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Abstract

Decision feedback sequence estimation (DFSE) is a
reduced state alternative to maximum likelihood se-
quence estimation (MLSE). One of the most popular
technique to improve the performance of DFSE is to
process the received signal by a linear pre-filter prior
to DFSE. This technique is referred to as combined-
linear DFSE (CLDFSE). In this paper, we derive
a tight upper bound on the error performance of
CLDFSE. To the best of our knowledge, this bound
is new and has not been yet considered in the liter-
ature. The simulation results show that the derived
upper bound can be used to approximate the true
BER performance of CLDFSE systems for a wide
range of communication channels.

1 Introduction

Among techniques for combating intersymbol inter-
ference (ISI) in communication channels, Forney’s
maximum likelihood sequence estimation (MLSE)via
Viterbi algorithm (VA)[1]. This technique has supe-
rior detection performance. However, the VA’s com-
putational complexity grows exponentially with the
length of channel memory.

Decision feedback sequence estimation (DFSE) is
a popular technique for reducing the complexity of
the VA [2]-[3]. The DFSE technique is based on trun-
cating the channel impulse response (CIR) in order
to reduce the trellis searched by the VA. The DFSE
algorithm is flexible in the sense that it allows a good
tradeoff between complexity and performance, which
ranges from the complex full VA to a simple DFE.
However, the performance of DFSE highly depends
on the structure of the channel under consideration.
Specifically, DFSE is well suited for channels having
most of their energy concentrated at the beginning
of the CIR. For channels that does not satisfy this
condition, such as nonminimum-phase channels, the
performance of DFSE may become poor. This is be-
cause such channels tend to have a low minimum
distance and high error propagation resulting from
the decision feedback (DF) process inherent in DFSE
[2].

Several authors have proposed using a linear pre-
filter before the equalizer in order to shape the CIR
into a one suitable for DF-based equalizers [4]. This

technique is referred to as combined-linear DFSE
(CLDFSE).

Analytical solutions for the performance of digi-
tal communication systems are of great interest since
they give more insight view of the factors governing
the overall performance and the way they interact
with each other. In this paper, we derive a tight up-
per bound on the error performance of CLDFSE. To
the best of our knowledge, this bound is new and has
not been yet considered in the literature. This bound
can be used to develop a new criterion to improve de-
signing the pre-filter of CLDFSE systems. Another
advantage of the derived upper bound is that it can
greatly simplify prediction of the BER of CLDFSE
systems by using the bound as an approximator to
the actual performance for medium to high SNR con-
ditions. This is very essential especially when deal-
ing with very low BER values at which conventional
simulation techniques become impractical.

In the following section, we introduce the DFSE
algorithm and discuss the factors affecting its per-
formance. Second, we present the CLDFSE tech-
nique. Then, we derive a tight upper bound on the
error performance of CLDFSE. Finally, we investi-
gate the validity of implementing the derived bound
as an approximator to the BER of CLDFSE system
by comparing it with simulation results under differ-
ent channel conditions.

2 The DFSE Algorithm

The DFSE is a technique for reducing the complexity
of the VA based on truncating the states searched by
the VA.

Consider a CIR h of length L+ 1. In DFSE, this
channel is partitioned into two partitions by the pa-
rameter �, where 0 ≤ � ≤ L. Hence, the DFSE states
will consider only the last �+1 symbols while feeding
back past decisions to eliminate residual ISI result-
ing from state truncation. Using this partitioning
strategy, there are only M � states instead of the ML

states required by the full complexity VA. Therefore,
the complexity of DFSE can range from a simple
DFE (� = 0) to the full complexity VA (� = L).

In DFSE, each state is defined by

tk = [ak−1, ak−2, . . . , ak−�] , (1)

and an error event occurs between times k1 and k2
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if

t̂k1 = tk1 , t̂k2 = tk2 , but t̂k �= tk for k1 < k < k2

(2)
where tk and t̂k are the states of the correct and in-
correct decoding paths at time k, respectively. The
error vector e corresponding to this error event is
defined as e = [εk1 , εk1+1, . . . , εk2−1] and the compo-
nents of e are defined as εk = ak− âk. The length of
each error event is given by Λ = k2 −k1. We assume
that the channel is stationary. Thus, the probability
of an error event is independent of the start time of
that error event and, hence, time 0 can be chosen
as the start time without loss of generality [5]. The
error event of length Λ can now be redefined as

e = [ε0, ε1, . . . , εΛ−1]. (3)

To evaluate the probability of occurrence of a par-
ticular error event we divide each error event into
three subevents:

E1: at time 0, t̂0 = t0;

E2: the information symbols a0, a1, . . . , aΛ−1 when
added to the error sequence ε0, ε1, . . . , εΛ−1 must
result in an allowable sequence. In other words,
the sequence â0, â1, . . . , âΛ−1 must have valid
values depending on the used modulation scheme;

E3: for 0 ≤ k ≤ Λ − 1, the sum of the branch
metrics of the estimated path exceeds the sum
of the branch metrics of the correct path.

