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Study of the Operability of a Continuous
Bioreactor for the Pre-fermentation
of Cheese Culture

The dynamics of a continuous stirred-tank bioreactor for cheese pre-fermenta-
tion is analyzed using elementary concepts of bifurcation theory and continua-
tion techniques. The bioreactor model, which was previously developed and vali-
dated, explicitly incorporates the effect of uncontrolled pH levels. The stability
analysis of the model is carried out for two cases: In the first case, the bioreactor
is equipped with a seed tank, while the second case involves no additional seed
tank. The static analysis allows useful analytical results for the study of steady
state multiplicity of the model to be derived. The results of this paper provide
practical guidelines on the selection of operating parameters that can eliminate
difficult operating regions and that can consequently improve the operability of
the bioreactor.
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1 Introduction

Bioreactor control has become an active area of research in re-
cent years [1�5]. This is partially attributable to the difficulty
in controlling the highly non-linear behavior associated with
such systems. Bioreactors are generally full of operational
problems that manifest themselves essentially in the form of
input and output multiplicities [6]. Input multiplicities arise
when different values of a manipulated input variable produce
the same value of the controlled output variable. When input
multiplicities occur, there is always the possibility of a transi-
tion from one steady state to another without detecting it.
Moreover, input multiplicity implies the existence of regions
where the zero dynamics are unstable (the corresponding line-
arized system has right-half plane zeros). The presence of such
behavior is known to limit the closed loop performance, re-
gardless of the selected control algorithms. Output multiplici-
ties are also known to occur in bioreactors. This type of multi-
plicity arises when for the same value of an input variable,
different responses to the chosen controlled output are ob-
tained. It is well known that the presence of an S or inverse S
shaped input-output is associated with the hysteresis phenom-

enon, which results in a region of open loop unstable behavior.
Output multiplicities are also known to have an adverse effect
on control performance. The detection of these multiplicities
in the bioreactor is an important task. This task requires two
elements: a good model of the process and adequate tools for
the analysis. There are a number of theoretical tools that can
guide the static and dynamic analysis of bioreactors. Among
them the singularity theory has been proven to be an adequate
tool for this task. The theory, which was successfully applied to
chemical reactors [7�12], provides a useful framework for
classifying branching phenomena in which different types of
multiplicity of the nonlinear model can be classified. In this re-
gard a useful picture of the different behavior can be con-
structed in the parameter space of the model. This allows the
delineation of regions of unsafe/unstable behavior to be pre-
dicted by the model.

This paper addresses the issue of bioreactor operability when
applied to a continuous pre-fermentation of cheese culture.
Cheese manufacture is traditionally a batch process, but with
an ever increasing cheese consumption, a mass production of
cheese is of great interest to the dairy industry. For this reason,
the study of a potential continuous process for cheese manu-
facture would be a step in the right direction to achieve two
goals: The first is to study the improvement in the bioreactor
productivity, while the second objective is to analyze the po-
tential operating problems that may be inherent in the contin-
uous bioprocess. A number of models have been developed in
the literature for cell growth and lactic acid production
[13�17]. However, these models were limited to either con-

© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim http://www.els-journal.com

A. Al-Rabiah1

A. Ajbar1

1 Department of Chemical
Engineering, King Saud
University, Riyadh, Saudi
Arabia

–
Correspondence: A. Ajbar (aajbar@ksu.edu.sa), Department of Chemi-
cal Engineering, King Saud University, P.O. Box 800, Riyadh 11421, Saudi
Arabia

Eng. Life Sci. 2007, 7, No. 6, 1–11 1



stant or optimally controlled pH values. These models may
present some shortcomings since the cheese pre-fermentation
process is known to be a hydrogen ion dependent process, as
the pH of milk changes with cell growth and lactic acid pro-
duction. Recently, Funahashi et al. [18] proposed a kinetic
model that can predict growth and lactic acid production in
pre-fermentation without external pH control. The proposed
model was shown to simulate well uncontrolled pH experi-
ments. Lee and Lim [19] carried out a local stability analysis
for the model. The authors showed that for given values of ki-
netic parameters the model can predict steady state multipli-
city. The authors also studied the case where a seed tank was
added to the bioreactor. Their analysis showed that the addi-
tion of the seed tank provides a stabilizing effect on the biore-
actor dynamics.

