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3.1 Finite Difference Approximations

Consider the discrete-valued function shown in Figure 3.1. The material covered
in this section will show how tc estimate the first and second derivatives at any of
the data points using only the function values at the discrete points,

We begin this section with a review of the Taylor series expansion since it is the
basis for our finite difference approximations. First, consider a function of a single
variable, shown in Figure 3.2. Then the Taylor series expansion for f{x) near x = xy

is given as
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Figure 3.1 Discrete-valued function. Figure 3.2 Function of a single variable.
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Also note that all the derivatives are evaluated at x = xq.
Example 3.1 Taylor Series Expansion

~ Problem Statement ;
Use the Taylor series expansion (Equatxon 3 1)to. esnmatc eb usingfunction and.-
_ dcmvauve values of &™ where xg= 1.0'. : e,

Solution.
; Applymo the Taylor series expansion to ¢ aboul x; = 1.0 yxelds

fo=d)? - {z=1)°

&= e+(x—l)e+ FPRe L v ._e+-'~-
since'
dn )
~——(e)*e
&

Table 3.1 shows the approximacion.of‘e- il  for an ih;reasing number of terms used
in ghe Taylor series expansion. ‘Note that, as more terms are used in the Tayler series
expansion, the approximation approaches the exact value.
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Figure 3.3 0th, 1st, 2nd, and 3rd order approximations of e about x = 1.0.

Tahle 3.1 The Effect of Using an increasing Number of Terms
in a Taytor Series Expansion
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i Approximation Order ¢ Value of the Difference between ’
: ' Approximation | Analytical Value and |
i ' the Approximation . |
| | |
— B
{ Oth Ocder 271828 ! 2.86 X 107" f.-
! Ist Order 2.99011 \ 141 x 107 ’
! 20d Order : 3.00370 j 4.65 x 107 |
z 3rd Order i 3.00415 ! 1.56 x 107
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Figure 3.3 shows the zeroth order, first order, second order, and third order
approximations of ¢* about xy = 1.0. The zeroth order appraximation uses only the
first term in the Taylor series expansion. The first order approximation uses the ficst

“two terms, and the second order and third order approximarions use theficst three and
- four terms, respectively. M el ' i :

Figure 3.4 shows graphically the forward difference, backward difference, and
central difference approximation of the first derivative. Caonsider the Taylor series
expansion for f(x; ;) aboui & = x,. t.e.,

, | -GS
Tix gy =flxg s fla) 5l = ) o

where
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Figure 3.4 (a) Forward, (b) backward, and (c) central difference approximation af the
tirst derivative.

Solving for [(x;) yields

_{_ IRy "_{_(X.f) Ax axt

frx) ~ S e )
This resuit is shown graphically in Figure 3.4a as the forward difference approxima-

tion of the first derivative. Note that the error of this approximation is given hy
2
Ax Ax
o "(‘\ e "”"X- -
5T F7(x)

‘Lhis shows that when f”(x;) < 0, the finite difference approximation of the first

derivative is tess than the true value. This point is also shown graphically in Figure
. , . . S .

3.4a since f"(x,) is negative for the curve in this figure. This resulr also shows thas
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for a relatively small value of Ax, the ertor of this forward difference approximation
of the first derivative is proportional to Ax. That is, when Ax is small, the coefficients
af f7’(x;} and higher order derivatives will be considerably smaller than the coeffi-
cient for f“(x;); therefore, the error of this approximation is shown to vary directly
with Ax. Thus, this finite difference approximation is referred to as an “order Ax
approximation.”

LLikewise, the Taylor series expansion for f(x; ;) about x = x; is

: A A
Flo ) =f 0= Ax i) + == ) = == f7(x) -+

Solving for f'(x) yields

, fl)— flxp . At
f("t):T f(Y“”*‘f CHR N
This result is shown in Figure 3.4b as the backward difference approximation of the
first derivative. This is also an order Ax approximation.
[n order 1o derive the central difference approximation of the first derivative, we
must consider the Taylor series expansion for f(x,_}) and f(x,, ) both about x = x,

AY' ae
f(,,'i f(X)+A.‘(f(X *';/ (X *'_'f (Xi)_*_'” (3.2)
4 . A'r?' II[ Ax} 124
S =) = B = 1) = ) (3.3)
Subtracting these equations yields
3
Flrp) = fle_ ) =28 f"(x) —ﬁf-f”’(x
Solving for f'(x;) vields
S, )= Fix Act
fllg = T L 2
2Ax 3.4)

This result is shown in Figure 3.4¢. Note that the central difference approximation
of the first derivative is an order Ax® approximation.
Now if we add Equations 3.2 and 3.3, the following resulcs:

; P act ’
f(rl,ﬂ)"rf(xi__ f(Y}'i'AXf (X)T‘—‘—‘“ g )
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Solving for f"'(x;) yields

f(x"_H) - 2f(xl) +f(x“_l) Ax2
S P LA i S PP
e A iz (3.5)

This result is the central difference approximation of the second derivative. Itis also
an order Ax® [le., O(sz)] approximation, which is more accurate than an order Ax
approximation.

Example 3.2 Appﬁcation of tﬁé Eihite'Diffe’rén_ce Approximations
-Problem Statement
Consider the following function:
3 flx) = o

. -Compare the ¢entral difference approximations of the first and second derivatives .
for Ax = 0.5, 0.1, and 0.01 with the exact valucatx=1.

