Table 1:

Properties of the Continuous-Time Fourier Series
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Z agetkeot —

k=—o0 k=—oc

ap = %./I‘r(t)e”m"'dt =

Jr

% / z(t)eIFET/ Tt gt

Property Periodic Signal Fourier Series Coefficients
z(t) | Periodic with period T and ay
y(t) fundamental frequency wy = 27/T by
Linearity Ax(t) + By(t) Aay, + Bby,
Time-Shifting z(t — to) ape Ikwoto = g, o=IkCT/T)to
Frequency-Shifting 6’1“*“' = IMCr/ Dty (1) ap—nr
Conjugation x*(t ) a’,
Time Reversal r( a_y
Time Scaling I(at a > 0 (periodic with period T'/a) a
Periodic Convolution / z()y(t — 7)dr Tayby
r +00
Multiplication (t)y(t) z aibr_;
1=
dz(t) 2r
Differentiati jkwoar, = jk—ay.
1iTerentiation dt ] Woly ] T k
Intesrati ! +()d (finite-valued and 1 = 1 “
ntegration —o 7 periodic only if ag = 0) Ghao ) T k(27 /T) K
ap = a*
R = R
Conjugate Symmetry (t) real ‘3‘(775?:1}} (({\;Lm;f{i }
for Real Signals ) k= —*
|ak] = la_]

Real and Even Sig-
nals

Real and Odd Signals

Even-Odd Decompo-
sition of Real Signals

z(t) real and even

z(t) real and odd

{ ze(t) = Evfz(t)}
Z,(t) = Od{z(t)

[z(t) real]
b [z(t) reall

Parseval’s Relation for Peliodi(‘ Signals

/\f Pt = Z laxl?

k=—o0

Jar = —Fa_y

ay real and even

ay, purely imaginary and odd

Refa}
FSm{ax}

‘l'able 3: Properties of the Continuous-T'ime Fourier 'Iranstorm

1 o .
z(t) = E/ X (jw)e!'dw

XGo)= [~

(t)e 7tdt

Property Aperiodic Signal Fourier transform
x(t) X(jw)
y(t) Y(jw)
Linearity ax(t) + by(t) aX (jw) 4+ bY (jw)
Time shiftine 2t — 1) o Iwto X (4.)
ime-shifting z{t —to) e I X ()
Frequem y-shifting ety (t) X(j(w—wo))
Conjugation () X*(—jw)
Time-Reversal z(—t) X(—jw)
1 J
Time- and Frequency-Scaling z(at) WX (J—w)
a a
Convolution x(t) x y(t) X(jw)Y (jw)
1
Mulitiplication x(i)y(i) Z—qu) * Y (jw)
T
d

Differentiation in Time

Integration

Differentiation in Frequency

Conjugate Symmetry for Real
Signals

Symmetry for Real and Even

Signals
Symmetry for

Signals
Even-Odd Decomposition for
Real Signals

Real and Odd

Er(t)

/;Qz(t)dt

ta(t)
x(t) real

x(t) real and even

x(t) real and odd

=&{z(t)} [x(t) reall
zo(t) = Od{x(t)} [x(t) real]

JwX(jw)

]%X(jw) +X(0)5(w)

. d )
J==X(jw)

dw
(X(jw) = X*(—jw)

Re{X (juw)} = Re{X (~jw)}
Im{X(ju)} = ~Sm{X(~jw)}
X ()] = X (—jw)]

IX(jw) = — X ()

X (jw) real and even
X (jw) purely imaginary and odd

Re{X (jw)}
JSm{X (jw)}

Parseval’s Relation for Aperiodic Signals

lz(t)]?dt = —/ | X (jw)|?dw
/_oo 27 J oo

Table 2: Properties of the Discrete-Time Fourier Series
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x[n] =
k=<N>
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z[n] = /X (e7*)e?" dw
+00

X(e™) = Z zn]e "
n=-oc

Property Periodic signal Fourier series coefficienty
x[n] | Periodic with period N and fun- aj, | Periodic with
y[n] | damental frequency wo = 27/N by period N
Linearity Az[n] + By[n] Aay, + Bby,
Time shift x[n — ng) ageIkEm/Nno
Frequency Shift M /NI ) Ap_n
Conjugation x*[n] a’y,
Time Reversal z[—n] a_y,
2ln/ml it nis ¢ inle ' 1 viewed as
Time Scaling Z(my[n] o[n/m) 1f nisa multiple .Of n. —ay, | periodic with
0 if n is not a multiple of m . .
period mN
(periodic with period mN)
Periodic Convolution Z z[rlyln — 7] Nayby
r=(N)
Multiplication z[n]y[n] Z b
I=(N)

