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Preface

The purpose of this course is to provide an introduction to the methods used in
numerical modeling of the atmosphere. The ideas presented are relevant to both large-
scale and small-scale models.

Numerical modeling is one of several approaches to the study of the atmosphere.
The others are observational studies of the real atmosphere through field measurements
and remote sensing, laboratory studies, and theoretical studies. Each of these four
approaches has both strengths and weaknesses. In particular, both numerical modeling and
theory involve approximations. In theoretical work, the approximations often involve
extreme idealizations, e.g. a dry atmosphere on a beta plane, but on the other hand
solutions can sometimes be obtained in closed form with a pencil and paper. In numerical
modeling, less idealization is needed, but in most cases no closed form solution is
possible. Both theoreticians and numerical modelers make mistakes, from time to time, so
both types of work are subject to errors in the old-fashioned human sense.

Perhaps the most serious weakness of numerical modeling, as a research approach,
is that it is possible to run a numerical model built by someone else without having the
foggiest idea how the model works or what its limitations are. Unfortunately, this kind of
thing happens all the time, and the problem is becoming more serious in this era of
“community” models with large user groups. One of the purposes of this course is to make
it less likely that you, the students, will use a model without having any understanding of
it.

This introductory survey of numerical methods in the atmospheric sciences is
designed to be a practical, “how to” course, which also conveys sufficient understanding
so that after completing the course students are able to design numerical schemes with
useful properties, and to understand the properties of schemes that they may encounter out
there in the world.

The first version of these notes, put together in 1991, was heavily based on the
class notes developed by Prof. A. Arakawa at UCLA, as they existed in the early 1970s,
and this influence is still apparent in the current version, particularly in Chapters 2 and 3.
A lot of additional material has been incorporated, mainly reflecting developments in the
field since the 1970s. The explanations and problems have also been considerably revised
and updated.

The teaching assistants for this course have made major improvements in the
material and its presentation, in addition to their help with the homework and with
guestions outside of class.

| have learned a lot by extending and refining these notes, and also through
guestions and feedback from the students. The course has certainly benefitted
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considerably from such student input.

Finally, Michelle McDaniel has spent countless hours patiently assisting in the
production of these notes. She created the formatting that you see, and organized the
notes into a “book.”
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CHAPTER 1 Introduction

Copyright 2004 David A. Randall

1.1 What is a model?

The atmospheric science community includes a large and energetic group of
researchers who devise and carry out measurements in the atmosphere. This work involves
instrument development, algorithm development, data collection, data reduction, and data
analysis.

The data by themselves are just numbers. In order to make physical sense of the data,
some sort of model is needed. This might be a qualitative conceptual model, or it might be an
analytical theory, or it might take the form of a computer program.

Accordingly, a community of modelers is hard at work developing models,
performing calculations, and analyzing the results by comparison with data. The models by
themselves are just “stories” about the atmosphere. In making up these stories, however,
modelers must strive to satisfy a very special and rather daunting requirement: The stories
must be true, as far as we can tell; in other words, the models must be consistent with all of the
relevant measurements.

A model essentially embodies a theory. A model (or a theory) provides a basis for
making predictions about the outcomes of measurements. The disciplines of fluid dynamics,
radiative transfer, atmospheric chemistry, and cloud microphysics all make use of models that
are essentially direct applications of basic physical principles to phenomena that occur in the
atmosphere. Many of these “elementary” models were developed under the banners of physics
and chemistry, but some-- enough that we can be proud -- are products of the atmospheric
science community. Elementary models tend to deal with microscale phenomena, (e.g. the
ewlution of individual cloud droplets suspended in or falling through the air, or the optical
properties of ice crystals) so that their direct application to practical atmospheric problems is
usually thwarted by the sheer size and complexity of the atmosphere.

A model that predicts the deterministic evolution of the atmosphere or some
macroscopic portion of it can be called a “forecast model.” A forecast model could be, as the
name suggests, a model that is used to conduct weather prediction, but there are other
possibilities, e.g. it could be used to predict the deterministic evolution of an individual
turbulent eddy. Forecast models can be tested against real data, documenting for example the
observed development of a synoptic-scale system or the observed growth of an individual
convective cloud, assuming of course that the requisite data can be collected.

We are often interested in computing thttisticsof an atmospheric phenomenon,
e.g. the statistics of the general circulation. It is now widely known that there are fundamental
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limits on the deterministic predictability of the atmosphere, due to sensitive dependence on
initial conditions (e.g. Lorenz, 1969). For the global-scale circulation of the atmosphere, the
limit of predictability is thought to be on the order of a few weeks, but for a cumulus-scale
circulation it is on the order of a few minutes. For time scales longer than the deterministic
limit of predictability for the system in question, only the statistics of the system can be
predicted. These statistics can be generated by brute-force simulation, using a forecast model
but pushing the forecast beyond the deterministic limit, and then computing statistics from
the results. The obvious and most familiar example is simulation of the atmospheric general
circulation (e.g. Smagorinski 1963). Additional examples are large eddy simulations of
atmospheric turbulence (e.g. Moeng 1984), and simulations of the evolution of an ensemble
of clouds using a space and time domains much larger than the space and time scales of
individual clouds (e.g. Krueger 1988).

Forecast models are now also being used to make predictions of the time evolution of
the statisticsof the weather, far beyond the limit of deterministic predictability for individual
weather systems. Examples are seasonal weather forecasts, which deal with the statistics of
the weather rather than day-to-day variations of the weather and are now being produced by
several operational centers; and climate change forecasts, which deal with the evolution of
the climate over the coming decades and longer. In the case of seasonal forecasting, the
predictability of the statistics of the atmospheric circulation beyond the two-week
deterministic limit arises primarily from the predictability of the sea surface temperature,
which has a much longer memory of its initial conditions than does the atmosphere.

In the case of climate change predictions, the time evolution of the statistics of the
climate system are predictable to the extent that they are driven by predictable changes in
some external forcing. For example, projected increases in greenhouse gas concentrations
represent a time-varying external forcing whose effects on the time evolution of the statistics
of the climate system may be predictable. Over the next several decades measurements will
make it very clear to what extent these predictions are right or wrong. A more mundane
example is the seasonal cycle of the atmospheric circulation, which represents the response
of the statistics of the atmospheric general circulation to the movement of the Earth in its
orbit; because the seasonal forcing is predictable many years in advance, the seasonal cycle
of the statistics of the atmospheric circulation is also highly predictable, far beyond the two-
week limit of deterministic predictability for individual weather systems.

Some modelpredict statistics directly; the dependent variables are the statistics
themselves, and there is no need to average the model results to generate statistics after
the fact.For example, radiative transfer models describe the statistical behavior of extremely
large numbers of photons. “Higher-order closure models” have been developed to simulate
directly the statistics of small-scale atmospheric turbulence (e.g., Mellor and Yamada, 1974).
Analogous models for direct simulation of the statistics of the large-scale circulation of the
atmosphere may be possible (e.g., Green, 1970).

Finally, we also build highly idealized models that are not intended to provide
quantitatively accurate or physically complete descriptions of natural phenomena, but rather
to encapsulate our physical understanding of a complex phenomenon in the simplest and
most compact possible form, as a kind of modeler's haiku. For example, North (1975)
discusses the application of this approach to climate modeling. Toy models are intended
primarily as educational tools; the results that they produce can be compared with
measurements only in qualitative or semi-quantitative ways.

This course deals with numerical methods that can be used with any of the model
“types” discussed above, but for the most part we will be thinking of “forecast models.”
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1.2 Fundamental physics, mathematical methods, and physical parameterizations

Most models in atmospheric science are formulated by starting from basic physical
principles, such as conservation of mass, conservation of momentum, conservation of
thermodynamic energy, and the radiative transfer equation. In principle, these equations can
describe the evolution of the atmosphere in extreme detail, down to spatial and temporal
scales far below the range of meteorological interest.

Even if such detailed models were technologically feasible, we would still choose to
average or aggregate the output produced by the models so as to depict the evolution of the
scales of primary interest, e.g. thunderstorms, tropical cyclones, baroclinic waves, and the
global circulation. In addition, we would wantegplain why the solutions of the models turn
out as they do. In practice, of course, we cannot use such high spatial and temporal resolution,
and so we must represent some important processes parametrically. Such parametric
representations, or “parameterizations”, are a practical necessity in models of limited
resolution, but even if we were using models with arbitrarily high resolution we would still
need parameterizations to understand what the model results mean. Parameterizations are not
dealt with in this course, but you can learn about them in courses on cloud physics, radiation,
turbulence, and chemistry.

Obviously, mathematical methods are needed to solve the equations of a model, and in
practice the methods are almost always approximate, which means that they entail errors. It is
useful to distinguish between physical errors and mathematical errors. Suppose that we have a
set of equations that describes a physical phenomenon “exactly.” For example, we often

consider the Navier-Stokes equations to be an exact description of the fluid dynamiés of air.
For various reasons we are unable to obtain exact solutions to the Navier-Stokes equations as
applied to the global circulation of the atmosphere. We simplify the problem by making
physical approximations to the equations. For example, we may treat the motion as quasi-
static, or we may introduce Reynolds averaging along with closures that can be used to
determine turbulent and convective fluxes. In the course of making these physical
approximations, we do two important things:

* We introduce errors. That is why the physical approximations are called
“approximations.”

» We change the physical model. After making the physical approximations, we no
longer have the Navier-Stokes equations.

Unfortunately, even after the various physical approximations have been made, it is
still (usually) impossible for us to obtain exact solutions to the modified model. We therefore
introduce further approximations that are purely mathematical (rather than physical) in
character. For example, we may replace derivatives by finite differences. Solutions of the
resulting models take the form of numbers, rather than formulas, so the models are described
as “numerical.”

In this course, we deal primarily with the mathematical approximations that are used
to convert (already approximate) physical models into numerical models. We focus on the
errors involved and how they can be anticipated, analyzed, and minimized. This is a course
about errors. All your life you have been making errors. Now, finally, you get to take a course
on errors. It's about time.

Lin reality, of course, the Navier-Stokes equations already involve physical approximations.
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Having spent a page or so making the distinction between physical errors and
mathematical errors, | will now try to persuade you that physical considerations should play a
primary role in the design of the mathematical methods that we use in our models. There is a
tendency to think of numerical methods as one realm of research, and physical modeling as a
completely different realm. This is a mistake. The design of a numerical model should be
guided, as far as possible, by our understanding of the essential physics of the processes
represented by the model. This course will emphasize that very basic and inadequately
recognized point.

As an example, to an excellent approximation, the mass of dry air does not change as
the atmosphere goes about its business. This physical principle is embodied in the continuity
equation, which can be written as

op _ _
5 - 2 V), (1.1)

wherep is the density of dry air, aMl  is the three-dimensional velocity vector. When (1.1)
is integrated over the whole atmosphere, with appropriate boundary conditions, we find that

® (pV)d'x = 0, (1.2)
whole atmosphere
and so we conclude that
dU 3 U
50 pdxJ = 0. (1.3)
thole atmosphere O

Eq. (1.3) is a statement of global mass conservation; in order to obtain (1.3), we had to use
(1.2), which is a property of the divergence operator with the appropriate boundary
conditions.

In a numerical model, we replace (1.1) by an approximation; examples are given
later. The approximate form of (1.1) entails an approximation to the divergence operator.
These approximations inevitably involve errors, but because we are able to choose or design
the approximations, we have some control over the nature of the errors. We cannot eliminate
the errors, but we can refuse to accept certain kinds of errors. In particular, we refuse to
accept any error in the global conservation of mass. This means that we can design our model
so that an appropriate analog of (1.3) is satistadtly

In order to derive an analog of (1.3), we have to enforce an analog of (1.2); this
means that we have to choose an approximation to the divergence operator that “behaves
like” the exact divergence operator in the sense that the global integral (or more precisely a
global sum representing the global integral) is exactly zero. This can be done, quite easily.
You would be surprised to learn how often imat done.

There are many additional examples of important physical principles that can be
enforced exactly by designing suitable approximations to differential and/or integral
operators. These include conservation of energy and conservation of potential vorticity. More
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discussion is given later.
1.3 Numerical experimentation

A serious difficulty in the geophysical sciences such as atmospheric science is that it is
usually impossible (perhaps fortunately) to perform controlled experiments using the Earth.
Even where experiments are possible, as with some micrometeorological phenomena, it is
usually not possible to draw definite conclusions, because of the difficulty of separating any
one physical process from the others. For a long time, the development of atmospheric science
had to rely entirely upon observations of the natural atmosphere, which is an uncontrolled
synthesis of many mutually dependent physical processes. Such observations can hardly
provide direct tests of theories, which are inevitably highly idealized.

Numerical modeling is a powerful tool for studying the atmosphere through an
experimental approachA numerical model simulates the physical processes that occur in the
atmosphere. There are various types of numerical models, designed for various purposes. One
class of models is designed for simulating the actual atmosphere as closely as possible.
Examples are numerical weather prediction models and climate simulation models. These are
intended to be substitutes for the actual atmosphere and, therefore, include representations of
many physical processes. Direct comparisons with observations must be made for evaluation
of the model results. Unfortunately (or perhaps fortunately), the design of such models can
never be a purely mathematical problem. In practice, the models include many simplifications
and parameterizations, but still they have to be realistic. To meet this requirement, we must
rely on physical understanding of the relative importance of the various physical processes
and the statistical interactions of subgrid-scale and grid-scale motions. Once we have gained
sufficient confidence that a model is reasonably realistic, it can be used as a substitute for the
real atmosphere. Numerical experiments with such models can lead to discoveries that would
not have been possible with observations alone. A model can also be used as a purely
experimental tool. Predictability experiments are examples.

Simpler numerical models are also very useful for studying individual phenomena,
insofar as these phenomena can be isolated. Examples are models of tropical cyclones,
baroclinic waves, and clouds. Simulations with these models can be compared with
observations or with simpler models empirically derived from observations, or with simple
theoretical models.

Numerical modeling has brought a maturity to atmospheric dynamics. Theories,
numerical simulations and observational studies have been developed jointly in the last
several decades, and this will continue indefinitely. Observational and theoretical studies
guide the design of numerical models, and numerical simulations supply theoretical ideas and
suggest efficient observational systems.

We do not attempt, in this course, to present general rigorous mathematical theories of
numerical methods; such theories are a focus of the Mathematics Department. Instead, we
concentrate on practical aspects of the numerical solution of the specific differential equations
of relevance to atmospheric modeling.

We deal mainly with “prototype” equations that are simplified or idealized versions of
equations that are actually encountered in atmospheric modeling. These include the
“advection equation,” the “oscillation equation,” the “decay equation,” the “diffusion
equation,” and others. We also use the shallow water equations to explore some topics
including wave propagation. Emphasis is placed on time-dependent equations, but we also
briefly discuss boundary-value problems. The various prototype equations are used in
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dynamics, but may of them are also used in other branches of atmospheric science, such as
cloud physics or radiative transfer.
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CHAPTER 2 Basic Concepts

Copyright 2004 David A. Randall

2.1 Finite-difference quotients

Consider the derivativ%ﬁ , where = u(x) , ands the independent variable
X

(which could be either space or time). Finite-difference methods represent the continuous
function u(x) by a set of values defined at a number of discrete points in a specified

region. Thus, we usually introduce a “grid” with discrete points at which the vauable
carried, as shown in Fig. 2.1. Sometimes the words “mesh or “lattice” are used in place of

—— j-1 j j+1

Py Py Py Py Py Py X o Py Py Py > X

j+1/2

Figure 2.1: An example of a grid, with uniform grid spacing Ax. The grid points are denoted
by the integer index j. Half-integer points can also be defined.

“grid.” The intervalAx is called the grid interval, grid size, mesh size, etc. We assume that
the grid interval is constant for the time being; tba]elx jlAx , Where is the “index” used

to identify the grid points. Note that is defined only at the grid points denoted by the
integersj, j + 1, etc.

Using the notationuj = u(xj) = u(jAx) , we can define foeward difference
at the point by

(Bu);=u;y —u;, (2.2)

thebackward differencat the poiny by

(D”)jE”j_uj_1 , (2.2)
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and thecentered differencat the point + % by

(5u)j+l S~ U (2.3)
2

Note thatu itself is not defined at the pq‘ﬁ{%

From (2.1) - (2.3) we can define the following “finite-difference quotients:” the
forward difference quotient at the pojnt

[du] Du!'+1_u[ .

sy v @4

the backward difference quotient at the pgint

DTI_UD U, —u; 4 )
a iy e (2.5)

and the centered difference quotient at the pom%

LT o K8 kel 2. (2.6)

In addition, the centered difference quotient at the point can be defined by

[Wu] D”i+1_“g—1

_ 11
BT ‘Exz[(é”)ﬁ%*(é“)j_ | (27)

1
2

Since (2.4) and (2.5) employ the valuesuof at two points, they are sometimes
referred to as two-point approximations. On the other hand, (2.6) and (2.7) are three-point
approximations. Wher is time, the time point is frequently referred to as a “level.” In
that case, (2.4) and (2.5) can be referred to as two-level approximations and (2.6) and
(2.7) as three-level approximations.

How accurate are these finite-difference approximations? We now introduce the
concepts of accuracy and truncation error. As an example, consider the forward difference
guotient
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%E gl 74— u[(+ DAY] —u(jAx) (2.8)

i Ax Ax

and expand: in a Taylor series about the pnjint to obtain

= u +AxDﬁuD +(—L% (—L% . (Ax)n_lgjn_l‘% +...,

Uis1 = BN ERT 2D EY 3D (n—1) Eblx"_lﬂj
(2.9)
which can be rearranged to
U.,1—U.
Hie1 T _ [ + 2.10
A Ond T (2.10)

where

T B (S5 7 D (15 3. A’ B (2.11)

~ Ol i 2D 31 3D (n—1)! Ql,xn—lljj

is the error. The expansion (2.9) can be derived without any assumptions or
approximations except that the indicated derivatives exist (Arfken, 1985; for a quick
review see the Appendix on Taylor's Series). The terms of (2.10) the terms in (2.10) that
lumped intoe are called the “truncation errdrtie lowest power ohx that appears in

the truncation error is called the order of accuracy of the corresponding difference
guotient.For example, the leading term of (2.11) is of order O@Ax) , and so we say
that (2.10) is a first-order approximation or an approximation of first-order accuracy.
Obviously (2.5) is also first-order accurate.

Expansion of (2.6) and (2.7) similarly shows that they are of second-order
accuracy. We can write

ud 2 (—Ax)? Y (—Ax)3
Uj_y —u+DjxD(Ax)+%. o +% 30 +.... (2.12)

J J

Subtracting (2.12) from (2.9) gives

Ujyy —U;_ 2%@ (Ax) + —% (Ax)3 + ... odd powers only, (2.13)
5

An Introduction to Atmospheric Modeling



10 Basic Concepts

or
%%Hj _ u-+12;:{_1_% (%2%,0[(&)4]_ (2.14)
j
Similarly,
e 2 BPE S (A2 oropy (2.15)

]
i+ Ax OO+l 3
In this way, we find that

Error of [t % — 4%

Ul Cax'D, 3! ',

= 04. (2.16)
Error of B0 . % (Ax/2)? %
g o+l 3! 3+t
2 [y E]+2 : O DJ+2
In other words, the error c%—fg is four times as large as the err%. 1 , even
J A

though both finite-difference quotients have second-order accuracy. This makes the point
thatthe “order of accuracy” tells how rapidly the error changes as the grid is refined, but it
does not tell how large the error is for a given grid sizés possible for a scheme of low-

order accuracy to give a more accurate result than a scheme of higher-order accuracy, if a
finer grid spacing is used with the low-order scheme.

Suppose that the leading term of the error has the form
e OC(Ax)’ . (2.17)
ThenlIn(g) Opln(Ax) + In(C) , and so

d[In(e)]
i (Ae) Op. (2.18)

The implication is that if we ploin(g) as a function of(Ax) (i.e., plot the error as a
function of the grid spacing on “log-log” paper), we will get (approximately) a straight line
whose slope ip . This is a simple way to determine empirically the order of accuracy of a
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2.2 Difference quotients of higher accuracy 11

finite-difference quotient. Of course, in order to carry this out it is necessary to compute
the error of the finite-difference approximation, and that can only be done when the exact
derivative is known. Therefore, this approach is usually implemented by using an

analytical “test function.”

2.2 Difference quotients of higher accuracy

Suppose that we write

u. —Uu.
+§1Ax - Eﬁg % (2Ax)?% + ... even powers only . (2.19)
5
Here we have written a centered difference using the ppnts Jj-aed instead of

j+1 andj—1 , respectively. It should clear that (2.19) is second-order accurate, although
for any given value ofAx the error of (2.19) is expected to be larger than the error of
(2.14). We can combine (2.14) and (2.19) with a weight, , so as to obtain a “hybrid”

approximation t% :
J

[du] — Hj+1 ~ U 1D+ 1 — Hj+2 Ui
O, ~ "0 2nx (=g =5 0
; ; (2.20)
_walug (ap _(=WEE oA 4 of(ax)]
U] 3 0
J J
Inspection of (2.20) shows that we can force the coefficientAaf)? to vanish by
choosing
wH(l—-w)4 =0,0rw = 4/3. (2.22)
With this choice, (2.20) reduces to
] ‘_‘EVJ__L._” D_1e2 % o(ax)Y . (2.22)

Eksz 20y O 30 4Ax

We have thus obtained a fourth-order scheme. In effect, this is a linear extrapolation of the
value of the finite-difference expression to a smaller grid size, as schematically illustrated
in Fig. 2.2.

Is there a more systematic way to construct schemes of any desired order of
accuracy? The answer is “yes,” and one such approach is as follows.
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Oy =4nx) - - -
Ox

Ou (d = 2hx)
0x

ugy, _ 2
i%ﬁgm){g

: : ' > .
ngx 2AX AAX grid spacing
3

Figure 2.2: Schematicillustrating the interpretation of the fourth-order difference in terms
of the extrapolation of the second-order difference based on a spacing of 4/A\x,
and that based on a spacing of 2/Ax. The extrapolation reduces the effective grid
size to (2/3)2Ax.

Suppose that we write a finite-difference approximatio%{% in the following
J
somewhat generalized form:

| o .
%ngA—xz a,f(x; + ibx) . (2.23)

i = —00

Here thea; are coefficients or “weights,” which are undetermined at this point. In most

schemes, all but a few of thg  will be zero, so that the sum in (2.23) will actually
involve only a few non-zero terms. In writing (2.23), we have assumed for simplicity that
Ax is a constant; this assumption can be relaxed, as will be shown below. The index in
(2.23) is a counter that is zero at our “home base” at grid point 7. <0r we count to
the left, and fori >0 we count to the right. According to (2.23), our finite-difference

approximation to%% has the form of a weighted sum of valugi of at various grid

J
points in the vicinity of pointi . Every finite-difference approximation that we have
considered so far does indeed have this form, but you should be aware that there are
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(infinitely many!) schemes that do not have this form; a few of them will be discussed
later.

Introducing a Taylor series expansion, we can write

. 2 . 3
Sl + i) = -+ ) + £ 22 +ﬁ(’§f) ¥ (2.24)

Here fj" is thenth derivative off , evaluated at the pojnt . Using (2.24), we can rewrite
(2.23) as

0 . 2 .
10k 5 olf w7 AT ] e

1 = —00

By inspection of (2.25), we see that in order to have at least first-order accuracy, we need
Z a; = 0 and Z ia; = 1. (2.26)
i = —00 i =—00
To have at least second-order accuracy, we must impose an additional requirement:
z i“a; = 0. (2.27)
In general, to have at leagh-order accuracy, we must require that

Z i"a; = d, 1 for0sms<n. (2.28)

1=—-0

Hered, | is the Kronecker delta. In order to satisfy (2.28), we must solve a system of
n+1 linear equations for the+ 1  unknown coefficieats

According to (2.28), a scheme oth-order accuracy can be constructed by
satisfyingn + 1 equations. In particular, because (2.26) involves two equations, a first-
order scheme has to involve at least two grid points, i.e., there must be at least two non-
zero values ofz; . This is pretty obvious. Note that we could make a first-order scheme
that used fifty grid points if we wanted to -- but then, why would we want to? A second-

order scheme must involve at least three grid points. A scheme that is parsimonious in its
use of points is calleccompact

Consider a simple example. Still assuming a uniform grid, a first order scheme for
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%% can be constructed using the points  anrdl as follows. From (2.26), we get
J
a,+a;, =0 and a; = 1 . Obviously we must choosea, = —1 . Substituting into
+A
(2.23), we find that the scheme is given Df(x ) ﬂx) , 1.e., the one-
Ax

sided difference discussed earlier. Obviously We can also construct a first-order scheme
using the points angd—1 , with a similar one-sided result. If we choose the points
j+1 andj—1 , imposing the requirements for first-order accuracy, i.e., (2.26), will

+A
actually give us the centered second-order scheme, %j Df(x )2C)A f(x’ )
v X

because (2.27) is satisfied “accidentally” or “automatically” -- we manage to satisfy three
equations using only two unknowns. If we choose the three points ; , j+ahd ,
and require second-order accuracy, we get exactly the same centered schemegpecause

turns out to be zero.

Next, we work out a generalization of the family of schemes given above, for the
case of (possibly) non-uniform grid spacing. Eq. (2.23) is replaced by

@'fﬂ 0 Z bflx (2.29)

i =—00

J+l

Note that, sincéAx is no longer a constant, the facteALof that appears in (2.23) has
X

been omitted in (2.29), and in view of this, in order to avoid notational confusion, we
have replaced the symba] by . Similarly, Eq. (2.24) is replaced by

o) =](-)+fl —x)+ fz( ,+, )2 +ﬁ(x,-+,-—x,-)3 . 230
i j Ty j 30 .

Substitution of (2.30) into (2.29) gives

° (rrei=3)" | (54— %)°
%%ED 3 bi[];)+f mx) S /* fj’ | L @3y
;o= :
To have first-order accuracy with (2.31), we must require that
Z b, = 0 and z bi(xjp;—x;) = 1. (2.32)
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It may appear that when we require first-order accuracy by enforcing (2.32), the leading

o 2
term of the error in (2.31), nameI)E b/f(—x%—xiz— , will be of orc(e%rx)2 , but this

i=—00

is not really true because, as shown belov Al
X

Similarly, to achieve second-order accuracy with (2.31), we must require, in
addition to (2.32), that

00

S bi(x;;—x)° = 0. (2.33)

i =—00

In general, to have at leagh-order accuracy, we must require that

)3 (x;+;,=x)"b; =8, | for0sms<n. (2.34)
] = —00
As an example, the first-order accurate scheme using the points; +dnd must
satisfy the two equations obtained from (2.32), bg+ b, = 0 [ Tgle2 , SO
X :—X:
Jjti J
that b, = 1 From (2.29), the scheme i%% EKML) , which,
AN S i
clearly, is equivalent to the result that we obtained for the case of the uniform grid.
To obtain a second-order accurate approximatior%% on an arbitrary grid,

J
using the three points—1 ; ampd 1 , we must require, from (2.32) that

and from (2.34) that
2 2
b_l(xj_1 —xj) + bl(xj+ | —xj) =0. (2.36)

The solution of this system of three equations is

_ -1 O+ %0
b, =H [ri T (2.37)
S £ s
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_ 1 O+ %0 =510
p. = O [/ i A }, (2.38)
0 gcj+i_xj—1D gCj_xj—lm Q‘jﬂ'_xjm
_ 1 Ot —%-10
b, = H [ 2= (2.39)
B e T

For the case of uniform grid-spacing this reduces to the familiar centered second-order
scheme.

Here is a simple but very practical question: Suppose that we use a scheme that
has second-order accuracy on a uniform grid, but we apply it on a non-uniform grid.
What happens? As a concrete example, we use the scheme

LVin Ef(xﬁl)_ﬂxi—l) . (2.40)
By inspection, we have
- —1
4 = — (2.41)
Xivi—X 1
by = 0, (2.42)
b, = 1
| S — (2.43)
Yj+i TN

Eqgs. (2.41)-(2.43) can be compared with (2.37)-(2.39). Obviously the scheme does not
have second-order accuracy on a non-uniform grid, because (2.37)-(2.39) are not satisfied
for a non-uniform grid. We note, however, that Egs. (2.41)-(2.43) do satisfy both of the
conditions in (2.35), even when the grid is non-unifofins means that the scheme does
have first-order accuracy, even on the non-uniform grid.

This example illustrates that a scheme that has been designed for use on a uniform
grid, with second-order (or even better than second-order) accuracy, will reduce to a
scheme of first-order accuracy when applied on a non-uniform grid. A special case has
been used as an example here, but the conclusion is true quite generally.

Finally, we observe that a very similar approach can be used to derive
approximations to higher-order derivativesof . For example, to derive approximations to
2
= on a (possibly) non-uniform grid, we write

X
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D Z le(j+l (244)

1
(Ax)

Obviously, it is going to turn out that [J . Substitution of (2.30) into (2.44) gives

%D ailfy +1 (x +f2(xi+i_x/)2+ﬁ(xi+i_x’)3+ 2.45
i, 2 ¢ (64 =) = T S

i = —00

Keeping in mind that; [ 1

, we see that a first-order accurate approximation is

2
(Ax)
ensured if we enforce the three conditions
z ¢, = 0, and z ci(x;,;—x)" = 2! and S clyy—x) =0 . (246)
i=—o0 i=—o

To achieve a second-order accurate approximation to the second derivative, we must
additionally require that

[ee]

S el -x x)’ = 0. (2.47)

] = —00

In general, to have amh-order accurate approximation to the second derivative, we must
require that

> (x4, =x)"¢; = (213, , forO<sm<n+1. (2.48)

i=—oo

Earlier we showed that, in general, a second-order approximation to the first
derivative must involve a minimum of three grid points, because three conditions must be
satisfied [i.e., (2.35) and (2.36)]. Now we see that a second-order approximation to the
second derivative must involve a minimum of four grid points, because four conditions
must be satisfied, i.e., (2.46) and (2.47). In the special case of a uniform grid, three points
suffice. With a non-uniform grid, five points may be preferable to four, from the point of
view of symmetry.

At this point, you should be able to see (“by induction”) that on a (possibly) non-
uniform grid, amth-order accurate approximation to the th derivativgé of takes the form
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l (o]
%. D. S 4/ (2.49)

Jj i=-
where
> (x4, —x)"d; = ()8, , forOsm<n+i-1. (2.50)
This is a total ofn +/ requirements, so in general a minimum -©f points will be

needed. It is straightforward to write a computer program that will automatically generate
the coefficients for a compaath-order accurate approximation to the th derivativg of

What happens fof = 0 ?

2.3 Extension to two dimensions

The approach presented above can be generalized to multi-dimensional problems.
We will use the two-dimensional Laplacian operator as an example. Consider a finite-
difference approximation to the Laplacian, of the form

(P10 eflepdyen) (2.51)

k = —00

Here we use one-dimensional indices even though we are on a two-dimensional grid. The
subscript; denotes a particular grid point (*home base” for this calculation), whose
coordinates are(xj, yj) . Similarly, the subscrjpt & denotes a different grid point

whose coordinates arg; , . y; 1 4)

The two-dimensional Taylor series expansion is
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S0y = f150) + 1), + (39))

+ %[(Bx)szxx +2(3x), (), + (6y)k2fyy] ..,
#5130 e + 330, ()i, + 3B (8 iy + B ] (252)
#2118, s+ 4(8), (39 + 6807 (80), oy

+4(80) (3 Frgy + (V) Fpy ]+

where
(6x)kExj+k_xj and(5y)k5yj+k—yj , (2.53)
and it is understood that all of the derivatives are evaluated at the(pjo'yf}b

Substituting from (2.52) into (2.51), we find that

(0,05 e flx ) + (B, + (3)4)

k = —0

+ %[(é'»c)szxx +2(8x),(8y)f,, + (6y)k2fyy] ..,

2.54
+ 13 i+ 386,730y + 30080 gy + (890, ] (59
#2113, s + 480, (39 frany + 6807 (30), oy
+4(30)(39) ayny + BV Fop] + 0}
To have first-order accuracy, we need
Y =0, (2.55)

k = —0
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(o]

S c (8x), =21, (2.56)
[t
% c(8y), =2, (2.57)
[t
% ¢ (8x), = 0 (2.58)
[t
g c,(8x), = 0, and (2.59)
ke
k:imck(ax)k(éy)k =0. (2.60)

From (2.56) and (2.57), it is clear that is of ordér , Wwhiere  derdates oy or

Therefore, the quantities inside the sums in (2.58) and (2.59) are of&®ider , and the
guantities inside the sum of (2.60) or of order one. This is why (2.58)-(2.60) are required,
in addition to (2.55)-(2.57), to obtain first-order accuracy.

So far (2.55) - (2.60) involve only six equations, and so six grid points are needed.
To get second-order (or higher) accuracy, we will need to add more points, unless we are
fortunate enough to use a highly symmetrical grid that permits the conditions for higher-
order accuracy to be satisfied automatically. For example, if we satisfy (2.55) - (2.60) on
a square grid, we will get second-order accuracy “for free.” More generally, with a non-
uniform grid, we need the following four additional conditions to achieve second-order
accuracy:

00

S c(8x), =0, (2.61)

k = —0

[ee]

S ¢ (8x),°(3), = 0, (2.62)

k= —

An Introduction to Atmospheric Modeling



2.4 Anexample of a finite difference-approximation to a differential equation 21

00

S  (8x),(3v), = 0, (2.63)

k= —o0

[oe]

S e (8y), = 0. (2.64)
k= —o0

Therefore, in general a total of ten conditions must be satisfied to ensure second-order
accuracy on a non-uniform grid.

For the continuous Laplacian on a closed or periodic domain, we can prove the
following:

[(@da =0, (2.65)
A
[ENda<o0. (2.66)
A

Here the integrals are with respect to area, over the entire domain. The corresponding
finite-difference requirements are

[ee]

Z(sz)jAjD [ Z C,J(xﬁk,yﬁk)}Aj =0 ,and (2.67)
all j all j

k= —

[ee]

Z];(sz)jAjDZ];[ S ckf(xj+k,yj+k)}AjSO , (2.68)
AT A L e

whereAj is the area of grid-cgll . These requirements must hold for an arbitrary spatial
distribution off, so they actually represent conditions oncthe . Very similar (but more
complicated) requirements were discussed by Arakawa (1966), in the context of the
Jacobian operator. Further discussion is given later.

2.4 An example of a finite difference-approximation to a differential equation

With these definitions and concepts, we proceed directly to a simple example of a
partial differential equation. Consider the one-dimensional “advection” equation,
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Qw000 _ 2.69
o, " T, = O (2.69)
wherec is a constant, and = u(x,#) . This is a first-order linear partial differential

equation with a constant coefficient, namely . Eq. (2.69) looks harmless, but it causes
no end of trouble, as we will see.

Suppose that
u(x,0) = F(x) for —oo<x <oo. (2.70)

This is an “initial condition.” What isu(x,#) ? This is a simple example of an initial
value problem. We first work out the analytic solution, for later comparison with our
numerical solution. Define

E=x—ct. (2.71)
We can write
Pu] _ u] |, (0u) (P10
Loatly Lo, Lol Lons
- Do Dug 1 (2.72)
Coxd, Dol ¢
=0

The first line of (2.72) can be understood by reference to Fig. 2.4. Similarly,
t

A

= constant C

A B
Xp—X, = xpo—x, = Ax

Figure 2.3: Figure used in the derivation of the first line of (2.72).
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Du] _ [u | D] (O]
Coe ~ To/0, ™ T Cor
" O, G
=0
It follows that
u = f(§) (2.74)
is the general solution to (2.69). A 0 &=x  amdx) = f(x) , i.e. the shape of is

determined by the initial condition. Eq. (2.74) means that is constant along the line
& =x—ct = constant. In order to satisfy the initial condition (2.70), we chgseF

Thus u(&) = F(&) = F(x—ct) isthe solution to the differential equation (2.69) which
satisfies the initial condition. We see that an initial value simply “moves along” the lines of
constanté . The initial “shape” ai(x) , namelyx) , is just carried along by the wind.
From a physical point of view this is obvious.

Keeping in mind this exact solution, we now investigate one possible numerical
solution of (2.69). We construct a grid, as in Fig. 2.4. An example of a finite difference
approximation to (2.69) is

i ”’+c[j"A' 0=0. (2.75)

Here we have used the forward difference quotient in time and the backward difference
qguotient in space. l# >0 , (2.75) is called the “upstream” difference scheme. Because

n+l1 n

u, —u; gy

Ll = as At - 0, 2.76
At ot as ( )

and

u—u"

o B/ SV TR N 2.77)
Ax X

we conclude that (2.75) does approach (2.690Mas Aand both approach zero. The
upstream scheme has some serious weaknesses, but it also has some very useful
properties.

If we know u]" at some time leved  for gll , then we can commﬁfél at the
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t A
(n+1)At
u"

nAt : o
(n-1)At
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) (-1)Ax JAX (j+1)Ax
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Figure 2.4: A grid for the solution of the one-dimensional advection equation.

next time levelk + 1 . Note that this scheme is one-sided or asymmetric in both space and
time. It seems naturally suited to modeling advection, in which air comes from one side
and goes to the other as time passes by.

In view of (2.76) and (2.77), it may seem obvious thatgbletion of (2.75)
approaches thsolutionof (2.69) asAx —» 0 and Az — 0 . This “obvious” conclusion is
not necessarily true, as we shall see.

2.5 Accuracy and truncation error of a finite-difference scheme.

We have already defined accuracy and truncation error for finite difference
guotients. Now we define truncation error and accuracy for a finite-difference scheme.
Here we define a finite-difference scheme as a finite-difference equation which
approximates, term-by-term, a differential equation.

It is easy to find an approximation to each term of a differential equation, and we
have already seen that the error of such an approximation can be made as small as
desired, almost effortlessly. This is not our goal, howe@n goal is to find an
approximation to the solution of the differential equatidow you might think that if we
have a finite-difference equatiof, that is constructed by writing down a good
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approximation to each term of a differential equatnthen the solution df will be a
useful approximation to the solution Bf Wouldn't that be nice? Unfortunately, it isn’t
necessarily true.

Letting u(x, t) denote the (exact) solution of the differential equation, we see that
u(jAx, nlAt) is the value of this exact solution at the discrete p@ifat, nA¢) on the grid

shown in Fig. 2.3, Wh”el;l is the “exact” solution of a finite-difference equation, at the
same point. In generahj'.’ Zu(jAx, nAt) . We wish that they were equal!
A measure of the accuracy of the finite-differeschemecan be obtained by

substituting the solution of the differential equation into the finite-difference equation. For
the upstream scheme given by (2.75), we get

uljAx, (n + 1)At] —u(jAx, nAt) (jAx, nAt) —u[(j — 1)Ax, A0 _
A +c§/ A % =g, (2.78)

whereeg is called “truncation error” of the scheme. The truncation error of the scheme is a
measure of how accurately the solutiofx, ?) of the original differential equation (2.69)
satisfies the finite-difference equation (2.75).

Note that, sincej’.’ is defined only at discrete points, it is not differentiable, and so
we cannot substitute}’ into the differential equation. Because of this, we cannot measure

how accuratelytj’.’ satisfies the differential equation.

If we obtain the terms in (2.78) from Taylor Series expansiom(of ¢) about the
point (jAx, nAt) , and use the fact tha(x, ¢) satisfies (2.69), we find that

0 a2, O O 2O
e =¥y grepdinddt g (2.79)
Do 0 D20 g2 D

We say this is a “first-order scheme” because the lowest poweks of Axand in (2.79)
are 1. The notation®(Az, Ax)  00(At) + O(Ax) can be used to expressNbsay

that a scheme is consistent with the differential equation if the truncation error of the
scheme approaches zero As ahd approach. Zéve upstream scheme under
consideration here is, therefore, consistent.