Given the above subevents, the probability of occur-
rence of a particular error event is bounded by [2]

Pr(e) ≤ Pr(E2) Pr(E3). (4)

The probability of subevent E2 for M -ary PAM
is given by [1]

Pr(E2) =
Λ−1∏
i=0

M − |εi|/δ
M

. (5)

The probability of subevent E3 is governed by the
distance of the error event from the correct signal in
the Λ dimensional space, which is called the Euclid-
ean distance and is given by [2]

de =

√√√√√Λ−1∑
k=0


min(k,L)∑

i=0

hiεk−i




2

(6)

Since the noise is assumed to be a white Gaussian
noise sequence with variance σ2, the probability of
subevent E3 is given by [2]

Pr(E3) = Q

(
de
2σ

)
(7)

Substituting Equations 5 and 7 into 4 we get the up-
per bound on the probability of occurrence of error
event e given by

Pr(e) ≤ Q

(
de
2σ

) Λ−1∏
i=0

M − |εi|/δ
M

. (8)

Summing up the probabilities of all possible error
events multiplied by their Hamming weights we ar-
rive to an upper bound of the overall symbol error
probability given by

PM ≤
∑
e∈E

ωeQ

(
de
2σ

) Λ−1∏
i=0

M − |εi|/δ
M

(9)

where E denotes the complete set of valid error events
and ωe is the number of nonzero components in each
error event e.

3 Combined-Linear DFSE

From the last section, we note that the performance
of DFSE is critically affected by the energy distri-
bution of the CIR. Specifically, if there is a higher
amount of energy concentration at the last coeffi-
cients of the CIR, two things may occur as a result
of DFSE state truncation:

• the distance of error event, and consequently,
the minimum distance may decrease consider-
ably;

• error propagation due to the feedback process
may increase significantly.

These two effects may cause severe degradation in
the performance of DFSE when applied to such chan-
nels.

There are several techniques for improving the
performance of DFSE. One of the most popular tech-
niques is to process the received signal by a linear
pre-filter prior to DFSE as shown in Figure 1. The
aim of the pre-filter is to shape the original CIR into
a one that has more energy concentration at the be-
ginning of the impulse response to make it more suit-
able for DFSE. This technique is termed as combined
linear-DFSE (CLDFSE).

The CLDFSE system as shown in Fig. 1 consists
of a source that emits every T seconds an i.i.d zero-
mean M-ary sequence {ak}. The channel is mod-
eled by a linear transversal filter h = [h0, h1, . . . , hL]
and AWGN nk of variance σ. The received signal is
processed using a linear FIR filterw = [w0, w1, . . . , wN ].
The output of the pre-filter given by

z = w ∗ y
= w ∗ h ∗ a+w ∗ n (10)

is then passed to the DFSE to produce the estimates
âk of the transmitted sequence ak. The DFSE is
performed under the assumption that the desired
impulse response (DIR) q is of length ϑ + 1. The
DFSE operation is based on truncating q to be of
length �, where 0 ≤ � ≤ ϑ, while using feedback in-
formation extracted from the history of the survivor
paths to eliminate part of the residual ISI resulting
from state truncation.
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It has been shown in [6] that introducing a delay
parameter ∆ between the output of the DIR and the
output of the pre-filter improves the performance of
CLDFSE. Therefore, we can express the DIR q in
vector form as follows

q = [g∆, g∆+1, . . . , g∆+ϑ]. (11)

where gk is the overall impulse response obtained by
convolving the filter w with the channel h.

CLDFSE

DFSE

Channel

Figure 1: Combined linear-DFSE (CLDFSE).

4 Upper bound on the perfor-

mance of CLDFSE

CLDFSE can be analyzed in the same way as the
normal DFSE, i.e. by defining error events and ana-
lyzing their probability of occurrence. In DFSE, the
noise component corrupting the input signal was as-
sumed to be white and Gaussian, which simplifies
the analysis of DFSE. On the other hand, when an-
alyzing CLDFSE, one must consider the effect of two
new factors, which are:

• noise correlations due to pre-filtering; and

• residual ISI resulting from truncation of the
overall impulse response g to one with a shorter
extent q.