First Difference

Running Sum

Conjugate Symmetry
for Real Signals

Real and Even Signals

Real and Odd Signals

Even-Odd Decomposi-
tion of Real Signals

.r[n] —zln—1]

Z <[H] (ﬁnim-valucd and )
W periodic only if ag = 0

x[n] real

z[n] real and even
x[n] real and odd

z[n] = Ev{z[n]}
z,[n] = Od{z[n]}

[z[n] real]
[x[n] real]

Parse val‘s Relation for Periodic Signals

37 il
N

v Z Jaln]? =

k=

(1- (,—.'ik(%/N))nk

1

ap = a’,

Re{a} = Refa_i}
Smfar} = —Smia_i}
lax] = la_|

Jar = —Jay,

ay, real and even
aj, purely imaginary and odd

Refar}

7Sm{ay}

Property Aperiodic Signal Fourier transform
z[n] X(e’¥) | Periodic with
y[n] Y EJ‘”) period 27
Linearity az[n] + by[n] )+ bY ()
Time-Shifting z[n — ng| ’J“’"" (
Frequency-Shifting eongn] X(ef( wo))
Conjugation 2*[n] X*(e™¥)
Time Reversal x[—n] X(e™%)
. . z[n/k], if n = multiple of k w
Time Expansions 2w [n] = {0[ /K] if n £ multii)lc of k X (75
Convolution z[n] * y[n] X (7)Y ()
Multiplication z[n]y[n] QL X(e)Y (7“=9)do
T

Differencing in Time

Accumulation

k=—00

Differentiation in Frequency nz[n]

Conjugate
Real Signals

Symmetry for

Symmetry for Real, Even
Signals
Symmetry for Real, Odd

Signals
Even-odd Decomposition of — z.[n]
Real Signals

Zo[n] =

T[,rlz] —z[n—1]

> 2k

z[n] real

z[n] real and even

z[n] real and odd

= &v{z[n]}
Odf{z[n]}

[z[n] real]
[x[n] real]

(1 — e )X (e?*)
1 W
T @)
+00
+7X () Y S(w - 2mk)
k=—00
dX (el¥)
J dw

X (&) = X*(e7)

Re{X (e¥)} = Re{X (e 7*)}
Sm{X ()} = —Sm{X (e %)}
X()] = [X(e)]

IX () = =g X (e )

X (&) real and even

X () purely

imaginary and odd
Re{X ()}
FSm{X ()}

Parseval’s Relation for Aperiodic Signals
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Table 4: Basic Continuous-Time Fourier Transform Pairs

Fourier series coefiicients

Signal Fourier transform (if periodic)
+00 ] +00
Z ajelkot 2m Z apd(w — kwp) ay
k=—00 k=—00
jwot . a =1
€ 2m3(w — wo) ap, =0, otherwise
cos wot 70 (w — wo) + d(w + wo)] @m=a-1=y
ap =0, otherwise
T
. ™ al = —(],71 = &=
t ~[0(w —wo) = & 2
seo j [0(w = wo) (w+wo)] ar =0, otherwise
a0=1, ak=0, k;ﬁo
a(t) =1 276(w) this is t.he Fourier serie§ rep-
resentation for any choice of
>0 )
Periodic square wave
1, |t| <T +oo . .
z(t) = { ’ T 2 sin kwoTy . woly . (kwoTi\ _ sinkwoTy
' 0, Ti<|t| <5 Z Té(w — kwo) sine { —— ) = ———
and k=—o0 \ /
2(t+T) = z(t)
+00 +
R 27 27k 1
> a(t—nT) - Za( _T> a = o for all k
n=-—00 k=—c
1, jtj<T 2sinwT
e .
I(){o, [t|> T w
sin Wt L el <W
p X(jw) = { 0. || > W
o(t) 1
1
t — 5 —
u(t) ” + 7o (w)
5(t —to) e~ Iwio —
1
—at
e t),Re{a} >0 —
e~ "u(t), Re{a} s {w
te"u(t), —
e "u(t), Re{a} >0 @t ol
n—1
ﬁe‘“‘u(t), 1
Re{a} >0 (a4 jw)*