2.6 Discretization error and convergence

There are two sources of error in a numerical solution. One retime-off error
which is the difference of a numerical solution from the “exact” solution of the finite

difference equatioru]'.1 , and is a property of the machine being used (and to some extent
the details of the program). The other source of error iditieeetization errodefined by
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u]” —u(jAx, nAt) . Round-off error can sometimes be a problem but usually it is not, and
we will not consider it in this course.

The truncation error, discussed in the last section, can be made as small as desired
by makingAx andAt smaller and smaller, so long as the scheme is consistent(ang
is a smooth functiorA decrease in the truncation error does not necessarily guarantee
that the discretization error will also become small, howeleis is demonstrated below.

We now analyze how the discretization error changes as the grid is refined (i.e., as
At andAx - 0 ). If the discretization error approaches zero, then we say that the solution
convergesFig. 2.5 gives an example of a situation in which accuracy is increased but the

Figure 2.5: The shaded area represents the “domain of dependence” of the solution of the
upstream scheme atthe point x = jAx, t = nlt.

solution nevertheless does not converge. The thin diagonal line in the figure shows the
characteristic along with  is “carried,” i.e. is constant along the line. This is the exact
solution. To work out the numerical approximation to this solution, we first chvose

and Ar such that the grid points are the dots in the figure. The domain consisting of the

grid points carrying values ofi on which u]" depends is called theldmain of

dependencé The shaded area in the figure shows this domain for the upstream scheme
(2.75).
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We could increase the accuracy of the scheme by cufting Aand in half, that
is, by adding the points denoted by smaiforming a denser grid. Notice that the domain
of dependence does not change, no matter how refined or dense the grid is, so long as the

ratio cht remains the same. This is a clue ﬁ% is an important quantity.

Ax Ax

Suppose that the line through the pofphx, nAr) x-ct = x, , where is a

constant, does not lie in the domain of dependence. This is the situation shown in the
figure. In general, there is no hope of obtaining smaller discretization error, no matter how

small Ax andA:¢ become, so long %\—t is unchanged, because the true solution
X
u(jAx, nAt) depends only on the initial value ofat the single pointx, , 0) which

cannot influenceu]'? You could changeu(x,, 0) [and hence(jAx, nAtr) ], but the

computed solutiom; would remain the sarnmesuch a case, the error of the solution
usually will not be decreased by refining the grid. This illustrates that if the vatuis of
such thatg lies outside of the domain of dependence, it is not possible for the solution of

the finite-difference equation to approach the solution of the differential equation, no
matter how fine the mesh becomes.

A finite-difference scheme for which the discretization error can be madefemall
any initial conditionis called aconvergentfinite difference scheme. Therefore,

0<Bioy (2.80)

Ax

is anecessargondition for convergence when the upstream scheme is used. Notice that if
¢ is negative (giving what we might call a “downstream” scheme), it is impossible to
satisfy (2.80). Of course, far<0  we can use

n+1 n n

] O
4 T, Bl g (2.81)
At 0O Ax [

in place of (2.75). So our computer program can have an “if-test” that checks the sign of
c,and uses (2.75) #=0 , and (2.81)cik 0 . This is bad, though, because if-tests can

cause slow execution on certain types of computers, and besides, if-tests are ugly. If we
define

c+2|c| >0, andc_EC_zlcl <0, (2.82)

C+

then the upstream scheme can be written as
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n+l1 n n n

! ' 0 0

Y Uj +c+%’ u/_l[l+c i+1 U (2.83)
At 0O OMx [ 0 Ax D

This form avoids the use of if-tests and is also convenient for use in pencil-and-paper
analysis, discussed later.

In summary:

Truncation error measures the accuracy of an approximation to a
differential operator or operators. It is a measure of the accuracy with
which a differential equation has been approximated.

Discretization errormeasures the accuracy with which the solution of the
differential equation has been approximated.

Minimizing the truncation error is usually easy. Minimizing the discretization
error can be much harder.

2.7 Interpolation and extrapolation

Referring to (2.75), we can rewrite the upstream scheme as

n+1 n n
uj+ =uj(1—u)+uj_1u (2.84)

where

cl\t
—. 2.85
W=" (2.85)

This scheme has the form of eitheraterpolationor anextrapolation,depending on the
value ofp . To see this, refer to Fig. 2.6. Along the line plotted in the figure,

O Ly =5 [ PSP R SO b =0 1 PR S A =3 | M A
v = g (et u._l)—[l e VMG e (2.86)

which has the same form as our scheme if we identify

n= XXi-1 (2.87)

YY1

For 0spu<1 we haventerpolation For pu<0or u>1 we havextrapolation Note
that for the case of interpolationy” * ! will be intermediate in value betwgen and

u]”. For instance, iﬁt}’_l andj?’ are both0 thej'n will also@ . For the case
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=1 J

Figure 2.6: Diagram illustrating the concepts of interpolation and extrapolation. See text
for details.

extrapolation,u;’ *1 will lie outside the range mjf_l am}d

We use both interpolation and extrapolation extensively in this course.

2.8 Stability

We now investigate the behavior of the discretization ehzﬁr— u(jAx, nAt)‘ n as

increases, for fixedx amlkr . Does the error remain bounded for any initial condition? If
so the scheme is said to be stable; otherwise it is unstable.

In most physical problems the true solution is bounded, at least fortfiagdehat
the solution of the scheme is bounded if the scheme is stable.

There are at least three ways in which the stability of a scheme can be tested. These
are: 1) thadirect method2) theenergy methadand 3)von Neumann's method

As an illustration of the direct method, consider the upstream scheme, as given by

(2.84). Note thattj'.1+1 is a weighted meanuf  afld, 0 4fp<1 [the necessary
condition for convergence according to (2.80)], we may write
n

+1‘<
uj s

(1—p) +|ul_ | (2.88)

;
Therefore,
maxU)‘uJ’? + 1‘ < max(j)‘u;‘(l —H)+ max(j)‘”;—l‘ u, (2.89)

or if we assume thanax|u’| = maxg)|u’_,| . then
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max(j)‘u]}? * 1‘ < max(j)‘u]}-1 , provided thaD < p < 1. (2.90)
We have shown that foO<p<1 the solutianf remains bounded for all time.

Therefore,0 < p <1 is aufficientcondition for stability. For this scheme, the condition
for stability has turned out to be the same as the condition for convergence. In other
words, if the scheme is convergent it is stable, and vice versa.

This conclusion is actually obvious from (2.84), because Whep < 1 u;+ :
obtained by linear interpolationn space from the availableu]’.’ to the point

x = jAx—cAt. This is reasonable, since in advection the time rate of change at a point is
closely related to the spatial variations in the neighborhood of that point.

Note that in the true solution of the differential equation for advection, the
maxima and minima oz never change. They are just carried along to different spatial
locations. So, for the exact solution, the equality in (2.90) would hold.

The direct method is not very widely applicable. It becomes intractable for
complex schemes.

The second method, the energy method, is more widely applicable, even for some
nonlinear equations. We illustrate it here by means of application to the scheme (2.75).
2
With this method we ask: “Ii (u]'.’) bounded after an arbitrary number of time steps?”
Here the summation obviou]sly must be taken over a finite number of grid points. This is
not an important limitation because in practice we are always dealing with a finite
number of grid points. If the sum is bounded, then eaj’ch must also be bounded.

Whereas in the direct method we checkmlx(j) u}”l , here in the energy method we

2 ..
check z (uj'.“) . The two approaches are therefore somewhat similar.
7

Returning then to (2.84), squaring both sides, and summing over the domain, we
obtain

n+1

2.1

) = S (=) + 201~ + ()]
J J

(2.91)
= (1=’ () +2u(1 - Y &+ (@)
J J J

For simplicity, suppose that is periodic in , and consider a summation over one
complete cycle. Then
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no 2 n2
> (o) =5 () (2.92)
] i
We note that
Y w_y <0 then S uful_, < Z(uj)z  and (2.93)
J ] J
if Zu]’?u;? 1>0thenz s I_Z(u . (2.94)

J

To derive (2.94) we have used Schwartz's inequality, i.e.,
[ [ 0¢ , 0
D 0 0 b <y YA bio (2.95)
J J J J

for any sets of: sanbl s, and (2.92), i.e.

pEAR sy e’y Wy’ = [y’ (2.96)
J J J
Use of (2.92), (2.93) and (2.94) in (2.91) gives
S @) -+ 2u -+ Y () (2.97)

provided thatp(l —p) =0 , which is equivalent b<u<1 . The gquantity in square
brackets in (2.97) is equal to 1. We conclude that

z(

As with the direct method, we conclude titet p <1 is a sufficient condition for the
scheme to be stable.

n+1

) < Z(u , providedthal <p<1. (2.98)

A very powerful tool for testing the stability of linear partial difference equations
with constant coefficients is von Neumann's method. It is the method that will be used
most often in this course. Solutions to linear partial differential equations can be expressed
as superposition of waves, by means of Fourier series. Von Neuman's method simply tests
the stability of each Fourier component.

To illustrate von Neumann’s method, we return first to the advection equation,
(2.69):
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Ou , Ou _
Py +Cax =0. (2.99)

We assume for simplicity that the domain is periodic. First, we look for a solution with
the wave form

ikx

u(x,t) = Re[u(t)e ], (2.100)

where |u(?)| is the amplitude of the wave. Here we consider a single wave number, for
simplicity, but in general we could replace the right-hand side of (2.100) by a sum over all
relevant wave numbers. Using (2.100), (2.69) becomes

AUy ikew =0, (2.101)
di

By Fourier expansion we have converted the partial differential equation (2.69) into an
ordinary differential equation, (2.101), whose solution is

—ikct

u(?) = u(0)e ", (2.102)

where u(0) is the initial value af . The solution to (2.69) is, from (2.100),

u(x, £) = Re[u(0)e™ ] . (2.103)
Note that (2.103) is a valid solution only foe constant.
For a finite difference equation, we use in place of (2.100)
" = Re[u'" M (2.104)

J
Then u(n)‘ is the amplitude of the wave at time-lewel . Note that the shortest resolvable
wave, with L = 2Ax , haskAx = 11 , while longer waves hai&x <11, so there is never
any need to considdAx > 1t DefineA, which may be complex, by

~(ntl) ~(n)
u =Au .

(2.105)
~ntl) ~(n) e

Then |u = |\||u . We callA the “amplification factor.” As shown below, we
can work out the form oA  for a particular finite-difference scheme. In geheral
depends ork, so we could write\, , but usually we suppress that urge for the sake of

keeping the notation simple. Note thlat  can also be defined for the exact solution to the

“ikebt (), so that for

differential equation; from (2.102), we simply ha;/et+At) e
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the differential equatioml\ = A For a particular scheme, we can compare the

“exact” A with the approximata  defined by (2.105). Note that for the exact advection
equation|A| is 1. For other problems, the exé&t  can differ from 1.

From (2.105) we see that after time steps (starting from 0 ) the solution
will be

~(n ~(0), n
u( ) - u( ))\ . (2.106)

If we require that the solution remains bounded after arbitrarily many time steps, then we
need

Al<1. (2.107)

This is the condition for the stability of mode

To check the stability of a finite-difference scheme, using von Neumann’s method,
we need to work oufA|  for that scheme. We now illustrate the computatidh of  for the
upstream scheme, which is given by (2.75). Substituting (2.104) into (2.75) gives

~(n+1)  ~(n) —ikx
u —u —e " _
N +cD Ax Du =0. (2-108)
Notice that the true advection speed, , is multiplied, in (2.108), by the factor
—ikDx
d—e N

O A O Comparing with (2.101), we see that this factor is taking the plage of in
X

the exact solution. Adx - 0 , the factor reducesio . This is a hint that the scheme
gives an error in the advection speed. We return to this point later.

For now, we use the definition af , i.e. (2.105),together with (2.108), to infer that
A=1-u(1 —coskAx + isinkAx) . (2.109)

Note thatA is complex. Taking the modulus of (2.109), we obtain

INZ = 1+2p(p—1)(1 - coskAx) . (2.110)
At pu = %,for example, (2.110) reduces to

2

A" = =(1 + coskAx) . (2.111)

N I—
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According to (2.111), the amplification facti depends on the wave nuknhksing

2m

kEZ for L = 2Ax, k = 2—2- for L = 4Ax , etc., the various curves shown in Fig.

X X
2.7 can be constructed. We see clearly that this scheme damfs fok 1 and is
unstable fopu<0 angi>1

AlthoughA depends ok , it does not dependon (i.e.,on )oron (i®.,on ).
Why not? The reason is that our “coefficient” , has been assumed to be independent of

x andt . Of course, in realistic problems the advecting current varies in both space and
time. We normally apply von Neumann’s method to idealized versions of our equations,
in which the various coefficients, such @sare treated as constants. As a result, von
Neumann’s method can “miss” instabilities that arise from variations of the coefficients.
The energy method does not suffer from this limitation. It is very important to understand
that von Neumann’s method can only analyze the stability of a linearized version of the
equation. In fact, the equation has to be linear and with constant coefficients. This is an
important weakness of the method, because the equations used in humerical models are
typically nonlinear and/or have spatially variable coefficients -- if this were not true we
would solve them analytically! The point is that von Neumann’s method can sometimes
tell us that a scheme is stable, when in fact it is unstable. In such cases, the instability
arises from nonlinearity and/or through the effects of spatially variable coefficients. This
kind of instability will be discussed in Chapter 6. If von Neumann’s method tells us that a
scheme isinstable then it is unstable.

As mentioned above, in general, the soluﬁé’n can be expressed as a Fourier
series. For simplicity, let us assume that the solution is periodic in  with pggiod

Then uj” can be written as
2~ (n) imkyjDs 20 imkyA
u = Re[ um eV "} = Re[ S um &MY "(Am)”}, (2.112)
m = —oo
wherek = mk,
ko=, (2.113)

and m is an integer, which is analogous to what we call the “zonal wave number” in
large-scale dynamics. In (2.112), the summation has been formally taken over all
integers, although of course only a finite numberntg could be used in a real

application. Note tha@ |  is the amplification factor for mede . We have
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A

A2 = 1+ 2p(u- 1)[1 —cosEQ”TA"H}

0 1/2

Figure 2.7: The amplification factor for the upstream scheme, plotted for three different

wave lengths.
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If [A,| <1 is satisfied for alin , then

(2.114)

(2.115)
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n . . ®A0) imkyitx . .
Therefore, |u,| will be bounded provided thatz Lll(n)e kot , which gives the

m = —oo

initial condition, is an absolutely convergent Fourier sefliegs shows tha|mm| <1 for
all m is sufficient for stabilitylt is also necessary, becaus@\i,m > 1 for a particular
saym = m, , then the solution for the initial conditiam, = 1 amg = 0 for all
m # m, is unbounded.

From (2.109),, for the upstream scheme is given by

A, = 1—=p(1l —cosmkyAx +isinmk,Ax) . (2.116)

m

The amplification factor is

1

A, = [1+2p(1 = cosmkolx) (- 2. (2.117)

From (2.117) we can show tﬂatm| <1 <holds for allm, if and only if y(u—1) <0 , or
0<p<1.Thisis the necessary and sufficient condition for the stability of the scheme.

Finally, we can test stability using the “matrix methdavhich is really just von
Neumann’s method with more general boundary conditions. The upstream scheme given
by (2.75) (or by (2.112)) can be written in matrix form as

uf - - ut

1| TR0 000 0 u "
H I—=p... O 0 0 0 0

0 u 0O 0 0 0 0

ur*l u’

Jj— 0 0 I—p 0 0 0 0 J—1

w*=1 0 0 U 1-p 0 o o0 |*|u| (2118

] 0 0 0 W l=po 0 0| [y,
0 0 0 0 u 0 0

A 00 0 ot 0|

Y 0 ... 0 0 0 ... p 1-y
LA | U7 |

or

I Developed by K. Reeves.
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[up *1] = [A][uf], (2.119)
where[A4] is the matrix written out on the right-hand side of (2.118). In writing (2.118),
the cyclic boundary condition

n+l

uy = (I—p)u] +pu) (2.120)

has been assumed. Recall from the definitioh of apaﬂ = )\u}‘ . This can be written
in matrix form as

ul *l . ulf

gt PO 00000l
0A..000..00

| 100..000..00

W oo . a00..00 |%-1

w*1=100..0A0...00 | u | (2.121)
w00 00N 00y

00..000..00
pet] 00000 .20
7= 100...000...0A

n+1 - N n
uy

or
[u]’.”l] = )\[I][uj'ﬂ] : (2.122)
where[/] is the identity matrix. Comparing (2.119) and (2.122), we see that

([4] =ALD)[u}] = 0, (2.123)

and this equation must hold regardless of the values oh]'!he . It follows that the
amplification factorsj , are theeigenvalue®f [ 4] , obtained by solving

(4] =A L1l = 0. (2.124)

For the current example, we can show that

A=1l-pd-e "0 m=01,2,..J-1. (2.125)
0 0
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This has essentially the same form as (2.109), and so we find that 1 is the
stability condition.The advantage of the matrix method is that the boundary conditions
can be directly included in the stability analysis, as in the example above.

2.9 The effects of increasing the number of grid points

Recall that the upstream scheme

can be written as

Wl = ur(l—p) +uf_ (2.126)

Also recall that for this scheme the amplification factors
A = 1 —p(1 —cosklAx + isinkAx), (2.127)
so that
N2 = 1+2u(pu—1)(1 —coskAx). (2.128)
The stability criterion is
O<us<l. (2.129)
When (2.129) is satisfied, we have
Al<1. (2.130)

Consider what happens when we increase the number of grid points, while
keeping the domain siz& , the wind speed, , and the wave nudmber, , of the advected
signal the same. We consider grid spading  , such that

D = Jhx. (2.131)

As we decreasAx , we increake correspondingly, sdthat remains the same, and

kix = K2 (2.132)
Substituting this into (2.128), we obtain
2 = 1+2u(u—1)[1—cos%}. (2.133)

In order to maintain computational stability, we keep  fixed.as decreases, so
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that
At = l&‘
¢ (2.134)
= HD
cJ
The time required for the air to flow through the domain is
=L (2.135)

Let N be the number of time steps needed for the air to flow through the domain, so that

=
1]
o 1~

S
e

(2.136)

1
E

=
>
<

=i

The total amount of damping that “accumulates” as the air moves across the
domain is measured by

Y = (N2

J
0 0= (2.137)
= El —2p(1 —H)[l - cos%}gz”.

Here we have used (2.133) and (2.136).

As we increase the resolutian, increases. This causes the cosine factor in (2.137)

to approach 1, which weakens the damping associated\ithi ; but on the other hand
it also causes the exponent in (2.137) to increase, which strengthens the damping. Which
effect dominates is not obvious. The answer can be seen in Fig. 2.8. Increasing the
resolution leads to less total damping, even though the number of time steps needed to
cross the domain increases.

2.10 Summary

Suppose that we are given a non-linear partial differential equation and wish to
solve it by means of a finite difference approximation. The usual procedure would be as
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20 40 60 80 100 J
Figure 2.8: “Total” damping experienced by a disturbance crossing the domain, asa

function J, the number of grid points across the domain. Here we have assumed
thatD/L = 2.

follows:

» Check truncation error. Normally this is done by means of a Taylor series
expansion. We are concerned with the lowest powers of the space and time
grid-interval in the expansion of the independent variables.

» Check linear stability for a simplified (linearized, constant coefficients)
version of the equation. Von Neumann's method is often used here.

» Check nonlinear stability, if possible. This can be accomplished, in some
cases, by using the energy method. Otherwise, empirical tests are needed.

Increased accuracy does not always give a better scheme. For example, consider
two schemes A and B, such that scheme A is first-order accurate but stable, while scheme
B is second-order accurate but unstable. Given such a choice, the less accurate scheme is
definitely better.

In general, “good” schemes have the following properties, among others:

» High accuracy.

o Stability.

« Simplicity.

« Computational economy.

Later we will extend this list to include additional desirable properties.

Almost always, the design of a finite-difference scheme is an exercise in trade-
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offs. For example, a more accurate scheme is usually more complicated and expensive
than a less accurate scheme. We have to ask whether the additional complexity and

computational expense are justified by the increased accuracy. The answer depends on the
particular application.
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Problems

1. Prove that a finite-difference scheme with errors of ardgves exact derivatives
for polynomial functions of degree  or less. For example, a first-order scheme
gives exact derivatives for linear functions.

2. Choose a simple differentiable functigix) thahdas a polynomial. Find the

exact numerical value og[ at a particular valuecof ,sgy . Then choose
X

a) a first-order scheme, and

b) a second-order scheme

to approximate%dfg . Plot the log of the absolute value oéth& of these

approximations as a function of the logtod By inspection of the plot, verify that
the errors of the schemes decrease, at the expected ratesliegseases.

3. Program the upstream scheme on a periodic domain with 100 grid points. Give a
sinusoidal initial condition with a single mode such that exactly four wavelengths
fit in the domain. Integrate fqu=-0.1, 0.1, 0.5, 0.9, 1 and 1.1. In each case, take
enough time steps so that in the exact solution the signal will just cross the
domain. Discuss your results.

4. Using the energy method, determine the stability of tHferward time scheme as
applied to the following pair of equations:

du

du _ 4, 2.138
= fo (2.138)
dv

= = —fu. 2.139
i u ( )

Note: Solution following the energy method as required does not involve the use
of complex variables.

5. Work out the form of the most compact second-order accurate approximation for

2
O
%Lft] on a non-uniform grid. Also find the simpler form that applies when the
Cebx’D;
grid is uniform.
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CHAPTER 3 A Survey of Time-Differencing Schemes
for the Oscillation and Decay Equations

Copyright 2004 David A. Randall

3.1 Introduction

In atmospheric dynamics, the governing equations are usually non-linear partial
differential equations. Some knowledge of finite-difference approximations to ordinary
differential equations (especially first order) is needed, however. In fact, if we linearize a
governing partial differential equation and assume a wave form for the solution, the equation
simply reduces to an ordinary differential equation. An example of this was given in Chapter
2. The stability of a finite difference approximation to such an ordinary differential equation
can be examined using von Neumann's method, as explained in Chapter 2. In this Chapter, we
deliberately side-step the complexities of space differencing and consider the problem of time
differencing in isolation.

Consider an arbitrary first-order ordinary differential equation of the form:
dg _
L= la@).0. (31)

Both ¢ andf(q,t) may be complex variables. In the following two subsections, we do not

specify f(g, t) . Later we will consider particular cases. Keep in mind fhatt) could be
very complicated.

3.2 Non-iterative schemes.

Suppose that we integrate (3.1) with respect to time, ffemm)At  (nto1)At

Here we assume that s either zero or a positive integer. We also assume that , Which
may not be true close to the initial condition; this point is considered later. Then we have

(n+1)At
ql(n+ 1)Af] —q[(n—m)Ai] = | Mg, n)dt . (3.2)
(n—m)At

Equation (3.2) is still “exact;” no finite-difference approximations have been introduced. With
a finite difference-schemg,and, thereforef are defined only at discrete time levels. Suppose
that we approximate the integral on the right-hand side of (3.2) using the valfies of at the

discrete time levels. We use symbqr'+1 in placegd{n + 1)A7] 1" Jfl in place of
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44 A Survey of Time-Differencing Schemes for the Oscillation and Decay Equations

Aqgl(n+1)Af],(n+1)A4 , etc. Equation (3.2), divided by(l1 +m)Ar , can be
approximated by

n+1 n—m

(T m)br OB/ ra e,y e, T ke, T (33)

where/ can be minus one (f8z0  only), zero, or a positive integer. Take a minute to look

carefully at the form of (3.3), which is a slightly modified version of an equation discussed by
Baer and Simons (1970). The left-hand side is a “time step” across a time interval of

(m + 1)At, as illustrated in Fig. 3.1. The right-hand side consists of a weighted sum of
instances of the functioh evaluated at various time levels. The first time lewet, 1 ,isin
“the future.” The secondy , is in “the present.” The remaining time levels are in “the past.”
Time leveln —1[ is furthest back in the past; this is essentially the definition of . We get to
choose/ andn when we design a schemé&aniily of schemes defined by (3.3). It is

possible to havé>m dr<m or/ = m . Viable schemes can be constructed with all three
possibilities, and examples will be given below.

If B# 0 the scheme is called “implicit,” and B = 0 it is called “explicit.” Implicit
schemes have nice properties, as discussed later, but they can be complicated because the

“unknown” or “future” value ofg , namelyq"+1 , appears on the right-hand-side of the

equation, as the argumentﬂf+1 . Examples will be shown later.

time step across (m+1)At

Figure 3.1: InEq. (3.3), we use a weighted combinationof /%1 / /-1 /~!

to compute an “average” value of /= %Ctl over thetimeinterval (m + 1)At.

The smallest possible value bf is -1, in which case only time tevel appears on
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3.2 Non-iterative schemes. 45

the right-hand side of (3.3); this is the case with the backward-implicit scheme, for which
B#0. The Euler forward scheme uses time level , sokhat0 . Note, however, that the

Euler forward scheme omits time level 1 ; it is an explicit scheme @ith 0 . There are

many (in principle, infinitely many) other possibilities, as will be discussed later in this
Chapter.

Now substitute thérue solutiong(¢) and corresponding/{g(z), £] into (3.3), and
expand into a Taylor series around= nAtr . We get

2 3 4
1 %+Atq' +A2'-_t'q" +At q"' +ét—q"" +...E

(1 +m)At 31 41
(mhr)* ., (mhi)’ (mAr)’ 0
. q—(mAt)q' + qll — q”I + qllll _— D
2! 3! 41 -

2 3
= Blr+orf + S0+ S0
+a,f

_ 2 3
Nt 0 AF L,
R R TR

_ 2 3
+0,_,|f—240tf +(2§!t) 1 _(2?!’) 1+

i ) .
0, 5| =30 + <3§!t> o _(3§!z) e

2 3

+€, (3.4)

where g is the truncation error and a prime denotes a time derivative. Collecting powers of
At,and usingqg' = f,q" = f,etc., we obtain
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q’[l_(B+an +an—1 +an—2+an—3 o +an—[)]

2

" Dl 1—m O
+ Atg % _ -B+ a,_;+2a, ,+30, 5+.. +lan_%
2 3
(A" O 1+m > O
[
+ (__)_ nrr 1 + 8 + 2 + +l3 |:|
3 [ﬂ t8a, _, +27a, 5 +... a,_[
+...
=&, (3.5)
Each line on the left-hand side of (3.5) goes to zero “automaticallXzas 0 , except for
the first line, which does not involv&s  at all. We have to force the first line to be zero,
because otherwise the errer, , will not go to zerdas, 0 . In order to force the first line

to be zero, we have to choode and the vanious ’s in such a way that

=B+a,+a,_,+a,_,+0,_;+...+0,_;. (3.6)

Note that (3.6) simply means that the sum of the coefficients on the right-hand side of (3.3) is
equal to one, so that the right-hand side is a kind of “avefage .” We refer to (3.6) as the
“consistency conditioh When (3.6) is satisfied, the expression for the truncation error
reduces to

0
= Atq”g—i%‘l n D —B+a,_,+20, ,+3a,_,+..+la, _O+O0[(A)7]. (3.7)
1+m 0

This shows that when (3.6) is satisfied the scheme has at least first order accuracy, i.e. the
scheme is consistent, and the ereor, , goes to zero at least asffasNase, however, that

we are still free to choosé+ 1  coefficientéoreover, the value of itself is under our
control; we can choose it when we design the schemk= ¥ , then we can choose the
coefficients in such a way that the coefficient\of in (3.5) is also zero. This will give us a

second-order scheme, i.e. one in which the egror, , goes to ze(d&tikze . Obviously this

process can be continued, giving higher and higher accuracy, so long as the ¥alue of is large
enough. Examples are given below.

In summary, the order of accuracy of our time-differencing scheme can be made at
least as high as+2 by appropriate choices of the coefficients. One of these coefficients is
B. Recall thatp = 0 for explicit schemes. Generally, then, the accuracy of an explicit
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scheme can be made at least as hightak . Later we refer back to these rules of thumb.

With the approach outlined above, schemes of higher order accuracy are made
possible by bringing in more time levels. It is also possible to obtain schemes of higher
accuracy in other ways. This will be explained later.

We now survey a number of time-differencing schemes, without specifying . In this
analysis, we can determine the order of accuracy of each scheme. We cannot decide whether a
scheme is stable or unstable, however, unfess is specified. Later in this Chapter we
investigate what happens with two particular choiceg of , and later in the course we will
consider additional choices fgr

3.2.1 Explicitschemes (3 = 0)

m = 0, = 0 (Forward scheme or Euler scheme)

For this case we hava,#0 , and all of the otlber 's are zero. The consistency

condition, (3.6), immediately forces us to choose= 1 . The scheme (3.3) then reduces to
n+1 o n
il 28

The truncation error is%q” + O(Atz) = O(At) . Therefore, the scheme has first-order

accuracy.
m = 0,1>0 (Adams-Bashforth schemes)

Better accuracy can be obtained by proper choice ofutlsgif we use/>0 . For
example, consider the cage= 1 . The scheme reduces to

n+l1 n

um- =af+a,_ /", (3.9)

the consistency condition, (3.6), reduces to
o +a =1, (3.10)

and the truncation error is

_ " 1 2
£ = Atg %n_1+£+ O(AF). (3.11)
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If we choosea, _| = —% , the scheme has second-order accuracy. Of course, this means that

n

a = %.This is the second-order Adams-Bashforth scheme.

Although the right-hand side of (3.9) involves two different values of , we only have
to evaluatef once per time step, if we simply save one “old” time leyel of for later use on
the next time step. We have to allocate additional memory in the computer to save the “old”
time level of f , but often this is not a problem. Note, however, that something special will
have to be done on the first time step only, since when0 timerevél is “before the
beginning” of the computation.

In a similar way, we can obtain Adams - Bashforth schemes with higher accuracy by
using larger/ , and choosing thle ‘s accordingly. The table below shows the redults for =1,

2, and 3. See the paper by Durran (1991) for an interesting discussion of the third-order
Adams-Bashforth scheme. We can think of the forward scheme as the “first-order Adams-

Bashforth scheme”, withh = 0

Table 3.1: Adams-Bashforth Schemes (3=m=0,| > 0)

truncation
I un an—l an—2 an—3 error
1 3/2 -1/2 o)
2 23/12 -4/3 5/12 O(At3)
3 55/24 -59/24 37124 -9/24 O(AtY)
m = 1,1 = 0 (The leapfrog scheme)
The leap-frog scheme is
1 n+l n—1
=" =¢"") =/ (3.12)

20t
£ 4
From (3.5) we can immediately see that the truncation er%r—iﬁ" + O(At))

Note that for the leap-frog scheme the order of accuracy is highel than= 1 ,
i.e., it is better than would be expected from the general rule, stated earlier, for explicit
schemes. The leapfrog scheme has been very widely used, but it has some serious
disadvantages, as will be discussed later.
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m=1,/=1

Here there is no gain in accuracy. The highest accuracy (second order) is obtained for
a,_, = 0 (the leapfrog scheme).

1,7>1 (Nystrom schemes)

3
I

We can increase the order of accuracy by choosing appropisate/ > 1 .
Schemes withn > 1  are not of much interest and will not be discussed here.
3.2.2 Implicitschemes (3% 0)

Here we should be able to achieve accuracy at least as high2as . Note that with
implicit schemes it is possible to hake= —1 , Whereas with the explicit schemes the smallest
allowed value of is 0.

Eq. (3.3) reduces to

n+1 n
-%Tt“l— =B +a, (3.13)
The consistency condition reduces ta,+( =1 . The truncation error is

Atq”%—[%+ O(Atz) When B = 1,a, = 0, the scheme is called the backward

(implicit) scheme. It has first-order accuracy. It can be said to correspohé tel

Higher accuracy is obtained f@ = a = % , Which gives the “trapezoidal” (implicit)

scheme. It has second-order accuracy, as we expect from the general rule for implicit
schemes.

m = 0,1>0 (Adams-Moulton schemes)

These are analogous to the Adams-Bashforth schemes, excefitlat . Table 3.2
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summarizes the properties of these schemes$dr, 2, and 3.

Table 3.2: Adams-Moulton schemes.

truncation
| B Cxn cXn-l cxn-2 an-3 error
1 5/12 8/12 -1/12 O(At3)
2 9/24 19/24 -5/24 1/24 O(AtY
3 251/ 646/720 -264/720 106/720 -19/720  O(Atd)
720
m=1,1=0
Highest accuracy (2nd order) is obtained for= 0 , Which gives the leapfrog
scheme.
m = 1,1 = 1(Milne correctot)
Eq. (3.3) reduces to
n+1 _ n—1 ‘1 _1
9_‘1_2At =B/ +af o, S, (3.14)
where
B+a,+a,_; = 1. (3.15)

The truncation error is
AP 0 0. AP 4
e = Mg (B+a, )+ Srg" B0, g+ 5" (B ra, ) +O(Ar).

From this we can see th@at= 1 a, = 4 a,_; = 1 gives fourth-order accuracy. This
6 6 6

is again more than would be expected from the general rule.

LI there is a “Milne corrector,” then there must be a “Milne predictor.” (See subsection 3.3 for
an explanation of this terminlology.) In fact, the Milne predictor is an explicit scheme:with ,

/= 3,andan = % O,y = =3 O, = 3 0,_3 =0 .
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Here there is no gain in accuracy. The highest accuracy is obtaineg for= 0 , SO
that the scheme reduces to the Milne corrector.

3.3 Iterative schemes

Iterative schemes are sometimes called “predictor-corrector” schemes. The idea is that

we obtain q"+1 through an iterative, multi-step procedure, which involves multiple
ewvaluations of the functiord. In a two-step iterative scheme, the first step is called the
“predictor,” and the second step is called the “corrector.”

The advantage of iterative schemes is that we can gain higher accuracy. The
disadvantage is computational expense, because each evaludtiovobfes doing a certain
amount of arithmetic. In contrast, non-iterative schemes such as those discussed in the
preceding subsection involve only a single evaluatioihfaf each time step. For this reason,
iterative schemes tend to be computationally more expensive than non-iterative schemes, for a
given order of accuracy.

Consider (3.13) as an example. Replagct™ ' =/¢""", (n+1)A1] by

*

s *l =1lq" th (n+ 1)Af , where ¢" *!'is obtained by the Euler scheme,

4 =9 =7, (3.16)
At
Then
n+1_ n —
QT‘L =B /7 +af. (3.17)

When B* =1,a =0, Eqg. (3.17) is an imitation of the backward (implicit) difference
scheme, and is called the Euler-backward scheme or the Matsuno scheme (Matsuno, 1966).
When B* = % a = % , EQ. (3.17) is an imitation of the trapezoidal (implicit) scheme and is

called the Heun scheme or the second-order Runge-Kutta scheme. The Matsuno scheme has
first-order accuracy, and the Heun scheme has second-order accuracy.

Note that (3.17) cannot be “fit” into the framework of (3.3), becaﬁ”ere1 does not

appear on the right-hand side of (3.3), and in gen@fyaT1 cannot be written as a

o -1,
combination off" " s.

Also note that the Heun scheme is explicit, and does not require the past history (does
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not require/ >0 ). Still, it has second order accuracy, because of the iteration. This illustrates
thatiteration can increase the order of accuracy.

A famous example of an iterative scheme is the fourth-order Runge-Kutta scheme.
This is an excellent scheme whgn has a simple form, but it is not economically practical
whenf is complicated. The scheme is given by:

=g +Até(k1 F 2k, +2ky +hy)
_ o kA2 10
ky = flq", nir), ky = f{q M EV * §DAt} ?
kAt
ky = /[q" + 2=, i+ %EN} : ky = fq" + kA, (n+ 1)Dr) .

(3.18)

Each of thek ’'s can be interpreted as an approximatigh to 4The 's have to be evaluated
successively, which means that the functfon has to be evaluated four times to take one time

step. None of thesg ’s can be “re-used” on the next time step. For this reason, the scheme is
not very practical unless a long time step can be used.

Fig. 3.2 provides a simple fortran example to illustrate more clearly how the fourth-
order Runge-Kutta scheme actually works. The appendix to this chapter provides a proof that
the scheme really has fourth-order accuracy.

3.4 Finite-difference schemes applied to the oscillation equation

In order to test the stability of the finite-difference schemes discussed in the previous
section, we must specify the form of the functify, ?) . As a first example, consider the
oscillation equation:

%‘tl = iwg, g complex,w real. (3.19)
The exact solution ig = é(r)e’mt , wher}a Is the “initial” valuef fat 0 . The

amplitudec} is an invariant of this system, i.e.,
—q = 0. (3.20)

The following are examples of more familiar equations which are reducible to (3.19).

» Advection: The governing equation %ﬂt + cg—” =0 .df= ;t(t)e
X

" then
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c Initial conditions for tine-stepped variables X, Y, and Z
c The tine step is dt, and dt2 is half of the tine step.
X=2.5
Y=1.
Z=0.

do n=1, nsteps
c Subroutine dot evaluates tine derivatives of X, Y, and Z.

call dot (X, Y, Z Xdotl1, Ydot1, Zdot 1)

c First provisional values of X Y, and Z
X1l = X + dt2 * Xdotl
YL =Y + dt2 * Ydotl
Z1 = Z + dt2 * Zdot1l

cal | dot (X1, Y1, Z1, Xdot 2, Ydot 2, Zdot 2)

c Second provisional values of X, Y, and Z
X2 = X + dt2 * Xdot2
Y2 =Y + dt2 * Ydot2
Z2 = Z + dt2 * Zdot2

cal | dot (X2, Y2, Z2, Xdot 3, Ydot 3, Zdot 3)

c Third provisional values of X, Y, and Z
X3 = X + dt * Xdot3
Y3 =Y + dt * Ydot3
Z3 = Z + dt * Zdot3

cal | dot (X3, Y3, Z3, Xdot 4, Ydot 4, Zdot 4)
c “Final” values of X Y, and Z for this time step.

X + dt * (Xdotl + 2.*Xdot2 + 2.*Xdot3 + Xdot4)/6.
Y +dt * (Ydotl + 2.*Ydot2 + 2.*Ydot3 + Ydot4)/6.

X
Y
Z=2Z+dt * (Zdotl + 2.*zdot2 + 2.*Zdot3 + zdot4)/6.

end do

Figure 3.2: Asimple fortran example to illustrate how the fourth-order Runge-Kutta
scheme works. Note the four calls to subroutine “dot.” This makes the scheme
expensive.
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% = —ikcu = iwu,with w=—kc. An observer at a point watchingiagle

Fourier modeadvect by will see an oscillation.

* Rotation: Pure inertial motion is described by

% —fr=0, (3.21)

I
)

dv
— + 3.22
L i (3:22)

Multiplying (3.22) byi and adding it to (3.21), we obtain
%(u+iv) +fl=v+iu) = 0. (3.23)
With g = u +iv, we get

%‘tlﬂfq =0, (3.24)

which is identical to (3.21) withw = —f . Note that, althoughndyv are realq is complex,

2

and |q|2 = >+ is twice the kinetic energy per unit mass. We can olzfl{tamz =0 ,

i.e., kinetic energy conservation, directly from (3.21) and (3.22). By differentiating (3.21)
2

with respect to time, and substituting from (3.22)%3; , we obﬁla% = —fu , perhaps a
t

d
more familiar form of the oscillation equation, which in this case describes a pure inertial
oscillation.

In principle, any of the schemes described earlier in this chapter can be applied to
(3.19). Each scheme has its own properties, as discussed below.