The objective of this paper is to study the operability of the
same bioreactor model. This analysis shows that analytical re-
sults can be obtained that determine the exact type of multipli-
city that may be predicted by the model. Steady state unique-
ness, saddle-node, hysteresis as well as pitchfork singularities
are shown to occur in the bioreactor model. The effect of oper-
ating parameters on the occurrence/removal of these singulari-
ties is analyzed. It is also shown how practical diagrams in
terms of operating parameters of the model can be constructed
that delineate the different multiplicity regions. The organiza-
tion of the paper starts with the description of the process
model, followed by the analysis of static behavior. The general
model for the bioreactor with the additional seed tank is first
studied, followed by the analysis of the bioreactor alone. A fi-
nal note is to be made about the approach used in the analysis.
The singularity theory has been successfully used since the
early eighties [6�12, 20] for the study of the stability behavior
of lumped parameter reactive systems. Recently, the author of
this paper has used the theory to revisit the stability behavior
of a number of unstructured kinetic models of continuous
bioreactors [21�23]. The paper is self-contained but the read-
er may consult the reference book [24] for more details about
the theory.

The novelty of this paper is that it addresses the issue of op-
erability of bioreactors. While the operability of chemical reac-
tors has been extensively studied in the literature [7�12], this
is not the case for bioreactors. This paper illustrates how mod-
eling decisions (and ultimately the design and the operating
parameters) influence the operating characteristics of the bio-
reactor.

2 Process Model

The unsteady state mass balances for the different species in
the bioreactor shown in Fig. 1 are described by the following
ordinary differential equations,

dX

dt
� F2Xf � F3X

V
� lX (1)

dS

dt
� F1Sf � F3S

V
� rX (2)

dP

dt
� F2Pf � F3P

V
� pX (3)

d�H��
dt

� F1�H��1 � F2�H��2 � F3�H��
V

� mX (4)

dV

dt
� F1 � F2 � F3 (5)

X , S and P are the concentrations of cells, lactose and lactic
acid, respectively, while Xf, Sf and Pf are the associated feed
concentrations. [H+], [H+]1 and [H+]2 are hydrogen ion con-
centrations in the bioreactor, in the feed and in the seed tank,
respectively. V is the volume of the bioreactor, and F1, F2 and
F3 are the lactose, the seed and the exit feed rates, respectively.
The different rates in the model equations have the following
definitions: l is the specific growth rate of cells, r is the lactose
consumption rate, p is the lactic acid production rate and m is
the hydrogen ion production rate. These kinetic rates have the
following form:

l � l0�H��
K1 � �H�� � �H��2�K2

(6)

r � r0�H��
K3 � �H�� � �H��2�K4

(7)

p � p0�H��
K5 � �H�� � �H��2�K6

(8)

m � m0�H��
K5 � �H�� � �H��2�K6

(9)

The model rational and assumptions were given in [18�19].
A note should, however, be made about some peculiarities of
the model. The specific kinetic rates (Eqs. (6�9)) are assumed
to depend solely on the hydrogen ion concentration. The
authors showed that this assumption is adequate only when
the system involves high lactose and low lactic acid concentra-
tions. An appropriate experimental validation was also carried
out by the authors [18]. The steady state model is obtained by
setting the left hand sides of Eqs. (1�5) to zero. Introducing
the bioreactor dilution rate D defined by D = F3/V, the ratio of
seed to substrate feed rate, a = F2/F1, and using the fact that
F3 = F1 + F2, the steady state model can be written as follows:
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Figure 1. Schematic diagram of the bioreactor-seed tank system.
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D� aXf

1 � a
� X� � l��H���X � 0 (10)

D� Sf

1 � a
� S� � r��H���X � 0 (11)

D� aPf

1 � a
� P� � p��H���X � 0 (12)

D��H
��1

1 � a
� a�H��2

1 � a
� �H��� � m��H���X � 0 (13)

Following the assumption that the specific kinetic rates are
[H+] dependent only, it can be noted that the mass balance
equations for cells and [H+] concentrations (Eqs. (10) and
(13)) do not include lactose or lactic acid concentrations.
Therefore, these two equations can be considered as a system
of two independent variables. Eq. (10), in particular, would
yield,

X � aDXf

�1 � a��D � l��H��� (14)

Substituting in Eq. (13) yields the following algebraic equa-
tion for [H+]