Table 6: Basic Discrete-Time Fourier Transform Pairs

Fourier series coefficients

Signal Fourier transform (if periodic)
= 2k
Z ay,el@r/N)n 2 Z ard <w— T) aj.
k=(N) k=—o00
+oo (a) wo =7%5¢
7 - 1, k=m,m+N,m=%2N,...
Jwon _ _ _ N 5 s )
€ 27([_2 d(w = wo — 2nl) a = {VO, otherwise
- (b) %2 irrational = The signal is aperiodic
+oo (a) wy =252
L k=Lm,tm+ N, tm+2N,...
S W — _ _ _ 2 , s 5
oS Won ﬂl_z {0(w —wp — 27l) 4+ 6(w + wo — 2ml) } a = {VO" otherwise
- (b) g2 irrational = The signal is aperiodic
(a) wo = %
= ZL., k=r,r+£N,r+2N,...
sinwon - z {0(w—wo—2ml) —6(w+wo—2nl)} | ar = —%, k=—-r,—r+N,—r+2N,...
R 0, otherwise
. (b) %2 irrational = The signal is aperiodic
=
B (1, k=0,£N,£2N,...
x[n] =1 27rlz 5w — 27l) a = { 0. otherwise
=
Periodic square wave
) L el <N _ sin[(2mk/N)(N1+2 )
o _{ 0 N<ml<Ne |om S e <w7ﬂ) a = TWT]L k#0,£N,£2N,...
and ke —o0 ap = =12 k=0,£N,+£2N,.
z[n + N| = a[n
T = 21k 1
>~ 6[n— kN Z § (w - —) ap = — for all k
k=-00 k——r;o N
n —
a"uln|, la] <1 =T
SN sinfw(Ny + 3)] o
U0, |n,\ > Ny sin(w/2)
- . L, 0<|w[<W
sinWn _ W Wn Jw) — U
; ?W—< W sine (¥n) X (&%) 0 W< < -
X (¢7¥)periodic with period 27
o[n) 1 —
1
u[n] T 7 + Z mo(w — 2mk) —
k=—00
o[n — no) e Iwno —
1
(n+1)a"uln], |a| <1 (=D —
(n+r—1) 1

n
ma uln], la| <1

(1 —ae—iw)r




Table 8: Laplace Transforms of Elementary Functions

Signal Transform | ROC
1. 6(¢) 1 All's
2. u(t) é Re{s} >0
1 o
3. —u(—t) i Re{s} <0
tn—l 1
! 1
5. CEm] (—t) - Re{s} <0
—at 1 J —_
6. e *u(t) o Re{s} > —Re{a}
7. —e %u(—t) . -11- - Re{s} < —Re{a}
tnfl e 1
8. (n — 1)‘6 tu(t) m %6{8} > —%e{a}
tn—l ot 1 )
10. 0(t—1T) e=sT All's
s
11. [cos wot]u(t) g Re{s} >0
. “o
12. [sinwot]u(t) o Re{s} >0
—a S+«
13. [e™ cos wot]u(t) Grafiad Ref{s} > —Re{a}
—at o “wo o _
14. [e™* sin wot]u(t) Gral+ad Re{s} > —Re{a}
_d"o(t) N
15. u,(t) = ym s All's
16. u_p(t) = u(t) * - - xu(t) % Re{s} >0
N—_— ———
n times

Table 7: Properties of the Laplace Transform

-Domain

Time scaling

Conjugation

Convolution

Differentiation in the Time Domain
Differentiation in the s-Domain

Integration in the Time Domain

Signal Transform ROC
x(t) X(s) R
21 (t) Xi(s) R,
Zo(t) Xa(s) Ry

axy(t) + bxo(t)
L'(t — to)

etz (t)

aX(s) + bXs(s)
e S0 X (s)

X(s = s0)

At least Ry N Ry

R

Shifted version of R [i.e., s is
in the ROC if (s — sp) is in
R]

“Scaled” ROC (ie., s is in
the ROC if (s/a) is in R)

R

At least Ry N Ry
At least R

R

At least RN {Re{s} > 0}