3.4.1 Non-iterative two-level schemes for the oscillation equation

Write a finite difference analog of (3.19) as follows

n+

' —q" = iob(ag"+B ¢"T ). (3.25)

Werequirea +[3 = 1 in order to guarantee consistency. We obtain the Euler scheme with
a =1, B = 0; the backward scheme with = 0 [3,= 1 ; and the trapezoidal-implicit

scheme witha = 3 = % . Eq. (3.25) can easily be solvedyf“oJrr1
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(1-iQR)¢" ! = (1+iQa)q", (3.26)

or
n+1:D1+iQGD "=\g" 327
1 O —iqpd? = > (3.27)

where we introduce the shorthand notatforr wAr  (3L27) A is the amplification factor.

We want to know how the amplitudg|  behaves in time. Recall|that is invariant
for the differential equation. This means that, for the true solufdns: 1 . If the computed
IA| is not equal to one, we have “amplitude errors.”

SinceA is complex, we write

|>

A=A +i\ = |)\|eie, where  tan0 = i,)\r = [McosB,A; = [A|sinB. (3.28)

r

>

We can interpretd as the phase change of the oscillation per time step. P@sitive  denotes

counterclockwise rotation in the complex plane. For example, # g , it takes four time

steps to complete one oscillation. This is the case in wkich s pure imaginary. The discrete

numerical solution may look as shown schematically in Fig. 3.3 for the caﬁse=o§ ; the

ordinate represents the imaginary pary6f . Note that for the exact solution the phase change
over the time interval\t i€ = wAr . General) (the computed phase chang€)and  (the
true or exact phase change) will differ because of discretization errors. If the corfiputed is

not equal taQQ , we have “phase errors.”
Zv 6\/8 10

Figure 3.3: Schematicillustration of the solution of the oscillation equation for the case in
which A is pure imaginary and the phase changes by /2 on each time step.

Im{q"
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it

The true solution to (3.19) gl e , SO that
g[(n+ DA = & Ygnne) = ¢ q(nir) . (3.29)
Now |eiQ| = 1, and so\ = I)\Iei9 corresponds to (“should be';g ; in other wdids,
should be equal to 1 and  should be equallto . We want to compare the computed

amplification factor|A| with the true one, which iJSeiQ| =1 , and the computed phase

change per time step, , with the true one, whicRis . We will examine both the phase error
and the amplitude error.

For the forward (Euler) schema, = 1 (3,= 0 , and so from (3.27) we find that
A=1+iQ. (3.30)

Therefore,

A = J1+Q%>1 . (3.31)

We conclude that, for the oscillation equation, the forward schemeneenditionally

unstable We have reason tuspecttherefore, that forward time differencing is not a good
choice for the advection or coriolis terms of a dynamical model. In reality, whether or not the
forward scheme is a good choice for the advection terms depends on the space-differencing
scheme used, as will be discussed in Chapter 4. From (3.30) we see that the phase change per

time step® , satisfiemn0® = Q ,sotfhtlQ  for shall , as expected.

For the backward schemea, = 0 B3,=1 ,and

A=l = lrid (3.32)

so that

2
DI L TS S (3.33)

This scheme is, therefore, unconditionally stable, and in fact the amplitude of the oscillation

decreases with time. The real part’of is always positive, which meansgme <§
This scheme can be used for the coriolis terms in a model, but because of the damping it is

not a very good choice. The phase change per time step again satigiies Q , SO again
the phase error is small for smalt
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For the trapezoidal implicit scheme, = % B,= % , we find that
s
Al = 21 - (3.34)
E:
2

This scheme isinconditionally stablgin fact, it has no amplitude error at all. Its phase error
per time step is small. It is a nice scheme.

3.4.2 Iterative two-level schemes for the oscillation equation

Now consider a finite-difference analogue of (3.19) given by

N
n+1

q —qn = qun , (3.35)
' —¢" = iQag"+B¢""). (3.36)

gives the Heun

N I—

Recall thata = 0 ,B* = 1 gives the Matsuno scheme, and B* =

scheme. Eliminating” 1 petween (3.35) and (3.36) for the Matsuno scheme, we find that

A= (1-0%)+iQ,

E >1 for Q>1
A= J1-0°+Q%0 = 1forQ = 1
E <lforQ<1
(3.37)
This is, therefore, aonditionally stablescheme (the conditon@<1 ).
For the Heun scheme, we obtain
QZD
A= Ei!l - 7D +iQ
2 2 4
Al = J%—Qg +Q° = «/HQ—H‘
2 2 (3.38)
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This scheme isinconditionally unstablebut notice that for smal? it is not as unstable as
the forward scheme. In fact, it can be used with some success if very long-term integrations
are not required.

The results discussed above are summarized in Fig. 3.4 and Fig. 3.5.

J 4. |\ Matsuno

Euler

Exact and Trapezoidal

Backward

0 1 2 3 4
Q = wi

Figure 3.4: This figure shows the magnitude of the amplification factor as a function of

Q = w/\t for various difference schemes. The Euler, backward, trapezoidal,
Euler-backward, and Heun schemes are shown by curves |, 11, 111, IV, and V
respectively. The magnitude of the amplification factor for the trapezoidal
scheme coincides with that of the true solution for all values of wAt. Caution:
This does not mean that the trapezoidal scheme gives the exact solution!

3.4.3 The leapfrog scheme for the oscillation equation

The leapfrog scheme, which is illustrated in Fig. 3.6, is not “self-starting”=at0 ,
because we do not knogv at= 1 . A special procedure must, therefore, be used to start

the solution, i.e. we must somehow determine the valye ofn =atl 1. We really need two
initial conditions to solve the finite-difference problem, even though only one initial
condition is needed to solve the exact equation. A similar problem arises with any scheme
that involves more than two time levels. One of the two required initial conditions is the
“physical” initial condition that we need for the differential equation. The other arises
because of the form of the finite-difference scheme itself, and has nothing to do with the
physics. It is usually referred to as the “computational” initial condition.
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A Euler

Matsuno /
1. ] Heun

Backwar(/j\ai.
72 1.5 -1 -0.5 0.5 A
-0. 5

Exact and Trapezoidal

-1.81

Figure 3.5: Thisfigure shows the behavior of theimaginary () and real (A ;) components of

A
the amplitude, as Q varies. Recall that tan 6 is given by X—l for each scheme.
r

From this plot we can also see the behavior of |A| as 6 varies, for each scheme.

Consider the leapfrog analogue to (3.19):

" —g" = 2ntiwg” (3.39)

g -9 =0. (3.40)

Of courseg = constant is the true solutiongg = 0 , butaccording to (3.39) the solution

will depend on the initial conditions given at both the levels 0 rar 1 . If these two
values are different, an oscillation will occur, as shown in Fig. 3.7. We dfa¢®, g3=q,

aq?*=g?=qP, etc. If we assigm1 = qo , the solution will be constant. This example illustrates

that judicious selection aj(l) is essential for schemes with more than two time levels.

Now rewrite (3.39) as
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Figure 3.6: The leapfrog scheme.

" 2i0¢"-¢" " =0, (3.41)
where, as beforeQ = wAr . We look for a solution of the fgfm ' = Ag"  ,forall . Then
(3.41) reduces to

A —2iQN-1=0. (3.42)

The solutions of (3.42) are

A = iQ+A1-0Q° A,

iQ—A41-07, (3.43)

giving two solutions or “modes”,

n+1

n +1 n
q, = N4y q; = N\q, - (3.44)

The differential equation only has one solution, so getting two solutions to the finite-
difference equation is bad. Consider the limits\¢f ~ Apd Qas 0  Aros 0 . Notice

thatA; — 1, whileA, - —1 . We know that for the true solutidn= 1 , and so we can
identify g, as the “physical” mode, ang,  as the computational mode. Noticq;tﬁét

generally does not approaqlg" Aas- 0 I This illustrates that simply reducing the time
step does not reduce problems associated with computational modes.

The computational mode arises from the three-level scheme. Two-level schemes do
not have computational modes. Schemes with more than three time levels have multiple
computational mode§.he existence of computational modes is a major disadvantage of all
schemes that involve more than two time levdis.current dicussion is about computational
modes in time. Later we will see that computational modes can also occur in space, in at least
two distinct ways.

From (3.44) we have

0 0
q}f = )\rllql,q; = )\;qz. (3.45)
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a(n)

Figure 3.7: An oscillatory solution that arises with the leapfrog schemefor dg/dt = 0,
for the case in which the two initial values of g are notthe same.

The general solution is a linear combination of these two modes
= a)\'llq(l) + b)\gqg . (3.46)
Applying initial conditions, we have
(n=0) ag+bgy =g, (3.47)
and

0 0 1
(n=1) ANaq,+Abg, = q . (3.48)

If we solve (3.47) and (3.48) fowq(l) aridyg in termSQé)f aﬁd , and substitute the
results into (3.46), we obtain

1 1 0 1 0
0" = Gl@ R N (g AN (3.49)
1_)\ 0 1_)\ 0
This shows that 4 ~R9 and — 4709 are the initial values of the
A=A, A=A,

physical and computational modes, respectively. Which predominates in the numerical

solution will, therefore, depend on how we speej?y . If we @i\lle suthhat )\lqo ,

we will have the physical mode only. In real cases of interest, this is usually impossible to

arrange. Notice that (3.49) applies for any choicg @f¢) ; it is not specific to the oscillation
equation.

A simple way to giveq1 is by the forward (Euler) difference scheme. A more
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sophisticated procedure is use of the forward scheme-*eo% , followed by computation of

c]1 using the leapfrog scheme. The second method gives a smaller amplitude for the
computational mode.

To evaluate the stability of the leapfrog scheme as applied to the oscillation equation,
consider three cases.

Case (i).|1Q| <1

In this caseJ1 —Q> in (3.43) is real, and we obtdif| = A,| =1 . This means
that both modes -- the physical and the computational -- are stable and neutral. Let the phase
changes per time step be denoteddpy  @nd for the physical and computational modes,

respectively. Then
AN =e , AN =e" . (3.50)

Comparing (3.50) with (3.43), we find that
cosB, = l—Qz, cosB, = =41 —92 ,

sin@, = Q, sinB, = Q. (3.51)

Note that we can puB, = m—6, . For simplicity of notation, I8=06, , so that
6, = m— 6. WhenQ issmallf, 0Q ,ard, Ot . The apparent frequency of the physical

0
mode iSA_lt , Which is approximately equaldo . Then we can write

n+1 i9 n

q, = e q (3.52)
for the physical mode, and
q;+1 _ - e)qg (3.53)
for the computational mode. Recall that the true solution is given by
g[(n+ 1A = Cq(nbr) . (3.54)

In the limitasAt - 0 (i.eQ - 0), we have® —» Q . Panels a and b of Fig. 3.8 respectively
show A; and A, in the complexA-plane. The figures have been drawn for the case of
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0 = g.The absolute value @fis, of course, always equal to 1. Panel ¢ of Fig. 3.8 shows the

>
>

)\i
A
a b
A Ay
1 1 A 1
n
ay; ™
A )
) n=5 7% o 9 =
n=2
n=1 n=1 fi-0
n=0_
n
J qlr( | k

qu(n)

>

Figure 3.8: Panels a and b: Amplification factors for the leapfrog scheme as applied to the
oscillation equation with |Q| < 1 . Panels c and d: Solutions of the oscillation
equation as obtained with the leapfrog scheme for |Q| < 1. In making these

graph of the real part af}

figuresithas been assumedthat 6 = g

in6 0

versus its imaginary part. Recallghat \q) = ¢ . The
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graph is drawn for the case qf?i =0 abd= g . Panel d of Fig. 3.8 gives a similar plot

for qg . Here we see that the real and imaginary parts of the computational mgde of both

oscillate from one time step to the next. Graphs showing each part versus are given in Fig.
3.9. The physical mode looks nice. The computational mode is ugly.

Re{d} Im{ay }
2 2
1.5 1.5
1 1
Qo n 00 '
0. 2 4 6 8 10 -0, 2 4 6 8 10
-1 -1
1.5 1.5
-2 -2
Re{d}} Im{a3}

P a N

fg ANEENAN AN 1%L WANWANG
-_Oifv NARVAR T oY

-1
-1.5 -1. 5
-2 -2

Figure 3.9: Graphs of the real and imaginary parts of the physical and computational
modes of the solution of the oscillation equation as obtained with the leapfrog

schemefor |Q| < 1.

Case (ii):Q = 1

HereA, = A, = iQ [see (3.43)], i.e. bokis are pure imaginary, as shown in Fig.
3.10. This means that, as shown in Fig. 3.10, both solutions rotate thgough on each time

step, so that the period iAg regardless of the true valuewfObviously,[A| = A, =1,

so both modes are neutral. The phase errors are very large, however. This illustrates a simple
fact that should be remembered: A scheme that is stable but on the verge of instability is
usually subject to large truncation errors and may give a very poor solution; you should not
be confident that you have a good solution just because your model does not blow up!

Case (ii): |Q| > 1

Here again both,; andA, are pure imaginary, so again both solutions rotatg by on

each time step. We find that
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n=2 n=0
¢ > _(n)
q

r

A=A, = —i(Q=-1) n=3

Figure 3.10: Panel a shows the amplification factors for the leapfrog scheme as applied to

the oscillation equation with |Q| = 1.Panelb shows the real and imaginary
parts of the corresponding solution, for n=0, 1, 2, and 3.

A = i(Q+AQ°=1) and A, = i(Q-4Q°—1). (3.55)

If Q>1,then|A|>1 andA, <1 ,andiQ<-1 |A|<1 an@d,>1 . Inboth cases,
one of the modes is damped and the other amplifies. Since one of the modes amplifies for
|Q| > 1, the scheme is unstable in this rang&of

A graphical representation afin the complex plane, fdQ| >1 , is shown in panels

T T
el2 and, = ‘Q—«/Qz—l‘elz

a and b of Fig. 3.11. Note that, = ‘Q+A/Qz—1
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A

Figure 3.11: Panels a and b show the amplification factors for the oscillation equation with
the leapfrog scheme, with |Q| > 1 . Panel c shows the corresponding solution.

The solid curve shows the unstable mode, which is actually defined only at the
black dots. The dashed curve shows the damped mode, which is actually
defined only at the grey dots. Panel d is a schematicillustration of the

amplification of the unstable mode. Note the period of 4A7, whichis
characteristic of this type of instability.

Panel ¢ of Fig. 3.11 shows a plot qf”) in the complex plane for the modes corresponding

to A; andA, for Q > 1. The phase changes %&/ on each step, bedasgeure imaginary,

and so the period #Ar . Panel d of Fig. 3.11 schematically sbgz\X/s as a function of
the amplifying mode corresponding Ag, i.e., q; is unstable and, is damped. A growing
oscillation of this period is a telltale sign of instability with this type of scheme.

In summary, the centered or leapfrog scheme is a second-order scheme that gives a

neutral solution for (3.35) whel2| <1 . F@|>1 , or lalyethe scheme is unstable. In
other words, the leapfrog scheme is conditionally stable when applied to the oscillation
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equation.

We have identified another neutral scheme -- the trapezoidal implicit scheme -- but to
use such an implicit scheme in more complicated nonlinear problems is relatively difficult, in
comparison with an explicit scheme. The leapfrog scheme is explicit, has a higher accuracy

than the general rule, and is neutrdk¥f < 1 . For this reason it has been very widely used.

3.4.4 The second-order Adams Bashforth Scheme (m=0, I=1) for the oscillation equation

The second-order Adams-Bashforth scheme and its third-order cousin (Durran, 1991)
have some very nice properties. The second-order Adams-Bashforth finite-difference
approximation to the oscillation equation is

+1 . 1 n-1
¢ =4 = IQ% -4 g (3.56)
Like the leapfrog scheme, this is a three-level scheme. Sinece 0 , however, the time
interval on the left-hand side 4, rather than At as in the leapfrog scheme. The right-hand
side represents a linear extrapolation (in time)qof fr@%_l) @%I n -to% Ot
essentially represents a scheme centered around timeale\fZJeI , and it does have second-

order accuracy. The amplification factor for this scheme is given by
2 3. A~ _
A —)\El +§ZQE+ZEQ =0. (3.57)

Since this is a three-time-level scheme, we have two modes, given by

A, = %Ell+i§Q+ /1-%92+ng, (3.58)

and

A, = %% +i%Q— 1_292”95. (3.59)

SinceA; - 1 asQ - 0 , the first mode is the physical mode and corresponds to the true

solution as At - 0 . Note, however, that, — 0 4 - 0 . This means that
“computational” mode tends to damfi is not neutral, as in the leapfrog scheme.

In order to examing\,| , we just consid@r«1 , since the expression in (3.58) is

complicated and in practic® is usually small. Using the binomial theorem, we can
approximate\; by
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9 1

A O1+iQ-20°01+iQ--Q°
16 2

, (3.60)

4 4
MdDh+%ﬂ1+%. (3.61)

which is always greater than 1. The physical mode is, therefore, unconditionally unstable, but
so far ast or Q is sufficiently small, and because the deviationAgf from 1 is of order

so that

Q4, the solution is only weakly unstable. If physical damping is included in the problem, the
instability may be suppressed.

3.4.5 Asurvey oftime differencing schemes for the oscillation equation

Fig. 3.12 and Fig. 3.13 are taken from the work of Baer and Simons (1970). They
summarize the properties of seven explicit and seven implicit schemes, which are listed in
Table 3.3. Properties of these schemes are shown in Fig. 3.12 and Fig. 3.13.

Table 3.3: List of time differencing schemes surveyed by Baer and Simons (1970). Schemes
whose names begin with “E” are explicit, while those whose names begin with “I” are
implicit. The numerical indices in the names are “m,” which is the number of “time
intervals” over which the scheme steps, as defined in Eq. (3.3) and Fig. 3.1; and {, which
controls the number of values of f used, again as defined in (3.3).

Scheme Name B o, Opq Opoo Op.3 Opg Order of
identifier accuracy
(m,l)
EO1 Adams- 3/2 -1/2 (At)2
Bashforth
EO02 Adams- 23/12 -4/3 5/12 )3
Bashforth
EO3 55/24 | -59/24| 37/24 -9/24 o4
EO04 1901/ | -2774/ | 2616/ | -1274/ | 251/ (t)°
720 720 720 720 720
El1l Leapfrog 1 (At)?
E12 716 -2/6 1/6 (a3
E33 Milne 2/3 -1/3 2/3 o4
Predictor
100 Trapezoidal 1/2 1/2 (At)2
Implicit
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Table 3.3: List of time differencing schemes surveyed by Baer and Simons (1970). Schemes
whose names begin with “E” are explicit, while those whose names begin with “I” are
implicit. The numerical indices in the names are “m,” which is the number of “time
intervals” over which the scheme steps, as defined in Eq. (3.3) and Fig. 3.1; and [, which
controls the number of values of f used, again as defined in (3.3).

Scheme Name B o, O Opo O3 Opg Order of
identifier accuracy
(m,)
101 5/12 8/12 -1/12 (At)3
102 Moulton 9/24 19/24 -5/24 1/24 (At)4
Corrector
103 251/ 646/ -264/ 106/ | -19/720 (At)5
720 720 720 720
112 Milne 1/6 4/6 1/6 (At)4
Corrector
113 29/180 124/ | 24/180 4/180 -1/180 (At)5
180
134 Milne 1l 14/180 | 64/180| 24/180 64/180 14/180 (At)G
Corrector

There are many other schemes of higher-order accuracy. Books on numerical analysis
discuss such schemes. Since our meteorological interest mainly leads us to partial differential
equations, the solutions to which will also suffer from truncation error due to space
differencing, we cannot hope to gain much by increasing the accuracy of the time differencing
only.

3.5 Finite-difference schemes for the decay equation

We now turn our attention to the decay equation,

d

= —Kg,K>0, 3.62
7 q (3.62)

which is relevant to many physical parameterizations, including those of the boundary layer,
radiative transfer, cloud physics, and convection. The exact solution is

q(t) = q(0)e . (3.63)

This describes a simple exponential decay with time. For large gime( . A good scheme
should giveg" "' = 0 axAf — o

For the Euler (forward) scheme, the finite-difference analogue of (3.62) is
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Figure 3.12: Amplification factor of various schemes for the oscillation equation (from Baer
and Simons, 1970). The horizontal axis in each panelis Q. See Table 3.3.

n+1

g -q" = -Kq", (3.64)
whereK = kAt . The solution is
= (1-K)". (3.65)

Note thathA = 1 —K isreal. Fol —K| <1 , i.& or At small enough, so tha&'<2 , the
scheme is stable. This is, therefore, a conditionally stable scheme

By the same technique, it is easy to show that, when applied to the decay equation,

» the backward implicit scheme usiconditionally stable

An Introduction to Atmospheric Modeling



3.5 Finite-difference schemes for the decay equation 71
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Figure 3.13: |\| and g (for the physical mode), plotted as functions of Q, for the oscillation

equation (from Baer and Simons, 1970). See Table 3.3.

» the trapezoidal implicit schemeusconditionally stable

* the Matsuno (Euler-Backward) schemeasmditionally stable

» the Heun scheme onditionally stableand

» the second-order Adams-Bashforth schenoelitionally stable

Finally, the leapfrog scheme for the decay equation is
qn+1_qn—1 :—Zan, (366)
and so\ satisfies

A +2KA—1=0. (3.67)
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The two roots are
A = —K+4JK°+1, A, = —K—4JK +1. (3.68)

Since0<A, <1 ,and\;, - 1 aK - 0 we see thad, corresponds to the physical mode.

However, |A,|>1 always. Actually A,<-1 (A, - -1 as At~ 0) , so the
computational mode oscillates in sign from one time level to the next, and amplifies.

Therefore, the leapfrog schemeauisconditionally unstabléor this type of equation.
Wecannot use the leapfrog scheme whenever we have any damping in the photileple

interpretation of this can be given. Suppose we lgave 0 n =at0 garl n =at
as shown schematlcally in Fig. 3.14. From (3.66) we see that the restoring effect computed at

n = 1 is added to q , resulting in a negative deviatiomat 2 . The restoring effect

computed ak = 2 is added tq1 , resulting in the amplified positive deviatior-aB ,
as graphically illustrated in Fig. 3.14. This shows why the leapfrog scheme is a very bad
choice for this type of problem.

3.6 Damped oscillations
What should we do if we have an equation of the form

%Ctl = i —Kq = (=K +i0)q? (3.69)

As an example, we can mix the leapfrog and forward (or backward) schemes in the following
manner. We write the finite difference analogue of (3.69) as

an—qn_l = 2qun—2an_1 , (3.70)

(decay term forward differenced), or as

n+1 n+1

q —qn = 2qu —2Kq (3.71)
(decay term backward differenced). The oscillation term on the right-hand sides of both
(3.70) and (3.71) is in “centered” form, whereas the damping term is an uncentered form.
These schemes are conditionally stable.

3.7 Nonlinear damping

In real applications, it is quite typical that dependsyon , so that (3.62) becomes
nonlinear. Kalnay and Kanamitsu (1988) studied the behavior of ten time-differencing
schemes for a nonlinear version of (3.62) given by

%‘f = —(kgNg+S . (3.72)
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g’ =0
g >0
q2 = qo—2Kq1 = O—2Kq1<0
¢ =q' -2Kq" = q' —2K(¢"~2Kq') = ¢'(1+4K")>¢'
q4 _ q2—2Kq3<q2
q(t)

N4 t

Figure 3.14: An example illustrating how the leapfrog scheme leads to instability with the
decay equation. The solution shown here represents the computational mode
only and would be superimposed on the physical mode.

whereP is a non-negative exponent, &hd is a source or sink whose form is unspecified. The
reason for introducingS is simply to allow non-zero equilibrium valuegy.ofn real

applications, there is usually a term correspondin§ to . Inggase) S and , (3.72)
reduces to (3.62).

An example of a real application that gives rise to an equation of the form (3.72) is
boundary-layer parameterization. The soil temperatﬂge, , satisfies an equation roughly of
the form
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T, _
C i pacT(Tg—Ta)V(Tg— T,)+ Sg (3.73)
whereC is the heat capacity of the soil layer, s the density of theca(T,—T,) is a
“transfer coefficient” that depends ()iﬁg—Ta) Vis the wind speed at a level near the ground
(often taken to be 10 m above the soil surfafg), is the temperature of the air at some level

near the ground (often taken to be 2 m above the soill surfaceﬂgampresents all other

processes that affect the soil temperature, e.g. solar and infrared radiation, and the latent heat
flux, and the conduction of heat through the soil.

The air temperature is governed by a similar equation:

dT,

PDcp—— P

= pucH(T~TIVN(T,~T,)+S, (3.74)

Herec, is the heat capacity of air at constant pressureand s the depth of the layer of air
whose temperature is represented/hy

Comparing (3.73) with (3.74), we find that

a(r,-T,) 0l 1 N0 Elg S ]
— g al — -p T -TYWV(T -1 4 + LIg_ a 3
dt aCT( g )Q' paDc 0 D¢ O s P, Dc [ (3.75)

The correspondence between (3.75) and (3.72) is obvious. The two equations are essentially
the same if the transfer coefﬁuenp(T -T,) has a power-law dependenfg—d?;

Virtually all realistic atmospheric models involve equations something like (3.73) and (3. 74)

so this is a very practical example.

From what we have already discussed, it should be clear that an implicit scheme
would be a good choice for (3.72), i.e.

n+1_n_ nt 1 P+1
g—CLAt = —k(¢"") T +s. (3.76)

Such a scheme is in fact unconditionally stable, but for arbitPary it must be solved
iteratively, which can be quite expensive. For this practical reason, (3.76) would not be

considered a viable choice, except wh&re is a small integer, in which case, (3.76) can be
solved analytically.

Let ¢ denote an equilibrium solution of (3.72). Then  satisfies

kgt = 8. (3.77)
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Let ¢' denote a departure from this equilibrium, so that ¢ + ¢'
linearized as follows:

. Then (3.72) can be

Sg+q) = kg™ =P+ 1)q g +S (3.78)

which reduces to

Y = k(P+1)q"q .

4 (3.79)

This linearized equation can be analyzed using von Neumann’s method.

As an example, the forward time-differencing scheme, applied to (3.79), gives
g"tl—g" = —a(P+1)q", (3.80)
where
a=kq' At (3.81)
and we have dropped the “prime” notation for simplicity. We can rearrange (3.80) to
gt = [1—a(P+1)]q", (3.82)
from which we see that
A=1-a(P+1). (3.83)

Table 3.4 summarizes the ten schemes that Kalnay and Kanamitsu analyzed, and

Table 3.4: Schemes for the nonlinear decay equation, as studied by Kalnay and Kanamitsu

(1988).
Name of Form of scheme Amplification factor Linear stability
scheme criterion
Forward n+l WP+ l—a(P+1) a(P+1)<2
explicit gTq_ =—k(g) +S§
Backward n+l _ n Dl P 1 Unconditionally stable
implicit QT"— =—-k(¢"") 1+a(P+1)
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Table 3.4:Schemes for the nonlinear decay equation, as studied by Kalnay and Kanamitsu

implicit
scheme

n+1

n P
-K(q) [(P+1)q

—Pq"1 +S

(1988).

Name of Form of scheme Amplification factor Linear stability

scheme criterion
Centered n+l 1—a(P+1)/2 Unconditionally stable
implicit gTq— = T+a(P+1)/2

n+ n+l P+1
_KEg___q___D +S
g -, 0O
Explicit n+l_ n WP nl 1-aP a(P-1)<2
coefficient, LA—I—g— =-K(g)qg +S§ 1+a
implicit q
Predictor- S pn _ _ 2 a(P-1)<1
corrector SE =) a+s et I)Z(GP)
coefficient, (1+0a)
H e n+l n ~p
Imp|ICItq gT—C]_ - —K(q) qn+l +S
t
Average S on p- 2 2 a(pP-2)<2
coefficient, -‘I—Z-tq- = —«k(q") g+S 1—0((1’—1)—(%)+(%L
implicit q 5
n+1_ n _ (1 +(X)
At
wP  ~P
_I{(q) +(9) }q””+s
2
Explicit n+l _ n l—a(P+1-y) a(P+1-2y)<2
coefficient, = 1 +ay
extrapolated .
1

q -K(¢") Ivg"" (1) +5
Explicit S o pa (1-4)(1-aP) a[P(1-4)—-1-4]<2
coefficient, _q_z_tq_ = —k(q") q+S Tva A
implicit q, R
with time "o (1-A)g +Aq"
filter
Double time S on p- l—a(P-1) a(P-3)<2
step, explicit oL = —k(g") g+ 1+ 20
coefficient, .
implicit g with q,,+1 _q+q
time average )
filter
Linearization n+l_ n l+aP Unconditionally stable
of backward .‘l__A_t_fL = 1+a(P+1)
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gives the amplification factors and stability criteria for each. In the table, is a parameter

used to adjust the properties of a time filter; gyl is an “extrapolation” parameter. For a
detailed discussion, see the paper by Kalnay and Kanamitsu (1988), which you should find
quite understandable at this stage. As a recommendation, the “Double time step, explicit
coefficient, implicit temperature with time average filter” scheme (the second-last scheme in
the table) is quite nice.

3.8 Summary

It is possible to construct time-differencing schemes of arbitrary accuracy by
including enough time levels, and/or through iteration. Schemes of very high accuracy (e.g.
tenth order) can be constructed quite easily, especially using symbolic algebra programs, but
highly accurate schemes involve a lot of arithmetic and so are expensive. In addition they are
complicated. An alternative approach to obtain high accuracy is to use a simpler low-order
scheme with a smaller time step. This also involves a lot of arithmetic, but on the other hand
the small time step makes it possible to represent the temporal evolution in more detail.

More accurate schemes are not always better. For example, the second-order leapfrog
scheme is unstable when applied to the decay equation, while the first-order backward implicit
scheme is unconditionally stable and well behaved for the same equation. A stable but less
accurate scheme is obviously preferable to an unstable but more accurate scheme.

For the advection and oscillation equations, truncation errors can be separated into
amplitude errors and phase errors. Neutral schemes, like the leapfrog scheme, have only phase
errors.

Computational modes are permitted by differencing schemes that involve three or
more time levels. To control these modes, there are four possible approaches:

1) Choose a scheme that involves only two time levels;

2) Choose the computational initial condition well, and periodically re-
start;

3) Choose the computational initial condition well, and use a time filter
(e.g. Asselin, 1972) to suppress the computational mode;

4) Choose the computational initial condition well, and choose a
scheme that intrinsically damps the computational mode more than
the physical mode (e.g., an Adams-Bashforth scheme).
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Appendix to Chapter 3

A Proof that the Fourth-Order Runge-Kutta Scheme has Fourth-
Order Accuracy

We wish to obtain an approximate numerical solution of the ordinary differential
equation

Y = g0 (3.84)

As discussed earlier, the fourth-order Runge-Kutta scheme is given by:

S Até(kl + 2y + 2k +hy), (3.85)
where
(3.86)
kAt
= fig", nrty /{ ™) 4 EF + IDAt}
ke, At
A TR ks f(q(”) + ks, (n+ 1))

To prove that this scheme has fourth-order accuracy, we construct the right-hand side of

(3.85), and then to show that it is equal to the left-hand side, with an error o(br)fer
Define an operatod by

0,0 0,0
5=k 2 +2 =2 + 9 3.87
19g 01 faq ot ( )
where we drop the notation that indicates the time level, for convenience. If we apply the
operatord to a function (such As ) which depends ondoth ¢ and $then returns the
total time rate of change of the function, taking into account the part of this tendency that

comes from the change in  and also the part that comes from the change in
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3.8 Summary
_dr
NN == . 3.88
(N T (3.88)
We now write
ko =f, (3.89)
_ 1, kA 1]
k2 _]{q +Ty %l"'EDAt}
_ i Dy ¢ LA g2 LA &3 4
=/+Z8() + 55 8 () + 5150 & 1) +0l(A)] (3.90)
[ 4+ Q5 LIAMP 2 1 (DD s3 4
s [1+ Mo+ B0 + S 5}f+0[(At)] ,
and
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f{q PR S
0 Ata 1 A Atam l[At Atam
k
=/ 2 20q 2ﬂﬂf 2102 kzaq Py TsEAETIN) 2a _szJ’O[(M]

A 1
=f+ 2t§1+— 2|D2”E6}faq+
El %faq GJ

2 23w oran’

I:I
—

1
+2_D

(3.91)
A 1

3(/) + Eté(f)fq L0y,

HB7[F 0]

+ LT 5 0 4 oany

3100

- el (A{.)

42204

80 [80+ 3a(7y;, + 35y, | + 01(a1))

In (3.91), we have simplified along the way by suppressing higher-order terms whenever

possible, and we have used the notayfpagi . It remains to asskmble
q
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ky = (" + kD, (n + I)At)

_ 0 o, 1 0
=f/+ At— + At + == At —+ Al‘ At + At
I+ iy * i * ity CaAE PN

= [+ At[[]j+ Até(f) (8n)°

2 [6 2 é(f)f}m_Jr_Df

4 2 1ndg o6

2
+(%Lﬁf+At62 _+%f (_A_’L%a 0+ O[(Ar)]

(3.92)

3(f) (At) 5°(f) . dNf,1,.0

_f+A@(f)+At 2 e [ ra 2%%

3
057 + sz, ) + Loa(r) + ol (4
2
= f+ai5() + 18 + 3y
3
218 () +35(08(7,) + 38 (11, +38(0(,)° | + ol(an’] -
Finally, we combine terms to obtain
2 3
Até(kl ¥2ky+2ky +k,) = fAr+ K%Lam + %L[az(f) +8(f,]
' ' (3.93)
4
+ B8 (1) +33()3(1,) + 8 (1), + SN,)T +OL(An ]
This can be simplified using
I %’ (3.94)
f 2
dg
() = =1 (3.95)
2 3
U)+6U)f =—§ =d—§ , (3.96)
dr dt
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4

3
5 (1) +38(08(1,) + 8 (f, +3(N(f,)* = 4L =4 (3.97)
df  df'

By substituting from (3.94)-(3.97), we can rewrite (3.93) as

1 _ dq (At) d dg . (At) d q gAt! d dgqg
t=(ky + 2k, +2k +k At+ +0 At
(3.98)
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Problems
1. a) Find the exact solution of
dq _ .
= iWg —Kq. (3.99)

dt

Let ¢(z=0) = 100, 29]—_[ = 0.1,k = 0.1 . Plot the real part of the solution for
0<r<100.

b) Find the stability criterion for the scheme given by

n+1 n+1

=" = 204" -2Kg" T (3.100)

Plot the neutral stability boundary (wheld@d = 1 ) as a curve in(eQ)
plane, for K and Q in the range 0 to 2, as in the sketch below. Here

2= WA K =Kepl. Indicate which part(s) of th€K, Q) plot correspond to
instability.

0 K 2

c) Code the equation given in part b) above. Use a forward time step for the first

step only. Usgy(z =0) = 100 ,andz = 1 . Plotthe solution out to 100 for
the following cases:

a) 0.1,k =0

3le

by L =0,k = 0.1

)
I
I

0.1,k = 0.1
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For each case, plate{q} fdr<t<100 and compare with the exact solution.
Discuss the numerical results as they relate to the stability analysis of part).

d) Derive an equation satisfied by the amplification factor for the second-order
Adams-Bashforth scheme applied to Eq. (3.99). (The result is quite complicated.)

Contour plot|]A| as a function of both amd . Find an approximate solution
valid for sufficiently smallAr .

2. For the oscillation equation, compare the phase change per time step of:
a) the leapfrog scheme's physical mode;

b) the trapezoidal implicit scheme.

Plot the phase change per time step as a function of , for both schemes. Discuss
the phase errors of the two schemes, as functioas of

3. The trapezoidal-implicit scheme for the oscillation equation is given by

MO IO iu;At(q(nuq(nﬂ))_ (3.101)

a) Analyze the stability of this scheme using von Neumann’s method.

b) Find the phase change per time step, and compare with the phase change per
At in the exact solution.

4. Determine the order of accuracy of the Matsuno scheme.

5. Find the stability criterion for the fourth-order Runge-Kutta scheme applied to the
oscillation equation.

An Introduction to Atmospheric Modeling



Revised April 22, 2004 4:41 pm

CHAPTER 4 Acloserlook at the advection
equation

Copyright 2004 David A. Randall

4.1 Introduction

Most of this chapter is devoted to a discussion of the one-dimensional advection
equation,

04 . o4
04, .04 _ o 4.1
o o T Y (4.1)

Here A is the advected quantity, and is the advecting current. This is a linear, first-order,

partial differential equation with a constant coefficient, namely . Both space and time
differencing are discussed in this chapter, but more emphasis is placed on space differencing.

We have already presented the exact solution of (4.1). Before proceeding, however, it
is useful to review the physical nature of advection, because the design or choice of a
numerical method should always be motivated as far as possible by our understanding of the
physical process at hand.

In Lagrangian form, the advection equation, in any number of dimensions, is simply

DA
== = 0. 4.2
D (4.2)

This means that the value of  does not change following a particle. We say that is
“conserved” following a particle. In fluid dynamics, we consider an infinite collection of fluid
particles. According to (4.2), each particle maintains its valu¢ of  as it moves. If we do a
survey of the values o1  in our fluid system, let advection occur, and conduct a “follow-up”
survey, we will find that exactly the same valuegiof  are still in the system. The locations of
the particles presumably will have changed, but the maximum valde of  over the population
of particles is unchanged by advection, the minimum value is unchanged, the average is
unchanged, and in faetl of the statistics of the distribution af  over the mass of the fluid

are completely unchanged by the advective proCHss. is an important characteristic of
advection.

Here is another way of describing this characteristic: If we worked out the probability
density function (pdf) fod , by defining narrow “bins” and counting the mass associated with

An Introduction to Atmospheric Modeling 85



86 Acloserlook atthe advection equation

particles having values aofft  falling within each bin, we would find that the pdf was

unchanged by advection. For instance, if the pdf of at a certain time is Gaussian (or “bell
shaped”), it will still be Gaussian at a later time (and with the same mean and standard
deviation) if the only intervening process is advection and if no mass enters or leaves the
system.

Consider a simple function off , such aé . Sinte is unchanged during

advection, for each particle4,2 will also be unchanged. Obviously, any other function of

will also be unchanged. It follows that the pdf for any functiond4of is unchanged by
advection.

In many cases of interest, is hon-negative more or less by definition. For example,
the mixing ratio of water vapor cannot be negative; a negative mixing ratio would have no
physical meaning. Some other variables, such as the zonal component of the wind vector, can
be either positive or negative; for the zonal wind, our convention is that positive values
denote westerlies and negative values denote easterlies.

Supposehat 4 is conserved under advection, following each particle. It follows that
if there are no negative values4f at some initial time, then, to the extent that advection is

the only process at work, there will be no negative valuess of  at any later time either. This is
true whether the variable in question is non-negative by definition (like the mixing ratio of
water vapor) or not (like the zonal component of the wind vector).

Typically the variabléA represents an “intensive” property, which is defined per unit
mass. An example is the mixing ratio of some trace species, such as water vapor. A second
example is temperature, which is proportional to the internal energy per unit mass. A third

example, and a particularly troublesome one, is the case in which  is a component of the
advecting velocity field itself; heré¢ is a component of the momentum per unit mass.

Of course, in general these various quantities are not really conserved following
particles; various sources and sinks cause the valde of  to change as the particle moves. For

instance, if4 is temperature, one possible source is radiative heating. To describe more
general processes that include not only advection but also sources and sinks, we replace (4.2)

by

DA
== =5, 4.3
D (4.3)

whereS is the source of per unit time. (A negative valug of represents a sink.) We still

refer to (4.3) as a “conservation” equation; it says that is consexeegtto the extent
that sources or sinks come into play.

