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Abstract - Combined linear-Viterbi equalization
(CLVE) is a technique that employs a linear pre-�lter
in conjunction with the Viterbi algorithm (VA) to
mitigate the e�ects of intersymbol interference. The
aim of the linear pre-�lter is to shape the original
channel impulse response to some shorter desired im-
pulse response (DIR) in order to reduce the complex-
ity of the VA. In this paper, we present a new MSE-
based approach for optimizingCLVEs. This approach
takes advantage of the recent modi�cations to the
VA which are suitable for channels having coarsely
located coe�cients. Speci�cally, the new approach
has the 
exibility in choosing the positions and opti-
mizing the values of nonzero coe�cients of DIR. As
a result, it includes the conventional MSE-based ap-
proaches as a special case. Simulation results have
been presented to illustrate the performance of pro-
posed method.

I. Introduction

Over the past decade, we have witnessed an increased
demand for high-speed digital transmission. This has
resulted from the need for fully integrated voice and
data services, as well as from an increased demand
of high-speed radio communications, such as indoor
and mobile communications. On the other hand, the
need to increase the e�ciency of digital communi-
cation channels has led to the development of spec-
trally e�cient high-level modulation schemes. High
signaling rate digital communication systems utiliz-
ing high-level modulation schemes are very sensitive
to intersymbol interference (ISI). The ISI degrades
the performance of these systems and impose limita-
tions on the data transmission rate [1, 2].

It is well known that maximum likelihood sequence
estimation (MLSE) is the optimum method for the
detection of data in the presence of ISI and addi-
tive white Gaussian noise (AWGN) provided that the
channel impulse response (CIR) is known or can be
precisely estimated [3]. Viterbi algorithm (VA) pro-
vides an e�cient way of performing MLSE recursively
when the length of CIR is �nite. The symbol error
rates of VA are often much lower than error rates of
the symbol by symbol detectors. However, the use
of MLSE is limited to channels having short delay
spread. This is caused by the high computational de-
mand, which is growing exponentially with the length
of CIR. For real life channels, the use of MLSE may
become impractical.

A considerable amount of research has been under-
taken to reduce the complexity of MLSE using var-
ious techniques. Combined linear-Viterbi equalizer
(CLVE) is a class of receivers employing a linear pre-
�lter before the VA in order to shape the original
CIR to some shorter desired impulse response (DIR)
which allows a lower complexity VA. When design-
ing CLVEs it is often desirable to minimize the bit
error rate (BER) of the receiver. However, such a
criterion is di�cult to optimize because of the lack of
an exact mathematical model for the BER and the
complexity and non-linearity of the existing approxi-
mate BER bounds. For this reason, several simpli�ed
optimization criteria were used to optimize the linear
pre-�lter and DIR. Minimization of the mean-square-
error (MMSE) is among the simplest and most prac-
tical CLVE design approaches [4, 5]. The objective of
the MMSE design approach is to minimize the MSE
between the output of the pre-�lter and the output
of the DIR.
To the best of our knowledge, in all of the previous
work related to the MMSE approach, the DIR was
restricted to consist of a reduced number of consecu-
tive coe�cients. This was a direct result of the fact
that the complexity of the classical VA is exponen-
tially proportional to the length of the assumed DIR.
In this paper, we introduce a new formulation for
the MMSE criterion that allows us to choose freely
the positions of nonzero coe�cients of DIR. This new
formulation is inspired by two main points:

� In general, we may not get the optimum set-
tings of the linear �lter and the DIR with re-
spect to MSE if we have restricted the nonzero
coe�cients to be consecutive as considered in
the conventional MMSE techniques [4, 5, 6].

� Recently, a number of simpli�cations to the VA
have been proposed to take advantage of the
sparse shape of some channels. These simpli�-
cations are suitable when the CIR consists only
of few coarsely located coe�cients. The com-
plexity of such simpli�ed schemes does not de-
pend on the CIR length but only on the number
of nonzero coe�cients. The multitrellis Viterbi
algorithm (MVA) proposed in [7, 8, 9] and the
parallel trellis Viterbi algorithm (PTVA) [10,
11] are among these techniques.

