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Ordinary Differential Equations-
Initial Value Problem

• Taylor’s series method 

• Euler method

• Runge Kutta method 

• Computer-based solutions

o IVPAG subroutine (Fortran IMSL subroutine that Solves an initial-

value problem for  ordinary differential equations using either 

Adams-Moulton’s or Gear’s BDF method) 

o MATLAB solution of initial value problems for ordinary differential 

equations (ode23,  ode45, ode113, ode15s, ode23s, ode23t, 

ode23tb))
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Partial Differential Equations

involve one or more 
partial derivatives of 
unknown functions

Ordinary Differential Equations

involve one or more 

Ordinary derivatives of 

unknown functions

Differential Equations
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Boundary Conditions

� The conditions are not at one 

point of the independent 

variable

Initial Conditions

� all conditions are at one 

point of the independent 

variable

auxiliary conditions

Auxiliary conditions
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Boundary-Value Problems

� The auxiliary conditions are not 

at one point of the independent 

variable

� More difficult to solve than 

initial value problem
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Initial-Value Problems

� The auxiliary conditions are 

at one point of the 

independent variable
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Initial value and Boundary-Value Problems
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ODE can be classified in different ways

� Order

• First order ODE

• Second order ODE

• Nth order ODE

� Linearity

• Linear ODE

• Nonlinear ODE

� Auxiliary conditions

• Initial value problems

• Boundary value problems

Classification of ODE
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Numerical Methods 

for solving ODE

Multiple-Step Methods

Estimates of the solution at a 

particular step are based on 

information on more than 

one step

Single-Step Methods

Estimates of the solution at a 

particular step are entirely 

based on information on the 

previous step 

Classification of the Methods

Euler, Runge-Kutta: single step methods & Adam-Moulton method: multi-step method
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The problem to be solved is a first order ODE
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Estimates of the solution at different base points

are computed using truncated Taylor series expansions
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Taylor Series Method
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series expansion

Taylor Series Expansion
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� First order Taylor series method is known as Euler Method

� Only the constant term and linear term are used in Euler method.

� The error due to the use of the truncated Taylor series is of order 

O(h2).

Euler Method

Leonhard Euler 

(Basel, April 15, 1707 – September 18, 1783)

• y = f(x)

•
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First Order Taylor Series Method ... (Euler Method)
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Interpretation of Euler Method
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Interpretation of Euler Method
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Interpretation of Euler Method
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Use Euler method to solve the ODE 

to determine y(1.01), y(1.02) and y(1.03)
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Summary of the result

-3.93941.033

-3.95951.022

-3.981.011

-4.001.000

yixii

Example 1

01.0,4,1,1),( 00
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Comparison with true value

-3.93091-3.93941.033

-3.95959-3.95951.022

-3.97996-3.981.011

-4.00-4.001.000

True value of yiyixii

Example 1

01.0,4,1,1),( 00

2 =−==+= hyxxyxf
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A graph of the 
solution of the 
ODE for 1<x<2

Example 1

01.0,4,1,1),( 00

2 =−==+= hyxxyxf
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• Local truncation error:

error due to the use of truncated Taylor series to compute 
x(t+h) in one step. 

• Global Truncation error

accumulated truncation over many steps

• Round off error:

error due to finite number of bits used in representation 
of numbers. This error could be accumulated and 
magnified in succeeding steps.

Types of Errors
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Third Order Taylor Series methods
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High Order Taylor Series methods
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� High order Taylor series methods are more accurate than Euler 

method

� The 2nd, 3rd and higher order derivatives need to be derived 

analytically which may not be easy. 

High Order Taylor Series methods
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Example 2 -Second order Taylor Series Method
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Summary of the results

01.0,1,0,21),( 00

2 ===−−= hxttxxtf

0.97160.033

0.98070.022

0.99010.011

10.000

xitii

Example 2 -Second order Taylor Series Method
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Write a MATLAB program to implement Euler method to solve

100,...,2,1,01.0
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Programming Euler Method
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Algorithm_  Euler Method
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f=inline('1-2*v^2-t','t','v')

h=0.01

t=0

v=1

T(1)=t;

V(1)=v;

for i=1:100

v=v+h*f(t,v)

t=t+h;

T(i+1)=t;

V(i+1)=v;

end

Programming Euler Method

f =

Inline function:

f(t,v) = 1-2*v^2-t

h =    0.0100

t =     0

v =     1

v =    0.9900

...............