In addition to conservation equations for quantities that are defined per unit mass, we
need a conservation equation for mass itself. This can be written as
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op - _
5 =~ (pV), (4.4)

wherep is the density (mass per unit volume) ¥ind is the velocity vector. Using the velocity
vector, we can expand (4.3) into the Eulerian advective form of the conservation equation for
A

g_f = —(VeD)4+5S. (4.5)

Multiply (4.4) by 4 , and (4.5) by and add the results to obtain

%(pA) = _[@ (pVA) +pS. (4.6)

This is called the flux form of the conservation equationfor . Notice that if wd Buit

andS =0 then (4.6) reduces to (4.4). This is an important point that can and should be used in
the design of advection schemes.

If we integrate (4.4) over a closed domRif‘closed” meaning thaR experiences no
sources or sinks of mass) then we find, using Gauss’s Theorem, that

d
_! dR = 0. 4.7
dt P 0 .7)

This simply states that mass is conserved within the domain. Similarly, we can integrate (4.6)
over Rto obtain

%k[pA dR = k[pS dR. (4.8)

This says that the mass-weighted average value of is conserved within the domain, except
for the effects of sources and sinks. We can say that (4.6) and (4.8) are integral forms of the

conservation equations for mass ahd |, respectively.

It may seem that the ideal way to simulate advection in a model is to define a
collection of particles, to associate various properties of interest with each particle, and to let
the particles be advected about by the wind. In such a Lagrangian model, the properties
associated with each particle would include its spatial coordinates, e.g. its longitude, latitude,
and height. These would change in response to the predicted velocity field. Such a Lagrangian
approach will be discussed later in this chapter.

At the present time, virtually all models in atmospheric science are based on Eulerian
methods, although the Eulerian coordinates are sometimes permitted to “move” as the
circulation evolves (e.g. Phillips, 1957; Hsu and Arakawa, 1990).

When we design finite-difference schemes to represent advection, we strive for
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accuracy, stability, simplicity, and computational economy, as always. In addition, it is often
required that a finite-difference scheme for advection be conservative in the sense that

>e
J

1 _ n
dR; = 5 p;" dR; (4.9)
J

and

n+1

S (p4)"" " dR; = Z(pA)j" de+AtZ(pS)j" dR; . (4.10)
J ] j

These are finite-difference analogs to the integral forms (4.7) and (4.8), respectively. In (4.10)
we have assumed for simplicity that the effects of the soSre@e evaluated using forward
time differencing, although this need not be the case in general.

. . . . 2 .
We may also wish to require conservation of some functiod of , suetvas . This
might correspond, for example, to conservation of kinetic energy. Energy conservation can be
arranged, as we will see.

Finally, we may wish to require that a non-negative variable, such as the water vapor
mixing ratio, remain non-negative under advection. An advection scheme with this property
is often called “positive-definite” or “sign-preserving” positive. Definite schemes are
obviously desirable, since negative values that arise through truncation errors will have to be
eliminated somehow before any moist physics can be considered, and the methods used to
eliminate the negative values are inevitably somewhat artificial (e.g. Williamson and Rasch,
1994). As we will see, most of the older advection schemes do not come anywhere near
satisfying this requirement. Many newer schemes do satisfy it, however.

There are various additional requirements that we might like to impose. Ideally, for
example, the finite-difference advection operator would not alter the pabaeér the mass.
Unfortunately this cannot be guaranteed with Eulerian methods, although we can minimize
the effects of advection on the pdf, especially if the shape of the pdf is lenpviori. This
will be discussed later. Note that in a model based on Lagrangian methods, advection does
not alter the pdf of the advected quantity.

4.2 Conservative finite-difference methods

Let 4 be a “conservative” variable, satisfying the following one-dimensional
conservation law:

0 d _
(—3—t(mA) + 5)—C(muA) =0. (4.12)

Herem is a mass variable, which might be the density of the air, or might be the depth of

shallow water, and:u is a mass flux. Puttihg 1 in (4.11) gives mass conservation:
Oom , 0
= =0. 4.12
5 ) (4.12)
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Approximate (4.11) and (4.12) with:

(mu)-+lA-+l_(mu)-_lA-_l
)+ — 2172 2775 (4.13)
dt 7/ ij
dm (m”)j+ 17 (m“)j_l
— + 2 2=0. (4.14)
dt Ax

These are called differential-difference equations (or sometimes semi-discrete equations),
because the time-change terms are in differential form, while the spatial derivatives have been

approximated using a finite-difference quotient. The varialales Aand are defined at integer
points, whileu andnu are defined at half-integer points. See Fig. 4.1. This is an example of

X X ...etc.
j—=
ceeoe —©O @ @ L @ ®— eooo
m]—l j—l mj ]+1 j+1 .+3

Figure 4.1: The staggered grid used in (4.13) and (4.14).

a“staggered’grid4d |, and | mustbe interpolated somehow from the predicted values
j*3 J=5

2 2
of 4. Note that if we pud =1 , (4.13) reduces to (4.14). This is an important point that will
be discussed further later.

Multiply (4.13) and (4.14) through b&xj , and sum over the domain:

J
d -
7 z (mjAijj) + (mu)J+lAJ+ 1 (mu)_lA_l =0, (4.15)
=0 2 772 2 2
P J
7 Z (m;Ax;) —(mu)J+l + (mu)_l = 0. (4.16)
If
(mu)J+lAJ+l = (mu)_lA_l , (4.17)
2 72 2 2
and
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(mu)J+l = (mu)_l , (4.18)
2 2
then we obtain

4 J

= Z (mA,Ax;) = 0, (4.19)
Jj=0
4 J

o z (mijj) =0, (4.20)

J=0

which express conservation of mass [Eq. (4.20)] and of the mass-weighted vdlue of  [Eq.
(4.19)]. Compare with (4.9) and (4.10). Note that (4.19) holds regardless of the form of the

interpolation used fod
J*s
2

By combining (4.11) and (4.12), we obtain the advective form of our conservation
law:

04 . o4
—_— + — =90. 4.21
"o T M ax (4.21)

From (4.13) and (4.14), we can derive a finite-difference “advective form,” analogous to
(4.21):

O O O O
gg et i —Apt ), =4
iju 22 = 2 2 -9, (4.22)
X

J

Since (4.22) is consistent with (4.13) and (4.149¢ of (4.22) and (4.14) will allow
conservation of the mass-weighted valuedof  (and of mass itself). Also note that if is

. . . d4; S : —
uniform over the grid, then (4.22) glvegl—t-Z = 0 , which is “the right answer.” This is

ensurecbecause (4.13) reduces to (4.14) wheh is uniform over the dfithe flux-form

advection equation does not reduce to the flux-form continuity equationAvhen  is uniform
over the grid, then a uniform tracer field will not remain uniform under advection.

We have already discussed the fact that, for the continuous system, conservdtion of

itself implies conservation adny functionof 4, e.g.,A2 ,A" In(4) , etc. This is most
easily seen from the Lagrangian form of (4.21):
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DA
DA _ 4.23
D (4.23)

According to (4.23)4 is conserved “following a particle.” As discussed earlier, this implies
that

D -
E[F(A)] =0, (4.24)

where F(A4) is an arbitrary function af  only. We can derive (4.24) by multiplying (4.23) by
dF/dA .

In a finite difference system, we can force conservation of at most one nontrivial
function of 4 , in addition to4 itself. Le¥; denotE(4,) , whefe is an arbitrary

function, and Ie]F’j denoteM . Multiplying (4.22) ES’/] gives

/

r|:| _ D 'D —

g 0 W F e At i), (Bl =4

mj7z+ 2 2 - 2 2 -9, (4.25)
t xj

Now use (4.14) to rewrite (4.25) in “flux form™:

1 5 =P
( F+a-Omu) (\Fl. (—Ag+F=(mu) |-F'g;-4 5+F;0=0
dt AXJH j+l ]DJ+§ JE J i-3 JBJ -3 ]E
(4.26)
Inspection of (4.26) shows that, to ensure conservatidr{ ) , we must choose
— ,D D
"2 2
F | =—F/Ht,-4 E+Fj. (4.28)
J=5 J=5
Letj - j+1 in(4.28), giving
- v 0 (P
Fo==Fagha-4 j+10* Fjev- (4.29)
2
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Eliminating ¥ | between (4.27) and (4.29), we obtain
j+
2

y —_ (F'/+1Af+1_F;+1)_(F'/A,'_F,')

.1_ 1 T
+_ . — .
773 Fig —F,

(4.30)

By choosing4 |, accordingly to (4.30), we can guarantee conservation ofAbaril
IASS
F(A) (apart from time-differencing errors).

As an example, suppose thaf4) = A2 . Thég4) = 24 , and we find that

2 2 2 2
245, —A: —(24; —A4;
A = ( i+ 1 /+1) ( j /) - l(Aj+1+Aj)' (4.31)
i*s 2(4;,,-4)) 2

This arithmetic-mean interpolation allows conservation of the squate of . It may or may not

be anaccurateinterpolation forA.+1 . Note thak; , ;, x;, and X1 do not appear in
) )
(4.31). This means that our spatial interpolation does not contain any information about the
spatial locations of the various grid points involved -- a rather awkward and somewhat

strange property of the scheme. If the grid spacing is uniform, (4.31) gives second-order
accuracy in space. If the grid spacing is nonuniform, however, the accuracy drops to first
order. The strength of the first-order error depends on how rapidly the grid spacing changes.

Substituting (4.31) back into (4.22) gives

dA, )
"t 2ij[(m”)j+%(4f+ 1 =4+ (mu)j_%(Aj—Aj_l)} = 0. (4.32)

This is the advective form that allows conservation df (ar).of

One point to be noticed here is that there are infinitely many ways to interpolate a
variable. We can spatially interpolate itself in a linear fashion, e.g.

= 0

where a | is a weighting factor that might be a constant, as in (4.31), or might be a
AS
2

function of X1 X;

+1 »andv ;. We can interpolate so as to conserve an arbitrary function

1
773

of A, as in (4.30). We can compute an arbitrary functiod of , interpolate the function using a
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form such as (4.33), and then extract an interpolated valde of by applying the inverse of the
function to the result. A practical example of this would be interpolation of the water vapor
mixing ratio by computing the relative humidity, interpolating the relative humidity, and then
converting back to mixing ratio. We can also make use of “averages” that are different from
the simple and familiar arithmetic mean given by (4.31). Examples arggbmeétric meafy

A = A4, (4.34)

J+§
and the harmonic meayi
2A4.4.
A= Ll (4.35)
ity At

2
is what we expect from an “average.” They are both nonlinear averages. For example, the

geometric mean ol plus the geometric meamof is not equal to the geometric mean of
A + B, although it will usually be close. The geometric mean and the harmonic mean both
have the potentially useful property that if eithgr+ 1 A9r is equal to zerohen will

Jt=
2
also be equal to zero. More generally, both (4.34) and (4.35) tend to make the interpolated

value close to the smaller of the two input values.

Note that both (4.34) and (4.35) gi)Ae+1 =C if bo4tp+1 aé}d are equal to , which
j

Here is another interesting interpolation that has the opposite property, i.e., it makes
the interpolated value close to the larger of the two input values:

4 S At A 2 (4.36)
ity 2mrA)

In short, there are infinitely many ways to average and/or interpolate. This is good
because it means that we have the opportunity to chooseethi@ay for our particular
application.

Fig. 4.2 shows four interpolations as functions of the two input values.

In this section, we have considered truncation errors only insofar as they affect
conservation properties. We must also consider how they affect the various other aspects of
the solution. This is taken up in the next section.

4.3 Examples of schemes with centered space differencing
A centered-difference quotient already discussed in Chapter 2 is

A A
A . .
u —U j—
a_M_ D_.Lu at x

Ox 2Ax 7 (4.37)
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a
1 \
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Figure 4.2; Four interpolations as functions of the input values. a) arithmetic mean, b)
geometric mean, ¢) harmonic mean, d) Eq. (4.36), which makes the
interpolated value close to the larger of the two input values. In all plots,
black is close to zero, and white is close to one.
where j is the spatial index and is the time indexu(k, 1) has the wave form

u(x,t) = u(t)eiijx , Wherek is the wave number, then

U, —1u; . N o
R ey el G .ksmkAx ; tk]Ax. 4.38
20x ey e (4.38)

Therefore, the advection equation becomes
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du , ipoSDKAXY) (4.39)
dt kx
If we defineooE—kc%c , then (4.39) reduces to the oscillation equation, which was
X
discussed at length in Chapter 3. Note tﬂgﬁ -1 klas- 0

kA\x

We can now study the properties of the various time-differencing schemes, as we did
in Chapter 3, but we are now able to obtain an explicit relationship betwesnd At as a
condition for stability, based on the use of (4.39) The forward time scheme is unstable when
combined with the centered space scheme. You should prove this fact and remember it. It was
mentioned already in Chapter 3. In the case of the leapfrog scheme, the finite-difference
analogue of (4.1) is

n+l n—1 n n

) —u. CLo—=u. U

G/ BN U3 bk 5 Y (4.40)
20t 0 20x [

If we assume thai;’ has the wave form for which (4.38) holds, then (4.40) can be written as

~“n+l ~n-1

d AT = il (4.41)
where

sinkAx
kD\x

Q =—ke At . (4.42)

We recognize Eg. (4.41) as the leapfrog scheme for the oscillation equation. Recall from
Chapter 3 thalQ| <1 is necessary for (4.41) to be stable. Therefore,

SIKBAX A f (4.43)
X
must hold for stability, for any and dl . The “worst case/siakAx| = 1 . This occurs
for wavelengthl, = 4Ax , so
At
—=<1 4.44
el T (4.44)
is the necessary condition for stability, i.e. stability for all modes. Note thaf\the wave is

not the problem here. Itis tiEAx  wave that is most likely to cause trouble. Eq. (4.44) is the
famous “CFL” stability criterion associated with the names Courant, Friedrichs and Lewy.

Recall that the leapfrog scheme gives a numerical solution with two modes -- a
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physical mode and a computational mode. We can write these two modes as in Chapter 3:

A

uir = )\rll;ll, u2 = )\Z;tz. (4.45)

N

For |Q| <1, we find, as discussed in Chapter 3, that

o . —ID ]
Al =e A, = A S 19,9 = tan BLD (4.46)
U/1 — o0&

Both modes are neutral. For the physical mode,
N AO a7 . AO
(@), = AN = ulexp[ik%Ax+k%tnA%] (4.47)
For the computational mode, similarly, we obtain

(W), = &3(—1)”exp[ik§Ax— I%tnA } (4.48)

Note the nasty factor of—1)" , which comes from the leading minus sign in (4.46).

Comparing (4.47) and (4.48) with the expressign, 1) = &(O)eik(x_cr) , which is the true

solution, we see that the speeds of the physical and computational moell«?%—tare l%t and :
respectively, for even time steps. It is easy to see théasAr) -~ 0 0 - Q - —kcAt ,
and so the speed of the physical mode approaches , while that of the computational mode
approachesc . The computational mode goes backwards!

Note that the finite-difference approximation to the phase speed depehds on , while

the true phase speed, , is independerkt of . The spurious dependence of phase speed on
wave number with the finite-difference scheme is an exampleoofputational dispersign
which will be discussed in detail later.

Further examples of schemes for the advection equation can be obtained by
combining this centered space differencing with the two-level time-differencing schemes (see

Chapter 3). In the case of the Matsuno scheme, the first approximaﬂfyﬁ to comes from
1, * (n) (n) (n)
(u7+ ) —Ll/ u-+1—1/l-_1
+c| L —1=0 4.49
At ‘| T 2nx ’ (4.49)

and the final value from
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LD _ (n) ( (n+1)) —(u (n+1))

I wAS! Wl =0. 4.50
At 2Ax ( )

Eliminating the terms with )* from (4.50) by using (4.49) twice (first with  replaced by
j+1,thenwith; replaced by—1 ), we obtain

(n+1) _ (n) (n) _ ( ) 2
u/ Z/l] + Cul +1 1—1 — AY (u](”i)z 2u (’1) (n)z) (451)
At 2Ax (2AX)2

The term on the right side of (4.51) approaches zedas 0 , and thus (4.51) is consistent

with (4.1). If we letAx — 0 (andMz - 0 to keep stability), this term approa&qéf—
ox”
In effect,it acts as a diffusion term that damps disturbanddee “diffusion coefficient” is

CTN so it goes to zero &t — 0

We now examine a similarly diffusive scheme, called the Lax-Wendroff scheme,
which has second-order accuracy. Consider an explicit two-level scheme of the form:

n+1 n
u - j—u,
T]tL+A%C(O(u7_1+BM7+yu7+1) =0. (4.52)

Note that there are only two time levels, so this scheme does not have any computational
modes. Replace the variows 's by the corresponding values of the true solution and then
expand them into the Taylor series around the pgiftx, nAr) . The resultis

2
At At [
l‘+ 21 l‘t T 31 ttq] +.

(4.53)

where all quantities are evaluated(afz) = (xj, ") , andg is the truncation error. Make sure

An Introduction to Atmospheric Modeling



98 Acloserlook atthe advection equation

that you understand where (4.53) comes from. From the consistency condition, we must
require

a+B+y =0,and-a+y =1 . (4.54)

These conditions ensure first-order accuracy. If we further require second-order acturacy
both time and spaceve must require that

At 2, chx

¢ > (a+y) = 0. (4.55)

Here we have used

(4.56)

which follows from the exact advection equation provided ¢hat is constant. Solving, we get

a:_l—z_E,B:uandyzl—;H, (4.57)
where, as usual) = CAAt
X

The scheme can be written as

n+1 n 2

u;, —u; At

T aa e ) = St 2 ) (4:58)
X

Note that although (4.58) is second-order accurate in time, it involves only two time levels.
On the other hand, the scheme achieves second-order accuracy in space through the use of
three grid points. Compare (4.58) with (4.51).

In this example, we used three grid pointg—(l,/,j+ 1 ) to construct our

approximation tog_” , each with a coefficient, 3,y ). In a similar way, we could have used
X

any number of grid points, each with a suitably chosen coefficient, to construct a scheme of
arbitrary accuracy in both space and time. The result would still be a two-time-level scheme!
This illustrates tha& non-iterative two-level scheme is not necessarily a first-order scheme.

Eq. (4.58) was proposed by Lax and Wendroff (1960), and recommended by
Richtmeyer (1963). The right-hand-side of (4.58) looks like a diffusion term. It tends to
smooth out small-scale noise. The Lax-Wendroff scheme is equivalent to and can be

1 1

n+- n+-
interpreted in terms of the following procedure: First calculatel2 uaan from
J*3 J=5

2
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1
y E_l(un u")
o1 i+ 1 i
j+s 20/ J 0. =40
2 S v el 1 (4.59)
lAt D Ax D
2
n+% 1
n n
uj—l _E(uj +ul—1) D/ln—un 0
= —eH—4=17, (4.60)
—At D Ax |:|
and then use these to obta:\ajﬁ+ : from
g
n+1 n Dl‘_'_l_u;lm
u. —u, dj+5  J-50
st L = c}—=——=]]. (4.61)
At O Ax ]
0 O
O O

Note that (4.62) is “centered in time.” If (4.58hd (4.60) are substituted into (4.61), we
recover (4.58). This derivation helps us to rationalize why it is possible to obtain second-order
accuracy in time with this two-time-level scheme.

To test the stability of the Lax-Wendroff scheme, we use von Neumann's method.

. ~ ikjAx
Assumlnguj = ue in (4.58), we get

~ 1 ~ ~
d = —u[isin(kAx) +2psng%xg}u”. (4.62)
Here we have used the trigonometric idenﬁ’tyinzg% = 1 —cosB . The amplification
factor is
2 . 2[kA o
A =1-2U"sin g%—%—zusm(kAx), (4.63)
so that
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1

DZ
I\ = ﬁl —4uzsin2 g%% + 4|,l4sin4 g%)%} + p.zsinz(kAx)E

1

2
[1 _ap(1 —pz)sin“g%’%} .

(4.64)

If |u/ <1, |\ <1 and the scheme is dissipative. Fig. 4.3 shows ||M)%N depengs on and
L. The scheme strongly but selectively damps the short waves. Compare with the

0.2
L = 2AXx
0.2 0.4 0.6 0.8 1
2
u
Figure 4.3: The amplification factor for the Lax-Wendroff scheme, for two different

wavelengths, plotted as a function of u2 . Compare with Fig. 2.4.

corresponding plot for the upstream scheme, given earlier. The Lax-Wendroff scheme is
comparably dissipative for the shortest wave, but less dissipative for the longer waves.

There are also various implicit schemes, such as the trapezoidal implicit scheme,

which are neutral and unconditionally stable, so that in principlefany can be used if the

error in phase can be tolerated. Such implicit schemes have the drawback that an iterative
procedure may be needed to solve the system of equations involved. In many cases, the
iterative procedure may take as much computer time as a simpler non-iterative scheme with a

smallerAr .

4.4 Computational dispersion

Consider the differential-difference equation

dup | OG0 - (4.65)
de U 2ax O
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Using u; = ;elkjux , as before, we can write (4.65) as
duj 4 i Sn(KAY) [ (4.66)
dt kQAx

If we had retained the differential form (4.1), we would have obta%%d Cik;t =0

Comparison with (4.66) shows that the phase speed is not simply , as with (4d*), but
given by

¢ EcSi—nk(gxﬂ). (4.67)

Becausec depends on the wave number , we tmvputational dispersiothat arises
from the space differencing. Note that the true phase speed, , isindependent of . A plot of

¢ /¢ versuskAx is given by the upper curve in Fig. 4.4. (The second (lower) curve in the
1

0.5}

0.5¢

-1t

Figure 4.4: The ratio of the computational phase speed to the true phase speed, and
also the ratio of the computational group speed to the true group speed,
both plotted as functions of wave number.

figure, which illustrates the computational group velocity, is discussed later.)

If k, is defined byk Ax = 1 , theld = zk—T[ = 2Ax is the smallest wave length that

S
our grid can resolve. Therefore, we need only be concerned OnithAx < 1T . Because
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kAx = T, ¢ =0 for this wave, and sthe shortest possible wave is stationafylis is

E
actually obvious from the form of the space difference. Since c fot all , all waves
move slower than they should according to the exact equation. Moreover, if we have a
number of wave components superimposed on one another, each component moves with a
different phase speed, depending on its wave number. The total “pattern” formed by the
superimposed waves will break apart, as the waves separate from each other.

Now we briefly digress to explain the concept of group velocity, in the context of the
continuous equations. Suppose that we have a superposition of two waves, with slightly

different wave numbers, andk, , respectively. Define

k1+k2,CECI+02,AkEkl;k2,A(kC)E
2 2 2

kyc) —kyc,

i = (4.68)

See Fig. 4.5. Note thak, = k+Ak, and, = k—Ak . Similarly, = c+Ac

— Ak >
Figure 4.5: Sketch defining notation used in the discussion of the group velocity.

¢, = c¢—NAc.You should be able to show that
k,c, Okc + A(kc) andk,c, Okc —A(ke) . (4.69)

Here we neglect terms involving the produdtkAc . This is acceptable when
k, Ok, and ¢, Uc, . Using (4.69), we can write the sum of two waves, each with the same
amplitude, as

explik,(x—ct)] +expliky(x —c,t)]
Oexp(i{ (k+ Ak)x —[kc + A(ke)] 8 ) + exp(i{ (k—Ak)x —[kc —A(ke)] § )
= explik(x —ct)] (exp{i[Akx —A(kc)] & + exp{—i[Akx —A(kc)] )

= 2cos[Akx —A(ke)] explik(x —cr)] (4.70)

[l [
= 2cos [Ak[x - A-Jicglt}mexp[ik(x —ct)]
0 Ak 5
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0 [

If Ak is small, the factorcos [Ak[x—AJAk—kc)t}D may appear schematically as the outer,
O [

slowly varying envelope in Fig. 4.6. The envelope “modulates” wave , which is represented

by the inner, rapidly varying curve in the figure. The short waves move with phasecspeed

21 Hw H nf'\n r
11
-1
-2 L L
Figure 4.6: Sketch used to illustrate the concept of group velocity. The short waves are

modulated by longer waves.

but the wave packets, i.e., the envelopes of the short waves, move with%@d . The

differential expressiorgié%c) =c, is called the “group velocity.” Note til,at: ¢ c if does

g

not depend ork . For the problem at hand, i.e., advection, the “right answgr":iSc, le.

the group velocity and phase velocity are the same. For this reason, we usually do not discuss
the group velocity for advection.

With our finite-difference scheme, however, we have

« _d(ke’) _  d sinkDx] _
¢ T T Tyt A DT ccosklx . (4.71)

C
A plot of c; versuskAx is given in Fig. 4.4. Note thm; =0 for thtAx  wave, and is
negative for the2Ax wave. This means that wave groups with wavelengths between
L = 4Ax and L = 2Ax have negative group velocities. Very closelLte= 2Ax c*,
actually approachesc , when in reality it should be equal to for all wavelengths. For all

waves,c; <c <c = Cy - This problem arises from the space differencing; it has nothing to
do with time differencing.
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Fig. 4.7, which is a modified version of Fig. 4.6, illustrates this phenomenon in a
different way, for the particular cage = 2Ax . Consider the upper solid curve and the thick

)
==
= -
= -
o = -
) - - ~
IS - -
~— -~ - -
- = - - -
S S = > %
~ - -~ - -~ )
o - -~ - =~ -
~ - d - ~ -
~ - - - - >
~ - I~ - - >
~ - I~ - -~ )
~ = - - ~ -
N~ A L = = . - z .
- - I~
1F 20% 305 40z 505 60 =70 O
~ - - - - -
-
N - -~
- - -
g - - ~ -
~ - -
- - - -
hd
- - - -
z = - =
- = = =
- - - o
-
- -~
- -
S =3

Figure 4.7:

Yet another sketch used to illustrate the concept of group velocity. The short
wave has wavelength 2/Ax.

dashed curve. If we denote points on the thick dashed curve (corresponding to our solution
with L = 2Ax) by u; , and points on the upper solid curve (the envelope of the thick dashed
curve, moving with speed*g ) bU] , we see that

Uj = (—l)juj.

(This is true only for the particular cage= 2Ax
as

(4.72)

.) Using (4.72), Eqg. (4.65) can be rewritten

oU. Vi1 - U,
iy SRR B o . et -3 | P O 4.7
P Ty s (4.73)

Eq.(4.73) shows that the upper solid curve will move with speed -

Recall that when we introduce time differencing, the computed phase change per
time step is generally not equal tacAt

. This leads to change*s in c;and , although the
formulas discussed above remain validAar— 0

We now present aanalytical solution of (4.65), which illustrates dispersion error in
a very clear way, following an analysis by Matsuno (1966). If we write (4.65) in the form

du.
R B (4.74)
g

[hxH
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and define a non-dimensional time L , we obtain
X
du.

This is a recursion formula satisfied by the Bessel functions of the first kind ofjorder , which
are usually denoted byj(r) . (See any handbook of functions.) These functions have the

property that/,(0) = 1 , andlj(O) =0 fofz0 .Because tlii]eér) satisfy (4.75), each
Jj(T) represents the solution at a particular grid pgint, , as a function of the nondimensional
time, T .

As an example, set; = Jj(T) , Which is consistent with and in fact implies the initial
conditions that,(0) = 1 and;(0) = 0 forafiz0 . This initial condition is an isolated

“spike” atj = 0 . The solution of (4.75) for the points= 0  , 1, and 2 is illustrated in Fig.
4.8. By using the identity

Jy = (1), (4.76)
1 ‘]0

0.8 3

0.6 Loy
2

0.4}

-0.2¢

-0. 4t

Figure 4.8: The time evolution of the solution of (4.75) at grid points j=0, 1, and 2.
we can obtain the solution at the poipts —1 , -2, -3, etc.

The solution of (4.75) for = 5 and = 10 ,ferl5<;<15 , with these “spike”
initial conditions, is shown in Fig. 4.9, which is taken from a paper by Matsuno (1966).
Computational dispersion, schematically illustrated earlier in Fig. 4.4 and Fig. 4.7, is seen

directly here. The figure also shows thgt is negative for the shortest wave.
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T=10
L PO P EI BTN Yt i1 1l e . x‘ | I |
-5 -0 -5 0 5 10 5

Figure 4.9: The solution of (4.75) for t=5 and t = 10 for jin the range -15 to 15, with
“spike” initial conditions. From Matsuno (1966).

A similar type of solution is shown in Fig. 4.10, which is taken from a paper by
Waurtele (1961). Here the initial conditions are slightly different, namely,

l, uy =1, uy =1 and u; =0 for j<-2, j=22.

This is a “top hat” or “box” initial condition. We can construct it by combining

Jj_l(O) = 1 forj = 1 and zero elsewhere,
J].(O) = 1 forj = 0 and zero elsewhere,

—1 and zero elsewhere,

Ji+1(0) = 1 for j
so that the full solution is given by
u (1) = (D + (D) + 7, 4(D). (4.77)

Dispersion is evident again in Fig. 4.10. The dashed curve is for centered space differencing,
and the solid curve is for an uncentered scheme, which corresponds to the upstream scheme.
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- 10\/5\1/0 15 20 25

\

\/

Three solutions of the advection equation for
(non-dimensional) times 7 = 3, 10, I15.
(exact) solution of continuous equation (4)
— — — — solution (8) of centered differential-difference
equation
solution (11) of backward differential-differ-
ence equation
For typical meteorological values, ten units of non-
dimensional time correspond to about 42 hours.

Figure 4.10: The solution of (4.72) with “box” initial conditions. From Wurtele (1961).

(The solution for the uncentered case is given in terms of the Poisson distribution rather than
Bessel functions; see Wurtele’'s paper for details.) The principal disturbance moves to the
right, but the short-wave components move to the left.

Do not confuse computational dispersion with instabilfynoisy solution is not
necessarily unstable. At least initially, both dispersion and instability can lead to “noise.” In
the case of dispersion, the waves are not growing in amplitude, but are becoming separated
from one another (“dispersing”), each at its own speed.

4.5 The effect s of fourth-order space differencing on the phase speed

As discussed in Chapter 2, the fourth-order difference quotient takes the form

4[1_4.L+_l__L._D 104 +2 U] 4
beD Ar 0 30 a0t ola)] (4.78)

Recall that in our previous discussion concerning the second-order scheme, we derived an
expression for the phase speed of the numerical solution given by

Dsm kAN
COn Ay O (4.79)
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Now we can also derive a similar equation for this fourth-order scheme. It is

[#sinkAx  1sin2kAx] 4.80
3B kAx 3 2kAx O (4.80)

*
c =c

Fig. 4.11 shows a graph of /¢ versit&x for each scheme. We see that the fourth-order
scheme gives a considerable improvement in the accuracy of the phase speed, for long waves.
There is no improvement for wavelengths closé te 2Ax , however, and the problems that
we have discussed in connection with the second-order schemes become more complicated
with the fourth-order scheme.

ct/lc 1|

4th order

/

0.8}

0.61

0.4}
0.2! 2nd order

kAXx
0 /4 /2 3n/4 T

Figure 4.11: Th

*
e ratio of the computational phase speed, ¢ , to the true phase speed, c,
plotted as a function of kAx, for the second-order and fourth-order

4.6 Space-uncentered schemes

One way in which computational dispersion can be reduced in the numerical solution
of (4.1) is to use uncentered space differencing, as, for example, in the upstream scheme.
Recall that in Chapter 2 we defined and illustrated the concept of the “domain of
dependence.” By reversing the idea, we can define a “domain of influence.” For example, the
domain of influence for explicit non-iterative space-centered schemes expands in time as is
shown by the union of Regions | and Il in Fig. 4.12.

The “upstream scheme,” given by

n+1 n n n

L —u. e, —u,

Y Wi it = g fore>o0. (4.81)
At 0O OMx [

or
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Figure 4.12: The domain of influence for explicit non-iterative space-centered schemes
expands in time, as is shown by the union of Regions | and Il.

n+l1 n n

R & P A

S U gL = 0 for e <0. (4.82)
At 0 Ax

is an example of a space-uncentered scheme, and has already been discussed. As shown
earlier, we can write (4.82) as

n+1

w = (1 —u)u; + uu;_l , (4.83)

which has the form of an interpolation. Obviously, for the upstream scheme, Region Il alone is
the domain of influence when>0 , and Region | alone is the domain of influence when

¢ <0. This is good. The scheme produces strong damping, however, as shown in Fig. 4.10.
The damping results from the linear interpolation. Although we can reduce the undesirable

effects of computational dispersion by using the upstream scheme, usually the disadvantages
of the damping outweigh the advantages of reduced dispersion.

As discussed earlier, the stability condition for the upstream schems is . When
this stability condition is met, (4.83) guarantees that

Min{ u;, ujr.l_ < an e Max{ u;?, u]'.z_ i+ (4.84)

1

This means thau;J' cannot be smaller than the smallest valuj'é of , or larger than the

largest value ofu]'? . The finite-difference advection process associated with the upstream
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scheme cannot produce any new maxima or minima. As discussed in the introduction to this
chapter, real advection also has this property.

In particular, real advection cannot produce negative valugs of if none are present

initially, and neither can the upstream scheme, provided that . This mearsethat

upstream scheme is a sign-preserving schehen the stability criterion is satisfied. This is

very useful if the advected quantity is intrinsically non-negative, e.g. the mixing ratio of some

trace species. Even betténe upstream scheme is a monotone schehen the stability

criterion is satisfied. This means that it cannot produce new maxima or minima, like those

la)lss(ociat)ed with the dispersive ripples seen in Fig. 4.10. This monotone property is expressed
y (4.84).

It is easy to show that all monotone schemes are sign-preserving schemes. The
converse is not true.

As discussed by Smolarkiewicz (1991), sign-preserving schemes tend to be stable. To
see why, suppose that we have a linearly conservative scheme for a variable , so that

Zq? = Zq?, (4.85)

where the sum represents a sum over the whole spatial domain, the supersefipts and 0

represent two time levels. For simplicity we indicate only a single spatial dimension here, but

the following argument holds for any number of dimensions. Suppose that the scheme that
0 n . . . . 0 .

takes us fromy~ to ¢~ throughn time steps is sign-preserving and conseyvesg; . If  is of

one sign everywhere, it follows from (4.85) that

0
S q;| = S |ai] - (4.86)
1 [
Recall that for an arbitrary variable |, we have
2 2
Y () 2 iwg . (4.87)
1 ]
Then from (4.86) and (4.87) we see that
2 o2
S () < ﬁ %8 - (4.88)
[ [
Note that the right-hand side of (4.88) is a constant. Eq. (4.88) demonstraté@fbl%at is
bounded for all time, and so it proves stability by the energy method discussed in Chapter 2.
The essence of (4.88) is that there is an upper bou (zyf)z . This bound is rather weak,

however; try some numbers to see for yourself. So, although (4.88) does demonstrate
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absolute stability, it does not ensure good behavior!

In the preceding discussion we assumed ql"?at is everywhere of one sign, but this

assumption is not really necessary. For variable-sign fields, a similar result can be obtained by
decomposing; into positive and negative parts, i.e.

g=q +q. (4.89)

We can consider thar;+ is positive where is positive, and zero elsewhere; and similarly that

g is negative wherg is negative, and zero elsewhere. The tatal of is then the sum of the

two parts, as stated in (4.89). Advection @of is equivalent to advecticm+ of gand
separately. If we apply a sign-preserving scheme to each part, then each of these two
advections is stable by the argument given above, and so the advection of itself is also
stable.

Although the upstream scheme is sign-preserving, it is only first-order accurate and
strongly damps, as we have seen. Can we find more accurate schemes that are sign-preserving
or nearly so? A spurious negative value is customarily called a “hole.” Second-order advection
schemes that produce relatively few holes are given by (4.13) with either the geometric mean
given by (4.34), or the harmonic mean given by (4.35). Both of these schemes have the

property that as eithe{j osrj+ | goesto ze=t;_3J,rl also goes to zero. If the time step were
2

infinitesimal, this would be enough to prevent the property denotetd by  from changing sign.
Because time-steps are finite in real models, however, such schemes do not completely
prevent hole production, although they do tend to minimize it.

Better results can be obtained as follows: Replace (4.13) by

d
a"AP
+ + - - + + - -
(mu) . lA . l+(mu), lA. l}—[(mu) ,_lA ,_l+(mu) ,_lA _l}
{ AT AT 173 173 12]2_0
Ax. - ’
J
(4.90)
where
(mu) | +|(mu)
N = AL
(mu) j4lE 3 >0, (4.91)
2
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(mu) 1—‘("’!”)_ 1
j+= ]+E

- = 2 |
(mu)j+% = > <0, (4.92)
NV KRV L
AN A 3 (4.93)

”% A+ A"
(4; +4;,4)

. 244" F]
A =il (4.94)

j+% n n )
(4] +47,)

Here we have introduceﬁnu)+j+l as the mass flux in the “+ ” direction, intg ¢ell
2

from cell j , and(mu)'j+1 as the mass flux in the “- " direction, out of £elll and into

2
cell j .Wecan associate different interpolated s with the mass fluxes in the two directions.

Note that this scheme is implicit and must be solved as a coupled system over all grid
points, but it remains linear. The “upstream” valuesdof  are implicit in the numerators of
(4.93) and (4.94), while the “downstream” values are explicit. Care must be taken to avoid

division by zero when bothd;,, and;  are zero; in such a case we simply set

A" =4 1=0.

+ - i+ =
773 773

4.7 Hole filling

If a non-sign-preserving advection scheme is used, and holes are produced, then a
procedure is needed to fill the holes. To make the discussion concrete, we consider here a
scheme to fill “water holes”, in a model that advects water vapor mixing ratio.

Simply replacing negative mixing ratios by zero is unacceptable because it leads to a
systematic increase in the mass-weighted total water. Hole-filling schemes therefore
“borrow” mass from elsewhere on the grid. They take from the rich, and give to the poor.

There are many possible borrowing schemes. Some borrow systematically from
nearby points, but of course borrowing is only possible from neighbors with positive mixing
ratios, and it can happen that the nearest neighbors of a “holy” grid cell have insufficient
water to fill the hole. Logic can be invented to deal with such issues, but hole-fillers of this
type tend to be complicated and computationally slow.

An alternative is to borrow fromall points on the mesh that have positive mixing
ratios. The “global multiplicative hole-filler” is a particularly simple and computationally fast
algorithm. The first step is to add up all of the negative water on the mesh:
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N

[[
3

;<0 (4.95)

where ¢, <0

Here q; is the mixing ratio in grid cell , armij is the mass of dry air in that grid cell (in kg,
say), so that the produquj is the mass of water in the cell. Notmjthatnottﬁna density

of dry air in the cell; rather it is the product of the density of dry air and the volume of the cell.
The total amount of water on the mesh is given by

T= Z mq; . (4.96)

all points
Both 7 andN have the dimensions of mass. Define the nondimensional ratio

o= T*tN

<1; (4.97)

normally @ is just very slightly less than one, because there are only a few holes and they are
not very “deep”. We replace all negative valuesljof by zero, and then set

anew = ®q;. (4.98)

In this way, we are ensured of the following:

* No negative values oj]. remain on the mesh.

* The total mass of water in the adjusted state is the same as that in the “holy”
state.

» Water is borrowed most heavily from grid cells with large mixing ratios, and
least from cells with small mixing ratios.

Hole-filling is ugly. Any hole-filling procedure is necessarily somewhat arbitrary,
because we cannot mimic any natural process; nature has no holes to fill. In addition, hole-
filling tends to be “quasi-diffusive” because it remove water from wet cells and adds it to dry
cells, so that it reduces the total variance of the mixing ratio. The best approach is to choose an
advection scheme that does not make holes in the first place. At the very least, we should insist
that an advection scheme digs holes slowly, so that, like a Maytag repairman, the hole-filler
will have very little work to do.