�H��1
1 � a

� a�H��2
1 � a

� �H�� � aXf

�1 � a�
m��H���

�D � l��H���� � 0 (15)

Substituting for X (Eq. (14)) in Eqs. (11)�(12) yields the ex-
pressions for S and P, respectively

S � Sf

1 � a
� r��H���X

D
(16)

S � aPf

1 � a
� p��H���X

D
(17)

3 Study of the Model Multiplicity

The nonlinear model (Eqs. (10�13)) can exhibit a number of
steady state multiplicities that can influence the control of the
process. The study of these multiplicities and the associated
process control ramifications can be suitably carried out with-
in the framework of the singularity theory. The starting point
of the analysis is to see whether the steady state equations of
the model can be reduced to a single variable algebraic equa-
tion. This is fortunately the case in the studied model. Looking
at Eq. (15) it can be seen that the model equation has collapsed
into this single algebraic equation. Eq. (15) is written in the
following compact form:

F��H��� u� � 0 (18)

where [H+] is the output (controlled variable) and u is the se-
lected input or manipulated variable, which is a distinguished
parameter in the singularity theory. Excluding the assumed
constant kinetic parameters, it can be seen that the single alge-
braic equation (Eq. (15)) includes a number of potentially
variable operating parameters. These include the dilution rate

D, the ratio a of seed to substrate feed rates, the feed pHs
([H+]1 and [H+]2) and the cells feed concentration Xf. The two
other operating parameters Sf and Pf that exist in the original
model are not present in this equation (Eq. (15)). This is due,
as mentioned earlier, to the decoupling between Eqs. (10�13),
on the one hand and Eqs. (11�12), on the other. Consequently
for this model, these two parameters will not have an effect on
the model multiplicity. However, they will have an effect on
setting boundaries for the meaningful existence of steady state
solutions of the model, since the following natural constraints:
X>0 and 0<S<Sf should always be satisfied.

In the following section it is examined which of the men-
tioned parameters, if chosen as the manipulated variable, can
lead to multiplicity in the nonlinear model. From a control
point of view, both input and output multiplicities should be
considered. The necessary conditions for the existence of input
multiplicity for the variable u are that

F � ∂F

∂u
� 0 (19)

while the necessary conditions for output multiplicity are that

F � ∂F

∂�H�� � 0 (20)

Input or output multiplicities, when they occur, manifest
themselves in the form of a specific behavior, as the selected
manipulated variable is varied. These types of behavior are
called static singularities. Fig. 2 shows how the basic singulari-
ties can predict a nonlinear model. The simplest static bifurca-
tion is the saddle-node bifurcation (see Fig. 2A). It can be seen
from the figure that saddle-node bifurcation is one form of
output multiplicity. The diagram arises by joining two
branches of the curves of the solution: one branch consists of
locally stable solutions while the other branch consists of lo-
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Figure 2. Various static singularities: (A) saddle-node; (B) isola;
(C) mushroom; (D) hysteresis; (E) pitchfork; (F) singularity that
may result from perturbations of the pitchfork.
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cally unstable ones. The necessary conditions for the existence
of this singularity are given in Eq. (20) in addition to:

∂F

∂�u� ≠ 0 and
∂2F

∂�H��2 ≠ 0 (21)

The first condition implies that a unique curve of steady
state solutions passes through the bifurcation point, while the
second equation implies that the curve lies on one side of the
steady state solutions. Should either one or both the above
conditions be violated, then this will give rise to higher order
singularities. The second possible change that can occur in the
steady state locus is the formation of an isola and the develop-
ment of isola into a mushroom, as shown in Figs. 2B�C. These
singularities can involve both input and output multiplicities.
They arise when the following conditions are satisfied

F � F�H�� � Fu � 0 (22)

and

F�H��u ≠ 0� F�H���H�� ≠ 0� Fuu ≠ 0 (23)

Fx and Fxx designate the first and second order partial deriv-
atives of F with respect to (x), respectively. The third qualita-
tive change in the behavior of the model is the appearance of S
or an inverse S-shaped behavior as shown in Fig. 2D. This is
the famous hysteresis singularity that produces output multi-
plicity. For chemical reactors, the S-shaped input-output curve
is associated with ignition/extinction behavior. For bioreactors
it is generally associated with a jump from low to high operat-
ing conditions such as low and high substrate conversion. The
last singularity to be considered is the pitchfork singularity
(see Fig. 2E). The bifurcation diagram shows two curves of
equilibrium intersected at the singularity. Pitchfork singularity
is an example of both input and output multiplicities. This can
be seen in Fig. 2F showing an example of diagrams that can
arise when slight perturbations of parameters are made around
the basic pitchfork diagram of Fig. 2E. The conditions of the
existence of pitchfork are