Therefore, the main di�erence between the proposed
approach (which will be denoted by MMSE-A) and
the conventional approach (which will be denoted by



Figure 1: Combined linear-Viterbi equalizer (CLVE).

MMSE-B) is that the MMSE-A approach has no as-
sumptions regarding the locations of the nonzero co-
e�cients of the DIR while the conventional MMSE-B
approach restricts the nonzero coe�cients of the DIR
to be consecutive. The conventional MMSE-B ap-
proach can therefore be viewed as a special case of
the more general MMSE-A approach. As a result,
the MSE achieved by the MMSE-A approach is al-
ways less than or equal to that of other MMSE ap-
proaches.

The organization of the paper is as follows. We �rst
present the block diagram of CLVE systems and de-
scribe its basic concepts. Second, we derive the op-
timum settings of the linear pre-�lter and the DIR.
These settings include the results obtained in [4, 5]
as special cases. Third, we evaluate the BER perfor-
mance of the proposed approach as compared to the
conventional MMSE approaches.

II. CLVE Model

The block diagram of a CLVE system is shown in
Figure 1. The transmitted sequence ak is assumed to
be a zero meanM -ary sequence selected from the set
f�1;�3; : : : ;�(M � 1)g. The communication chan-
nel is modeled by a transversal �lter with impulse
response h of length L + 1 and corrupted with addi-
tive white Gaussian noise (AWGN) sequence nk with
variance �2. The received samples yk are processed
by a linear pre-�lter w and the output sequence zk is,
then, passed to the VA to perform MLSE. The func-
tion of the linear pre-�lter w is to shape the original
CIR h to some shorter DIR q. With this arrange-
ment, the complexity of the VA can be made lower
by considering the shorter DIR q instead of the orig-
inal longer CIR h.

III. Optimizing CLVE Parameters

Figure 2 illustrates the principles of the MMSE de-
sign approach. The upper side of Figure 2 represents
the model of the CLVE system while the lower side
represents its equivalent DIR. The objective of the
MMSE design approach is to minimize the MSE be-
tween the output of the pre-�lter zk and the output
of the DIR ẑk which is denoted by ek in Figure 2.

Figure 2: Optimization of linear-Viterbi equalizer us-
ing MSE criterion.

In what follows, we present a general framework for
obtaining the optimum setting of the linear pre-�lter
and the DIR with respect to the MSE criterion.
Over a block of N output symbols, the received signal
yk can be expressed in vector form by

y = Ha+ n (1)

where

y = [ yk yk�1 � � � yk�N+1 ]T

� � � N column vector of channel outputs

a = [ ak ak�1 � � � ak�N�L+1 ]T

� � � N + L� 1 column vector of channel inputs

n = [ nk nk�1 � � � nk�N+1 ]T

� � � N column vector of noise samples

H =

2
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h0 h1 � � � hL 0 : : : 0
0 h0 h1 � � � hL 0 � � �
...

...
0 � � � 0 h0 h1 � � � hL

3
7775

� � � N � (N + L � 1) channel toeplitz matrix

and (�)T denotes the transposition operator. Note
that the multiplication between the channel toeplitz
matrixH and the vector of inputs a simply describes
a convolution process. The channel output y is, then,
processed using the linear �lter w to produce the se-
quence zk given by

zk = wTy (2)

which will be passed to the VA to perform MLSE.
Instead of considering the original CIR, the VA im-
plementation will be based on the knowledge of the
equivalent DIR q given by

q =
�
q0 q1 � � � qN+L�1

�T
: (3)

Basically, this means that the cascade of the CIR and
the linear pre-�lter has been modeled by an equivalent
linear transversal �lter q as shown in the lower part
of Figure 2. It should be noted, however, that some
constraints should be added regarding the choice of
the DIR in order to insure that the complexity of the
VA is reduced. In the MMSE-A approach that we
propose, the DIR is selected such that the number of
nonzero coe�cients of q is limited to V + 1, i.e.,

qi = 0 for i 62 � = f�0; �1; : : : ; �V g (4)



where �j , j = 0; 1; : : : ; V correspond to the locations
of the V + 1 nonzero coe�cients of the DIR.
The basic idea of the MMSE-A approach is to design
the linear �lter w and the DIR q in such a way to
minimize the MSE between the output of the linear
�lter zk and the output of the DIR ẑk, i.e., to mini-
mize