4.8 Flux-corrected transport

The upstream scheme is monotone and sign-preserving, but, unfortunately, as we have
seen, it is strongly damping. Damping is in fact characteristic of all monotone and sign-
preserving schemes. Much work has been devoted to designing monotone or sign-preserving
schemes that produes little damping as possibl&he following discussion, abstracted from
the paper of Zalesak (1979), indicates how this is done.
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Monotone and sign-preserving schemes can be derived by using the approach of
“flux-corrected transport,” sometimes abbreviated as FCT, which was invented by Boris and
Book (1973) and extended by Zalesak (1979) and many others. Suppose that we have a
“high-order” advection scheme, represented schematically by

+1
=gl Hi+l—FHi_E. (4.99)
2 2

HereFH represents the “high-order” fluxes associated with the scheme. Note that (4.99) is in
“conservation” form, and that forward time-differencing has been used. Suppose that we
have at our disposal a monotone or sign-preserving low-order scheme, whose fluxes are

denoted byFL | . This low-order scheme could be, for example, the upstream scheme.
1

(From this point on we say “monotone” with the understanding that we mean “monotone or
sign-preserving.”) We can write

(4.100)

Here 4 | is a “residual” flux, sometimes called an “anti-diffusive” flux. Eq. (4.100) is
1

essentially the definition o, . According to (4.100), the high-order flux is the low-order
1+ =
2
flux plus an anti-diffusive correction. We know that the low-order flux is diffusive in the
sense that it damps the solution, but on the other hand by assumption it is monotone. The

high-order flux is presumably less diffusive, and more accurate, but does not have the nice
monotone property that we want.

Suppose that we take a time-step using the low-order scheme. Let the result be
denoted by "' | ie.

W=y H’L ~FL g (4.101)
2

Since by assumption the low-order scheme is monotone, we know that

MAX n+1 MIN

g, =2 2y, (4.102)
where QJ?MX andLlJiWN are suitably chosen upper and lower bounds, respectively, on the
value ofp within the grid-box in question. For instant]:lé{m might be zego, if  is a non-

negative scalar like the water vapor mixing ratio. Other possibilities will be discussed below.

There are two important points in connection with the inequalities in (4.102). First,
the inequalities must actually be true for the low-order scheme that is being used. Second, the
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inequalities should be strong enough to ensure that the solution obtained is in fact monotone.

From (4.99), (4.100), and (4.101) it is easy to see that
n+l _ mn+1 [] ]
. =y - —A . 4.103
qu i E4i+% i—%j ( )

This simply says that we can obtain the high-order solution from the low-order solution by
adding the anti-diffusive fluxes.

We now define some coefficients, denoted®y |, , and “scaled-back” anti-diffusive
i+

fluxes, denoted byiHl , such that
2

Ai+%EC,-+1A,-+l : (4.104)
2 2
In place of (4.103), we use
+1 +1 g
prtt =y —%4”%—/11._%%. (4.105)
To see the idea, consider two limiting casesCIf | = 1 , tb{éq1 =4 , and so
i+= 5 i+=

2
(4.105) will reduce to (4.103) and so will simply give the high-order solutio@. If, = 0 ,
i+

then4 = 0 , and so (4.105) will simply give the low-order solution. We enforce

i+l
2

0<C

i+

<1, (4.106)

N =

and try to makeC | as close to one as possible, so that we get as much as possible of the
i+

high-order scheme and as little as possible of the low-order scheme, but we require that
MAX +1 MIN
Wzl 2y, (4.107)

be satisfied. Compare (4.107) with (4.102). We can always ensure that (4.107) will be satisfied
by taking C_ | = 0 ; this is the “worst case.” Quite often it may happen that (4.107) is
i+

2
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satisfied forC , = 1 ;thatis the “best case.”
i+
2

It remains to specify the upper and lower bounds that appear in (4.107) and (4.102).

Zalesak (1979) proposed Iimiting;’+l so that it is bounded by the largest and smallest

values of its neighbors at time leveland also by the largest and smallest values of the low-
order solution at time levei+1. In other words, he took

MAX

;

n+1 n+1

Max{ w?—l’ ‘IJ?' UJ?+ Wi W

1
WY (4.108)

and

n+l1 n+l

Min{Q;_, W, W}, |, Wi2, W,

; Wt (4.109)

Smolarkiewicz (1991) shows how (4.108) and (4.109) can be combined with (4.106) and
(4.107) to obtain the largest feasible anti-diffusive fluxes.

The “limiter” denoted by (4.108) and (4.109) is not unigue. Other possibilities are
discussed by Smolarkiewicz (1991).

Our analysis of FCT schemes has been given in terms of one spatial dimension, but
all of the discussion given above can very easily be extended to two or three dimensions,
without time splitting. The literature on FCT schemes is very large and rapidly growing,
although their application to atmospheric science is still fairly new.

FCT schemes are, philosophically, not that different from hole-fillers. The high-order
scheme makes a hole, and the low-order scheme is used to fill it, immediately, before the end
of the time step. Hole? What hole?

4.9 Lagrangian schemes

Lagrangian schemes, in which particles are tracked through space without the use of
an Eulerian grid, have been used in the atmospheric sciences, as well as other fields including
astrophysics and weapons physics (e.g. Mesinger, 1971; Trease, 1988; Monaghan, 1992;
Norris, 1996; Haertel and Randall, 2001). The Lagrangian approach has a number of
attractive features:

* The pdf of the advected quantity (and all functions of the advected quantity)
can be preserved “exactly” under advection. Here “exactly” is put in quotation
marks because of course the result is actually approximate in the sense that, in
practice, only a finite number of particles can be tracked.

» As a consequence of the first point mentioned above, Lagrangian schemes are
monotone and positive definite.

» Time steps can be very long without triggering computational instability,
although of course long time steps still lead to large truncation errors.
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» Aliasing instability does not occur with Lagrangian schemes. Aliasing
instability will be discussed later.

On the other hand, Lagrangian schemes encounter a number of practical difficulties. Some of
these problems have to do with “voids” that develop, i.e. regions with few particles. Others
arise from the need to compute spatial derivatives (e.g. the pressure gradient force, which is
needed to compute the acceleration of each particle from the equation of motion) on the basis
of a collection of particles that can travel literally anywhere within the domain, in an
uncontrolled way.

One class of Lagrangian schemes, called “smoothed particle hydrodynamics” (SPH),
has been widely used by the astrophysical research community and is reviewed by Monaghan

(1992). The approach is to specify a way to compute a given field at any point in space, given
the value of the field at a collection of particles that can be located anywhere in the domain.

For an arbitrary fieldd , let
A(r) = IA(r') W(r—r',h) dr, (4.110)

where the integration is over the whole domain (e.g. the whole atmospherd)y; and is an
interpolating “kernel” such that

[W(r=r.h) dr = 1 (4.111)

and

hlimOW(r—r',h) = o(r—r), (4.112)

whered(r —r') is the Dirac delta function. In (4.110) - (4.1¥2), is a parameter, which is a
measure of the “width” o#/ . We can interprét(r — ', h) as a “weighting function” that is

strongly peaked at—r' = 0 . For example, we might use the Gaussian weighting function
given by

Lx(r=r') /0]
4O ) i S — (4.113)

haTt

which can be shown to satisfy (4.112).

In a discrete model, we replace (4.110) by

A
A(F) = S my=2w(r—r, h) . (4.114)
Py
Here the inde)b denotes a particular particle;,  is the mass of the particlepgnd is the
density of the particle. To see what is going on in (4.114), consider thedcape . Then
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(4.114) reduces to

p(r) = ZmbW(r—rb, h), (4.115)

which simply says that the density at a paint is a weighted sum of the masses of particles in

the vicinity of r . In case there are no particles near the point , the density there will be
small.

We can now perform spatial differentiation simply by taking the appropriate
derivatives of W(r—r,, h) , e.g.

A
OA(r) = Zmbp—];DW(r—rb, h) . (4.116)

This follows becausen, 4, , and, are associated with particular particles and are,
therefore, not functions of space.

Further discussion of SPH and related methods is given by Monaghan (1992) and the
other references cited above.

4.10 Semi-Lagrangian schemes

Recently there has been considerable interest in a particular family of advection
schemes called “semi-Lagrangian schemes” (e.g. Robert et al., 1985; Staniforth and Cote,
1991; Bates et al., 1993; Williamson and Olson, 1994). These schemes are of interest in part
because they allow very long time steps, and in part because they can easily maintain such
properties as monotonicity.

The basic idea is very simple. At time step 1 , values of the advected field, at the
various grid points, are considered to be characteristic of the particles that reside at those
points. We ask where those particles were at timerstep . This question can be answered by
using the (known) velocity field, averaged over the time intefwah + 1) , to track the
particles backward in time from their locations at the various specified grid points, at time
level n + 1, to their “departure points” at time level . Naturally, the departure points are

typically located in between grid cells. The values of the advected field at the departure
points, at time leveh, can be determined by spatial interpolation. If advection is the only

process occurring, then the values of the advected field at the departure points at time level
will be identical to those at the grid points at time level 1

As a simple example, consider one-dimensional advection of a vagable by a

constant current; . A particle that resides at X; at time level!" "'

point given by

has a departure

(K geparture) j = X;— Dt . (4.117)
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Here the superscript  is used to indicate that the departure point is the location of the particle
at time leveln . Suppose that>0 , and that

Xji-1 < (xdeparture)nj <xj : (4118)

Then the simplest linear interpolation fgpr  at the departure point is

(xd )n'_x'_l
(qdeparture)nj — qnj—l +|: eparture’ j / (qnj_qnj—l)

Ax
— o n Dx—cAry, n _ n
AR s ey Ul WES) - (4.119)

=41+ (1-p)(q"=4"j-1)
= g1+ (1—p)q’;

Here we assume for simplicity that the mesh is spatially uniformuaEﬁgAAt , as usual. The
X

semi-Lagrangian scheme uses

+1
q” J = (qdeparture)nj’ (4120)

so we find that

n+l1

"= ug -1+ (1-p)q . (4.121)

This is simply the familiar upstream scheme. Note that (4.118), which was used in setting up
the spatial interpolation, is equivalent to

O<p<l. (4.122)

As shown earlier, this is the condition for stability of the upstream scheme.

What if (4.118) is not satisfied? This will be the case if the particle is moving quickly
and/or the time step is long or, in other word$ ¥ 1 . Then we might have, for example,

xj—a < (xdeparture)nj <xj—a +1° (4123)

wherea is anntegergreater than 1. For this case, we find in place of (4.119) that

(qdeparture)nj = ﬁqnj—a +(1- ﬁ)qnj—a +1, (4.124)
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where
A=1—-a+. (4.125)

Notice that we have assumed again here, for simplicity, that both the mesh and the advecting
current are spatially uniform. It should be clear that

Ospsl. (4.126)

Fora = 1,4 = 1. Eq. (4.120) gives

n+l1

g ;= 0g—at (1-)q"j—a+1 . (4.127)

It is easy to prove that we still have computational stability. This meanghenatemi-
Lagrangian scheme is computationally stable regardless of the size of the tim¥ostep
should also be able to see that the scheme is monotone.

It is clear that the semi-Lagrangian scheme outlined above is very diffusive, because
it is more or less equivalent to a “generalized upstream scheme,” and we know that the
upstream scheme is very diffusive. By using higher-order interpolations, the strength of this
computational diffusion can be reduced, although it cannot be eliminated completely.

Is the semi-Lagrangian scheme conservative? To prove that the scheme is
conservative, it would suffice to show that it can be written in a “flux form.” Note, however,
that in deriving the scheme we have used the Lagrangian version of the advective form very

directly, by considering the parcel trajectory between the mesh point at time: level and

the departure point at time level . Because the advective form is used in their derivations,
most semi-Lagrangian schemes are not conservative.

4.11 Two-dimensional advection

~ Variable currents more or less have to be multi-dimensional. Before we discuss
variable currents, in a later chapter, it is useful to consider constant currents in two-
dimensions.

Let ¢ be an arbitrary quantity advected, in two dimensions, by a constant basic
current. The advection equation is

99 , %4 4 94 = 4.12
ot Uax ng 0. (4.128)

whereU andV are thex andy components of the current, respectively. Landj be the

indices of grid points in thg andy directions. Replacin%g ar%g by the corresponding
X 'y

centered difference quotients, we obtain

i 1 _ 1 _ _
= +U2Ax(q,~+1,j qi_l,j)+V2Ay(q,-,j+1 q;j-1) = 0. (4.129)
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Assume that] has the form

1K1y + Uuy)“ ’ (4.130)

q;j = RJQ(t)e

where i = J-1,and k and/ are wave numbers in the and directions, respectively
Substitution gives the oscillation equation again:

dg _ . _ sinkAx sin/Ay[]

= iwg, W=E- +V . 4.131

dt (g %] Ax Ay U ( )

We have already analyzed the oscillation equation in detail, in Chapter 3. When we apply the
leapfrog scheme, the stability criterion @ <1 , whée= wAs . Therefore, we must
require

‘ UsinkAx + Vsin [Ny

At<1. 4.132
Ax Ay ‘ ( )

Since

pSinkAx | VsinlAy‘AtS aUsinkAx +

Ax Ay Ax

VanIAZEAt < %gl + ALK[DN ., (4.133)
Y% X

)0

a condition sufficient to satisfy (4.132) is

dul , Mo
It A)DAt <1. (4.134)

If we require the scheme to be stable for all possible /and , and for all combinatigns of
andV , then (4.134) is also a necessary condition.

Put

|Ul = C cosa, |V] = C sina (4.135)

where) <a < g . Note that with this definitio  is the wind speed, @rxd0 aFsro0

the flow is zonal, and fom = 11/2 itis meridional. Then (4.134) becomes

[fosa , sinO[]
C +=—=At<1. 4.136
U Ax Ay U ( )

In order for the scheme to be stable for any orientation of the current, we must have
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a ina
C%FOAS)C m oy S‘zy”’gm <1, (4.137)

wherea, is the “worst-casal , which makes the left hand side of (4.136) a maximum. We
can show thatt,  satisfies

tana, = A_x_ (4.138)
By

As shown in Fig. 4.13p,, measures the angle of the “diagonal” across a grid box. For

Ax

Figure 4.13: Sketch illustrating the angle 0, on a rectangular grid.

instance, wherﬁZ «1 @, corresponds to a flow that is mainly meridional, because the
X

worst case is the direction in which the grid cell is “narrowest.” As a second example, for

Tt

Ax = Ay, we geta, = = . From (4.137) and (4.138) we see that the stability criterion can

1

be written as

_CAr By, A0 (4.139)

<1. (4.140)
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4.12 Summary

Finite-difference schemes for the advection equation can be designed to allow “exact”
or “formal” conservation of mass, of the advected quantity itself (such as potential
temperature), and of one arbitrary function of the advected quantity (such as the square of the
potential temperature). Conservative schemes mimic the “form” of the exact equations. In
addition, they are often well behaved computationally. Since bugs often lead to failure to
conserve, conservative schemes can be easier to de-bug than non-conservative schemes.

When we solve the advection equation, space-differencing schemes can introduce
diffusion-like damping. If this damping is sufficiently scale-selective, it can be beneficial.

Computational dispersion arises from space differencing. It causes waves of different
wavelengths to move at different speeds. In some cases, the phase speed can be zero or even
negative, when it should be positive. Short waves generally move slower than longer waves.
The phase speeds of the long waves are well simulated by the commonly used space-time
differencing schemes. The group speed, which is the rate at which a wave “envelope” moves,
can also be adversely affected by space truncation errors. Space-uncentered schemes are well
suited to advection, which is a spatially asymmetric process, and they can minimize the effects
of computational dispersion.

Higher-order schemes simulate the well resolved modes more accurately, but do not

improve the solution for the shortest modes (e.g2ihe modes) and can actually make the
problems with the short modes worse, in some ways. Of course, higher-order schemes involve
more arithmetic and so are computationally more expensive than lower-order schemes. An
alternative is to use a lower-order scheme with more grid points. This may be preferable in

many cases.

Problems

1. Find a one-dimensional advection scheme that conserved both In (and . Keep
the time derivative continuous.

2. Adopt the continuity equation

(mu), 1= (mu)

a_n/lj-{- 2 2:0’
ot Ax

and the advection equation

04,10, 4, DEbni—Ap .
o 2 j+% j—%DD 2Ax O

Determine whether or not this scheme conserves the mass-weighted average value
of 4.
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3. Program the following one-dimensional model:

A A N

n n -~ n n
(hu). 1A.+l—(hu),_1A__l

n+1 n—1
(hA),' _(hA),' + J+§ v 73772 =0,
20t Ax
(hu)., 1~ (hu)”
n+1 n—1 u). . 1—\nu). 1
20t Ax ’
n+1 n—1

u. l_u. 1 n n

i*ts ity KL, —-kO ., —-K»0O
2 PR Utavi= +1 — 0.
207 S A BU8E A B

Use a forward time step for the first step only. Take

Ax = 10°m,

g = O.Ims_z,
Bl = 20+ h),
Jz 2

_lge L2 O
kj_4 j+%+uj_y:|‘

Use 100 grid points, with periodic boundary conditions. Let the initial condition

be
u ;=0 forally,
j*3
2
_ 210
h; = 1000 + 50 EblnDzOD,

= 2Ty
4; = 100+ 10 Ceos 7.

Use von Neuman’s method to estimate the largest time step that is consistent with
numerical stability. Experiment with time steps “close” (within a factor of 2) to
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the predicted maximum stabi, in order to find a value that is stable in practice.

Run for the following two choices o?tj.+l
2

P _1

Aj+% - E(Aj+Aj+l) '

Aj+% = JMax{0,4,4;,} .

Run out tot = 1.5 x 18 seconds. If you encountet<0 , invent or choose a

method to enforce4 20  without violating conservation Aof Explain your
method.Check conservation @ andA? for both cases. Explain how you do this.

4. Consider adomaifi<; <100 , with initial conditions
g; = 100,45<i<55,
g; = 0 otherwise.
Solve
%%+ cg—z =0
using

1) Leapfrog in time, centered in space;
2) Lax Wendroff;

3) Upstream.

Choosey = 0.7 in each case. Compare the solutions.

5. The advective form of the finite-difference advection equation is:
O O O O
gg et i —Apt ), =4
m,— + 2 2 2 2 =0 . (4.141)
7 dt Ax
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Here we have assumed that is spatially constant. If the advecting mass flux is
spatially constant, this reduces to

o4
dA. Jtz J—
m— + muS—2 -9, (4.142)
T dt E Ax E

from which we see that we are using the approximation

A4 -4
J*s J—3
%.D#. (4.143)
J
Suppose that we adopt
24 A.
A = —LrrL (4.144)

j+% (4;+4;,4) .

Determine the order of accuracy of the approximation (4.143), in case (4.144) is
used for interpolation to the cell walls.

6. Discuss Eg. (4.30) for the casé4) = 4
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CHAPTER 5 Boundary-value problems

Copyright 2004 David A. Randall

5.1 Introduction

Boundary-value problems involve spatial derivatives and/or integrals, but no time
derivatives and/or integrals. They can and do frequently arise in one, two, or three dimensions,
in the atmospheric sciences. They can be solved by a wide variety of methods, which are
discussed in standard texts on numerical analysis.

The solution of linear boundary-value problems is conceptually simple, but may
nevertheless present challenges in pracfidtee main issue in the numerical solution of
boundary-value problems is how to minimize the amount of computational work that must be
done to obtain the solutipnwvhile at the same time minimizing amount of storage required.
For the problems that arise in atmospheric science, and considering the characteristics of
modern computers, maximizing computational speed is usually more of a concern than
minimizing storage.

_ Two-dimensional linear boundary-value problems occur quite often in atmospheric
science. A particularly ubiquitous example is the following. Consider a two-dimensional flow.

Let { andd be the vorticity and divergence, respectively. We can define a stream fupiction,
and a velocity potential , by

V., = kx0Oy, (5.1)
and

vV, = X, (5.2)

respectively. Her&k is the unit vector perpendicular to the plane of the motioN,.and and
V, are the rotational and divergent parts of the wind vector, respectively, so that

V=V +V, (5.3)

The vorticity and divergence then satisfy

2

{ =Dy (5.4)
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and

5 = O%, (5.5)
respectively.

Suppose that we are given the distributiong§ of &nd , and we need to determine the
wind vector. This can be done by first solving the two boundary-value problems represented
by (5.4)-(5.5), with suitable boundary conditions, then using (5.1)-(5.2) to oWtain and

V ;. and finally using (5.3) to obtain the total horizontal wind vector.

A second example is the solution of the anelastic pressure equation.

Further examples arise from implicit time-differencing combined with space-
differencing, e.g. for the diffusion equation or the shallow-water equations.

5.2 Solution of one-dimensional boundary-value problems

As a simple one-dimensional example, consider
q2
Zq(x) = fx) (5.6)
dx

on a periodic domain, wheré(x) is a given periodic functionc of . Solution of (5.6)
requires two boundary conditions. One of these can be the condition of periodicity, which we
have already specified. We assume that a second boundary condition is also given, e.g. the

awerage ofg over the domain may be prescribed.

The exact solution of (5.6) can be obtained by expandg{ng fand in infinite
Fourier series. The individual Fourier modes will satisfy

Kk = fi, (5.7)

which can readily be solved for tlge ~ , provided that is not zero. The value of  must be

obtained directly from the second boundary condition mentioned above. The full solution for
¢(x) can be obtained by Fourier summing the

This method to find the exact solution of (5.6) can be adapted to obtain an
approximate numerical solution, simply by truncating the expansiopf  f(ahd after

a finite number of modes. This is called the “spectral” method. Like everything else, it has
both strengths and weaknesses. It will be discussed in a later chapter.

Suppose, however, that the problem posed by (5.6) arises in a large numerical model,
in which the functionsg(x) and{x) appear in many complicated equations, perhaps

including time-dependent partial differential equations which are solved (approximately)
through the use of spatial and temporal finite differences. In that case, the requirement of
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consistency with the other equations of the model may dictate that the spatial derivatives in
(5.6) be approximated by a finite-difference method, such as

.1—=2qg.%tq.
9is1 dqzl 9i-1 = 7. (5.8)

Here d is the grid spacing in the -direction. We have used centered second-order spatial
differences in (5.8). Assuming a periodic, wave-like solutiongor , and correspondingly

expanding f; , we obtain, in the usual way,

ot

Rpi—20 = fi . (5.9)
O kd O
0o O

Note the similarity between (5.9) and (5.7). Clearly (5.9) can be solved to obtain each of the
qk, exceptgo , anthe result will be consistent with the finite-difference approximation.(5.8)

This example illustrates that Fourier solution methods can be used even in combination with
. fed

1n—
N
finite-difference approximations. The factor-efzﬂk—dzﬂ in (5.9) need only be evaluated
0 xa ]
a2 O

once and then stored, for eath , even if (5.9) must be solved on each of many time steps.

The method outlined above can produce solutions quickly, because of the existence of
fast algorithms for computing Fourier transforms (not discussed here but readily available in
various scientific subroutine packages). It is easy to see that the method can be extended to
two or three dimensions, provided only that the geometry of the problem is compatible with
Fourier expansion.

There are other ways to solve (5.8). It can be regarded as a system of linear equations,
in which the unknowns are thg; . The matrix of coefficients is then “tri-diagonal.” This

means that the only non-zero elements of the matrix are the diagonal elements and those
directly above and below the diagonal, as in the simple 6 x 6 problem shown below:
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_dl a, 0 0 0 b6_ X, ¢
bydyay 0 0 0f|x, cy
0 bydya, 0 0f|x; _ . (5.10)
0 0 bydyas Of|xy Cy
0 0 0 bydsag|xs Cs
a, 0 0 0 bsdg||xg C6

Here each element of the 6 x 6 matrix is labeled with a single subscript, indicating its column
number. The namesd,” “a,” and ‘b’ denote “diagonal,” “above-diagonal,” and “below-
diagonal” elements, respectively. The solution of tri-diagonal linear systems is very fast and

easy. For instance, the first of the six equations represented by (5.10) can be salyed for  as

a function ofx, , and, , provided that, #0 . This solution can be used to elimipate  in
the five remaining equations. The (modified version of the) second equation can then be
solved forx, asafunctionof; ang , and this solution can be used to eliminate  from
the remaining four equations. Continuing in this way, we can ultimately obtain a single
equation for the single unknowry . Once the valuer of has been determined, we can

obtain the other unknowns by back-substitution. It should be clear that the amount of
arithmetic needed to implement this algorithm is simply proportional to the number of
unknowns. This is good.

In cased; = 0 (assumedot to be true in the preceding discussion) we can

immediately solve the first equation foy  intermscpf , provideddhat  is not also equal
to zero.

Highly optimized versions of this simple tri-diagonal solver can be found in standard
software libraries. Because tri-diagonal systems are easy to deal with, we are always happy
when we can express a problem that we are working on as a tri-diagonal system. Naturally,
tri-diagonal methods are not an option when the matrix is not tri-diagonal.

We could, of course, solve the linear system by other methods that are discussed in
introductory texts, such as Cramer’s Rule or matrix inversion or Gaussian elimination. These
methods work but they are very inefficient compared to the Fourier and tri-diagonal methods
discussed above. The amount of arithmetic involved is proportional teqtrese of the
number of unknowns. If the number of unknowns is large, the methods are prohibitively
expensive.

Finally, we could solve (5.8) by a relaxation method. Here the idea is to make an
“initial guess” for ¢, , then refine the guess successively, until a “sufficiently good”

approximation to the exact solution of (5.8) is obtained. Several relaxation methods are
discussed later in this chapter.

5.3 Jacobi relaxation

Starting from this point, most of the discussion in this chapter is a condensed version
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of that found in the paper by Fulton et al. (1986).

As an example of a boundary-value problem, consider

2 .
—0"u :f m Q, (511)
u =g ondQ.

HereQ is a two-dimensional domain, ag\@ is the boundafy of . We cofisiderg and to

be known.

We approximate (5.11) on a grid with uniform spacing= 1/ N in botxthe yand
directions, withN + 1 grid points in each direction. Note that, with this definiion, is non-
dimensional; in terms of dimensional quantities, is the distance between grid points divided

by the total width of the domain. Normally« 1 . Using second-order centered differences
(for example), we write:

i) _ . _
h=(4u; o=y o= =W o1 — U 1) = S0 0<( k) <N;

U =g Jj=0j=Nk=0 ork=N.

(5.12)

We now explore relaxation methods for the solution of (5.12). Relaxation methods are
iterative, i.e. they start with an initial guess for the solution, and obtain successively better
approximations to the solution by repeatedly executing a sequence of steps. Each pass through
the sequence of steps is called a “sweep.”

We need a notation to distinguish approximate solutions from exact solutions. Here by
“exact” solution we mean an exact solution to the finite-difference problem posed in (5.12).

We use a “hat” to denote the approximate solution, i.e. we;jet denote an approximation to

uj,k'

The simplest relaxation method is called Jacobi relaxation or simultaneous relaxation.
The Jacobi method defines the new vaiﬁfew by applying (5.12) with the new value at the
point (/, k) and the “old” values at the neighboring points, i.e.

~new A~ A~ A~ A~

B2 (AU k — =1 k= Ui+ 1, k=) k—1 — 4], k+ 1) =fik (5.13)

or

~new A~ A~ ~ ~

ujk = i(hzj;’k+uj—1,k+uj+1,k+uj,k—1 +uj k+1) . (5.14)

With this approach, we comput;,ekw at all interior points using (5.13), and then bodily

replace the “old” approximate solution by the new one. This procedure is repeated until
convergence is deemed adequate. Conditions for convergence are not discussed here.
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Let the error of a given approximation be denoted by

A

Vi kS k= (5.15)

Here againuj’k is the exact solution of the finite-difference system. Consider one sweep of
Jacobi relaxation. Substituting (5.15) into (5.14), we find that

new 1[ 2

Vik +uj,k = 1 h ]; k+(vj—1,k+vj+l,k+vj,k—l+Vj,k+l)

et kY =1 T e D]

(5.16)
Using (5.12), this can be simplified to
1
V]n,ekw = Z(Vj_l,k+vj+1,k+vj,k—l+vj,k+1) . (5.17)

This shows that the new error (after the sweep) is the average of the current errors (before the
sweep) at the four surrounding points.

Suppose that the error field consists of a checkerboard pattern of 1's and -1's.

Suppose further that poiitk  has a “current” error of +1,v7¢k, =1 . For our assumed
checkerboard error pattern, it follows that the errors at the neighboring points referenced on
the right-hand side of (5.17) are all equal to -1. We concludevffijat= -1 . Then, on the

next iteration, we will again obtain, , = 1 . You should be able to see that the

checkerboard error pattern “flips sign” from one iteration to the next. The checkerboard error
is never reduced to zero by Jacobi iteration.

A strategy to overcome this problem is to “under-relax.” To understand this approach,
we first re-write (5.14) as

~

~“new

- 5 R R - R
Uk = Uj,k+[i(h i tw-Lktuj+ 1k tuj k-1 +uj,k+1)—uj,k} . (5.18)

This simply says thazt;',ekw isequaltg r  plus an “increment.” For the checkerboard error
the increment given by Jacobi relaxation is too large; this is why the sign flips from one
iteration to the next. We can reduce the increment by multiplying it by a factor less than one,
calledw , i.e., we replace (5.18) by

A A N

~“new

- L 2 - R
ujk = uj,k+oo[2(h ];lk+uj—1,k+uj+1,k+uj,k—1 +uj,k+1)—uj,k] (5.19)
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where0 <w <1 . We can now rewrite (5.18) as

~new A~ A A

uj k= uj k(1 —w) +%)(/’lzﬁ,k‘Fuj—l,k+uj+1,k+uj,k—1 +uj k+1). (5.20)

Substitution of (5.15) into (5.20), with the use of (5.12), gives

w

If we choosew = 0.5 , the checkerboard error will be destroyed in a single pass. This
demonstrates that under-relaxation can be useful with the Jacobi algorithm.

Suppose that on a particular sweep the error is spatially uniform over the grid. Then,
according to (5.17), the error will never change under Jacobi relaxation, and this is true even
with under-relaxation, as can be seen from (5.21). This is not really a problem, however,
because as discussed earlier when solving a problem of this type the average over the grid has
to be determined by a boundary condition. For example, if the appropriate boundary condition
can be applied at the time of formulating the first guess, then the domain-mean error will be
zero even before the relaxation begins.

For errors of intermediate spatial scale, Jacobi relaxation works reasonably well.
5.4 Gauss-Seidel relaxation

Gauss-Seidel relaxation is similar to Jacobi relaxation, except that each value is
updated immediately after it is calculated. For example, suppose that we start at the lower left-
hand corner of the grid, and work our way across the bottom row, then move to the left-most
end of the second row from the bottom, and so on. In Gauss-Seidel relaxation, as we come to

each grid point we use the “new” values of all ’s that have already been updated, so that
(5.14) is replaced by

~new ~“new ~ ~new ~

Uik = i(hzj?’k"‘Mj—l,k+uj+l,k+uj,k—l +uj k+1) . (5.22)

This immediately reduces the storage requirements, because it is not necessary to save all of
the old values and all of the new values simultaneously. More importantly, it also speeds up
the convergence of the iteration, relative to Jacobi relaxation.

Obviously (5.22) does not apply to the very first point encountered on the very first
sweep, because at that stage no “new” values are available. For the first point, we will just
perform a Jacobi-style update using (5.14). It is only for the second and later rows of points
that (5.22) actually applies. Because values are updated as they are encountered during the
sweep, the results obtained with Gauss-Seidel relaxation depend on where the sweep starts. To
the extent that the final result satisfies (5.12) exactly, the final result will be independent of
where the sweep starts.

For Gauss-Seidel relaxation, the error-reduction formula corresponding to (5.17) is
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new
Vj, k

new new

1
Z(Vj—l,k+vj+1,k+vj,k—1+Vj,k+1) - (5.23)

You should be able to see that with Gauss-Seidel iteration a checkerboard error is in fact
reduced on each sweep. Consider the following simple example on a 6x6 mesh. Suppose that

f is identically zero, so that the solution (with periodic boundary conditions) isuthat is

spatially constant. We make the rather ill-considered first guess that the solution is a
checkerboard:

L =11 -1 1 -1
BN
TN R i (5.24)

BN
L=l 111 -1
R E

Here the superscript zero indicates the first guess. After partially completing one sweep,

doing the bottom row and the left-most three elements of the second row from the bottom, we
have:

R T e S
e L
Sl I S A N (5.25)
L =
05 025 —0281 -1 1 -l
I =05 0625 —0.593 0.602 —0.60]

Although the solution is flipping sign as a result of the sweep, the amplitude of the
checkerboard is decreasing significantly. You can finish the exercise for yourself.

5.5 Over-relaxation

The convergence of Gauss-Seidel relaxation can be accelerated by multiplying the

increment by a factogreaterthan one. This is called “over-relaxation.” Corresponding to
(5.18), we write

~new ~“ne ~new ~

ujk = Mj,k(l—00)+%)(hzfjlk"'Mjr'l—v‘l},k+uj+1,k+1/£j,k—l ‘ujk+1) . (5.26)

It can be shown that the convergence of (5.26) is optimized (i.e., made as rapid as possible) if
we choose
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2

- 1 + sin(Tth) (5:27)

The algorithm represented by (5.26) and (5.27) is called “successive over-relaxation,” or SOR.
Choosingw too large will cause the iteration to diverge. In practice, some experimentation
may be needed to find the best valuewof

5.6 The alternating-direction implicit method

Yet another relaxation scheme is the “alternating-direction implicit” method, often
called “ADI” for short. With ADI, the spatial coordinates are treated separately and
successively within each iteration sweep. We rewrite (5.12) as

2
(=g ot 2uy =y )+ (= gy Y205 =g g) = RS (5.28)

The first quantity in parentheses on the left-hand side of (5.28) involves variationsxin the -
direction only, and the second involves variations imthe -direction only. We proceed in two

steps on each sweep. The first step treatsxthe -dependence to produce an intermediate
approximation by solving

~int ~int  ~int
[—uj—1, 6+ 2 +r)uj k—uj+ 1,6 +[— uj k—1+(2—r)u/k uJ k+1] = hfk (5.29)

for the values with superscripint.” Here » is a parameter used to control convergence, as
discussed below. Eq. (5.29) represents a set-diagonal systems, each of which can easily
be solved. The sweep is completed by solving

~“new new  “~new ~int ~int  ~int
[—uj, k—1+(2—r)u] kK —ujk+1] +[—uj-1,k+ Q2 +7)ujk—uj+ 1,k = hf . (5.30)

as a second set &f tridiagonal systems. It can be shown that the ADI method converges if
is positive and constant for all sweeps. The optimal value of is

r = 2sin(Tth) . (5.31)

5.7 Multigrid methods

Fulton et al. (1986) summarize the multi-grid approach to solving boundary-value
problems. The basic idea is very simple, and comes from the fact that the largest-scale features
in the error field (the difference between the approximate solution and the true solution) take
the largest number of sweeps to eliminate.

As we have already discussed, with Gauss-Seidel relaxatiemidléscale errors are
eliminated quickly, while the large-scale errors are removed more slédwslyhe iteration
proceeds, the error field becomes smoother at the same time that it undergoes an overall
decrease in amplitude.

Essentially by definition of “large-scale,” the large-scale errors can be represented on
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a relatively coarse grid. On such a coarse grid, the large-scale errors actually appear to be of
“smaller” scale, in the sense that they are represented by fewer grid points. The large-scale
error can thus be removed quickly by relaxing on a coarse grid.

Putting these ideas together, we arrive at a strategy whereby we use a coarse grid to
relax away the large-scale errors, and a fine grid to relax away the small-scale errors. In
practice, we introducas many “nested” grids as possibleach coarse grid composed of a
subset of the points used in the finer grids. The “multi” in the multi-grid method is quite
important. We move back and forth between the grids, from coarse to fine by interpolation,
and from fine to coarse by “injection” (copying) of the fine grid values onto the
corresponding points of the coarse grid. A relaxation is done on each grid in turn. The
relaxations on the coarser grids remove the large-scale part of the error, while the relaxations
on the finer grids remove the small-scale part of the error.

Although the transfers between grids involve some computational work, the net effect
is to speed up the solution (for a given degree of error) considerably beyond what can be
achieved through relaxation on a single grid.

For further discussion of multi-grid methods, see the paper by Fulton et al. (1986).
5.8 Summary

Boundary-value problems occur quite frequently in atmospheric science. The main
issue is not finding the solution, but rather finding it quickly. Fast solutions to one-
dimensional problems are very easy to obtain, but two- and three-dimensional problems are
more challenging, particularly when the geometry of the problem is complex. Among the
most useful methods available today for multi-dimensional problems are the multi-grid
methods and the conjugate gradient methods (e.g. Shewchuk, 1994).

Table 5.1 summarizes the operations counts and storage requirements of some well
Table 5.1: Well known methods for solving boundary value problems, and the operation

count and storage requirements for each, measured in terms of N, the number of
equations to be solved.

Method Operation Count Storage Requirement
Gaussian N4 N3
Elimination
Jacobi N4 N2
Gauss- N4 < N2
Seidel
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Table 5.1: Well known methods for solving boundary value problems, and the operation
count and storage requirements for each, measured in terms of N, the number of

equations to be solved.

Method Operation Count Storage Requirement
Successive N3 Nz
Over-
Relaxation
Alternating N3InN N
Direction
Implicit
Multigrid N A

known methods for solving boundary-value problems.
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Problems

1. Consider a square domain, of width , with periodic boundary conditions in both
x andy directions. We wish to solve

47100 4TH1 (5.32)

2. — .
Ueu = mLD OSLD

for the unknown function(x, y) , where

<L
’ (5.33)
Assume that the domain-average value wof is zero. For simplicity, use
L = 41./2. Use centered second-order differences to approxitate . Use

N = 100 points in both directions. The periodic boundary conditions mean that

j =1 isthesameas= 101 ,amd= 1 isthe same as101
a) Find and plot the exact solution.

b) Also find and plot the solution using each of the relaxation methods listed

below. For each of the relaxation methods, try the following two initial guesses:

1) Uj k = (_1)j+k’

2) = 0 everywhere.

(5.34)

Jacobi relaxation;

Jacobi under-relaxation;
Gauss-Seidel relaxation
Gauss-Seidel over-relaxation.

c) For Jacobi, Gauss-Seidel, and SOR, define the RMS error by
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Vv 5
RUE/\/]VZ.Z z (wj k= 4) (5.35)

j=1k=1

Here u;,k is the approximate solution, anqu i is the “exact” solution of the

finite-difference problem. The parameter is not an exponent; it is an “iteration

counter,” i.,e.v = 0 for the initial guess, = 1 after one sweep, etc. Define the

maximum absolute error by

MY = Max0G, k) k=, 3 - (5.36)
Let the convergence criterion be
MY <107 MaxDO(j, K){ |u; ]} - (5.37)

How many iterations are needed to obtain convergence with Jacobi, Gauss-Seidel,

and SOR? (Note that this convergence criterion refezuﬁ o , the exact solution of

the finite-difference problem, and so could not be used in practice.)

d) Plot the erroruy  —u; for all three methods, for= 0 (all the same),

v = 10, andv = 20 .

e) PlotR’ as a function of (or, if you prefer, as a functiomef ) for all three

methods.
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CHAPTER 6 Diffusion

Copyright 2004 David A. Randall

6.1 Introduction

Diffusion is a macroscopic interpretation of microscopic advection. Here
“microscopic” refers to scales below the resolution of a model. In general diffusion can occur
in three dimensions, but often in atmospheric science only vertical diffusion, i.e. one-
dimensional diffusion, need be considered. The process of one-dimensional diffusion can be
represented in simplified form by

°9 = _"" 9, 6.1
ot Ox (6.1)
Here g is the “diffused” quantityy is the spatial coordinate, Egd is a flgyx of due to

diffusion. Although very complex parameterizationsigr are required in many applications,
a simple parameterization that is often encountered in practice is

_ 0q
F = -K-1, 6.2
p 3 (6.2)

where K is a “diffusion coefficient,” which must be specified somehow. Physically
meaningful applications of (6.2) are possible when

K=0. (6.3)

Substitution of (6.2) into (6.1) gives
dq _ 0 090 6.4
o  axDan ©4)

Because (6.4) involves second derivatives in space, it requires two boundary
conditions. Here we simply assume periodicity of hpth %@nd . It then follows immediately
X

from (6.1) that the spatially averaged valugyof  does not change with time:
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qg dx = 0. (6.5)

spatial domain

SN

When (6.3) is satisfied, (6.4) describes “downgradient” transport, in which the flux of
q is from larger values off towards smaller valuesjof . Such a process tends to reduce

large values ofy , and to decrease small values, so that the spatial varialijlity of decreases
with time. In particular, we can show that

9 4 dx<0. (6.6)

spatial domain

To prove this, multiply both sides of (6.4) y
(6.7)

When we integrate the second line of (6.7) over a periodic domain, the first term vanishes and
the second is negative (or possibly zero). The result (6.6) follows immediately.