F � F�H�� � Fu � F�H���H�� � 0 (24)

and

F�H��u ≠ 0 and F�H���H���H�� ≠ 0 (25)

By characterizing the type of static singularity which the
model can predict, one can understand how to minimize or
even eliminate the associated multiplicity. In particular if the
multiplicity between [H+] and any of the operating parameters
is eliminated then the bioreactor will be generally easier to
control and safer to operate, since the process gain would re-
main with the same sign over the operating region of interest.
However, this does not guarantee that the bioreactor is asymp-
totically stable, since limit cycles (periodic behavior) can also
occur. But in this study the focus is only on the analysis of stat-
ic behavior. Now the attention of the authors should be turned
to examine the conditions for input and output multiplicity in

the model. In a later section, the different singularities are
studied.

The derivatives of F (Eq. (15)) with respect to [H+]1. [H+]2,
Xf D and a, respectively, yield:

∂F

∂�H��1
� 1

1 � a
(26)

∂F

∂�H��2
� a

1 � a
(27)

∂F

∂Xf
� a

�1 � a�
m

�D � l� (28)

∂F

∂D
� � aXf

�1 � a�
m

�D � l�2 (29)

∂F

∂a
� � �H��1

�1 � a�2 �
�H��2

�1 � a�2 �
Xf m

�D � l��1 � a�2 (30)

A number of conclusions can be reached from these equa-
tions. First, since ∂F�∂�H��1 (Eq. (26)) is always non nil then
the model can never predict input multiplicity with respect to
the feed pH ([H+]1). From Eqs. (27�28) it is evident that the
existence of input multiplicity with respect to [H+]2 or Xf is
only possible when a = 0 (i.e, the case where no seed tank is
present). This particular case will be treated in a later section.
From Eq. (29) it can also be seen that input multiplicity with
respect to the dilution rate can only occur when a = 0 or Xf = 0.
Again these special cases are treated independently in a later
section.

The derivative of F with respect to a (Eq. (30)) provides, on
the other hand, explicit conditions for the possible existence of
input multiplicity. It can be therefore concluded that for the
general case of a ≠ 0 and Xf ≠ 0 the model can predict input
multiplicity only when a is varied. Moreover it could be con-
cluded that with the absence of input multiplicity for [H+]1,
[H+]2 and D, it is also anticipated that isola-mushroom (see
Figs. 2B an C) and pitchfork (see Fig. 2E) singularities can not
occur with any of these parameters, and can occur only when
a is allowed to vary. Therefore it is evident that a is an impor-
tant variable which warrants some type of control action such
as a feed-forward ratio control. Moreover it can be seen that
the derivatives with respect to other parameters (Eqs. (26�29))
remain the same sign which is a useful piece of information
when designing feed-forward controllers.

In the following, the occurrence of these singularities for
a (i.e. u = a) is examined in more detail. The existence of an
isola-mushroom singularity is conditioned by Eqs. (22�23).
However it can be noted from Eq. (30) that if Fa is zero then
Faa will also vanish, which violates the condition of

Eq. 23. Therefore it could be concluded that an isola-mush-
room singularity cannot occur for a. The conditions for the
occurrence of a pitchfork in a are given by Eqs. (24�25). The
condition Fa = 0 leads from Eq. (30) to

��H��1 � �H��2 �
Xf m��H���

D � l��H��� � 0 (31)
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Combining this condition with that of F = 0 (Eq. (15)) leads
to the simple condition

�H�� � �H��1 (32)

Therefore the pitchfork conditions are equivalent to the fol-
lowing algebraic equations, evaluated at [H+]=[H+]1

Fa � 0� F�H�� � 0� F�H���H�� � 0 (33)

This leads to the following system of algebraic equations,
again evaluated at [H+]=[H+]1

��H��1 � �H��2 �
mXf

D � l
� 0 (34)

�1 � aXf

�1 � a�
d� m

D�l
�

d�H�� � 0 (35)

d2� m

D�l
�

d�H��2 � 0 (36)

This system can be solved for given values of model parame-
ters to construct practical diagrams that delineate the domains
where a pitchfork can or cannot occur. But first, an example of
pitchfork behavior is illustrated, which was obtained using the
values of model parameters shown in Tab. 1 with Xf = 1.41
g/L, pH1 = 6.33, pH2 = 8.49 and D = 0.5 h�1.