Such factors complicate the analysis of CLDFSE as
compared to DFSE. In what follows we derive a
Chernoff bound on the probability of subevent E3.

The model of the CLDFSE system in Equation 10
can be rewritten as

z = a ∗ q+ ζ (12)

where ζ represents the undesired term while a ∗ q
represents the desired one. The undesired term is
composed of two components; the colored Gaussian
noise χ given by

χ = w ∗ n (13)

and the untreated residual ISI ψ given by

ψ = b ∗ a (14)

where the coefficients of b are given by bk = gk for
k �∈ {∆,∆+1, . . . ,∆+ϑ} and 0 otherwise. It can be

shown that the probability of subevent E3 is given
by [7]

Pr(E3) = Pr(ζe ≥ 1
2
de) (15)

where ζe is the projection of undesired term on the
direction of the error signal u. The error signal of
an error event is given by

u = [u0, u1, . . . , uΛ−1]. (16)

The elements of the vector u can be determined us-
ing

uk =
Λ−1∑
i=0

εiqk−i for 0 ≤ k ≤ Λ− 1 (17)

and zero otherwise. Note that the length of the er-
ror signal u of an error event e is nothing but the
Euclidean distance of that error event de, i.e., we can
define de as

de = ‖u‖. (18)

The unit vector in the direction of the error signal is
denoted by v and is given by v = u

‖u‖ . The projec-
tions of the correlated noise χ and the residual ISI
ψ in the direction of an error event e are denoted by
χe and ψe, respectively, and are given by

χe = v ∗ χ (19)
ψe = v ∗ ψ (20)

Since the noise component n introduced by the
channel is assumed to be white and Gaussian, the
corresponding noise χ at the output of the linear
pre-filter is also Gaussian but it is no longer white
which means that its variance is not the same in
all directions. From Equations 19 and 13 it can be
shown that the correlated noise projection χe has
zero mean while its variance is given by

σ2
χe = σ2 v Cww vT (21)

Similarly, from Equations 20 and 14, it can be shown
that the residual ISI projection ψe has zero mean
(since the transmitted sequence is assumed to have
zero mean) while its variance is given by

σ2
ψe = σ2

a v Cbb vT (22)

where σ2
a is the variance of the transmitted sequence.

However, the residual ISI projection ψe is non-Gaussian
and its distribution is unknown (but we know that
its pdf has even symmetry since the input sequence
is drawn from an even symmetric set). In the last
two equations, the matrices Cww and Cbb are Λ
square matrices and their elements are given by

Cww(i, j) =
∑
i

∑
j

wiwi−j . (23)

Cbb(i, j) =
∑
i

∑
j

bibi−j . (24)

respectively.
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To find the probability of subevent E3, which is
our main task, we need to evaluate the probability
in Equation 15, i.e. we need to evaluate

Pr(E3) = Pr(χe + ψe ≥ de
2
). (25)

However, since the distribution of ψe is unknown, it
is difficult to evaluate Equation 25 exactly but we
can find an upper bound.

It is clear that the pdf of χe and ψe is even and,
hence, the one-sided tail probability of Equation 25
can be replaced by the two-sided tail probability
given by

Pr(E3) =
1
2
Pr
(
|χe + ψe| ≥ de

2

)
(26)

which can be expanded to the form [9]

Pr(E3) =
1
2

∫ ∞

0

Pr(|ψe| ≥ τ)
[
fχe

(
de
2

− τ

)]
dτ

− 1
2

∫ ∞

0

Pr(|ψe| ≥ τ)
[
fχe

(
de
2
+ τ

)]
dτ

+
1
2
Pr
(
|χe| ≥ de

2

)
(27)

where fχe(·) is the Gaussian pdf of χe given by

fχe(x) =
1√
2πσ2

χe

exp
(−x2/2σ2

χe

)
(28)

and the variance σ2
χe has already been evaluated in

Equation 21.

The only difficulty in Equation 27 is the evalua-
tion of the two-sided tail probability Pr(|ψe| ≥ τ)
due to the unknown distribution of ψe. However,
following the steps given in [10] we can write the
Chernoff bound for this probability as

Pr(|ψe| ≥ τ) ≤




0 τ > Ψ
2 exp

(
− τ2γ

4Mσ2
ψe

)
Ω ≤ τ ≤ Ψ

1 τ < Ω.
(29)

where

Ω =

√
4Mσ2

ψe ln(2)
γ

(30)

Ψ = A

(
L+N−2∑
i=0

|bi|
)(

Λ−1∑
i=0

|vk|
)

(31)

γ = min
k≥1

(
(2k)!M

k!