With the assumed periodic boundary conditions, we can exppand in a Fourier series:

a(x.0) = 3 ar(ne™. (6.8)

Substituting into (6.1), and assuming spatially constant , we find that the amplitude of a
particular Fourier mode satisfies

ch]k 2
= k" Kqrk, 6.9
; qk (6.9)

which is the decay equation. This shows that there is a close connection between the
diffusion equation and the decay equation. The solution of (6.9) is

ai(t) = qu(0)e* X (6.10)

Note that higher wave numbers decay more rapidly, for a given vakie of . Since

—KK(t+ A 8 KA
(e+a9) qk(t)e "

gi(t+ D7) = qi(0)e (6.11)

An Introduction to Atmospheric Modeling



6.2 Asimple explicit scheme 143

This shows that, for the exact solution,

I’ KAt

A=ce (6.12)

6.2 A simple explicit scheme

A finite-difference analog of (6.1) is
qr*l-qr = K (@i —af) =K _i(af—qf ), (6.13)

2 2

where for convenience we define the nondimensional combination

j+s
K ,=—2 (6.14)
A 2
2 (Ax)
Here we have assumed for simplicity thiat is a constant. The scheme given by (6.13)

combines forward time differencing with centered space differencing. Recall that this
combination is unconditionally unstable for the advection problem, but we will show that it is
conditionally stable for diffusion. It should be obvious that, with periodic boundary

conditions, (6.13) guarantees conservatiog of in the sense that
qu"”Ax = ijnAx. (6.15)
J J

To analyze the stability of (6.13) using von Neumann’s method, we assume that isa
constant. Then (6.13) yields

(A=1) = K[(edr— 1) = (1 —e~kbx)] (6.16)

which is equivalent to

_ ) 2[[(_}@
A = 1 —4Ksin P Dsl. (6.17)

Note thatA is real.

Instability can occur i\ <—1 , or

. 2[KA 1
Ksin %1{7)(%>§ ) (6.18)
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The worst case isinzg%’% = 1 , which occurs @;ﬁc = g Jdkx = TU . This is the

2Ax wave. We conclude that with (6.13)

K < = is required for stability. (6.19)

N I—

When the stability criterion derived above is satisfied, we can be sure that
n+1 2 n 2 .
S (gt ) = (ap) <0; (6.20)
7 7

this is the condition for stability according to the energy method discussed in Chapter 2.

6.3 Animplicit scheme

We can obtain unconditional stability through the use of an implicit scheme, but at
the cost of some additional complexity. Replace (6.13) by

‘I}’H—C]Jn = [Kj+l(an++11_anﬂ)—Kj_l(q;lH_an—+ll)}' (6.21)
2 2

We analyze the stability of (6.21), for the case of spatially variable but non-negative , using
the energy method.

Multiplying (6.21) byg? +1 | we obtain:

2
(g7 ") —qj™lq} =
K ntlgn+l g ( ?’+1)2—K ( ?’+1)2+K n+l, n+1 (6.22)
b b /72 "

Sum over the domain:
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Z(q,””)z—z%*‘”qf =

J

J
2 2
+1 +1 +1 +1 +1 +1
K gt g ' =Sk (g7 =Sk (@'Y +$ K 9'fqr!
PSS AR JPALY FERALY - 197-1d;
J 2 J 2 J 2 J 2

2 2
+1 +1 +1 +1 +1 + 1
K 1qffygr ™ =Sk (g™ ") =Sk (q/f) + S K 9 gl
ST LIASRY > 1N > 1M STOLV ALY
J 2 J 2 J 2 J 2

2
+1 +1
- jt=
J 2

Rearranging, we find that

2 2
X ARED Y (CADRT SRS ALY (6.23)
7 7 2

Next, note that
2 2 2
J J
Substitute (6.23) into (6.24), to obtain
D e1y2 )2 n+1)2 p+l_ 2 E

S oy @)’ =2 (q) ) k(@ -t 20 (6.25)

it J*3 0
This can be simplified and rearranged to

2 2 pall
XCADEICHN z—zzﬁx,+l<q,ﬂ++f— ) }m. (6.26)
7 707 O
This shows thaz [(quﬂ + 1)2 - (q]’ﬂ)z] is less than a negative number. Therefore
J

3 Lgp ) = (g1 <0 (6.27)
J

This is the desired result.

The trapezoidal implicit scheme is also unconditionally stable for the diffusion
equation and it is more accurate than the backward implicit scheme.
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Eq. (6.21) contains three unknowns, namefy" ! ¢, , afd’ . We must

therefore solve a system of such equations, for the whole domain at once. Assunfng that is
independent ofg  (often not true in practice), the system of equations is linear and
tridiagonal, so it is not too hard to solve. In realistic models, how&ver, can depend strongly
on multiple dependent variables which are themselves subject to diffusion, so that multiple
coupled systems of nonlinear equations must be solved simultaneously in order to obtain a

fully implicit solution to the diffusion problem. For this reason, implicit methods are often
awided in practice.

6.4 The DuFort-Frankel scheme

The DuFort-Frankel scheme is partially implicit and unconditionally stable, but does
not lead to a set of equations that must be solved simultaneously. The scheme is given by

n+1

qj

n—1
_q]' _ 1 |: +1 -1
= K (qfe; =gt )=k (g~ —qr_1)]| - (6.28)
2Nt (Ax)2L 7*3 j J j-3 J

Notice that three time levels appear, which means that we will have a computational mode in
time, in addition to a physical mode. Time lewet 1 appears only in connection with grid

point i, so that the solution can be obtained without solving a system of simultaneous
equations:

grtt = 2 2 . (6.29)

Consider spatially constart , and define

a =2k (6.30)
The amplification factor satisfies
A =1 = ae™ AT =1+ he ™ (6.31)
which is equivalent to
A2(1+0) =A2acos(kAx) — (1 —a) = 0. (6.32)

The solutions are
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o cos(kAx) £ A/O(zcosz(kAx) —(1 —0(2)
1+a

A =

(6.33)

_ Ocos(kAx) £ «/1 —O(zsinz(kAx)
1+a '

It should be clear that the plus sign corresponds to the physical mode, and the minus sign to

the computational mode. Consider two cases. Firz;t,2 i;ﬁnz(kAx) <1 ,Ahen is real, and
we find that
< L |°‘lciso((mx)| <1. (6.34)
Second, ifa”sin”(kAx) > 1 , which implies that>1 , then
A = «/azcosz(kAx) + O(zsinz(kAx) G «/0(2 -1 _ Ja=-1_ 1. (6.35)

l+a l1+a a+1
We conclude that the scheme is unconditionally stable.

It does not follow, however, that the scheme gives a good solution for Aarge
Consider the case of constant , andilet o . Then (6.35) reduces to

A ST (6.36)

There is no damping, which is very wrong for the case of diffusion over a long time interval.
6.5 Summary

Diffusion is a relatively simple process which preferentially wipes out small-scale
features. The most robust schemes for the diffusion equation are fully implicit schemes, but
these give rise to systems of simultaneous equations. The DuFort-Frankel scheme is
unconditionally stable and easy to implement, but behaves badly as the time step becomes

large for fixedAx .
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Problems

1. Prove that the trapezoidal implicit scheme with centered second-order space
differencing is unconditionally stable for the diffusion equation.

2. Program both the explicit and implicit versions of the diffusion equation, for a
periodic domain consisting of 100 grid points, with consfant 1 lLand 1
Also program the Dufort-Frankel scheme. Let the initial condition be

q,=100,j = 1,50 ,andg; =110 for = 51,100 . (6.37)
Compare the three solutions for different choices of the time step.

1. Use the energy method to evaluate the stability of (6.13).
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CHAPTER7 | Making Waves

Copyright 2004 David A. Randall

7.1 The shallow-water equations

In most of this chapter we will discuss the shallow-water equations, which can be
written as

g_:+(z +)kxv = —O[g(h+hg) +K] (7.1)
g_iu (vh) = 0. (7.2)

Here v is the horizontal velocity vectof,=k e« (X v) is the vertical component of the
vorticity, /* is the Coriolis parameter,z is the depth of the fluiklg is the height of the

“bottom topography,” g is the acceleration of gravity, &g %v oV is the kinetic energy

per unit mass. In (7.1), all frictional effects have been neglected, for simplicity.

A very useful idealized subset of the shallow-water system describes the special case
of a one-dimensional, small-amplitude, external gravity wave for a shallow, non-rotating
incompressible, homogeneous fluid (shallow water), with a resting basic state. Egs. (7.1) and
(7.2) become

ou oh

—+o— =0, 7.3

o Sox (7:3)
and

0h Ou

—+H— =0, 7.4

ot Ox (7.4)

respectively. Herdd is the mean depth of the fluid. We refer to (7.3)-(7.4) as “the gravity
wave equations.” Let
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c =gH. (7.5)

2 2
Iu - 204 (7.6)
ot Ox
and
2 2
0h - 20k (7.7)
ot 0x

which are both examples of “the wave equation.”

mi(kx —wt)

Assuming solutions of the for , We obtain the dispersion equation

W = gHK (7.8)

The exact phase speed of pure gravity waves (without the effects of rotat'tbn'ﬁg ,
regardless of wave length. There are two waves, one propagating in the positive -direction,
and the other in the negative -direction.

7.2 The wave equation
The solutions of the wave equation, (7.6), are constant along space-time line (or
surfaces) called “characteristics.” A solution is fully determined if %‘ﬁﬁd are specified

somewhere on each characteristic. The characteristics can, and generally do, intersect

boundaries. As with the advection equatigty — ct) is a particular solution of the wave
equation (7.6), bug(x + ct) is a second particular solution. We can assurmé) without
loss of generality. The general solution of (7.6) is given by

u(x,t) = flx—ct) + g(x +ct), (7.9)

where, as shown below, the forms f and  are determined completely by the initial
conditions

u,_o = F(x),
Pl _
Cor, _, G(x) .

(7.10)

An Introduction to Atmospheric Modeling



7.2 The wave equation 151

Substituting (7.9) into (7.10), we find that
fx) +g(x) = F(x),
—cf (x) +cg'(x) = G(x) . (7.11)

Here a prime denotes differentiation. Differentiating the first of (7.11) and then using the
second of (7.11), we find that

OEE FGEE I

g0 = 3[Fx) + S,

(7.12)
Integration of (7.12) gives
_ 1 1
fx) = 3| F) =2 [ GE)E | + €
1 1«
g() = 3| F() + 2[5 G(8)aE | + C,
2 Jo 2 (7.13)
Here C, and C, are constants of integration. Finally, we obta(n, ¢) by replacing by

x—ct andx + ct , respectively, if ang  of (7.13), and then substituting into (7.9). This
gives

u(x, 1) = %[F(x—ct)+F(x+ct) +£J’§:§G(E)d2}, (7.14)

where we have required and uséd+ C, = 0 in order to satisfy, = F(x)

In order to further relate the wave equation to the advection equation that we have
already studied, we reduce (7.6) to a pair of first-order equations by defining

ou o o
p= 3 andqg = cax : (7.15)

Substitution of (7.15) into the wave equation (7.6) gives

O, .9 = 7.16
o ‘ox (7.16)
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and differentiation of the second of (7.15) with respect to , with the use of the first of (7.15),
gives

9, .9 = 7.17
o ax (7.17)

If we alternately add (7.16) and (7.1af)d subtract (7.17) from (7.16), we obtain

0P, 9P _ 0, whereP=p+gq, (7.18)
ot ox
QQ—CQQ = 0,whereQ=p—-¢q . (7.19)
ot Ox

Now we have a system of two first-order equations, each in the form of the advection
equation. Note, however, that the “advections” are in opposite directions! Assuming that

¢ >0, P is “advected” towards increasing , whle is “advected” towards decreasing
From (7.18) and (7.19), it is clear th&t  is constant along thexhner = constant , and

O is constant along the line+ ¢t = constant . Equations (7.18) and (7.19) are called the
normal formof (7.16) and (7.17).

These concepts are applicable, with minor adjustments, to any hyperbolic system of
equations. The curvesx—ct = constant andx + ¢t = constant are called
“characteristics.” A hyperbolic equation is characterized, so to speak, by two such families of
curves. In the present case they are straight, parallel lines, but in general they can have any
shape so long as they do not intersect each other.

7.3 Staggered grids
Now we discuss the differential-difference equations

Ou. Dh —h.
—I + 1j+1 i1 — 1] = 7.20
o S0 2ar O (7.20)

oh. e — Y
il Ry 2 B Wl el | —ID:(), 7.21
ot O 2ax O ( )

which are, of course, differential-difference analogs of the one-dimensional shallow water
equations, (7.3) and (7.4). Consider a distribution of the dependent variables on the grid as
shown in Fig. 7.1. Notice that from (7.20) and (7.#19 set of red quantities will act
completely independently of the set of black quantififsere are no boundaries. With cyclic

An Introduction to Atmospheric Modeling



7.3 Staggered grids 153

boundary conditions, this is still true if the number of grid points in the cyclic domain is even.

u u u u u u u u

hh hhhh hh

Figure 7.1: A grid for solution of the one-dimensional shallow water equations.

What this means is that we have two families of waves on the grid: “red” waves that propagate
both left and right, and “black” waves that propagate both left and right. Physically there
should only be one family of waves.

Here is a mathematical way to draw the same conclusion. The wave solutions of (7.20)
and (7.21) are

(uy, hy) D' =, (7.22)
giving
sin(kAx) _
(,Ouj—ghj A =0,
_ sin (kAx) _
oohj Huj A =0.
(7.23)

Provided tha‘uj anébj are not both identically zero, we obtain the dispersion relation

D
W = kng%‘ﬂEE wherep = kAx . (7.24)
p
Suppose thatw is given. b = p,  satisfies (7.24), ther —p, p 7 T—p, and
p = —(m—p,) also satisfy it. This shows that there are four possible modes for theugiven

although physically there should only be two. The “extra” pair of modes come from the
redundancy on the gridche extra modes are computational modes “in spaEaflier we
encountered computational modes in time.

Without loss of generality, we suppose that p, < g , S0 ¢hafp,) >0 . Then the

two solutionsp = p, angp = —p, are approximations to the true solution, and therefore

could be considered as “physical,” while the other twos T—p, ang —(Tt—p,) ,
could be considered as “computational.” This distinction is less significant than in the case of
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the advection equation, however. In the case of advection, the envelope of a computational
mode moves toward the downstream direction. In the case of the wave equation, there is no
“downstream” direction.

For a givenw , the general solution fwjr is a linear combination of the four modes,
and can be written as

u, = [ 4PV + B PV &+ Cei(ﬂ—po)j + De—i(ﬂ—po)j] oot (7.25)

Correspondingly, by substituting (7.25) into (7.21), we find tzl}]at satisfies

Hsin L L N T
hj = wAfO[AelPQ/_Be 1pyJ + Cel(n Po)J_De i(T Po)j]e it (726)
If we assuman >0 , so thain(p,) = WA [see (7.24)], then (7.26) reduces to
~JgH
h = F[Aeipoj—Be_ipOj+ Cei(ﬂ—po)j_Dei(ﬂ—po)j] Pl (7.27)
g

7.4 Numerical simulation of geostrophic adjustment. as a guide to grid design

Winninghoff (1968) and Arakawa and Lamb (1977; hereafter AL) discussed the
extent to which finite-difference approximations to the shallow water equations can simulate
the process of geostrophic adjustment, in which the dispersion of inertia-gravity waves leads
to the establishment of a geostrophic balance, as the energy density of the inertia gravity
waves decreases with time due to their dispersive phase speeds and non-zero group velocity.
These authors considered the momentum and mass conservation equations, and defined five
different staggered grids for the velocity components and mass.

AL considered the shallow water equations linearized about a resting basic state, in
the following form:

ou o0h

—fv+g— =0, 7.28
ot 7V gax ( )
ov oh
N rfu+a =0, 7.29
o it ey (7.29)
oh
— +Hd = 0. 7.30
3 (7.30)
Here H is the constant depth of the “water” in the basic Meg—l-’ + g‘—’ is the divergence,
x oy
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and all other symbols have their conventional meanings. From (7.28)- (7.30), we can derive an

equivalent set in terms of vorticitg, = Oy _0u , and divergence:
Ox Ody
052 20
95_g +g[.|_62h +_62hj] -0, (7.31)
ot X ay 0
0C | =
e =0, 7.32
5; T /0 (7.32)
oh
— +Hd=0. 7.33
3 (7.33)

Of course, (7.33) is identical to (7.30). We can eliminate the vorticity and mass in (7.31) by
using (7.32) and (7.33), respectively. Then by assuming wave solutions, we obtain the
dispersion relation:

2
B = 1N+ ). (7.34)

Hereo is the frequency\ = ./gH/f is the radius of deformation,k/and /and are the wave

numbers in thex ang  directions, respectively. The frequency and group speed increase
monotonically with wave number and are non-zero for all wave numbers. As discussed by AL,
these characteristics of (7.34) are important for the geostrophic adjustment process.

In their discussion of various numerical representations of (7.28)- (7.30), AL defined
five grids denoted by “A” through “E,” as shown in Fig. 7.2. Fig. 7.2 also show?3 giniel,
which will be discussed later. AL also gave the simplest centered finite-difference
approximations to (7.28)- (7.30), for each of the five grids; these equations will not be
repeated here. The two-dimensional dispersion equations for the various schemes were
derived but not published by AL; they are included in Fig. 7.2. The table also gives a plot of

the nondimensional frequencfp/f), as a function ofkd andd , for the special case
AN/d = 2. Hered is the grid size, assumed to be the same im the y and directions. The
significance of this particular choice of/d is discussed later. The plots show how the

nondimensional frequency varies out fal = Tt ahd = 1 ; these wave numbers
correspond to the shortest waves that can be represented on the grid.

The A grid may appear to be the simplest, since it is unstaggered. For example, the
coriolis terms of the momentum equations are easily evaluated,.sincev and are defined at

the same points. Approximation of the spatial derivatives in (1-3) inevitably involves
aweraging on the A grid, however. To illustrate this important point, consider the simplest

centered approximation @:/0dx awa point, on the A grid. We must first obtain a value of
h ati+1/2 by averaging from and+1 |, and a second value-at/2 by averaging
from i andi—1 . We can then subtract these two average values of , and dilde by | to
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Continuous

Continuous (9)2 -1+ (%)2[(1«1)2 +(1d)?]

h,uv h,uv huyv

j+1
. huv |huv huyv
A j .U, ,u,v_ h,u, o\2 M2 o L
y (?) =1+(H) [sn?(kd) + sin?(1d)
j1 h,u,v |huyv |huv
i1 i i+1
j+1 h h h
u, u,v
. h  |h |h 2
2
B J uv | uy () =1+2(5) [1 - cos(kd)cos(Id) ]
. . d f d
g1 o nh
i-1 i i+1
. h h h
j+1 5 u (g)z —» T~
h h h S
cC j , , 1 ~'-'::--'-’-'::-'-'.71
u u + + + B 0 2 %
Vh V'h v , ¢d z[1 cos (kd) + cos(1d) + cos(kd)cos(1d)] Aﬁz ,',',',:’if;f:'.::.',':':.::/".;‘/ A
j-1 a2 2 3 e
! u u ? +4(&> [sin (E) +sin (lilﬂ <
M it d 2 2 J
. h h h
1 VTV o2
U Us U (?) =
D . h h h 1
I v v ¢ Z[1+cos(kd)+cos(ld)+cos(kd)cos(ld)]
u u. u.
2\2 : .
j1 b h K +(7) [ cos? (kd)sin?(1d) + cos* (Id)sin? (kd) |
v v d
i-1 i i+1

j+112 u, h uv

j h MVen |d* 2 x x
E / *d d (9)2 = l+4(ix) sin? &) +sin2(£)]
112 f d 2 2
! uv h u,v
i-112 i i+1/2
jor JE0_HEO hio
. h,.,5 |hC6 |hTo 2
Z 0\2 M. o(kd) . ofld
s (7 =1+4(a) [S'” () +sn (E)]
j1 o [hb [hLd
i-1 i i+1
Figure 7.2: Grids, dispersion equations, and plots of dispersion equations for grids A-E

and Z. The continuous dispersion equation and its plot are also shown for
comparison. For plotting, it has been assumedthat A\/d = 2.
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obtain the desired approximationdd/0x . Similarly, averaging is needed to define the mass
convergence / divergence/at  points.

The averaging described above inevitably “hides” noise at the smallest represented
scales (e.g. a checkerboard patternzin ). Such dynamically “invisible” noise cannot
participate in the dynamics of the model, e.g. by propagating and dispersing as in the process
of geostrophic adjustment. A plot of the dispersion equation for the A grid, as shown in Fig.
7.2, indicates a maximum of the frequency (group speed equal to zero) for some combinations
k and/ . As a result, solutions on the A grid are extremely noisy in practice and must be
smoothed, e.g. through filtering (e.g., Kalnay-Rivas et al., 1977). Because of this well known
problem, the A grid is almost never used today.

The preceding discussion is an example which illustrates the general rule that it is
desirable to avoid averaging in the design of a finite-difference scheme.

Next, consider the B grid. As on the A grid, the coriolis terms are easily evaluated,
without averaging, since and are defined at the same points. On the other hand, the
pressure-gradient terms must be averaged, again as on the A grid. There is an important
difference, however. On the A grid, the averaging used to approximatetmeponent of the
pressure-gradient forcedh/0x , is averagimg the x -direction On the B grid, the
corresponding averages anethe y-direction On the B grid, an oscillation in the x-direction,
on the smallest represented scale, is not averaged out in the computatiofoef ; It can,
therefore, participate in the model’s dynamics, and so is subject to geostrophic adjustment. A
similar conclusion holds for the convergence / divergence terms of the continuity equation.
For example, the averaging in thairection does no harm for solutions that are uniform in
the y-direction. Nevertheless, it does do some harm, as is apparent in the plot of the B-grid
dispersion equation, as shown in Fig. 7.2. The frequency does not increase monotonically with
total wave number; for certain combinations of anhd , the group speed is zero. AL

concluded that the B grid gives a fairly good simulation of geostrophic adjustment, but with
some tendency to small-scale noise.

Now consider the C grid. The pressure gradient terms are easily evaluated, without
aweraging, because is defined east and west of  points, and north and south of  points.
Similarly, the mass convergence / divergence terms of the continuity equation can be
evaluated without averaging the winds. On the other hand, averizgiegded to obtain the
coriolis terms, sincar and are defined at different points. For very small-scale inertia-
gravity waves, the coriolis terms are negligible; we essentially have pure gravity waves. This
suggests that the C grid will perform well if the horizontal resolution of the model is high
enough so that the smallest waves that can be represented on the grid are insensitive to the
coriolis force. More precisely, AL argued that the C grid does well when the grid size is small
compared to\ , the radius of deformation. A plot of the dispersion equation, given in Fig. 7.2,
shows that the frequency increases monotonically with wave number, as in the exact solution,
although not as rapidly. Recall, however, that this plot is for the speciahZase= 2 . We
return to this point later.

Next, we turn to the D grid. Inspection of the stencil shown in Fig. 7.2 shows that the
D grid allows a simple evaluation of the geostrophic wind. In view of the importance of
geostrophic balance for large-scale motions, this may appear to be an attractive property. It is
also apparent, however, that considerable averaging is needed in the pressure-gradient force,
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mass convergence / divergence, and even in the coriolis terms. As a result, the dispersion
equation for the D grid is very badly behaved, giving zero phase speed for the shortest
represented waves, and also giving a zero group speed for some modes.

Finally, the E grid is shown in Fig. 7.2. The grid spacing for the E grid is chosen to be

d =./2d, so that the “density” ok  points is the same as in the other four grids. The E grid

at first seems perfect; no averaging is needed for the coriolis terms, the pressure-gradient
terms, or the mass convergence / divergence terms. Nevertheless there is a problem, which
becomes apparent if we consider a solution that is uniform in one of the grid directions, say

the y -direction. In that case, we effectively have a one-dimensional problem. In one

dimension, the E grid “collapses” to the A grid, with a reduced grid spatingd*/ﬁ
For such one-dimensional motions, the E grid has all the problems of the A grid. These
problems are apparent in the plot of the dispersion equation, given in Fig. 7.2. (For the E grid,

the nondimensional frequency is plotted as a functiokof ld?ﬁj out to a value o1t ;
this corresponds to the shortest “one-dimensional” mode.) The group speed is zero for some
combinations ok and

Now recall the conclusion of AL, described earlier, that the C grid gives a good
simulation of geostrophic adjustment provided that/ > 1 . Large-scale modelers are never
happy to choose@ so tha¥d  can be less than one. Nevertheless, in practice modes for

which A/d «1 can be unavoidable, at least for some situations. For example, Hansen et al.
(1983) described a low-resolution atmospheric GCM, which they called Model Il, designed
for very long climate simulations in which low resolution was a necessity. Model 1l used a
grid size of 10 degrees of longitude by 8 degrees of latitude; this means that the grid size was
larger than the radius of deformation for many of the physically important modes that could
be represented on the grid. As shown by AL, such modes cannot be well simulated using the
C grid. Having experienced these problems with the C grid, Hansen et al. (1983) chose the B
grid for Model II.

Ocean models must contend with small radii of deformation, so that very fine grids

are needed to ensure thatd > 1 , even for external modes. For this reason, ocean models
tend to use the B grid (e.g., Semtner and Chervin, 1992).

In addition, three-dimensional models of the atmosphere and ocean generate internal
modes. With vertical structures typical of current general circulation models, the highest
internal modes can have radii of deformation on the order of 50 km or less. The same model
may have a horizontal grid spacing on the order of 500 km, sa that can be on the order

of 0.1. Fig. 7.3 demonstrates that the C grid behaves very badly b= 0.1 . The phase
speed actually decreases monotonically as the wave number increases, and becomes very
small for the shortest waves that can be represented on the grid. Janjic and Mesinger (1989)
have emphasized that, a result, models that use the C grid have difficulty in representing the
geostrophic adjustment of high internal modes. In contrast, the dispersion relation for the B

grid is qualitatively insensitive to the valueofd . The B grid has moderate problems for
A/d = 2, but these problems do not become significantly worsa fat = 0.1

In summary, the C grid does well with deep, external modes, but has serious
problems with high internal modes, whereas the B grid has moderate problems with all
modes.
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Ad=2 Ad=0.1

Contineouns

Cortinuons

Figure 7.3: Dispersion relations for the continuous shallow water equations, and for
finite-difference approximations based on the B, C, and Z grids. The

horizontal coordinates in the plots are kd and l/d , respectively, except for
* *

the E grid, for which kd and /d are used. The vertical coordinate is the

normalized frequency, 0/f. For the E grid, the results are meaningful

only in the triangular region for which kd* + ld* < 2Tt. The left column

showsresultsfor A\/d = 2, andtherightcolumnfor A/d = 0.1.
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Now consider an unstaggered grid for the integration of (7.31) - (7.33), which was
called the Z grid by Randall (1994). This grid is also illustrated in Fig. 7.2. Inspection shows
that with the Z grid the components of the divergent part of the wind “want” to be staggered
as in the C grid, while the components of the rotational part of the wind “want” to be
staggered as in the D grid. This means that the Z grid does not correspond to any of the grids
A through E.

No averaging is required with the Z grid. The only spatial differential operator

appearing in (7.31) - (7.33) is the Laplaciﬁwz,( ) , Which is appliéd to  in the divergence
equation. With the wusual centered finite-difference stencils, the finite-difference

approximation td1*h is defined at the same poinkas itself. An unstaggered grid is thus a
natural choice for the numerical integration of (7.31) - (7.33).

Fig. 7.3 shows that the dispersion relation for the Z grid is very close to that of the C
grid, for A/d = 2, but is drastically different fox/d = 0.1 . Whereas the C grid behaves

very badly forA/d = 0.1 , the dispersion relation obtained with the Z grid is qualitatively

insensitive to the value ok/d ; it resembles the dispersion relation for the continuous
equations, in that the phase speed increases monotonically with wave number and the group
speed is non-zero for all wave numbers. Since the Z grid is unstaggered, collapsing it to one
dimension has no effect.

The discussion presented above suggests that geostrophic adjustment in shallow
water is well simulated on an unstaggered grid when the vorticity and divergence equations
are used. The vorticity and divergence equations are routinely used in global spectral models,
but are rarely used in global finite-difference models. The reason seems to be that it is
necessary to solve elliptic equations to obtain the winds from the vorticity and divergence,
e.g., to evaluate the advection terms of the nonlinear primitive equations. As discussed later,
such solution procedures can be computationally expensive in finite-difference models, but
are not expensive in spectral models. It may be appropriate to re-examine this point in the
light of modern algorithms for solving linear systems, e.g., multi-grid methods.

7.5 Time-differencing schemes for the shallow-water equations

In this section we will consider both space and time differencing for the linearized
shallow water equations.

We begin our discussion with the one-dimensional shallow-water equations. The
spatial coordinate is , and the single velocity component is . We consider the non-rotating

case withv =0 . We have divergence (i%ﬁ’, ), but no vorticity. Linearizing about a state of
X
rest, the continuous equations are (7.3) and (7.4).

We use a staggered one-dimensional (1D) grid, which for this simple problem can be
can be interpreted as the 1D C grid, or the 1D B grid, or the 1D Z grid. The most obvious
possible scheme is centered in both space and time:
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n+1 un—l
1 .1 n
its itz W, =K'0
—2 24l _ip= 7.35
2Nt gD Ax [ ' (7.35)
n n
—u U
R s A A
L [ +HO N=0. (7.36)
20t 0 Ax 0
O O

Compare with (7.20)-(7.21). With assumed solutions of the fu;'.lm: ;tnexp(iijx) ,

hj'.’ = ;znexp(iijx), and the usual definition of the amplification factor, we find that

2 \on gt . . kAN _
(A =1)u +)\Ax 4zst—2 Dh =0, (7.37)
HAt . . Ax°n 2 ~n
)\A—x4zsm5k2—)%u +(A =D = 0. (7.38)

Non-trivial solutions occur for

2 2 orfregwi? L 2rkA
A =1)" +A g‘%tg sin E“T"E =0, (7.39)

where cqy = JgH . As should expected with the leapfrog scheme, there are four modes
altogether. Two of these are physical and two are computational.

We can solve (7.39) as a quadratic equation?\tzor . As a first step, rewrite it as
2
A +A 3 (=2+b)+1 = 0, (7.40)
where, for convenience, we define

_ CfeawiT . 2rkA]
b—D Ay [ sin DTDZO' (7.41)

Obviously, forAt — 0 with fixedAx we géi — 0 . The solution of (7.40) is
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2= b=2%4(b=2)"~4

2 . (7.42)
_b-2%/b(b—4)
5 :
Inspection of (7.42) shows that for— 0, we g§t— 1, as expected\ F=0r1)\|eie , we
see that
IN2[cos(26) + isin(26)] = b‘zivzb(b“‘). (7.43)
It follows that
A2 cos(26) = ”—;2- IN?sin(20) = Jb(4=b), forb<4, (7.44)
from which we obtain
tan(26) = ‘“2’9 4b‘b for b<4. (7.45)

A plot of (7.45) is given in Fig. 7.4. Eq. (7.43) also implies that

100

P

=100

Figure 7.4: Aplotof tan(20) asafunctionof b, for b < 4.

2
A = 5";2% +b(44‘b) = 1 forb<4, (7.46)

The scheme is thus neutral fbix4 |, as could be anticipated from our earlier discussion of
the oscillation equation.
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Returning to (7.43), we find that

sin(26) = 0, cos(26) = +1, and+[A]® = b‘zidzb(b“‘) forb>4.  (7.47)

You should be able to see that for 4 there are always unstable modes.

We conclude that the scheme is stable and neutrah fod . This condition can also
be written ST fowh D|s1n(/7ch)| < = . The worst case occurs ﬁdng{ﬁg =1 , Which
corresponds t&¢Ax = , e, tAx  -wave. It follows that

C ot
Zaw . 1 s vequired for stability, (7.48)
Ax 2
and that the first wave to become unstable will beihe -wave.

In atmospheric models, the fastest gravity waves, i.e., the external-gravity or “Lamb”

waves, have speeds on the order of 300 vghich is also the speed of sound. The stability
criterion for the leapfrog scheme as applied to the wave problem, i.e., (7.48), can therefore be
painful. In models that do not permit vertically propagating sound waves (i.e., quasi-static
models, or anelastic models, or shallow-water models), the external gravity wave is almost
always the primary factor limiting the size of the time step. This is unfortunate, because the
external gravity modes are believed to play only a minor role in weather and climate
dynamics.

With this in mind, the gravity-wave terms of the governing equations are often
approximated using implicit differencing. For the simple case of first-order backward-implicit
differencing, we replace (7.35)-(7.36) by

un+1 un
1T +1 +1
J*3 J+§+gg,?+l—h7_lg_0 (7.49)
At 0 Ax [ '
D4r1+1_un+1D
Popt o Oivy 30
L L + H[3 =0 (7.50)
t 0 X 0
O O
This leads to
t A
O\ =1)u +AgA—21smg‘2"Eh =0, (7.51)
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A’Z—fzisin%’ﬁ;" +A =" = 0. (7.52)

The condition for non-trivial solutions is

2.2 A . 204
A =1)2+A 45?(2”)( E sin E“T"E =0, (7.53)

which, using (7.41), is equivalent to

)\2%+§H—2)\+1 = 0. (7.54)

This time there are no computational modes; the two physical modes satisfy

2+ 440+ 20
A = d i

29 + %
(7.55)
oy
_ 4
140
4
The solutions are always oscillatory, and
3
2
AT = = <1, 7.56
N WAL (7.56)
+ 2
41

i.e., the scheme is unconditionally stable, and in fact it damps all modes.

The trapezoidal implicit scheme gives superior results; it is more accurate, and
unconditionally neutral. We replace 7.49-50 by

n+1 n

u. |—u n n+1 n n+1

Jts o J*3 h,, +h, 0 Ch,+h O

—2 2+ & gl ol L =0, (7.57)
At Ax| O 2 OO0 2 0O
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n n+1l n n+1l
R i1y g-1t g
B A 2N G—2 20| = 0. (7.58)
At Ax| O 2 O 0O 2 0
0 o o O
This leads to
Dl 1+ NJgA¢ (KA,
()\—1) 07 DA, 2isin Dz Dh =0, (7.59)
+ NJHA¢ A
E‘lz a1 sm%kz)q]u FOA =" = 0. (7.60)
For non-trivial solutions, we need
2 2 A 20k
A= 12+ (1+2) g%tg sin 80 = ¢, (7.61)
Using (7.40), we can show that this is equivalent to
2 16 — b _
AT =2A +1 =0 7.62
Oi6 + -2 (7.62)
The solutions are
_6—=b1, . 16 — b7
A= . . 7.63
Do+ "Oe+ sl (7.63)

It follows thatl)\l2 = 1 for all modes, i.e., the scheme is unconditionally neutral.

The disadvantage of such implicit schemes is that they give rise to matrix problems,
i.e., the various unknowns must be solved for simultaneously at all grid points.

Inspection of (7.3) and (7.4) suggests another approach, which is related to a scheme
that is sometimes called “pressure averaging” (Haltiner and Williams, 1980). We can integrate
the mass equation using an explicit method, then use the updated mass field in to compute the
pressure-gradient force of the momentum equation. This approach is “partly implicit,” but
does not give rise to a matrix problem. Here we present a version due to Higdon (2002),
simplified for application to the 1D non-rotating shallow-water system that we have been
discussing. The scheme is divided into “steps:”

Step 1:Predict the velocity using a forward time step:
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4
+gD’+A1 N=o. (7.64)

Step 2:Update the mass field using an “imitation” trapezoidal step:

Dln + predD Dln + predD

g 0j+1 0j-1
o —— A = TH R Al (7.65)
At x| 0 Oogd 2 O
0 0 O 0

Step 3:Update the wind field again using a “true” trapezoidal step:

n+1 n

u. 1_u. 1 n+1 n n+ 1

Jt-  jt + O + U]

2 altuethaf Buth Bl (7.66)
At Ax D 2 OO0 2 0O

Because we update the wind field twice, this approach requires 1.5 times as much work (for
the two equations considered here) as the schemes discussed above. As we shall see,
however, the time step can be increased, relative to the other schemes, and it turns out that
there is a net gain in computational speed.

We begin our analysis of Higdon’s scheme by using (7.64) to write

pred: n pred: n _gAt n o
“j+% J+2 (]+1 h), w =Sy ki) (7.67)

Substituting these equations into (7.65), we obtain

n+1 HAt n
(! )+E[z@]+%—uj_2 ( =20+ 1)} . (7.68)
Egs. (7.66) and (7.68) lead to
D\+1Dg_t KA
()\—1) 05 Oay 2i s1nD2 Dh =0, (7.69)
HOL ;o AT By 1y —@HODM o r ckan) — 110" = 0. (7.70)
Ax 0o 0O 0 2 [hyd 0
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2
Using the trigonometric identitgos (kAx) —1 = —2sin EI%)‘H , We can rewrite (7.70) as
2 ~
%Zzsm[k?%u + [()\ -1) +2gH%;E sin U{A)‘%}hn = 0. (7.71)

Nontrivial solutions of (7.69) and (7.71) satisfy

(7\—1)[0\_1) +2gHE‘§E sin UA"D} 2N+ 1)gHE‘§E sin U‘A"E =0, (7.72)
which, using (7.41), can be simplified to
)‘2”5%‘2%)‘*1 =0.

The solutions are

2 -G 21./b(16-0)

A= : . (7.73)

For b < 16, find that

%_%2+b(16—b)

16
A = =1. (7.74)
4
The scheme is thus neutral fbx 16 . It follows that
cGWAt ) . .
——— <1 is required for stability. (7.75)

The allowed time step is thus double that of the leapfrog scheme.

Going to two dimensions and adding rotation does not change much. The Coriolis
terms can easily be made implicit if desired, since they do not involve spatial derivatives.

7.6 Summary and conclusions

Horizontally staggered grids are important because they make it possible to avoid or
minimize computational modes in space, and to realistically simulate geostrophic adjustment.
The Z-grid gives the best overall simulation of geostrophic adjustment, for a range of grid
sizes relative to the radius of deformation. In order to use the Z-grid, it is necessary to solve a
pair of Poisson equations on each time step.
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The rapid phase speeds of external gravity waves limit the time step that can be used
with explicit schemes. Implicit schemes can be unconditionally stable, but in order to use
them it is necessary to solve the equations simultaneously for all grid points.