MSE , E
�
jekj

2
�

= E
�
jẑk � zkj

2
�

(5)

where E[�] denotes the expectation operation. Sub-
stituting Equation (2) into (5) and making use of the
fact that ẑk = qT a, it is straight forward to show that

MSE = E
h��qT a�wTy

��2i

= qTRaaq +wTRyyw

�qTRayw �wTRyaq (6)

where Ryy = E
�
yyT

�
and Rnn = E

�
nnT

�
are the

N � N output and N � N noise correlation matri-
ces. The other two terms Raa = E

�
aaT

�
and Ray =

E
�
ayT

�
are the (N + L � 1) � (N + L � 1) input

correlation and (N + L� 1)�N input-output cross-
correlation matrices, respectively. Substituting Equa-
tion (1) into (6), it follows that

MSE = qTRaaq +wT
�
HRaaH

T +Rnn

�
w

�2qTRaaH
Tw: (7)

Therefore, the MSE can be minimized by �rst taking
its gradient with respect to the linear �lter w and
setting it equal to zero. By so doing, we obtain

w =
�
HRaaH

T +Rnn

�
�1

HRaaq (8)

which represents the optimum setting of the linear
�lter w, with respect to MSE, assuming a prede�ned
DIR q.
The MSE could be reduced further by proper selec-
tion of the DIR. In what follows, we consider the
choice of the DIR q which minimizes the MSE. Sub-
stituting Equation (8) into (7) and making use of the
matrix inversion lemma [6], we get

MSE = qT
�
R�1aa +HTR�1nnH

�
�1

q: (9)

In Equation (9), we have implicitly assumed that Raa

and Rnn are invertible. Our objective here is to
choose q such that the MSE, represented by Equa-
tion (9), is minimized. In the optimization process,
we impose the following two constraints:

1. All the coe�cients of the DIR q must be set
equal to zero except V + 1 coe�cients in order
to limit the complexity of the VA. This can be
done by multiplying q with a (N + L � 1) �

(N +L� 1) diagonal matrix C whose elements
are given by

Cij =

�
1 for i = j 2 �
0 otherwise.

(10)

Therefore, Equation (9) can be rewritten as

MSE = qTC
�
R�1aa +HTR�1nnH

�
�1

Cq: (11)

2. The DIR must be of unit energy, that is,

qTq = 1 (12)

in order to avoid the trivial solution of zero MSE
which corresponds, of course, to no transmis-
sion through the channel.

To solve the above optimization problem, we use the
method of Lagrange multipliers. It is not di�cult
to show that the optimum q is the eigenvector corre-
sponding to the minimumeigenvalue of the Hermitian
positive-de�nite matrix B de�ned as

B = C
�
R�1aa +HTR�1nnH

�
�1

C: (13)

Assuming that the input data and noise component
are independent and identically distributed (i.i.d.) se-
quences with zero-mean and variances 1 and �2, re-
spectively, Equations (8) and (13) can be simpli�ed
to

w =
�
HHT + �2IN

�
�1

Hq (14)

and

B = C
h
IN+L�1 +HTH

i
�1

C (15)

where Im denotes the (m �m) identity matrix.
The approaches developed by Qureshi and Newhall
[4] and Falconer and Magee [5] (see also [6]) may
be considered as a special case of the more general
MMSE-A approach presented in this section. For this
reason, the MSE achieved by the proposed MMSE-
A approach is always less than or equal to that of
other MMSE approaches. The results obtained in
[4, 5, 6] can be easily veri�ed by making the assump-
tion of consecutive nonzero coe�cients of the DIR
and substituting into the general results obtained for
the MMSE-A approach presented in this section.
It should be noted that the optimum solutions for the
DIR derived in this section did not address the point
of �nding the optimum selection for the positions of
the nonzero coe�cients of the DIR. Of course, we
can perform a search over all possible combinations
in order to reach the optimum locations, which will
result in the least MSE; however, this could be a very
lengthy process. On the other hand, simulation re-
sults have shown that a good choice for the locations
of nonzero coe�cients of DIR is in the vicinity of the
locations of the highest energy coe�cients of the CIR.
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Figure 3: Impulse response of the original channel
and the DIRs designed by MMSE-A, MMSE-B, and
MMSE-C approaches.