The continuity diagram obtained with the software AUTO
[25] is presented in Fig. 3. It can be seen that for values of a

smaller than 5.95 a single stable branch is possible, while for
larger values, the system is characterized by three branches. It
should be noted that the value of occurrence of multiplicity
a 5.95 = is physically unrealistic, since the practical values of a
are generally chosen smaller than unity. But with the possible
variations in the kinetic parameters of the model, it is not im-
possible that the qualitative behavior of Fig. 3 can occur within
physically realistic values of a. However in this paper the inves-
tigations are limited to the effect of the bioreactor operating
parameters. Next the effect of these parameters on the bound-
aries of the pitchfork is studied. Fig. 4A shows the effect of a
slight increase in the pH of the feed from 6.33 to 6.4. First, it
can be seen that the structure of the basic pitchfork has com-
pletely changed. This is expected, since as shown in Fig. 2F,
perturbations around the basic pitchfork (see Fig. 2E) in some
cases can lead to other multiplicity behavior. Comparatively to
Fig. 3A, where the multiplicity is born at a = 5.95 it can be
seen in Fig. 4A that an increase in the pH of the feed also rises
the range to around a = 12. Therefore an increase in the feed
pH has a stabilizing effect on the bioreactor. Fig. 4B shows, on
the other hand, the effect of a decrease in the pH of the seed
tank. Again, the pitchfork singularity has changed, and the
range of multiplicity is pushed to larger values of a. A decrease
in the pH of the seed tank stabilizes the behavior of the biore-
actor. Fig. 5A shows the effect of an increase in the cell concen-
tration of the feed, from 1.41 to 1.45 (g/L). It is evident that
the increase in Xf also stabilizes the bioreactor. Finally, Fig. 5B
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Table 1. Nominal values of model parameters used in the simu-
lations, unless specified otherwise in the text.

Value Parameter

4 × 10–7 K1 [g/L]

6.85 × 10–6 K2 [g/L]

4.88 × 10–8 K3 [g/L]

4.2 × 10–6 K4 [g/L]

1.5 × 10–6 K5 [g/L]

3.91 × 10–6 K6 [g/L]

0.51 l0 [h–1]

3.35 × 10–7 m0 [h–1]

3.35 p0 [h–1]

1.02 r0 [g/L]

80 Sf [g/L]

5.5 Xf [g/L]

5.9 Pf [g/L]

6.7 pH1

5.5 pH2

0.35 D [h–1]

0.03 a

Figure 3. Continuity diagram showing pitchfork singularity in pa-
rameter spaces: (A) (a, pH) ; )B) (a, P). (Solid line, stable
branch; dashed line, unstable branch).

Eng. Life Sci. 2007, 7, No. 6, 1–11 Operability of a Continuous Bioreactor 5



demonstrates the effect of a decrease in the dilution rate, from
0.50 to 0.49 h�1. It can be seen that a decrease in D has also a
stabilizing effect on the bioreactor, since the range in terms of
a of the stable steady state uniqueness is increased.

Having examined the input multiplicities, the attention is
turned to the study of possible output multiplicities. The exis-
tence of the hysteresis singularity is defined by the conditions
of Eqs. (24�25). Taking the derivatives F[H+], F[H+][H+] yields
the following conditions for hysteresis, along with the condi-
tion F = 0,

�1 � aXf

�1 � a�
d� m

D�l
�

d�H�� � 0 (37)

d2� m

D�l
�

d�H��2 � 0 (38)

Together with these equations, the other non-nil derivatives
(Eqs. (25)) must be satisfied. Using the expression of F[H+]