......

v =    0.4725

100,...,2,1,01.0

1)0(.21 2

==

=−−=

iitfor

vtv
dt

dv

i
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Programming Euler Method
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Plot of the 

solution

plot(T,V)

Programming Euler Method
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� Find accurate methods to solve ODE that does not require 

calculating high order derivatives.

� The approach is to a formula involving unknown coefficients then

determine these coefficients to match as many terms of the Taylor 

series expansion    

Runge-Kutta Method …. Motivation
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Runge-Kutta Method

possible. as accurate as is such that 
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Runge-Kutta Method
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Runge-Kutta Method
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Runge-Kutta Method
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Runge-Kutta Method

( )321

213

12

1

4
6

1
)()(

)2,
2

1
(

)
2

1
,

2

1
(

),(

(RK3) Kutta RungeOrder  Third

KKKxyhxy

hKhKyhxfK

hKyhxfK

yxfK

ii

ii

ii

+++=+

+−+=

++=

=



Chemical Engineering Dep.

ChE-401: Computational Methods in Chem. Eng.

King Saud University        ٤١Prof. Ibrahim S. Al-Mutaz

( )4321

34

23

12

1

22
6

1
)()(

),(

)
2

1
,

2

1
(

)
2

1
,

2

1
(

),(

Kutta RungeOrder Fourth 

KKKKtxhtx

KxhtfhK

KxhtfhK

KxhtfhK

xtfhK

++++=+

++=

++=

++=

=

Runge-Kutta Method

Chemical Engineering Dep.

ChE-401: Computational Methods in Chem. Eng.

King Saud University        ٤٢Prof. Ibrahim S. Al-Mutaz

Runge-Kutta Method
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Fifth Order Runge-Kutta
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01.0,4)1(,)(1)(

RK2 using  x(1.02)find  tosystem following  theSolve
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Second order Runge-Kutta Method 

Example
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Runge-Kutta Method
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Second order Runge-Kutta Method 
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Second order Runge-Kutta Method 
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Solution after 100 steps

Second order Runge-Kutta Method … example
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Runge-Kutta Method

4th Order algorithm

Input to, tf , h, xo

Start

n = (tf - to)/h

1

print t,x

Stop

Do 1 j =1,n
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Summary of the solution
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� Runge Kutta methods generate accurate solution without the need 

to calculate high order derivatives.

� Second order RK have local truncation error of order O(h3)

� Fourth order RK have local truncation error of order O(h5)

� N function evaluations are needed in N th order RK method. 

Runge-Kutta Method … Summary 
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Computer-based solutions

o IVPAG subroutine (Fortran IMSL subroutine that Solves an initial-value 

problem for  ordinary differential equations using either Adams-

Moulton’s or Gear’s BDF method) 

o MATLAB solution of initial value problems for ordinary differential 

equations (ode23,  ode45, ode113, ode15s, ode23s, ode23t, ode23tb))
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Computer-based solutions

Look for IMSL document (IVPAG.pdf) for detailed description and 

other examples

See “Example of using UVPAG subroutine” 
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Computer-based solutions

o MATLAB solution of initial value problems for ordinary differential 

equations (ode23,  ode45, ode113, ode15s, ode23s, ode23t, ode23tb))

ode23, ode45, ode113, ode15s, ode23s, ode23t, ode23tb - Solve initial 

value problems for ordinary differential equations

Syntax

[T,Y] = solver(odefun,tspan,y0)

[T,Y] = solver(odefun,tspan,y0,options)

[T,Y,TE,YE,IE] = solver(odefun,tspan,y0,options)

sol = solver(odefun,[t0 tf],y0...)

Arguments …..

For detailed description, see the site:

http://www.mathworks.com/access/helpdesk/help/techdoc/ref/ode23.html
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