

0.418

0.523
  ⟹   𝜙̂1 = 0.799  

 

• Estimating 𝜃1: 
 

 𝑟1 =
(𝜙̂1−𝜃̂1)(1−𝜙̂1𝜃̂1)

1+𝜃̂1
2−2𝜙̂1𝜃̂1

=
𝜙̂1−𝜙̂1

2𝜃̂1−𝜃̂1+𝜙̂1𝜃̂1
2

1+𝜃̂1
2−2𝜙̂1𝜃̂1

 

                           0.523 =
0.799−0.638 𝜃̂1−𝜃̂1+0.799 𝜃̂1

2 

1+𝜃̂1
2−1.598 𝜃̂1

 

                            0.523 =
0.799−1.638 𝜃̂1+0.799 𝜃̂1

2 

1+𝜃̂1
2−1.598 𝜃̂1
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0.523(1 + 𝜃̂1
2 − 1.598 𝜃̂1) = 0.799 − 1.638 𝜃̂1 + 0.799 𝜃̂1

2   

0.523 + 0.523 𝜃̂1
2 − 0.836 𝜃̂1 = 0.799 − 1.638 𝜃̂1 + 0.799 𝜃̂1

2   

0.799 − 1.638 𝜃̂1 + 0.799 𝜃̂1
2 − (0.523 + 0.523 𝜃̂1

2 − 0.836 𝜃̂1) = 0  

0.276 𝜃̂1
2 − 0.802 𝜃̂1 + 0.276 = 0 

 𝜃̂1 =
−𝑏± √𝑏2−4𝑎𝑐

2𝑎 
 

 𝜃̂1 =
−0.802± √0.8022−4(0.276)(0.276)

2(0.276)
 

 𝜃̂1 = 2.507   𝑜𝑟  𝜃̂1 = 0.399 

or we can use the calculator 

1 2 

   
3 4 

  
 

 

We will choose 0.399 to satisfy invertibility condition, which is |𝜃1 | < 1. 

 

• Estimating 𝜎𝜀
2: 

 𝜎𝜀
2 =

1−𝜙̂1
2

1−2𝜃̂1𝜙̂1+𝜃1
2 𝑆2 

 𝜎𝜀
2 =

1−0.7992

1−2(0.799)(0.399)+0.3992   (10) = 6.932 
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Question 4:  

Assume that 100 observations from an AR(2) model 

𝑍𝑡 = 𝜙1𝑍𝑡−1 + 𝜙2𝑍𝑡−2 + 𝛼𝑡 

 

Gave the following sample ACF: 𝜌̂1 = 0.8, 𝜌̂2 = 0.5  𝑎𝑛𝑑 𝜌̂3 = 0.4   

Estimate 𝜙1 𝑎𝑛𝑑 𝜙2. 

 

The auto-correlation function for AR(2) is :   

 

𝜌𝑘 = 𝜙1(𝜌𝑘−1) + 𝜙2(𝜌𝑘−2)       ; 𝑘 = 1,2, … 
 

 

 𝜌̂𝑘 = 𝑟𝑘 

     𝑟1  = 𝜙̂1𝑟0  + 𝜙̂2𝑟1 

     𝑟1 = 𝜙̂1(1) + 𝜙̂2𝑟1 

 

      ⟹   𝜙̂1 = 𝑟1 − 𝜙̂2𝑟1   …   (1) 

 

    𝑟2 = 𝜙̂1𝑟1 + 𝜙̂2 𝑟0 
    𝑟2 = 𝜙̂1𝑟1 + 𝜙̂2  
 

    ⟹  𝜙̂2 = 𝑟2 − 𝜙̂1𝑟 1   …   (2) 
 
 

substitute (2) in (1): substitute (1) in (2): 

 𝜙̂1 = 𝑟1 − 𝜙̂2𝑟1 

 𝜙̂1 = 𝑟1(1 − 𝜙̂2) 

 𝜙̂1 = 𝑟1 (1 − (𝑟2 − 𝜙̂1𝑟 1)) 

 𝜙̂1 = 𝑟1(1 − 𝑟2 + 𝜙̂1𝑟 1)  

 𝜙̂1 = 𝑟1 − 𝑟1𝑟2 + 𝜙̂1𝑟 1
2  

 𝜙̂1 − 𝜙̂1𝑟 1
2 = 𝑟1 − 𝑟1𝑟2 

𝜙̂1(1 − 𝑟 1
2) = 𝑟1(1 − 𝑟2) 

 𝜙̂1 =
𝑟1(1−𝑟2)

1−𝑟2
2   

 𝜙̂1 =
𝑟1(1−𝑟2)

1−𝑟2
2 =

0.8(1−0.5)

1−0.82
= 1.11 

 𝜙̂2 = 𝑟2 − 𝜙̂1𝑟 1 

 𝜙̂2 = 𝑟2 − (𝑟1 − 𝜙̂2𝑟1)𝑟 1  

 𝜙̂2 = 𝑟2 − 𝑟1
2 − 𝜙̂2𝑟1

2  

 𝜙̂2 + 𝜙̂2𝑟1
2 = 𝑟2 − 𝑟1

2 

 𝜙̂2(1 + 𝑟1
2) = 𝑟2 − 𝑟1

2  

 𝜙̂2 =
𝑟2−𝑟1

2

(1+𝑟1
2)

 

𝜙̂2 =
𝑟2−𝑟1

2

1−𝑟1
2 =

0.5−0.82

1−0.82
= −0.3889    
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Other solution:  

 𝑟1   = 𝜙̂1 + 𝜙̂2𝑟1 

 0.8 = 𝜙̂1 + (0.8) 𝜙̂2  

 𝜙̂1 = 0.8 − 0.8 𝜙̂2 … (1) 

 𝑟2   = 𝜙̂1𝑟1    + 𝜙̂2  

 0.5 = 0.8 𝜙̂1 + 𝜙̂2 … (2)     

 

 

Replace 𝜙̂1  in (2) using (1):  

  0.5 = 0.8 𝜙̂1 + 𝜙̂2 

 0.5 = 0.8 (0.8 − 0.8 𝜙̂2) + 𝜙̂2   

 0.5 = 0.64 − 0.64 𝜙̂2 + 𝜙̂2   

 0.5 = 0.64 + 0.36 𝜙̂2   

 −0.14 = 0.36 𝜙̂2 

 𝜙̂2 = −0.3889 

 

from (1)  

 𝜙̂1 = 0.8 − 0.8 𝜙̂2  

 𝜙̂1 = 0.8 − 0.8 (−0.3889) 

 𝜙̂1 = 1.1111 

 