(Eq. (37)), it can be seen that it does not involve [H+]1 or
[H+]2 ThereforeF�H���H��1 � F�H���H��2 � 0 and the hysteresis
cannot exist if either [H+]1 or [H+]2 are varied. For Xf it is evi-
dent that F[H+]Xf is non nil except for the particular case of
a = 0. When, on the other hand, a or D are chosen as input
variables then the conditions Fa[H+] and FD[H+] can be shown
to be non nil except when Xf or a = 0. Therefore it could be
concluded that the model can predict hysteresis only when a
or D are varied. Fig. 6 presents an example of hysteresis behav-

ior as a function of a, for values given in Tab. 1. The multipli-
city in the hysteresis loop extends from physically realistic val-
ues of a from 0.011 to 0.037, which correspond to the limit
points LP1 and LP2. The hysteresis boundaries are, on the
other hand, shown in Figs. 7A�C. In each figure there are two
curves that cross at a certain point. These curves correspond to
the locus of each limit point. Hysteresis behavior is therefore
confined between the two curves. Fig. 7A shows that the hys-
teresis exists only for pH1 values larger than 6.05. Moreover, as
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Figure 4. Continuity diagrams showing the effect on the pitch-
fork of Fig.3: (A) an increase in pH of feed; (B) a decrease of pH
from seed tank. (Solid line, stable branch; dashed line, unstable
branch).

Figure 5. Continuity diagrams showing the effect on the pitch-
fork: (A) an increase in cell concentration of the feed Xf; (B) a de-
crease in dilution rate D. (Solid line, stable branch; dashed line,
unstable branch).

Figure 6. Continuity diagrams showing the hysteresis in a. (solid
line, stable branch; dashed line, unstable branch; LP1, LP2 are
static limit points).
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the values of pH1 increase, the hysteresis domain (in terms of
a) also increases. Fig. 7B shows the hysteresis boundary in the
(a, Xf) space. Again the hysteresis boundary is possible only
for values of Xf larger than a certain value, i.e. 0.12 g/L. For in-
creasing the values of Xf, the hysteresis domain also increases.
The effect of the dilution rate is shown in Fig. 7C. It can be
seen that the hysteresis is confined to values of a smaller than
0.052. The hysteresis multiplicity can also occur when the dilu-
tion rate is selected as the manipulated variable. Fig. 8 shows
an example of hysteresis for the model parameters given in
Tab. 1. The output multiplicity occurs for dilution rates in the
range of 0.33 h�1 to 0.36 h�1. Similar branch sets to
Figs. 7A�D can be constructed that delineate the effect of the
different operating parameters on the hysteresis. However this
effect is chosen to be shown directly on the continuity dia-
grams. Fig. 9A demonstrates the effect of pH1. It is evident that
as the pH1 values decrease, the hysteresis behavior is attenuat-
ed. When the value of pH1 is reduced to 6.0, a stable behavior
is found for all values of the dilution rates. Similarly, Fig. 9B
shows that a decrease in the values of pH2 also stabilizes the
behavior of the bioreactor. Fig. 10A however shows that an in-
crease in the cell concentration of the feed (Xf) reduces the

multiplicity region. For values of Xf = 12 g/L, the hysteresis
disappears. Finally, Fig. 10B shows that an increase in a also at-
tenuates the hysteresis multiplicity.

3.1 Case of No Additional Seed Tank

The analysis carried out in the previous sections has demon-
strated that the case when the bioreactor is not equipped with
an additional seed tank (a = 0) is an important case that

© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim http://www.els-journal.com

Figure 7. Diagram showing the domain of the hysteresis in the
parameter spaces :(A) (pH1,a), (B) (Xf,a), (C) (D, a).

Figure 8. Continuity diagrams showing the hysteresis in the dilu-
tion rate D. (Solid line, stable branch; dash line, unstable
branch; LP1 and LP2 are static limit points).

Figure 9. Continuity diagrams showing the effect on the hyster-
esis of Fig. 8: (A) changes in pH1. (B) changes in the pH. (Solid
line, stable branch; dashed line, unstable branch).
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should be treated separately. For this case, the model steady
state equations (Eqs. (10�13))

become:

�DX � l��H���X � 0 (39)

D�Sf � S� � r��H���X � 0 (40)

�DP � p��H���X � 0 (41)

D��H��1 � �H��� � m��H���X � 0 (42)

The primary difference in terms of steady state behavior is
that the model predicts (for the case of a = 0) the existence of
a total washout, (X = 0, S = Sf, P = 0, [H+]=[H+]1), as a trivial
steady state solution. The additional non-trivial steady state
occurs when

F �� l��H��� � D � 0 (43)