Solution >
At x = 1.the exact values of the first and second derivatives are

fx) = e =2.718282
and : i
f(x) =e=2.718282

. Casel _ _
For Ax. =0.5,%_=0.5,x=10,and x;/y= 135,

flx,_)=1.649
 fy=2718

flr, ) =4482
Using the central difference formulas for the first and second derivatives yiclds

44821649
1.06)s——————>=2,
£7(1.0) 205) 2833_
v 4AS2-2(2.718) + 1.64 :
oty i Cea LR L RA R PP
. o - (0.5)° :
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Figure 3.5 Effect of step size on the errar of the approximation.

Case H : S 5
For Ax=0.1,x, 1= 0.9, and x;,; = 1.1,

S0y =223

FUL0) = 2.721
- Case III ’ e
For Ax=0.01, x;_) = 0:99, and x;,, = 1.0L,

F/(1.0)=2.718327

©F1.0)=2.718305

It is apparent that as Ax is decreased, the finite difference approximations approach

their analytical or exact values, : : g ik
Now consider how the error-between the ,,fini't\e difference approximation and the

analytical value changes with step size, Ax. Figure 3.5is a log-log plot of ¢, where

€= lﬁnite difference approximation ~ 9]

versus Ax for the order Ax? approximation of the first and second derivatives. Note
that both lines have a slape of 2, which implies that '

e KA}

for both approximations, which 1s consistent with the derived resuits. For exaniple,
if the step size is reduced by a factor of 2, the error of the finite difference approxi-
_mmatioa is reduced by a factor of 4. The constant K in this relatianship will be different
for each difterent approximation. In fact, K is f(1.0)/6 for the first derivative and
F7(1.0)/12 for the second derivative (see Equations 3.4 and 3.5).
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Figure 3.6 Node system for forward difference approximations.

Consider the derivation of a forward difference formuia for the node system shown
in Figure 3.6. As with the derivation of the central difference approximation of the
first derivative, we must consider the Taylor series expansion at two points, f(x

+1) and
f(x;42). Then l

sz A 3
F) =L+ B F )+ f ) + = )+

, 4ac>
Flx, ) =l + 2 Axfr(x) + 2 A (x ) + R AR

Eliminating f”(x;) yields
r ‘ 2 S0
400~ () = 35 (k) + 285 f1(x) — 3 AXf (x)+--
Solving for f'(x;) yields

B ) ),
S = 2 HATg e

Therefore, this is a forward difference order Ax? approxumation of the first derivative.
Constider the node arrangement shown in Figure 3.7, noting that unequal node

spacing is used. The central dilference approximation of the first derivative can be

determined using the Taylor series expansion for f(x;, ) and f(x,_,); i.e.,

2 3

f(xi+l) :f(x') * Afo’(xi) * sz”(x,‘) + Tzf”/(x[) + o
Ax? A

fla ) =fte) = b ) + = S0 = == g
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Figure 3.7 Unequal node spacing.
Eliminating f”(x,) and solving for f'(x;) yields

A5 flx ) = A Fl ) + (B - A f5) Ax A

6 LAf”’(x[') +oo
(3.6)

Therefore, this finite difference approximation has an error the order of Ax;Ax,. Note
that by setting Ax; = Ax;, Equation 3.6 is found to be equivalent to Equation 3.4.
In this manner, finite difference approximations can be developed for the case. of
unequal spacing between node points.

For the case of the central difference dppr()lea[)OHS Taylor series expansions
were used for two node points other than the base node point (x;). The result was
order Ax> approximations. If Taylor series expansions are written for additional
nodes, higher order approximations can be derived. But in order to determine exactly
what the order of an approximation is, ope must retain the error term during the
derivation process. Tables 3.2 and 3.3 list finite difference formulas for order Ax
and order Ax’ approximations. Each table contains forward, backward, and central
difference approximations for the first and second derivatives. Finite difference
approximations for higher order derivatives and O(Ler) approximations are tabulated
by Chapra and Canale [1].

Fix) = . :
Ax, Ax; + AxyAxy

Section Summary

Taylfor series cxpagnsions have been used to develop forward, backward, and
centraf difference approximations for the {irstand scuond derivatives. These approxi-
mations have an eccor that is of the order of A or Ax”. Using smaller step sizes, Ax,
or higher ordcr approximating formulas will result in more accurate approximations.
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Table 3.2 Order Ax Approximations for First and Second Derlvatives

e = o e —— = e =

123

f o) —f (x3)

Forward Difference fley= Ax a.7
" _ Flx) =2 f (i) + £ (xi32)
f (xl) -~ —*‘_-_"AXTM (3.8)
PN ACT Red (IS
Backward Difference fraa) = Ax (3.9)
’ oo TG =20 (i) + f ()
| [l = m"——”‘—"—_z 3.10)
Central Difference None
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Table 3.3 Order Ax® Appraximations far First and Second Derivatives

e — T — e g S T 3 e S e R L = e A2, T R e e T A i

|
: oo =S+ () ~ fxi) |
z Forward Difference /(¥ = Ay (3.11)
£ = 21(x) = 5 f(xi) + 4 [ (i) = £ (x3)
i A (3.12)
- = - —
e 3000 — 4 f () HF ()
Backward Difference | )= 2Ax (3.13)
L 2f{x) =5 flae) 4 fxia) = fles)
f (Xi) = T 'A"r"‘z_‘- . (3.14)
? L ) = fxin)
! Central Difference Sy = 2Ax {3.15)
I
: , Sl ~ 2 ()« f(x)
{ e =
i Iy = sz (3-1®