Problems

1. Derive the dispersion equation for the C-grid, as givétign7.2.

2. Analyze the stability of the following scheme, which is an alternative to the
Higdon (2002) scheme:

Step 1:Predict the mass field using a forward time step:

hPred—h}?
/ Z+£ e |:]:() (776)

L 1TU 0
At Ax A A

Step 2:Update the wind field using an “imitation” trapezoidal step:

n+l1 n
u | —u red n red
Jts o ts P+ a0 P+ A0
L+ Ep - Hl=o. (7.77)
t X0 2 00 2 0O
Step 3:Update the mass field again using a “true” trapezoidal step:
o +d" "0 Gl +d" O
A A OJ+5 J+0 Oi-3 J-30
—THAE —2 20— —2 200 = 0. (7.78)
t x| [ 2 0 0O 2 0
0 a O 0
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CHAPTER 8 Schemes for the one-dimensional
nonlinear shallow-water
equations

Copyright 2004 David A. Randall

8.1 Properties of the continuous equations

Consider the one-dimensional shallow-water equations, with bottom topography,
without rotation and withv = 0 . The prognostic variables are the water depth or /mass, ,
and the speed; . The exact equations are

oh , 0
—+__(hu) =0, 8.1
3 ax( u) (8.1)
and
Ou , 0 _
o +E[K+g(h+hs)] = 0. (8.2)
Here
KE%uZ (8.3)

is the Kinetic energy per unit mags, is the acceleration of gravity; and is the height of the

bottom topography. Note that in (8.2) the vorticity has been assumed to vanish, which is
reasonable in the absence of rotation and in one dimension.

The design of the scheme is determined by a sequence of chascalvays good to
have choices. The first thing that we have to choose is the particular form of the continuous
equations that the space-differencing scheme is designed to mimic. Eq. (8.2) is one possible
choice for the continuous form of the momentum equation. An alternative choice is

0 0 0
~(hu) + —(huu) +gh—(h+hg) =0, 8.4
Oy + 2 (huw) + gh 2 (h + ) 8.4)

i.e., the flux form of the momentum equation, which can be derived by combining (8.1) and
(8.2).
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The continuous shallow-water equations have important “integral properties,” which
we will use as a guide in the design of our space-differencing scheme. For example, if we

integrate (8.1) with respectio , over a closed or periodic domain, we obtain

dtD hd% =0, (8.5)
domain
which means that mass is conserved.
Using
oh _ d K’
h=" = -, 8.6
Ox 0x2 (8.6)
we can rewrite (8.4) as
—(hu) +—%uu tg = —gha . (8.7)

If we integrate with respect to , over a periodic domain, we obtain

oh
hudx% = - gh—de (8.8)
domaln domaln
. . . Oh .
This shows that in the absence of topography, |.e(§,_§f =0 everywhere, the domain
X

awerage ofhu is invariant, i.e., momentum is conserved.

The flux form of the kinetic energy equation can be derived by multiplying (8.1) by
K and (8.2) byhu , and adding the results, to obtain

%(h[() 4 %(;WK) + hu%[g(h +h] = 0. (8.9)

The last term of (8.9) represents conversion between potential and kinetic energy.

The potential energy equation can be derived by multiplying (8.19(by* %) to
obtain

ait[hg%s " %;}g} +g(h+ hs);_x(hu) =0, (8.10)

or
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%[hg%ts + %1%} +%[hug(h +h)] —huaa—x[g(h +hgl =0 8.11)

The last term of (8.11) represents conversion between kinetic and potential energy; compare
with (8.9). In deriving (8.10), we have assumed that s independent of time.

When we add (8.9) and (8.10), the energy conversion terms cancel, and we obtain a
statement of the conservation of total energy, i.e.

od 1,Od, o0 -
E%ﬁ[[(+g%1s+§/%}%+a{hu[K+g(h+hS)]} = 0. (8.12)

The integral of (8.10) over a closed or periodic domain gives

d% [ h[K+gE}VS+%l%}dx =0, (8.13)

domain

which shows that the domain-integrated total energy is invariant.
8.1 Space differeencing

Now consider finite-difference approximations to (8.1) and (8.2). We keep the time
derivatives continuous, and explore the effects of space differencing only. We use a staggered

grid, with 2 defined at integer points (hereafter called mass pointsyand  at half-integer

points (hereafter called wind points). The grid spacihg, , iIs assumed to be uniform. The
grid is shown in Fig. 8.1. It can be viewed as a one-dimensional version of the C grid. Our

Figure 8.1: The staggered grid used in the one-dimensional case.

selection of this particular grid is a secambicemade in the design of the space-differencing
scheme.

The finite difference version of the mass conservation equation is

dp

I _
i l.+A—x[(hu)i+%—(hu)i_J = 0. (8.14)

2

It should be understood that
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= (hu) . (8.15)

The “wind-point” masses, e.g4 |, , are undefined at this stage. The finite-difference
i+

approximation used in (8.14) is consistent with second-order accuracy in space, although we
cannot really determine the order of accuracy until the finite-difference form of the mass flux
has been specified. We have already discussed how the “flux form” of (8.14) makes it
possible for the model to conserve mass, regardless of how the mass fluxes are defined. i.e.,

dn 0_
8y hg=o. (8.16)

domain

This is analogous to (8.5).

The finite-difference momentum equation that mimics (8.2) is

=K h+hg). . —(h+h).
4, |+ g %+g[( shee 1 = S)l} =0 (8.17)
dt i+ Ax Ax
The kinetic energy per unit mask; , is also undefined at this stage, but resides at mass

points. The finite-difference approximations used in (8.17) are consistent with second-order
accuracy in space, although we cannot really determine the order of accuracy until the finite-
difference forms of the mass flux and kinetic energy are specified.

Multiply (8.17) by~ | to obtain
i+

2

=K h+he). . —(h+h).
d Ki+1 ’D+gh,+1[( 5)i1~ S)li| —0.  (8.18)

= + 4
i+%dtui+% i+%D Ax U Ax
In order to mimic the differential relationship (8.6) we must require that
= ol _im (8.19)

which leads to

=L 7 (8.20)

Use of (8.20) will make it possible for the finite-difference model to mimic (8.8). In view of
(8.20), we can write
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— [ﬁb+1+h[]
(hu)H% =05 DuH%. (8.21)

Combining (8.20) with the continuity equation (8.14), we see that we can write a
continuity equation for the wind pointas follows:

dh

i+l

2 1 _
- +E[(hu)i+§—(hu)i_%} = 0. (8.22)

It should be clear from the form of (8.22) that the “wind-point mass” is actually conserved by
the model. Of course, we do not actually use (8.22) when we integrate the model; instead we
use (8.14). Nevertheless, (8.22) will be satisfied, because it can be derived from (8.14) and
(8.20). An alternative form of (8.22) is

dh-+l
dt T Al;c[(hu)u = ()] =0, (8.23)
where
1 1
(hu); . ==|(hu) 5+ (hu) and(hu),==| (hu) |+ (hu) . (8.24)
1 2[ z+% z+%} 2[ l+% ’_%}

Now add (8.18) and |, *(8.23), and use (8.19), to obtain what “should be” the flux
1+ =
2

form of the momentum equation, analogous to (8.7):

dD O [KHI‘K;{] 1
Sohou O+h FE—Heu  Z[(hu);,, - (hu),
dl‘Di+% i+%|:| i+%|:| Ax O i+%Ax[( )1+1 ( )l]
(8.25)
2
(he, | —hO (hy).,  —(hg).
+ itl” Tim = o [ S/i+1 Sl} .
85 oa 5 ¢ i+ Ax
Suppose that the kinetic energy is defined by
_1
Ki=5u 1t 1 (8.26)
T3 173

Then we can write
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E{<i+1_K,D 1
h,-+%D Ax 07 “H%A—x[(hu)m—(hu)i]

1 O m 0
- - + h —(h
2Ax5hz+ %4”;1”% LA ui*%[( u)i+§ ( u)i_l}g (8.27)

d/li+l+hi+£ d/li+l+hi—l
:igz 2Eu ”1‘%2 %u u o
Ax 0 2 0 i+% A 2 -1 itz
This is a flux form. The momentum flux at the paint Eﬁ%u M , and the
. [+ =
U 05 ‘2
z+£
momentum flux at the point+ 1 % Mo Because (8.27) is a flux
D i+3 ')

form, momentum will be conserved by the schehvee deflne the kinetic energy by (8.26)
Note, however, that (8.26) can give a negative valu¢,of  when is dominated2dyxthe -
mode. Also, whemn is dominated by tBAx  -mode, the momentum flux is always negative,

i.e., in the—x direction, assuming that the interpolated masses that appear in the momentum
fluxes are positive.

Next, we derive the kinetic energy equation. Recall that the kinetic energy is defined
at mass points. To begin the derivation, multiply (8.17)Yby) to obtain
i+
2

i d<i+l_K
(hu)i+%dtui+% * (hu)i+%D Ax O

(h +hS)i+1_(h +hS)i -
Ax } B

(8.28)

+g(h”),-+l[

2
Rewrite (8.28) for grid point—% , Simply by subtracting one from each subscript:

(h+ hS) —(h + hyg)
Ax

i U d<l l—lD i—1] =
(hu)l__%d“ * () B g () [ } 0.(8.29)

2 2
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Now add (8.28) and (8.29), and multiply the result%by

1
= (h +(h
ik ”)H%d; et T, lat .l

2

1 [{<z+1 zD [KZ i—1]
+§{(h“)i A0 0" R

+ (hu)

(h+hg),, ~(h+ hs),}

(h+ hs)l-_(h + hS)i—l ]
Ax [

0
+E0h [ } =0 .
25" Ax :

(8.30)
This is an advective form of the kinetic energy equation.

Now we try to derive, from (8.30) and (8.14), a flux form of the kinetic energy
equation. Begin by multiplying (8.14) by,

Eldh (h”),-+1‘(h”),-_1 E

K.— + 2 2 =0. 8.31
’EE Ax E ( )
0 N

Keep in mind that we still do not know whiit is; we have just multiplied the continuity
equation by a mystery variable. Add (8.31) and (8.30) to obtain

[( u), 1dtui+5+(hu) L i—§i|

1 i+ Ki 1 i i—
+E(hu)z+—[Ax 2%{< Al } (hu ) [__2g< Ax IE}E
0 [(h+hg),,,—(h+hg)] [(h+hg),—(h+hg), 1O _
+g%(hu)i +3 20Ax +(hu)i_% 20x E =0
(8.32)
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Eq. (8.32) “should” be a flux form of the kinetic energy equation.

The advection terms on the second line of (8.32) are very easy to deal with. They can
be rearranged to

A%C[(hu)ﬁéé(lgﬂ +K) —(hu)i_%%(Ki +Kl._1)} _ (8.33)

This has the form of a “finite-difference flux divergence.” The conclusion is that these terms
are consistent with kinetic energy conservation under advection, simply by virtue of their
form, regardless of the method chosen to deterine

Next, consider the energy conversion terms on the third line of (8.32), i.e.

O (h+hg),,, —(h+hg), (h+hg),—(h+hs), 0
g%(hu)i+%[ e } " (hu)i_l[ e }E. (8.34)

We digress here to discuss the potential energy equation. The finite-difference form of the
potential energy equation can be derived by multiplying (8.14g (3y+ hs),-

(hu),-+l_(hu),~_l
U gFhs+ LB |+ g0+ ), 2 2 = . (8.35)

Ax

This is analogous to (8.10). We want to recast (8.35) so that we see advection of potential
energy, as well as the energy conversion term corresponding to (8.34); compare with (8.11).
We write

%[hig%S + %}%J +ADV;

(8.36)
_gD (h+hS)i+1_(h+hS)i (h+hS)i_(h+hS)i_1 ] -
2E(hu)i+%[ Ax }4— (hu)i—%[ Ax }% 0.

where* ADV,” represents the advection of potential energy, in flux form. The second line of

(8.36) is a copy of the energy conversion terms of (8.32), but with the sign reversed. We
require that (8.36) be equivalent (8.35), and ask what form oV, is implied by this

requirement. The answer is:

An Introduction to Atmospheric Modeling



8.1 Space differeencing 177

N O
ADV; = (hu)i+%%[(h +hg)., +(h +hS)i]E
(8.37)

[l U
—(hu)i_%%i—)-c[(h #hg), * O+ hg), 0

This has the form of a finite-difference flux divergence, as desired. Substituting back, we find
that the potential energy equation can be written as

i etk 7]

O O O O
+ (hu)i+%%[(h +hg) , +(h+ hS)i]%—(hu)i_%%[(h +hg). + (h +hS)l._1]E

|:(h+hS)i+1_(h+hS)i (h+hS)i_(h+hS)i—1E _

0
£ }+ h [
S, L1 DAx ( ”)i_% Ax 5

i+ -
2
(8.38)

Now consider the time-rate-of-change terms of (8.32). Obviously, the first line of

(8.32) must be analogousg(;t»(hK) . For convenience, we define

_ o dh 1 d d
(KE tendency), = K= + 5[(’1”)“131””1 + (hu)i_%ui_l} . (8.39)
2 2 2 2

Substituting for the mass fluxes from (8.21), we can write (8.39) as

_ o0 dgz O dg2 O
(KE tendency), = Ko +§[(hl.+1 +h) S, §j+(h,.+h,._1)E§4i_ gﬂ (8.40)

The requirement for kinetic energy conservation is

_ d
z (KE tendency),; = z E(hiKi)' (8.41)
domain domain
Note that only the sums ovér must agree; it is not necessarfkiBiatndency); be equal

to d%(hl.Kl.) for eachi . To complete our check of kinetic energy conservation, we substitute
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for K; on the right-hand side of (8.41), and check to see whether the resulting equation is
actually satisfied.

The bad news is that if we use (8.26), we find that (8.41) is not satisfied. This means
that we cannot have both momentum conservation under advection and kinetic energy
conservation, when we start from the continuous form of (8.2).

Two alternative definitions of the kinetic energy are

=102 2 0
K=3de i+ (8.42)
2 2
and
=1 2 2 0
hiKi—4%:i+lui+l+hi_%ui_é . (8.43)

With either of these definition&’;  cannot be negative. We can show that the sum over the
domain ofz,K; given by (8.42) is equal to the sum over the domaipkgf given by (8.44).

Either choice allows (8.41) to be satisfied, so both are consistent with kinetic energy
conservation under advection, but neither is consistent with momentum conservation under
advection.

In summary, when we start from the continuous form of (8.2), we can have either
momentum conservation under advection or kinetic energy conservation under advection, but
not both. Which is better depends on the application.

An alternative approach is to start from a finite-difference form of the momentum
equation that mimics (8.4). In that case, we can conserve both momentum under advection
and kinetic energy under advection.

When we generalize to the two-dimensional shallow-water equations with rotation,
the issues discussed here have to be revisited.

8.2 Summary

With the one-dimensional advection equation we had “propagation” in one direction
only, and with a second-order space-centered scheme for this equation we had to contend
with one physical mode and one computational mode. The one-dimensional wave equation is
equivalent to a pair of one-dimensional advection equations, so that we have a pair of
physical modes and a pair of computational modes -- one of each propagating in each of the
two spatial directions.

The advection equation “prefers” uncentered space differencing, but centered space
differencing is most natural with the wave equation.

An unstaggered grid permits computational modes in space, essentially allowing two
distinct solutions that live separate lives and do not interact. A staggered grid helps to
overcome the problem of computational modes in space. Many staggering schemes are
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possible, especially in two or three dimensions. Some of the schemes give particularly
realistic propagation characteristics, allowing realistic simulation of such important processes
as geostrophic adjustment.

In a model that permits both quasi-geostrophic motions and inertia-gravity waves,
such as a primitive-equation model, the time step is normally limited by the stability criterion
for the inertia-gravity waves.

Finally, we have explored the conservation properties of spatial finite-difference
approximations of the momentum and continuity equations for one-dimensional non-rotating
flow, using a staggered grid. We were able to find a scheme that guarantees conservation of
mass, conservation of momentum in the absence of bottom topography, conservation of
kinetic energy under advection, conservation of potential energy under advection, and
conservation of total energy in the presence of energy conversion terms.
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Problems
1. Repeat the analysis of Section 8.1 using the Z grid instead of the C grid.

2. Consider the linearized (about a resting basic state) shallow-water equations
without rotation on the one-dimensional versions of the A grid and the C grid. Let
the distance between neighboring mass pointd be  on both grids. Use leapfrog

time differencing. Derive the stability criteria for both cases, and compare the two
results.

3. Write down differential-difference equations for the linearized (about a resting
basic state) one-dimensional shallow water equations without rotation on an
unstaggeredyrid (the A grid), and using fourth-order accuracy for the spatial
derivatives. (It is not necessary to prove the order of accuracy in this problem.)
Perform an analysis to determine whether or not the scheme has computational
modes. Compare with the corresponding second-order scheme.

4, Program the two-dimensional linearized shallow water equations for the A-grid
and the C-grid, using a mesh of 101 x 101 mass points, with periodic boundary
conditions in both directions. Use leapfrog time differencinggSe0.1 m &, H
=10 m,f=0.5x10s?, andd = 1 m.

In the square region

45<i<55 (8.44)
45<;<55
apply a forcing in the continuity equation, of the form
Da_hD = (_1)i+jNpiWnt
B - T G4
and set 5%—}% =0 at all other grid points. Adopt the values

noise
wy = 21x 1073 s~!;andN = 10~*ms~!. In addition, for the entire domain apply a
forcing of the form

(04

EBtD 2. M iwgt (846)

= Sst I Dst 70

smooth
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with w, = 2T/gH LVH s7! andS= 10% m s*. HereL is 101 xd, the width of the

domain.

Finally, include damping in the momentum equations, of the form

EO_ME' = —Ku

EBthric (8 47)
oo _

— = —Kv,

Lol e

where K =2 x 1075s~! . Because the model has both forcing and damping, it is
possible to obtain a statistically steady solution.

a) Analyze the stability of the two models without the forcing or damping terms.
Using your results, choose a suitable time step for each model. Note: The forcing
and damping terms are not expected to limit the time step, so we simply omit them
in our analysis of the stability criterion.

b) As initial conditions, puz = 0 y = 0 ,anél = 0 .Run both versions of the

model for at least Fosimulated seconds, and analyze the results. Your analysis
should compare various aspects of the solutions, in light of the discussion given in
this chapter.

c) Repeat your runs using= 2 x 10~*s~! . Discuss the changes in your results.
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CHAPTER 9 Vertical Differencing for Quasi-
Static Models

Copyright 2004 David A. Randall

9.1 Introduction

Vertical differencing is a very different problem from horizontal differencing. This
may seem odd, but the explanation is very simple. There are three primary factors. First,
gravitational effects are very powerful, and act only in the vertical. Second, the Earth’s
atmosphere is very shallow compared to its horizontal extent. Third, the atmosphere has a
lower boundary.

To construct a vertically discrete model, we have to make a lot of choices, including
these:

* The governing equations: Quasi-static or not? Shallow atmosphere or not?
Anelastic or not?

» The vertical coordinate system
* The vertical staggering of the model's dependent variables

» The properties of the exact equations that we want the discrete equations to
mimic

As usual, these choices will involve trade-offs. Each possible choice will have strengths and
weaknesses.

We must also be aware of possible interactions between the vertical differencing and
the horizontal and temporal differencing.

9.2 Choice of equation set

The speed of sound in the Earth’s atmosphere is about 300. tf we permit
vertically propagating sound waves, then, with explicit time differencing, the largest time step
that is compatible with linear computational stability can be quite small. For example, if a
model has a vertical grid spacing on the order of 300 m, the allowed time step will be on the
order of 1 second. This may be palatable if the horizontal and vertical grid spacings are
comparable. On the other hand, with a horizontal grid spacing of 30 km and a vertical grid
spacing of 300 m, vertically propagating sound waves will limit the time step to about one
pekrcent of the value that would be compatible with the horizontal grid spacing. That's hard to
take.
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There are four possible ways around this problem. One approach is to use a set of
equations that filters sound waves, i.e., “anelastic” equations. There are some issues with this
approach, depending on the intended applications of the model, but anelastic models are very
widely used and the anelastic equations can be an excellent choice for some applications,
e.g., cloud modeling.

A second approach is to adopt the quasi-static system of equations, in which the
equation of vertical motion is replaced by the hydrostatic equation. The quasi-static system of
equations filters vertically propagating sound waves, while permitting Lamb waves, which
are sound waves that propagate only in the horizontal. The quasi-static system is widely used
in global models for both weather prediction and climate.

The third approach is to use implicit or partially implicit time differencing, which can
permit a long time step even when vertically propagating sound waves occur. The main
disadvantage is complexity.

The fourth approach is to “sub-cycle.” This means that small time steps are used to
integrate the terms of the equations that govern sound waves, while longer time steps are used
for the remaining terms.

9.3 General vertical coordinate

The most obvious choice of vertical coordinate system, and one of the least useful, is
height. As you probably already know, the equations of motion are frequently expressed
using vertical coordinates other than height. The most basic requirement for a variable to be
used as a vertical coordinate is that it vary monotonically with height. Even this requirement
can be relaxed; e.g. a vertical coordinate can be independent of height over some layer of the
atmosphere, provided that the layer is not too deep.

Factors to be weighed in choosing a vertical coordinate system for a particular
application include the following:

» the form of the lower boundary condition (simpler is better);
» the form of the continuity equation (simpler is better);

» the form of the horizontal pressure gradient force (simpler is better, and a pure
gradient is particularly good);

» the form of the hydrostatic equation (simpler is better);

» the “vertical motion” seen in the coordinate system (less vertical motion is
simpler and better);

» the method used to compute the vertical motion (simpler is better).

Each of these factors will be discussed below, for specific vertical coordinates. We begin,
however, by presenting the basic governing equatifarsquasi-static motionsusing a
general vertical coordinate.

Kasahara (1974) published a detailed discussiagenéral vertical coordinates for
quasi-staticmodels. A more modern discussion of the same subject is given by Konor and
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Arakawa (1997). In a general vertical coordinale, , the quasi-static equation can be
expressed as

00 _ P@dp0
o¢ Lo (9.1)
= amg ,

where @= gz is the geopotentiay is the acceleration of gravity, is height, is the

pressure, andx is the specific volume. In deriving (9.1), we have used the hydrostatic
eqguation in the form

99 - 4, 9.2)
op

and we define
my = —g% 9.3)

as the pseudo-density, i.e., the amount of mass (as measured by the pressure difference)
between two( -surfaces. The minus sign in (9.3) is arbitrary, and can be included or not
according to taste, perhaps depending on the particular cholce of

The equation expressing conservation of an arbitrary intensive sgalar, , can be
written as
i o0 9, s _
° V + = S 9.4
B, D (V) + 5 (m QW) = mes, (9.4)
Here
. —DZ
== 9.5
(=2 (9.5)
is the rate of change df following a particle, aﬁp is the source or sigk of , per unit

mass. Eq. (9.4) can be derived by adding up the fluxgs of  across the boundaries of a control
volume. We can obtain the continuity equatior{in  -coordinates from (9.4), by piiténp
and SqJ =0 :

m 0 :
g_t G 0es (mV) + 2 med) = 0. (9.6)
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By combining (9.4) and (9.6), we can obtain the advective form of the conservation
equation fon :

Dy _
m2 =5y, (9.7)

where the Lagrangian or material time derivative is expressed by

D _ 0 + ; 0
= = Vel +{ . 9.8
Dt( ) Lo, ¢ Zaz 8
For example, the vertical pressure velocity,
wEE—B (9.9)

Dt’

can be written as

_ O . ; Op
B ST T4 (9.10)

_ [0 . ,

The lower boundary condition, i.e., that no mass crosses the Earth’s surface, is
expressed by requiring that a particle which is on the Earth’s surface remain there:

a .
a—§S+Vs°E?Is-<S:0- (9.12)

In the special case for whidly  is independent of time and the horizontal coordinates, (9.11)

reduces toﬁs = 0 . Eq. (9.11) can actually be derived by integration of (9.6) throughout the
entire atmospheric column, which gives

4 14
QI Tmz ds+[e 5’ TmZV ds%
oz L
(9.12)

9¢ 1 9¢ 0 =
v gt g e

Here {, is the value of at the top of the model atmosphere. We allow the possibility that
the top of the model is placed at a finite height. Even if the top of the model is at the “top of
the atmosphere,” i.e., at = 0 , the value(of may or may not be finite, depending on the
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d :
definition of { . The quantitya_§T+ Vye Ild ,—(r represents the mass flux across the top

d )
of the atmosphere, which we assume to be zero. Simi??ﬁ/;l- Ve ld (s , Which is
identical to the left-hand side of (9.11), represents the mass flux across the Earth’s surface.

Substituting (9.11) into (9.12), we find that

6 ZT ZT (]
— d(+0e Vdi==0. 9.13
atIZSmZ 14 a'zsmg ZD ( )

In view of (9.3), this is equivalent to

aps apT s
P+ e Vdp= =0, 9.14
3 o1 5? G (9.14)
which is the surface pressure tendency equation. Depending on the definidfons of , and it

9)
may or may not be appropriate to 3%){ =0 . By analogy with the derivation of (9.14), we

can show that the pressure tendency on an arbifrary -surface satisfies

o o r 0 A
EF%{EH e 5{ mgV di5—(mg0); = 0. (9.15)

The thermodynamic equation can be written as
D7 , ﬁq-
Ve [, T+({—=| = wa+Q, 9.16
CP[WD( 14 Zaz 0 ( )

Wherecp is the specific heat of air at constant pressure, is the specific volur@e, and s the
heating rate per unit mass. An alternative form of the thermodynamic equation is

H8 . v. 08 _ 0
[b_tDerV ;8 +ZaZ = (9.17)
where
=, I_ . Op0f
M=c = =c , (9.18)
rg P D
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is the Exner function. In (9.188 is the potential temperatpge; is a constant reference
pressure, usually taken to be 1000 hPa,laﬁtdIi , Where s the gas constant.

C

p

9.3.1 The equation of motion and the HPGF

The horizontal momentum equation can be written as

Ovo | 20V _
Vell,)V+({— = -0 ¢—/kxV+F. 9.19
Here —Dp(p is the horizontal pressure-gradient force (HPGF), which is expressed as minus

the gradient of the geopotentabng an isobaric surfageandF is the friction vector. Using
the relation

_ 0
Dp = Dz - (sz)%

9.20
=[], + J—(D p)i ( )
¢ mg ot
we can rewrite the HPGF as
1 0
-0 ¢ = -0,0——=—2(0,p). 9.21
P P mzaz( P) ( )
In view of (9.1), this can be expressed as
-0,0 = -0;0—allp. (9.22)
This is a nice result. For the special cdsez , (9.23) reduceEpt(p = —al_p , and for

the special casé = p it become@p(p = —qu) . These are both very familiar.

Another useful form of the HPGF is expressed in terms of the Montgomery potential,
which is defined by

M=c,T+o. (9.23)

For the special case in whicdh=0 , which will be discussed in detail later, the hydrostatic
equation (9.1) can be written as

M_n, (9.24)
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With the use of (9.23) and (9.24), Eq. (9.21) can be expressed as

~0,0 = ~0M+0,8. (9.25)

This form of the HPGF will be discussed later.

When the HPGF is a gradient, it has no effect in the vorticity equation, since the curl
of the gradient is always zero. It is apparent from (9.22) and (9.25), however, that in general
the HPGF is not simply a gradient. When the HPGF is not a gradient, it can spin up or spin

down a circulation on § surface. From (9.22) we see that the HPGF is a pure gradient for

(=p, and from (9.25) we see that the HPGF is a pure gradien £6 . This is an
advantage shared by the pressure and theta coordinates.

Thevertically integratedHPGF has a very important property that can be used in the
design of vertical differencing schemes. With the use of (9.3), we can rewrite (9.21) as

- _1 10
0,0 = =0 (10 = - 7 0Ckp). (9.26)

Vertically integrating with respect to mass, we find that

Ls Ls
—ImZDp(de = - DZImZ(de_(pSDpS+ Q,Up . (9.27)
{r &r

Suppose thatp, = constant oflp, = 0 , and consider a line integral of the
Ls
vertically integrated HPGF, i.e.—,ImZDp(de , along a closed path. It follows from (9.27)

&r
that the line integral must vanish if the surface geopotential is constant along the path of
integration. In other worddn the absence of topography along the bounding path there
cannot be any net spin-up or spin-down of a circulation in the region enclosed by the path.
Later we will show how this important constraint can be mimicked in a vertically discrete
model.

9.3.2 Vertical mass flux for a family of vertical coordinates

Konor and Arakawa (1997) derived a diagnostic equation that can be used to compute

Z for a large family of vertical coordinates that can be expressed as functions of the potential
temperature, the pressure, and the surface pressure, i.e.,

(=F(8,p,pg). (9.28)

While not completely general, Eq. (9.28) does cover a variety of interesting cases, which will
be discussed below. By differentiating (9.28) with respect to time on a cofstant  surface, we
find that
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0
0= [2F®.p.p5)] . (9.29)
t ¢
The chain rule tells us that this is equivalent to

OF98] , 0Fdpn , OF %Ps _ (9.30)
0009, ap[FDz 0p 0t ' '

Substituting from (9.17), (9.15), and (9.14), we obtain

-5 Dze+zae[j Q}

6F[ 5 7

20

L OF|0p r
ap[azT Oe % szZD+(ng)<} (9.31)

o)
+OF | %P1 _p. " mev afg| =
This can be solved for the vertical velocifiy,

eoF  ord oF
%""Z@E‘ Rt

aF opr T N
—[e m;V d 9.32
Op {at % " Z ( )
L OF |Opr s
—0e vVd
aps{af a‘;mz 1%}
Here we have assumed that the heating @te, , is not formulated as an explicit function of
- 0
(. As a check, consider the special casep , Somthat 1 , and assurg{éTthatO :

as would be natural for the case of pressure coordinates. Then (9.32) reduces to
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P. = [e a’;rmpV d‘z%

(9.33)
=0 aﬂv = .
TV di
As a second special case, suppose faf . Then (9.32) becomes
6=2 9.34
= (9:34)
Both of these are the expected results.
We assume that the model top is a surface of congtant ¢ i®.{ . Because (9.28)
must apply at the model top, we can write
0 o)
oF (990 | oF (9pmy | OF Ops _ 0. (9.35)

98,07 U " ap, 01 ¢ " apsa1
9.4 Discussion of particular vertical coordinate systems
We now discuss the following nine particular choice< of
* height,z
* pressurep

* log-pressure, used in many theoretical studies

pP—Pr
Ps—Pr

* sigma, defined byo = , designed to simplify the lower boundary

condition
* a‘hybrid,” or “mix,” of sigma and pressure coordinates, used in numerous

general circulation models including the forecast model of the European Centre
for Medium Range Weather Forecasts

» eta, which is a modified sigma coordinate, defined) bi/Dp _pTDr]S , Where

[%S_P;]

Ny is a time-independent function of the horizontal coordinates

» potential temperatur®, , which has many attractive properties and is now being
used
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e entropy,s = cplnG

» ahybrid sigma-theta coordinate, which behaves like sigma near the Earth’'s
surface, and like theta away from the Earth’s surface.

Of these nine possibilities, all except the height coordinate and the eta coordinate are
members of the family of coordinates given by (9.28).

9.4.1 Height
In height coordinates, the hydrostatic equation is

? = _pg, (9.36)
z

wherep = é is the density. We can obtain (9.36) simply by flipping (9.2) over. For the case

of the height coordinate, the pseudodensity reducesgto , Which is proportional to the
ordinary or “true” density.

The continuity equation in height coordinates is

0 _
%ﬂ; 0.+ (PV) * 2 (pw) = 0. (9.37)

This equation is easy to understand, but it is mathematically complicated, in that it is
nonlinear and involves the time derivative of a quantity that varies with height, namely the
density:

The lower boundary condition in height coordinates is

Normally we can assume tha is independent of time, but (9.38) can accommodate the

effects of a specified time-dependent value zef (e.g. to represent the effects of an

earthquake, or a wave on the sea surface). Because height surfaces intersect the Earth’s
surface, height-coordinates are relatively difficult to implement in numerical models. This
complexity is mitigated somewhat by the fact that the horizontal spatial coordinates where
the height surfaces meet the Earth’s surface are normally independent of time.

Note that (9.37) and (9.38) are direct transcriptiong.6) and (9.11), respectively,
with the appropriate changes in notation.

The thermodynamic energy equation is
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- 0
cppgggz = —cppEv- 0.7+ w£E+ooa+Q. (9.39)
Here Q is the diabatic heating per unit volume, and

w = [@m +Ve sz+wa_p

O
it 0z (9.40)
_ O .
= [b—tDZ+V Op-pgw .
By using (9.40) in (9.39), we find that
cppggg = —,pV e+ 0, T—pwe,(F,—T)+ [%’E +Ve sz} +0, (941
where the actual lapse rate and the dry-adiabatic lapse rate are given by
r=-297, (9.42)
0z
and
r,==&, (9.43)
CP

respectively. This form of the thermodynamic equation is awkward because it involves the
time derivatives of bottf’ and . The time derivative of the pressure can be eliminated by
using the height-coordinate version of (9.15), which is

” )
2p@)]| = —e0.e [(pV) dz+gp(wiz) +5 (9.44)

Substitution into (9.41) gives

Cpp%zgz - _cppV. DZT_pWCP(rd_r)
) (9.45)

0
+ {—gmz- [(PV) dz + gp(2)w(2) +a—’:T} +VeOp+0 .

According to (9.45), the time rate of change of the temperature at a given height is influenced
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by the motion field through a deep layer. An alternative, considerably simpler form of the
thermodynamic energy equation is

067 - . 0.0 +w

£ = -F gahg. (9.46)

EEN

In gquasi-static models using height coordinates, the equation of vertical motion is
replaced by the hydrostatic equation, in whiech ~ does not even appear. How then can we

computew ? The height coordinate is not a member of the family of schemes defined by
(9.28), and so (9.32), the formula for the vertical mass flux derived from (9.28), does not
apply. Insteadyw is computed using “Richardson’s equation,” which is an expression of the
physical fact that hydrostatic balance applies not just at a particular instant, but continuously
through time. Richardson’s equation is actually closely analogous to (9.32), but somewhat
more complicated. The derivation of Richardson’s equation is also more complicated than the
derivation of (9.32).

The equation of state is
p = PRT. (9.47)

Logarithmic differentiation of (9.47) gives

1o _ 1000 | 1010
S = plpi. + 7.0, (9.48)

The time derivatives can be eliminated by using (9.37), (9.44) and (9.45). After some
manipulation, we find that

0 ¢y
cpTi(pw) + pw[gi +e, (M- F)}
% (9.49)
CV
= (—cppV° O.T+Ve sz)—cpTDZ' (pV) +gEDZ° J’(pV) dz+Q

where

¢,=c,—R (9.50)

is the specific heat of air at constant volume.
Eq. (9.49) can be simplified considerably as follows. Expand the vertical derivative
term using the product rule:

c,To Taw c,Top
2 Y = A SR VPN g g 51
o a2 P = ol t s, (©-51)
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Logarithmic differentiation of the equation of state gives
L+ = (9.52)
which is equivalent to

O % + rg. (9.53)

= (9.54)
Finally, substitute (9.54) into (9.49), and combine terms, to obtain

) (9.55)
+g%vmz F[(pV)dz+0

This is Richardson’s equation. It can be solved as a linear first-order ordinary differential

equation forw(z) , given a lower boundary condition and the information needed to compute
the various terms on the right-hand side, which involve both the mean horizontal motion and
the heating rate. A physical interpretation of (9.55) is that the vertical motion is whatever it
takes to maintain hydrostatic balance through time despite the fact that the various processes
represented on the right-hand side of (9.55) may tend to upset that balance.

The complexity of Richardson’s equation has discouraged the use of height
coordinates in quasi-static models; one of the very few exceptions was the early NCAR GCM
(Kasahara and Washington, 1967).

As an example to illustrate the implications of (9.55), suppose that we have
horizontally uniform heating but no horizontal motion. Then (9.55) drastically simplifies to

pcng_? = 0. (9.56)

If the lower boundary is flat so that
w=0atz =0, (9.57)

then we obtain
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WZ:ZL A
() = [55 dz, (9.58)

0 p

i.e., heating (cooling) below a given level induces rising (sinking) motion at that level. The
rising motion induced by heating below a given level can be interpreted as a manifestation of
the upward movement of air particles as the air expands above the rigid lower boundary.

9.4.2 Pressure

The hydrostatic equation in pressure coordinates has already been stated; it is (9.2).
The pseudo-density is simply unity, since (9.3) reduces to

m, =1 (9.59)

As a result, the continuity equation in pressure coordinates is relatively simple; it is linear and
does not involve a time derivative:
0 ev+9® -y (9.60)
14 ap

On the other hand, the lower boundary condition is complicated:

Recall thatpg can be predicted using the surface pressure-tendency equation, (9.14).
Substitution from (9.14) into (9.61) gives

0 !
wS:a_];T—D-a":V df3+ Vg Ops, (9.62)
T

which can be used to diagnosg. Nevertheless, the fact that pressure surfaces intersect the

ground at locations that change with time (unlike height coordinates), means that models that
uses pressure coordinates are complicated. Largely for this reason pressure coordinates are
hardly ever used in numerical models.

With the pressure coordinate, we can write

9o _ RO
o), = plha (9.63)

This allows us to eliminate the temperature in favor of the geopotential, which is often done
in theoretical studies.

An Introduction to Atmospheric Modeling



9.4 Discussion of particular vertical coordinate systems 197

9.4.3 Log-pressure

Let T;, be a constant reference temperatDefinethe “log-pressure coordinate™
by the differential relationship

RT, RT,
dz* = ——ggd(lnp) = ——gi’iifi. (9.64)

Note thatz* has the units of length (i.e., height), and th&t = dz wWien = T,
Although generally 2z , we can foregp = pg) = Z*(p =ps) . From (9.64), we see that

* RT
o0 - o (9.65)
dp P
where
@ =gz*. (9.66)
We also have the hydrostatic equation in the form
0 - _RT (9.67)

op p

Subtracting (9.65) from (9.67), we obtain a useful form of the hydrostatic equation:

d * R(T-T,)
(0-9) = ———=. (9.68)
P
Since(p* andl’, are independent of time, we see that
00q] _ RO 9.69
o, - pCadL. (9:69)
9.4.4 The O -coordinate
The o -coordinate of Phillips (1957) is defined by
OEP—PT’ (9.70)
)

where we define
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(9.71)

T[EpS_pT!

which is independent of height. Obviously,
0y =1ando, = 0. (9.72)

Note that for a fixed value af
dp = admp, (9.73)

where the differential can represent a fluctuation in either time or (horizontal) space, with a fixed

value ofo . Also,
(9.74)

d,,_10
%()_nﬁ()'

Here the differentials are evaluated at fixed horizontal position. The pseudodensity in

-coordinates is

coordinates iro
(9.75)

which is independent of height. The continuity equationoin  -coordinates can therefore be
written as
O, 0 (V) +aa_0(n'0) = 0. (9.76)

Although this equation does contain a time derivative, the differentiated quamtity, , is
independent of height, which makes (9.76) considerably simpler than (9.6).