)1/k

(32)

and A is the peak value of the zero-mean M -ary
sequence {ak}.

Finally, we substitute Equation 29 into 27 to get
the upper bound on the probability of occurrence of
subevent E3 given by

Pr(E3) ≤ 1
2
Q

(
de
2σχe

)

+
1
2

∫ Ω

0

[
fχe

(
de
2

− τ

)
− fχe

(
de
2
+ τ

)]
dτ

+
∫ Ψ

Ω

exp

(
− τ2γ

4Mσ2
ψe

)
fχe

(
de
2

− τ

)
dτ

−
∫ Ψ

Ω

exp

(
− τ2γ

4Mσ2
ψe

)
fχe

(
de
2
+ τ

)
dτ.(33)

By using the definition of the Q-function given by

Q(x) � 1√
2πσ

∫ ∞

x

exp(−y2/2σ2) dy. (34)

we can minimize Equation 33 to get the bound

Pr(E3) ≤ 1
2

[
Q

(
de/2− Ω

σχe

)
+Q

(
de/2 + Ω

σχe

)]

+ β exp
(

β2 − 1
8σ2

χe

de
2

)[
Q

(
Ω/β − βde/2

σχe

)

− Q

(
Ψ/β − βde/2

σχe

)
− Q

(
Ω/β + βde/2

σχe

)

+ Q

(
Ψ/β + βde/2

σχe

)]
(35)

where

β =
σ2
ψe

σ2
ψe + (γ/2M)σ2

χe

(36)

Equation 35 represents an upper bound on the
probability of subevent E3. Knowing that the prob-
abilities of the other two subevents E1 and E2 are
similar to those of DFSE, we can find a bound on
the overall symbol error probability PM given by

PM ≤
∑
e∈E

ωe Pr(E3)
Λ−1∏
i=0

M − |εi|/δ
M

(37)

where ωe is the number of nonzero elements in each
error event e and E is now defined as the set of all
valid DFSE error events.

5 Simulation Results

In this section we investigate the validity of imple-
menting the derived bound as an approximator to
the BER of CLDFSE systems by comparing it with
simulation results under different channel conditions.
We have considered a BPSK i.i.d sequence trans-
mitted through Channel-A, Channel-B, Channel-C
and Channel-D with impulse responses shown in Fig.
2. A 50-tap linear pre-filter designed using the ap-
proach proposed in [8] was used to improve the over-
all performance of the 8-state CLDFSE system. In
the simulation, we have used Monte Carlo runs to
calculate the actual BER of the system.

It should be remembered that the CLDFSE per-
formance bound presented in section 4 was derived
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Figure 2: Channels impulse responses: (a) Channel-
A, (b) Channel-B, (c) Channel-C, and (d) Channel-
D.

assuming no error propagation. For this reason, we
have also simulated the CLDFSE system under the
assumption of no error propagation in order to com-
pare it with its bound. This assumption can be im-
plemented in the simulation program by insuring a
separation of more than L − � correct decisions be-
tween any two adjacent error events [5].

Simulated and predicted BER values for all four
channels are presented in Figures 3, 4, 5, and 6.
From these plots, it can be seen that the predicted
BER values using the derived upper bound closely
matches the simulated results assuming no error prop-
agation, especially for BER values that are below
10−2. Moreover, it can be seen that the simulated
BER results assuming no error propagation approx-
imately coincide with those when no assumptions
are made for the cases of Channel-A, Channel-C and
Channel-D, while they differ by about 0.25dB only
for the case of Channel-B as can be seen from Figure
4. This clearly indicates that the effect of error
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Figure 3: BER obtained from the derived bound and
from the simulation for the case of channel-A.
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Figure 4: BER obtained from the derived bound and
from the simulation for the case of channel-B.

propagation is small and usually can be neglected
which means that the derived upper bound can be
used to approximate the true BER performance of
CLDFSE systems for a wide range of communication
channels.
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Figure 5: BER obtained from the derived bound and
from the simulation for the case of channel-C.

6 Conclusion

In this paper, a tight upper bound on the error per-
formance of CLDFSE has been derived. The sim-
ulation results have shown that the derived upper
bound can be used to approximate the true BER
performance of CLDFSE systems for a wide range of
communication channels. Furthermore, this bound
can be used to develop a new criterion to improve
designing the pre-filter of CLDFSE systems.
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