Substituting for the expression of l([H+]) yields the follow-
ing quadratic equation

D

K2
�H��2 � �H���D � l0� � DK1 � 0 (44)

This equation provides steady state values of [H+] as a func-
tion of D, while the rest of species concentrations are given by

X � �D��H��1 � �H���
m��H��� (45)

S � Sf �
r��H���X

D
(46)

P � p��H���X
D

(47)

The only operating parameters of the model that can pro-
duce multiplicities are [H+]1 and D. However it is straightfor-
ward to check that the model cannot predict any multiplicity
as [H+]1 is varied. When, on the other hand, the dilution rate
is selected as the manipulated variable, Eq. (43) predicts a sim-
ple saddle-node bifurcation, defined by F = 0, F[H+]=0 and
F[H+][H+] ≠ 0. The condition F[H+] = 0 requires, from Eq. (43),
that m’([H+]) = 0. This occurs at the limit point (LP) defined
by

�H�� �
�����������
K1K2

�
� DLP � l0

������
K2

�
2

������
K1

� � ������
K2

� (48)

The wash-out line crosses with the non-trivial steady state at
a bifurcation point (BR) defined by substituting [H+]=[H+]1

in Eq. (43) to yield

DBR � l0�H��1
K1 � �H��1 � �H��21�K2

(49)

Depending on the position of the limit point (LP) (Eq.
(48)) and the bifurcation point (BR) (Eq. (49)), different be-
havior in the model can be obtained. Therefore the condition
DBR = DLP represents a boundary for the model. This condi-
tion is equivalent simply to

�H��1 �
�����������
K1K2

�
(50)

For this condition, the bifurcation diagram (see Fig. 11A)
presents a perfect pitchfork. Both the limit point (LP) and the
bifurcation point BR collapse in one point. However, as the
meaningful existence of cells (i.e. X > 0) (requires, from Eq.
45, [H+] > [H+]1 the unstable upper branch is physically unre-
alistic. For dilution rates smaller than DLP the operation of the
bioreactor leads to the non-trivial lower steady state while for
dilution rates larger than DLP, total washout occurs. The case
of �H��1 �

�����������
K1K2

�
is shown in Fig. 11B. In this case, the bifur-

cation point BR is smaller than the limit point. The upper un-
stable branch is still physically unrealistic. Between BR and LP
points, there is multiplicity in the form of bistability between
the lower non-trivial steady state and the total washout.
Different initial conditions can lead to either branch. The case
of �H��1 �

�����������
K1K2

�
is shown in Fig. 11C. It can be seen that

the position of points BR and LP has changed. However since
the whole upper branch is physically unrealistic then this case
is similar to the case of perfect pitchfork (see Fig. 11A).

A final case to be treated, and that has arisen in the analysis
of the general model, is when the seed tank is cell-free, (i.e
a ≠ 0. and Xf = 0). This situation corresponds to the case when
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Figure 10. Continuity diagrams showing the effect on the hyster-
esis of Fig. 8: (A) changes in Xf, (B) changes in a. (Solid line,
stable branch; dashed line, unstable branch).
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the additional seed tank consists only of product Pf and hydro-
gen ion [H+]2 feeds. The original model equations
(Eqs. (11�13)) are unchanged with the exception of Eq. 10
that becomes,

�DX � lX � 0 (51)

For this case, the model always admits as a steady state solu-
tion the following “modified” washout solution

X � 0� S � Sf

1 � a
� P � aPf

1 � a
� �H�� � �H��1

1 � a
� a�H��2

1 � a
(52)

The non-trivial steady state solution corresponds to

l � D (53)

and

X � �
D��H��1

1�a
� a�H��2

1�a
� �H���

m��H��� (54)

The expressions for S and P are identical to Eqs. (16�17).
Since the equation defining the pH (Eq. (53)) is the same as
the previous example (a � 0, Xf ≠ 0), therefore when D is se-
lected as the manipulated variable, the same previously dis-
cussed pitchfork behavior of Figs. 11A�C occurs. The only dif-
ference is that the pitchfork boundary is defined by

�H��1
1 � a

� a�H��2
1 � a

�
�����������
K1K2

�
(55)

This equation is naturally reduced to (Eq. (50)) when a = 0.