IV. Performance Evaluation

Performance comparisons among several CLVE de-
sign approaches in terms of the BER at di�erent signal-
to-noise ratio (SNR) conditions are presented. In par-
ticular, three approaches were simulated. These ap-
proaches are similar in the sense that they optimize
the linear pre-�lter to minimize the MSE between the
output of the CIR and that of a certain DIR. How-
ever, they di�er in the choice of the DIR as outlined
below:

MMSE-A: The positions of the DIR coe�cients
are chosen freely without any restrictions. The
coe�cient values are designed to minimize the
MSE.

MMSE-B: This approach restricts the positions of
the DIR coe�cients to be consecutive. The DIR
is chosen to minimize the MSE [5].

MMSE-C: The positions of the DIR coe�cients are
chosen freely without any restrictions. The co-
e�cient values are assumed equal to the corre-
sponding CIR coe�cients [8, 9].

In the simulation, we have considered a 2-PAM data
transmitted through channel-B used by Falconer and
Magee in [5]. The impulse response of this channel
is shown in Figure 3. This channel is characterized
by its long impulse response (L + 1 = 15) which
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Figure 4: BER performance of MMSE-A, MMSE-B,
and MMSE-C approaches.

prevents the direct implementation of the full com-
plexity VA due to the high number of states required
(no. of states = 2L = 214). In order to limit the
complexity of the VA, a 31-tap linear pre-�lter was
used to equalize the received sequence prior to pass-
ing it to the VA to shape the long CIR to a shorter
DIR consisting of only 4 nonzero coe�cients. The
VA implementation is based on the knowledge of the
equivalent short DIR q with 4 nonzero taps which
means that only 23 states are required for VA com-
putations. The tap gains of the linear pre-equalizer
were designed such as to minimize the MSE between
the output of the linear pre-�lter and the output of a
prede�ned DIR. The DIR itself was selected accord-
ing to the three approaches outlined above. The re-
sulting DIRs for the three approaches at SNR=15dB
are shown in Figure 3. It can be seen that the DIR of
the MMSE-B approach consists of 4 consecutive coef-
�cients. For the other two approaches, the DIR con-
sists of 4 non-consecutive nonzero coe�cients. Note
that the MMSE-C approach restricts the values of
nonzero coe�cients to be exactly equal to the corre-
sponding coe�cients of the CIR.

Performance curves for the three approaches are shown
in Figure 4. As can be seen from the �gure, the
MMSE-A approach outperforms the conventional
MMSE-B by about 4 dB at BER of 10�5 while the
MMSE-C approach fails to produce an acceptable
performance for the channel considered. The reason
for the performance gain of the proposed algorithm
over the other approaches may due to the fact that
the MMSE-B and MMSE-C approaches �x either the
positions or values of DIR while the MMSE-A ap-
proach allows these two design variables to take their
optimal values.



V. Conclusion

Recently, reduced complexity Viterbi algorithms for
use as sequence estimators for linear ISI channels with
coarsely located coe�cients have been developed [7,
10]. In contrast to classical VA whose computational
complexity increases exponentially with the channel
length, these algorithms have a computational com-
plexity primarily governed by the number of nonzero
coe�cients of CIR. In this paper, a new approach
for designing the DIR of CLVEs has been presented.
This approach is basically based on optimizing the
linear pre-�lter so that the DIR consists of only few
nonzero coe�cients that makes it well suited for use
with the previously mentioned computationally e�-
cient Viterbi algorithms. The main feature of pro-
posed scheme is that the positions and values of DIR
can be optimized; hence, better performance can be
achieved. In addition, the methods of [4] and [5]
which are based on the use of consecutive DIR coe�-
cients are special cases of the formulation presented.
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