4 Conclusions

In this paper, the effect of design and operating parameters on
the steady state behavior of a bioreactor for cheese pre-fermen-
tation were analyzed. The singularity theory was used to classi-
fy the different multiplicities the model can predict. For the
case when the bioreactor is equipped with a seed tank, the
analysis has shown that input and output multiplicities can
only appear in the model when either the dilution rate or the
ratio of seed to substrate feed rates is selected as the manipu-
lated variable. The rest of the operating parameters cannot in-
duce such multiplicities. In this regard, a pitchfork singularity
can only occur with variations in the ratio of feeds while hys-
teresis is possible with variations of any of the two parameters.
When pitchfork singularity occurs, the improvement of the
stability of the bioreactor can be achieved by a reduction in the
dilution rate, an increase in the feed pH, a decrease in seed
tank pH or an increase in the concentration of the cells in the
feed. When hysteresis occurs, as the ratio of feeds is manipu-
lated, the instability of the bioreactor can be reduced by a de-
crease in the feed pH or a decrease in the feed concentration.
When, on the other hand, hysteresis occurs for variations in
the dilution rate, then the stability can be improved through
reducing the pH of the feed, increasing the ratio of feed rates
or increasing the feed concentration. The paper also analyzed
the case when the bioreactor is operated without any seed
tank. In this case it was shown that when the dilution rate is
chosen as the manipulated variable, the behavior of the biore-
actor is reduced to a pitchfork. A simple algebraic equation
was derived between the feed pH and the kinetic parameters
associated with the growth rate of the cells. The algebraic equa-
tion can be used to select the values for the feed pH that re-
duces the multiplicity in the bioreactor.

A final note should be made about the usefulness of these re-
sults. While the theoretical tools used in this analysis may seem
somehow sophisticated, they are well documented in the litera-
ture and they can be readily applied to other kinetic models for
cheese pre-fermentation as well to other fermentation processes.
The usefulness of these tools is that they lead most often to ana-
lytical equations that describe the operation of the bioreactor.
Should the kinetic model be accurate (experimentally vali-
dated), then these analytical equations can provide real insight
into the operation of the industrial bioreactor. It allows an early
detection of difficult operating regions in bioreactors. This
would allow the removal or at least the reduction of these opera-
tional problems in the early stage of process design, and this
would ultimately improve the operability of the bioreactor.
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Figure 11. Continuity diagrams for the case of a = 0. (A)
�H��1 � ����������

K1K2
�

, (B) �H��1 	 ����������
K1K2

�
, (C) �H��1 �

����������
K1K2

�
. (Solid

line, stable branch; dashed line, unstable branch; semi-dash line,
unstable and physically unrealistic branch; BR, bifurcation point,
LP limit point).
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Symbols used

D dilution rate [h�1]
F1 lactose feed rate to bioreactor [L/h]
F2 lactose feed rate to bioreactor from the seed

tank [L/h]
F3 exit feed rate from the bioreactor [L/h]
K1 kinetic constant for the respective specific growth

rate [g/L]
K2 kinetic constant for the respective specific growth

rate [g/L]
K3 kinetic constant for respective specific substrate

consumption rate [g/L]
K4 kinetic constant for respective specific substrate

consumption rate [g/L]
K5 kinetic constant for respective specific production

rate [g/L]
K6 kinetic constant for respective specific production

rate [g/L]
P lactic acid concentration [g/L]
Pf lactic acid feed concentration [g/L]
S lactose concentration [g/L]
Sf lactose feed concentration [g/L]
V volume of the bioreactor [g/L]
X cell concentration [g/L]
Xf cell concentration of the feed [g/L]
a ratio of the seed to the substrate feed rates
l specific growth rate [h�1]
l maximum specific growth rate [h�1]
p specific production rate [h�1]
p0 maximum specific production rate [h�1]
r lactose consumption rate [h�1]
r maximum lactose consumption rate [h�1]
m hydrogen ion production rate [h�1]
m maximum hydrogen ion production rate [h�1]
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Research Article: Cheese pre-
fermentation is a process that is
strongly dependent on hydrogen ions
since it is known that the pH of milk
changes with cell growth and lactic acid
production. A fermentation model that
includes the effect of the pH on the
growth kinetics was previously
developed for Lactococcus. The analysis
of this model carried out in this paper
shows how the design and the operating
parameters can influence the stability of
the bioreactor and consequently help
improve the operability of the unit.
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