-coordinates is very simple:

The lower boundary condition ia
(9.77)

This simplicity was in fact Phillips’ motivation for the invention of -coordinates. The upper

boundary condition is similar:
c=0atc =0. (9.78)

The continuity equation iw  -coordinates plays a dual role. First, it is used to predict the
surface pressure. This is done by integrating (9.76) through the depth of the vertical column and
using the boundary conditions (9.77) and (9.78), to obtain the surface pressure-tendency

equation in the form
ot Ef [l
= —[Je vdal. 9.79
7z EHAT ©19
0
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The continuity equation is also used to determime . C%Ee has been evaluated using

(9.79), which does not involvetg , we can substitute back into (9.76) to obtain
9 (o) = O EfVdog O, (V) (9.80)
—(TTO) = L4 - e (TT . .
00 H[ o ¢
0

This can be integrated vertically to obtaino as a functioo of , starting from either the

Earth’s surface or the top of the atmosphere, and using the appropriate boundary condition at
the top or bottom. The same result is obtained regardless of the direction of integration.

The hydrostatic equation is simply
-—* = —qQ. (9.81)

Finally, the horizontal pressure-gradient force takes a relatively complicated form:

HPGF = —oallt —0;0. (9.82)

Using the hydrostatic equation, (9.81), we can rewrite this as
HPGF = ol%®m 0 . (9.83)
0o o
Rearranging, we find that
_ 00
HPGF) = oLt -l
T( ) 060 1PN
= [i(o'(p)—(p}ﬁn -0 ;- (9.84)
00
= i(ocp)Dn—D (g .
00 °

Vertically integrating (9.84) through the entire vertical column, we obtain

1 d O
T(HPGF)do = @ 0n- jIm@io] . (9.85)
g o

When we integrate around any closed path, the second term on the right-hand side of (9.84)
vanishes because it is the integral of a gradient. The first term also vanishes, unless there is
topography along the path of integration. In short, the vertically integrated HPGF vanishes
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except in the presence of topography, in which case “mountain torque” may result. This
conclusion is reached very easily when we start from (9.84).

Consider the two contributions to the HPGF when evaluated near a mountain, as
illustrated in Fig. 9.1. Near steep topography, the spatial variatigns of ~ and the near-surface

Figure9.1: A mountain. As we move uphill in the x direction, the surface pressure
decreases and the surface geopotential increases.

value of @ , along ag -surface, are strong and of opposite sign. For example, moving uphill
pg decreases whil@, increases. As a result, the two terms on the right-hand side of (9.82)
are individually large and opposing, and the HPGF is the relatively small difference between
them -- a dangerous situation. In numerical models based om the - coordinate, near steep

mountains the relatively small discretization errors in the individual terms of the right-hand
side of (9.82) can be as large as the HPGF. This will be discussed further below.

9.5 More on the HPGF in O -coordinates

*

Consider Fig. 9.2At the point O, we have = o and = p . We can write

0,0 = ~0o0+ (Og0-0,0) = ~050+0¢ _ -~¢ _ ). (9.86)
Compare with (9.82). Evidently
—oal = D+(00:0*—(pp:pk) . (9.87)

The right-hand-side of (9.86) involves the gradient of the difference betgeen oon a -
surface andp on a -surface. Computation of this difference in a vertically discrete model

amounts to vertical interpolation gf froma -surface jp a -surface, and therefore should
depend on the temperature through the hydrostatic equation. For a model that is discrete in
both the horizontal and vertical, we must chodse  @&nd so that
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Figure 9.2: Evaluating the horizontal pressure gradient force.

@]
o0 > ol [rate of change of @ along a G-surface] ' (9.88)
Ox D@ p0

(5ol

The numerator of the right-hand side of (9.88) increases when the terrain is steep. The
denominator increases whé&h is warm, i.e. near the surface. The inequality (9.88) means that
Oox must be fine enough for a givéw  ; this shows that increasing the vertical resolution of a

model 0 -coordinate can cause problems unless the horizontal resolution is correspondingly
increased. One way to minimize problems is to artificially smooth the topography.

9.5.1 Hybrid sigma-pressure coordinates

The advantage of the sigma coordinate is realized in the lower boundary condition.
The disadvantage, in terms of the complicated and poorly behaved pressure-gradient force, is
realized at all levels. This has motivated the use of hybrid coordinates that reduce to sigma at
the lower boundary, and become pure pressure-coordinates at higher levels. In principle there
are many ways of doing this. The most basic reference on this topic is the work of Simmons
and Burridge (1981). They recommended the coordinate

E(p.ps) = Eﬂi—lmﬂ , (9.89)
S Dq?s Po
wherep,, is specified as 1013.2 hPa. Inspection of (9.89) shows that  p =fqrg , and

& =0 for p = 0 .Eqg. (9.89) can be expanded and simplified to yield
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= L0 P (9.90)

po PP pl

Inspection of (9.90) shows that - 2 d& .0 . With (9.89), the pressure dn an -

Py Ps
surface varies by less than one percent near the 10 mb level as the surface pressure varies in
the range 1013 mb to 500 mb. When we evaluate the HPGF wiéh the -coordinate, there are

still two terms, as with the -coordinate, but above the lower troposphere one of the terms is
strongly dominant.

9.6 The n -coordinate

As a solution to the problem with the HPGFdn -coordinates, Mesinger and Janjic

(1985) proposed thg -coordinate, which is being used operationally at NCEP (the National
Centers for Environmental Prediction):

M1 = 0Ng (9.92)
where
ng = PZ) =P (9.92)
pA0)—pr
Whereass = 1 at the Earth's surface, Eq. (9.91) showsjtiratn ¢ at the Earth's surface.

According to (9.92)ng = 1 (ustagg =1 )ifc =0 .Herg = 0 ischosen to be at
or near “sea level.” The functioprf(zs) is pre-specified as a typical surface pressure for
z = zg. Becausezg depends on the horizontal coordinatgézs) does too, and so,
therefore, does); . In fact, after choos'p,g(zs) agl, y) , one can make a map of
Ns(x,»), and of coursehis map is independent of &m

When we build a0 -coordinate model, we must specify (i.e., choose) fixed values of
O to serve as layer-edges and/or layer centers. Similarly, when we bujjd an  -coordinate
model, we must specify fixed valuespf  to serve as layer edges and/or layer centers. The
values ofn to be chosen include the possible valugggof . This means that only a few

discrete choices aofj; are permitted; the number increases as the vertical resolution of the
model increases. Mountains must come in a few discrete sizes, like off-the-rack clothing!
This is sometimes called the “step-mountain” approach. Fig. 9.3 shows how the -
coordinate works near mountains. Note that, untike -surfaces, -surfaces are nearly flat in

the sense that the pressure is nearly uniform on them. The aircled -points kale , as
a boundary condition on the sides of the mountains.

In n -coordinates, the HPGF still consists of two terms:
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Mn-1/2
u

mE Mnez=1
Figure 9.3: A schematic picture of the representation of mountains using the n coordinate.

-0,0 = -0,0—alp. (9.93)

Because tha) -surfaces are nearly flat, however, these two terms are each comparable in
magnitude to the HPGF itself, even near mountains, so the problem of near-cancellation does
not occur.

9.6.1 Potentialtemperature
The potential temperature is defined by

20 (9.94)

0
Op0

The potential temperature increase upwards in a statically stable atmosphere, so that in such a
case there is a monotonic relationship betw€en zand . Note, however, that potential
temperature cannot be used as a vertical coordinate when static instability occurs, and that the
vertical resolution of & -coordinate model becomes very poor when the atmosphere is close
to neutrally stable.

Potential temperature coordinates have particularly useful properties that have been

recognized for many years, and have become more widely appreciated during the past decade
or so. In the absence of heating, potential temperature is conserved following a particle. This

means that the vertical motionéh -coordinates is proportional to the heating rate:
s e )
0= —0; (9.95)
c, T

in the absence of heating, there is “no vertical motion,” from the point of view of theta
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coordinates; we can also say that, in the absence of heating, a particle that is on a given theta
surface remains on that surface. Eqg. (9.95) is in fact an expression of the thermodynamic
energy equation ir@ -coordinates. In fa&, -coordinates provide an especially simply
pathway for the derivation of many important results, including the conservation equation for
the Ertel potential vorticity. In addition -coordinates prove to have some important

advantages for the design of numerical models (e.g. Eliassen and Raustein, 1968; Bleck,
1973; Johnson and Uccellini, 1983; Hsu and Arakawa, 1990).

The continuity equation i® -coordinates is given by

e . O, &y =
which is a direct transcription of (9.6). Note, however, that 0 in the absence of heating;

in such case, (9.96) reduces to

g;:’%; Oge (mgV) = 0, (9.97)

which is analogous to the continuity equation of a shallow-water model.

The lower boundary condition i@ -coordinates is

00 .
a_tS+VS- ® (—05=0. (9.98)

This equation must be used to predigt . The complexity of the lower boundary condition in
0 -coordinates is one of its chief drawbacks.

For the case 0@ -coordinates, the hydrostatic equation, (9.1), reduces to

0 _ 40
9 = (9.99)

“Logarithmic differentiation” of (9.94) gives

d9 _ dT_,dp (9.100)

0 T p
It follows that

op or T
op _ 0r_ T 9.101
956 T “r36 “rp (9.101)
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Substitution of (9.101) into (9.99) gives

%4 = . (9.102)
The HPGF in@ -coordinates is
HPGF = —algp —Og0. (9.103)
From (9.94), we see that
9 _ dT_ dp (9.104)
0 T p
It follows that
Ogp = CP%I%EDGT' (9.105)
Substitution of (9.105) into (9.103) gives
HPGF = -[gM. (9.106)

Of course,0 -surfaces can intersect the Earth's surface, but we can consider these to
follow the Earth's surface, by defining imaginary “massless layers,” as shown in Fig. 9.4.

Since no mass resides betweenf@the surfaces in the portion of the domain where they “touch
the Earth's surface,” no harm is done by this fantasy.

Obviously, a model that follows this approach has to be able to deal with massless
layers. This practical difficulty has led most modelers to a@oid -coordinates up to this time.

9.6.2 Entropy

The entropy coordinate is very similar to the -coordinate. We define the entropy by

s = ¢,Inb, (9.107)
so that
ds = cp%e. (9.108)

The hydrostatic equation can then be written as
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Figure 9.4: Four possible vertical coordinate systems.

oM _ 7. (9.109)
Os

This is a particularly attractive form because the “thickness” is simply given by the
temperature.

9.6.3 Hybrid 0 -9 coordinates

Konor and Arakawa (1997) discuss a hybrid vertical coordinate that redu@es to
away from the surface, and t0  near the surface. This hybrid coordinate is designed to

combine the strengths & am@l  coordinates, while avoiding their weaknesses. Similar

efforts have been reported by other authors, e.g. Johnson and Uccellini (1983) and Zhu et al.
(1992). For further discussion, see the paper of Konor and Arakawa (1997).

9.6.4 Summary of vertical coordinate systems

The table on the following page summarizes key properties of some important
vertical coordinate systems. All of the systems discussed here (with the exception of the
entropy coordinate) have been used in many theoretical and numerical studies. Each system
has its advantages and disadvantages, which must be weighed with a particular application in
mind. At present, there seems to be a movement awaydrom  coordinates and Gwards  or

hybrid 8 -0 coordinates.
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The 6 -coordinate has many advantages. In the absence of h(—%%mge =0 , SO

there is “no vertical velocity.” This helps to minimize, for example, the problems associated
with, e.g., the vertical advection of moisture. The HPGF has the simple form

~0,0 = ~g(c,T+gz) , (9.110)

i.e. it is a gradient. The quantity

M=c,T+¢ (9.111)

is called the “Montgomery potential” or “Montgomery stream function.” It satisfies a form of
the hydrostatic equation that is natural for use @ittoordinates:

oM _ . [pK¥
il 112
06 rhp O-412)

wherek = R/cp .

The dynamically important isentropic potential vorticgy, , is easily constructed in
0 -coordinates, since it involves the curléf ofa -surface:

qE(k°D9XV+f)g_e. (9.113)
P

The available potential energy is also easily obtained, since it involves the
distribution ofp onB® -surfaces.

9.7 Vertical staggering

After the choice of vertical coordinate system, the next issue is the choice of vertical
staggering. Two possibilities are discussed here, and are illustrated in Fig. 9.5. These are the
“Lorenz” or “L” grid, and the “Charney-Phillips” or “C-P” grid. Suppose that both grids have

N wind-levels. The L-grid also ha8 6 -levels, while the C-P gridMasl 0-levels. On
both grids,@ is hydrostatically determined on the wind-levels, and

2

(Exercise: Show thad @AM = —6, where M =c,(p/p,)* )

On the C-P gridP is located betwe@n -levels, so (9.114) is convenient. With the 18-grid,
must be interpolated, e.g.
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1
Q=94 Di(el+el+1) : (9.115)

Because (9.115) involves averaging, an oscillatiod in  is not “feltpby , and so has no effect

on the winds. This allows the possibility of a computational mode in the vertical. No such
problem occurs with the C-P grid.

Charney —Phillips Grid Lorenz Grid

2 . 1

! L w = ! z Ww=0
/2 72

i T T - v | - ¢y 8
||/2 w8 1'% w
2 ——m————— 14 2 ———m————— - A
S 14 Bl e mm e o v 8
1-'/2 w 8 -7 w

§ ——mm— -y P —m—— s — ¢y 8
l+'/2 w 8 £+'/2 w
4l ———————————— -y prl —mm — ¢ 8
T — ¥ A — ~y 6
L-% w 8 -72 w

L ——————————— ¥ L ———————————— V8
L#'/z w=0 L+/2 7 7 7 w=0

Figure 9.5: Schematicillustration of the Charney - Phillips grid and the Lorenz grid.

There is a second, less obvious problem with the L grid. The vertically discrete
potential vorticity corresponding to (9.113) is

¢,= (ke g XV, +ﬂ%l. (9.116)

It is obvious that (9.116) “wants” the potential temperature to be defined at levels “in
between” the wind levels, as they are on the C-P grid. In contrast, on the L grid the potential

temperature and wind are defined at the same level. Suppose that w& have  wind levels.
Then with the C-P grid we will hav&/ +1  potential temperature levels Nambtential
vorticities. This is nice. With the L grid, on the other hand, it can be shown that we effectively
have N + 1 potential vorticities. The “extra” degree of freedom in the potential vorticity is

spurious, and allows a kind of computational baroclinic instability (Arakawa and Moorthi,
1988). This is a drawback of the L grid.

As Lorenz (1955) pointed out, however, the L-grid is very convenient for maintaining
total energy conservation, because the kinetic and thermodynamic energies are defined at the
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same levels. Today, almost all models use the L-grid. This may change.

9.8 Conservation properties of vertically discrete models using 0 -coordinates

We now investigate conservation properties of the vertically discretized equations,
using o -coordinates, and using the L-grid. The discussion follows Arakawa and Lamb

(1977), although some of the ideas originated with Lorenz (1960). For simplicity, we
consider only vertical discretization, and keep the temporal and horizontal derivatives in
continuous form.

Conservation of mass is expressed, in the vertically discrete system, by

on 6“1'9)} _
o g (V) + =0, 9.117
ot o (T[ 1) |: 50 ] ( )
where
[BCN,=C) 1-0), 1 (9.118)
2 2
Summing (9.117) over all levels, and using the boundary conditions
0,=06 =0, (9.119)
>t
and
L
> o0, = 1, (9.120)
I=1
we obtain
0Tt "
5 TH Y [t V))(dg))] = 0, (9.121)

I=1
which is the vertically discrete form of the surface pressure tendency equation. From (9.121),
we see that mass is, in fact, conserved, i.e., the vertical mass fluxes do not produce any net
source or sink of mass.

We use

+pg, (9.122)
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wherep, is a constant, and the constant vaIue:sl of; are prescribed for each layer edge
+ =

when the model is started up. Eq. (9.122) tells how to compute layer-edge pressures. The
method to discuss layer-center pressures will be discussed later.

Similarly, we can conserve an intensive scalar, such as the potential tempgrature , by
using

9 : 5(mTo8)] -
(@) + O frvle,)+[ - l 0. (9.123)

In order to use (9.123) it is necessary to define value8 of at the layer edges, via an
interpolation. We have already discussed the interpolation issue in the context of advection,
and that discussion applies to vertical advection as well as horizontal advection. In particular,
the interpolation methods that allow conservation of an arbitrary function of the advected

guantity can be used for vertical advection.

Now refer back to the discussion of the horizontal pressure-gradient force, in
connection with (9.84) and (9.85). A finite-difference analog of (9.84) is

n(HPGF), = [%%‘@lm —Ofg,). (9.124)

Multiplying (9.124) bydao, , and summing over all layers, we obtain

L L L
S T(HPGF)(30), = ¥ [8(c@), T — 3 [O(ng)o )]
/=1 I=1 /=1
L
= gy -0 0y Ko )(0)T .
ot s

(9.125)

which is a finite-difference analog of (9.85). This means that if we use the form of the HPGF
given by (9.124), the vertically summed HPGF cannot generate a circulation inside a closed
path, in the absence of topography (Arakawa and Lamb, 19fig)."principle” provides a
rational way to choose which of the many possible forms of the HPGF should be used in the
model At this point, of course, the form is not fully determined, because we do not yet have a

method to compute eithep,  or the layer-edge valuegg of  that appear in (9.124). A suitable
method is derived below.

Eq. (9.124) is equivalent to

n(HPGF), = ﬁ%%@l—cpém Oy, (9.126)
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By comparison with (9.82), we identify

ps(oa), = (Pl—[g;_cy@l- (9.127)

This will be used later.

Next consider total energy conservation. We begin by reviewing the continuous case.
Potential temperature conservation is expressed by

0 0 .oy _
&(HG)J’ Oeft Vo) +%(T[09) =0 (9.128)

Here we assume no heating for simplicity. Using continuity this can be expressed in
advective form:

00 - 00
ZX 4 Ve =~ =0. 12
3 + @ +060 0 (9.129)

With the use of the definition & ,i.e.,
rdm
g = T (9.130)

and the equation of state, (9.129) can be used to derive the thermodynamic energy equation in
the form

cp%T+v . DT+c';g_0.ﬂ§ = wa. (9.131)

Here

00=[Om +VeOp +C'Ya£

R o0 (9.132)
= 0%[+V « Op+mo
Continuity then allows us to transform (9.131) to the flux form:
e T)+ 0t Ve, T) + (e, T) = mwa. (9.133)
o ? p 0o P

The potential temperature equation, (9.128), is approximated by (9.123), which has
already been discussed. Suppose that the model explicitly prddlicts . Adopting the
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definition

2
I

(9.134)
where for convenience we define
= D
P,= (9.135)
@ 0

we will now derive a finite-difference analog of (9.128), by starting from (9.123). Recall that
the method to determing,  has not been specified yet. The advective form corresponding to
(9.123) is

. |
n%,wl. 0 ok )l[(m) Z%H{GH*(”G)Z—%%’_BI—H - 0.

2

(9.136)

Substitute (9.134) into (9.136), to obtain the corresponding prediction equatifp for

[@T . 0 OP)om , O
M+ Ve OTE- 10 Ve
(9.137)

0
=

(n) [j’ —T +(th) D -P6 D—0
()[ g % I }‘ :

/

oP
The derivativeﬁ cannot be evaluated until we specify the forRyof . We now introduce the

layer-edge temperatures, i.é“.l, | ﬂ’\d , although the method to determine them has not
+ =

2
yet been specified. We rewrite (9.137) as
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DT v e 070+ L [imi O (mr 0
T[[Ft +V, DTD+(60)1[(n0)l+%gfl+%—TD+(T[o)l_%gl" Tl D}

+V, e M .
e TR (9.138)

O

1 0 0 . O O
(6 = (T[O) ar —PIGHID"'(T[(I)Z I%D,el Tt I
2 2

Obviously the left-hand side of (9.138) can be rewritten in flux form through the use of the
vertically discrete continuity equation:

_("T1)+ O« V,T) +[QT)} T;aPlBﬁn FV,s m%

/ PGTIEB_
A
- T -Pp O+ PO -7 o
30), (m )l+%Dl+l_ I +1% (mo) P 1 - l—%
2 2 2
By comparison of (9.133) with (9.139), we identify
m(wa), TZaP@n u
o " Tpamiy Vit
9.140
+ L \mo) o7 P8 O+(mo) PO .-T O o
(60), l+%Dl+% ! l+%{] R l—%D

This result will be used below.

Returning to the continuous case, we now derive the continuous mechanical energy
equation, starting from the continuous momentum equation in the form

V. Vv
%—B ke (O xVITK XV + 69V + 0K = ~Og9-oalit . (9.141)

Here K = %V * V is the kinetic energy per unit mass. Dotting (9.141) With gives the

mechanical energy equation in the form

@D+V.DK+ 6_K__V O @+ 142
Corl, 060 (U@ + oalm ) . (9.142)
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The corresponding flux form is

g—t(nK) +0e 1 VK) + ‘%(an) = _mV + (Og0+ oaldt ). (9.143)

The pressure-work term on the right-hand side of (9.143) has to be manipulated to
facilitate comparison with (9.133). Begin as follows:

-V » (LU 0+ oaldt ) = =0, (V) + @ ¢ (MV) —TtoaV « I
= e (TVOY) — cp[aTT 9 (no)} moaV e [
5 ot (9.144)

= -0, (Vo) —%(ndq) + n'o(%(p (pa— —T1oaV « [t

d : - ot
= -0, (MVY)——(TTo@ —Ttoop— @— —TtaaV » [t
In the final line of (9.144) we have used hydrostatics. Referring back to (9.132), we can write

TLOOTT + (p%—:[+noav e M = nwa+_8\o 6tD (9.145)

Substitution of (9.145) into (9.144) gives

-V« (Hy0+ oalit ) = =0, (V) — %‘[ch cpoa—D—nooa (9.146)

Finally, plugging (9.146) back into (9.143), and collecting terms, gives the mechanical energy
equation in the form

—(nK)+D-['[ V(K + 0)] +—[Tt0(K+(p)+(p aa”} - _noa. (9.147)
Adding (9.133) and (9.147) gives a statement of the conservation of total energy:

—[n(K+c ] +0« [VI(K + @+ ¢, T)] +—[T[0(K+(p+c )+ ‘?ﬂ = 0.

(9.148)

Integrating this through the depth of an atmospheric column, we find that
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1 1
[J'T[(K+ c T)dc} + e {IVT[(K+ Qo+c T)dc} +(pS?;T 0, (9.149)

which can also be written as

1 1
9
‘%[IH(K+ ¢, T+ (pS)do} +0e [IVn(K+ 0+ cpT)do} - naif. (9.150)
0

The right-hand side of (9.150) represents the work done on the atmosphere if the lower
boundary is moving with time, e.g., in an earthquake.

We now carry out essentially the same derivation using the vertically discrete system.
Taking the dot product oftV, with the HPGF for layer , we write, closely following

(9.144)-(9.146),
-V, + [0, +6a )] = =6 (V@) + @& (V) F71 §a )V,

o)1u
= —[ (V@) - (pZD?;tT [JES—O)}E—T[(GG)ZVl' (It

= [ (1-[Vl(pl)_[64—0@;3[(.j l (9.151)

1 p 0 : _ O
+(6o),[(n0)1+lg‘oz+% (pDJr(T[o)z-%Bp’ (pl—%D}

- (p,%" mn(oa),V, Ot

Continuing down this path, we construct the terms that we need by adding and subtracting

TV, * [D(P]"'()-a )lm] = -0 (T[Vl(pl)_[é g(f :|1

+[n(oa), - <P1]——"E(000zga +V,e p (9.152)
—==| (0, i -0F+ (o), -0 ]
1( 50), l+% l+% O l—% ! l—g]

Using (9.127) in the form

oo™
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n(oo),— @, = _[EX&%@} (9.153)

we can rewrite this as

s ol
—mtV, s [0, +6a ), ] = -6 (V,9) - 5 -
0 Y 0
b O
: (9.154)
: 1 . .
D - (TTG)H%BPH%—CPD+(TIG)Z_%BPZ—(PI_FE
—nz(oa) v, e 0
IGy; ~ V"o~ (59, B
D [
By comparing with (9.146), we infer that
T W0), = 1'[(00(),Da +V,e m%
: i _ .
("G)H%ET"H%“PD*("0)1_%8\01—%_%] (9.155)

(00),

We have now reached the crux of the problem. In order to ensure total energy
conservation, the form ghg(wa), given by (9.155) must match that given by (9.140). In

order for this to happen, we need the following conditions to be satisfied:

(ca), = 1,98, (9.156)
L CPP om’ '
= ET PO - 9.157
(p,—(pH% B chH%_ P 9457
2
l [l

Eq. (9.156) gives an expression fooa), . We already had one, though, in Eq.
(9.127). Requiring that these two formulae agree, we obtain
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égogg)} _ TP,
— = Lt 9.159
% [ o0 cpnPlan ( )

This is a finite-difference form of the hydrostatic equation.

With the use of Eq. (9.134), Egs. (9.157)-(9.158) can be rewritten as

57 o+ - (c,T,+®) = P, | —6F (9.160)
(p 1 (pl = lc 1= D! .
P p 1
N l+2 ED l+2
and
0 O .
(c, T+ @) =,T  +9, D:PZcp%l—el_D, (9.161)
0’ 5 gl 2

respectively. These are also finite-difference analogs of the hydrostatic equation. The
subscripts in these equations are arbitrary. Add one to each subscript in (9.161), and add the
result to (9.160). This yields

=@y = p(Pre=P)O 4. (9.162)
2

If the forms of P, anoBl | are specified, we can use (9.162) to integrate the hydrostatic
+ =

equation upward from levél+ 1  to levél

It is still necessary, however, to determine the valuepof , i.e., the layer-center

geopotential for the lowest model layer. This can be done by first sundiny times
(9.159) over all layers:

- T,0P,
> @(60), -5 = Z u rpan (60), . (9.163)
/=1

But
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L L
> B9 = 5 0,179, 1

I=1 I=1 2

L-1
=@+t Z 01+l((pl_(p/+1) (9.164)
1=1 2
L-1
= (PL+ Z 0]+lcp(Pl+1_Pl)e[+l
I=1 2 2

This is an identity. We can therefore write

L-1

L
— TlaPl

This is a bit odd, because it says that the thickness between the Earth’s surface and the middle
of the lowest model layer depends @n at all levels in the entire column. From a
mathematical point of view there is nothing wrong with that. In effect, all valués of are
being used to estimate the effective valueBof  between the surface and level . From a
physical point of view, however, it is better for the thickness between the surface and level

to depend only on the lowest-level valueBof . Arakawa and Suarez (1983) showed that under

some conditions the form (9.165) can lead to large errors in the horizontal pressure-gradient
force. We return to this point below.

It remains to specify the forms &, aﬁ?
+

- Phillips (1974) suggested
2

- 0.1 Ora(Pp)
P, D1+KD|: = l, (9.166)

on the grounds that this helps to give a good simulation of vertical wave propagation. The

form of 61 , can be chosen to permit conservation of some functién of
+ =
2

Arakawa and Suarez (1983) proposed a modified version of the scheme, in which
(9.165) is replaced by

@ = @;+A4 cB (9.167)

whereAL | is anondimensional parameter discussed below. The point of (9.167) is that only

8, influences the thickness between the surface and the middle of the bottom layer; the
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remaining values 06 do not enter. This makes the hydrostatic equation “local.” Arakawa
and Suarez showed how this can be done with only minimal modifications to the derivation
given above. The starting point is to replace (9.162) by

G-+ = p%41+lel+B1+lel+1%’ (9.168)
2

NI

and

where, againd |, anf | areto be determined. Substituting (9.168) and (9.159) into the

1+3 I+
identity
L-1
¢ — Z[<P50 q09l,-> 0, 1(<Pl @) (9.169)
I=1 =1
we obtain
L-1
ch 1(50), Zo 19 m“,+_9 +B 8. (9170)
2

With the use of (9.134), we can write this as

-1
0, - z c ne,a '(30),- z o lch A, 10+ 8 191+E . (9.71)
=1 2

Every term on the right-hand-side of (9.171) involves a layer-center valie of . We “collect

terms” around individual values &, and force the coefficients to vanish<fdr . This
gives

aPl(a ) A ,+0 B 9.172

T— (00), = : :
! 0 +1 1+l 0l—l l+l ( )
20 2 2
With the use of (9.172), (9.171) reduces to
_ | 9Pp
2 72

which has the form of (9.167).
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9.9 Summary and conclusions

The problem of representing the vertical structure of the atmosphere in numerical
models is receiving a lot of attention at present. Among the most promising of the current
approaches are those based on isentropic or quasi-isentropic coordinate systems. Similar
methods are being used in ocean models.

At the same time, models are more commonly being extended through the
stratosphere and beyond, while vertical resolutions are increasing; the era of hundred-layer
models appears to be upon us.
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CHAPTER 10 Aliasing instability

Copyright 2004 David A. Randall

10.1 Aliasing error

Suppose that we have a wave given by the solid line in Fig. 10.1. The wave is plotted

Figure 10.1: An example of aliasing error. Distance along the horizontal axis is measured
in units of Ax . The wave given by the solid line has a wave length of (4/3)Ax .
This is shorter than 2/Ax, and so the wave cannot be represented on the grid.
Instead, the grid “sees” a wave of wavelength 4Ax, asindicated by the dashed
line. Note thatthe 4Ax -wave is “upside-down.”

as a continuous function af , but at the same time we suppose that there are discrete, evenly
spaced grid points along the -axis, as shown by the black dots in the figure. The wave has
been drawn with a wave length@f/3)Ax . Beca(#$8)Ax <2Ax , the wave is too short to

be represented on the grid. What the grid points “see” instead is not the wave represented by
the solid line, but rather the wave of wavelengthx , as indicated by the dashed line (again
drawn as a continuous functionof ). At the grid points, the wave of |didgth takes exactly
the values that the wave ¢#/3)Ax  would take at those same grid points, if it could be

represented on the grid at all. This misrepresentation of a wavelength too short to be
represented on the grid is called “aliasing errddiasing is a high wave number (or
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frequency) masquerading as a low wave number (or frequdndyle example of Fig. 10.1,

aliasing occurs because the grid is too coarse to resolve the wave of(ke3gthx . Another

way of saying this is that the wave is not adequately “sampled” by theAdjeding error is
always due to inadequate sampling.

Aliasing error can be important in observational studies, because observations taken
“too far apart” in space (or time) can make a short wave (or high frequency) appear to be a
longer wave (or lower frequency). Fig. 10.2 is an example, from real life. The blue curve in
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Figure 10.2: An example of aliasing in the analysis of observations. The blue curve shows
the precipitation rate, averaged over the global tropics (20 S to 20 N), and the
red curve shows a the thermal radiation in the 10.8 um band, averaged over
the same region. The horizontal axis is time, and the period covered is slightly
more than two years. The data were obtained from the TRMM (Tropical Rain
Mapping Mission) satellite. The obvious oscillation in both curves, with a period
close to 23 days, is an artifact due to aliasing. See text for further explanation.

841

the figure makes it appear that the precipitation rate averaged over the global tropics

fluctuates with a period of 23 days and an amplitude approaching 1 nimltithyis tropical
precipitation oscillation (TPO) were real it would be one of the most amazing phenomena in
atmospheric science, and its discoverer would be on the coRallofg StoneBut alas, the

TPO is bogus, even though you can see it with your own eyes in Fig. 10.2, and even though
the figure is based on real data, for goodness sake. The satellite from which the data was
collected has an orbit that takes it over the same point on &afth same time of dayce

ewery 23 days. Large regions of the global tropics have a strong diurnal (i.e., day-night)
oscillation of the precipitation rate. This high-frequency diurnal signal is aliased onto a much

lower frequency, i.e., 23 days, becatlse sampling by the satellite is inadequadeesolve
the diurnal cycle.

Aliasing error is also important in modeling, when we try to solve either non-linear
equations or linear equations with variable coefficients. The reason is that the product terms
(or other nonlinear terms) in such equations can produce, or try to produce, waves shorter
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than the grid can represent. For example, suppose that we have two modes on a one-
dimensional grid, given by

ikjAx iljAx

Ax) = 4¢™ andB(x)) = B™ (10.1)
respectively. Here the wave numbers4of @hd are denotéd by / and , respectively. We

assume that ant both “fit” on the grid in question. If we comHdine Band linearly, e.qg.
form

a4 + BB, (10.2)

wherea and3 are spatially constant coefficients, then no “new” waves are generated; and
[ continue to be the only wave numbers present. In contrast, if we multiply B and  together,
then we generate the new wave number,/

~~ q(k+1)jAx
AB = ABe . (10.3)

Other nonlinear operations such as division, exponentiation, etc., will also generate new wave

numbers. It can easily happen ti{at+ /)Ax >, in which case the new mode created by
multiplying A andB together does not fit on the grit¥hat actually happens in such a case is
that the new mode is aliased onto a mode dbes fit on the grid.

Because the shortest wavelength that the grid can represant=iAx , the
maximum representable wave number Ag, = I . What happens when a wave with
k>k, . is produced, e.g. through nonlinear interactions? Siice Ax = 2T , We can

assume thatk, >k>k, . . (A wave with>2k

expressionsin (kjAx) as

max “folds back.”) We can write the

sin(kjAx) = sin[(2k,,,. —2k,, . + k)jAx]
= sin[21) - (2k,,,, — k)jDx]
= sin[—(2k,,,, —k)jDx]

= sin(k jAx) . (10.4)
wherek = —(2k,,,, —k) . (Question: What happeng i k, . ?) Similarly,
cos[k(jAx)] = cos[k (jAx)] . (10.5)
This shows that the wave of wave numberk, is interpreted (or misinterpreted) by the
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grid as a wave of wave numbgr =—(2k, _—k) . The minus sign means that the phase

max

change peAx is reversed, or “backwards”. kerk,, . wekgetk, kFork,, . ,
we getkl = & .

“max

Figure 10.3: The red line is a plot of kLl versus k. The dashed black line connects & = 3T

2Ax

%
witht = -2—1-:-[— , corresponding to the example of Fig. 10.1.

In the example of Fig. 10.1, = ﬂAx sb= = === = =— | Therefore
3 L 4Ax  2Ax

_2m 31m _ T

Ax 20x  2Ax
surmised by inspection of Fig. 10.1.

, Which means that = 4Ax , as we have already

For k<k,, . ,the phase change,jascreases by one, is less thanThis is shown in

Fig. 10.4 a. Fok >k, . , the phase changg¢ m€reases by one is greater thariThis is

shown in Fig. 10.4 b. The dot in the figure appears to move clockwise., i.e. “backwards.” This
is a manifestation of aliasing that is familiar from the movies. It also explains why the minus
sign appears in Eq. (10.4).
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kKAx <Tt

kKAx > T

dhydh

Figure 10.4: The phase change per grid pointfor:a) 4Ax <71t ,andb) kAx > TI.

Aliasing error is important in part because it is the root cause of what is often called
“nonlinear computational instability.” This instability occurs with nonlinear equations, but as
explained below it can also occur with linear equations that have spatially variable
coefficients. A better name for the instability would be “aliasing instability.” An example is
presented in the next section.

10.2 Advection by a variable, non-divergent current

Suppose that an arbitrary varialgle is advected in two dimensions on a plane, so that

%qt+v-Dq:0, (10.6)

where the flow is assumed to be non-divergent, i.e.
Hev =0. (20.7)

Two-dimensional non-divergent flow is a not-too-drastic idealization of the large-scale
circulation of the atmosphere. In view of (10.7), we can desoribe  in terms of a stream
function ) , such that
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v=kxm . (10.8)

Substituting (10.6) into (10.6), we get

%fﬂkxﬁb)-ﬂq:o. (10.9)
Using the vector identity
(VixVy)e Vs =V, e (VyxV)), (10.10)

which holds for any three vectoé,, V,, V,, we setV, =k, V, =) ,andV;=0gq ,to
obtain

(M xk)+Og = ke (OgxM ). (10.11)

With the use of (10.11), we can re-write (10.6) as

%‘f+J(qJ,q) =0, (10.12)
or alternatively as
%9 = Jq. 4. (10.13)

HereJ is the Jacobian operator, which is defined by

J(p,q) =k« (Op xUg)
= ke []X (qu) ) (1014)
= ke Ux(pelq) ,

for arbitraryp andy . Note that

J(p.q) = ~J(q.p) , (10.15)

which can be deduced from (10.14), and this has been used to pass from (10.12) to (10.13).

In Cartesian coordinates, we can wriféqg, J) in the following three alternative
forms:
— 9pdq _0dp9q
J(», = - 10.16
(P, ) Oxdy 0dyOx ( )
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= 0090 _ 000

oy oaxd ox oyl (10.17)
= 000¢0_ 0[] 90

ox 2 oy 6y%6ﬁ' (10.18)

These will be used later.

Let an overbar denote an average over a two-dimensional domain that has no
boundaries (e.g. a sphere or a torus), or on the boundary of whichgeithey or is constant.
You should be able to prove the following:

J(p,q) =0, (10.19)
pJ(p,q) =0, (10.20)
qJ(p,q) = 0. (10.21)

Multiplying both sides of (10.13) by , we obtain

lg 2 = o Dl 2
554 = /(W) =54 - (10.22)

Integrating over the entire area, we see that
1,2 - _ 12, - _ 10, _
[54 > Weds = ~[vD3g°ds = [0 3¢75ds = 0, (10.23)

if the domain is surrounded by a rigid boundary where the normal componers oéro, or
if the domain is periodic.

When the stream functiofp is a prescribed function of the spatial coordinates,
(10.13) is linear, although it has variable coefficients. As already mentioned, what is often
called “non-linear” instability is actually a type of instability that can occur in the numerical
integration of a linear equation with variable coefficients, as well as in the numerical
integration of nonlinear equations. What this instability really amounts to is a spurious growth
of waves due in part to the aliasing error arising from the multiplication of the finite difference
analogs oainytwo spatially varying quantities.

To illustrate the problem, we begin by writing down a differential-difference version
of (10.13), on a plane, using a simple finite-difference approximation for the Jacobian. For

simplicity, we takeAx = Ay = d . We investigate the particular choice
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dg. .
=Ll = [3,(q, 0], (10.24)
where
[J](q! l'IJ)]i’jE

10.25
452[(61” 1,j_qi_1,j)(lpi,j+ 1 _qu,j—l) —(ql-,jﬂ—qi,j_l)(lIJ,-ﬂ,j—llJ,-_],j)] . ( )

You should confirm for yourself that (10.25) really is a finite-difference approximation to
(10.13). In fact, it is modeled after (10.16). Later we are going to discuss several other finite-
difference approximations for the Jacobian. The particular approximation given in (10.25) is

calledJ, . It will come up again in the later discussion.

Now we work through a simple example of aliasing instability, which was invented by
Phillips (1959; also see Lilly, 1965). We combine (10.25) and (10.25) to obtain

dq; ; _
dt
. (10.26)
erz[(qﬁ 1,j_qi_1,j)(L|Ji,j+ 1 —LlJl-,j_l) _(qi,j+ 1 —61,-,,-_1)(LIJ,-+ 1,j_'~p1‘_1,]‘)] .
Assumehat the solution]i’j(r) is of the form
q; (1) = [C(t) cos% +.5(7) sin%} sinz—;-[l : (10.27)
The use of such assumption may appear strange; it will be justified later. For allJ,-,j let be
prescribedas
NI
W, = Ucos(T[z)smE?‘—S%. (10.28)

In (10.28), we are prescribing a time-independentdpattially variableadvecting current.
Earlier in the course we often prescribed the advecting current, but it was always spatially

uniform. Becausay; ; is prescribed, the model that we are considering here is linear. The
forms ofql.’j anoqu.,j given by (10.27) and (10.28) are plotted in Fig. 10.5.

Because (10.28) specifieh%]j to have a wavelengfh/of im the -direction, we can
simplify (10.25) to
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Figure 10.5: Plots of the functions ¢ and Y given by (10.27) and (10.28), respectively. For
plotting purposes, wehaveused C = § = U = 1.The functions have been
evaluated only for integer values of i and j, which gives them ajagged

appearance. Nevertheless itis fair to say that they are rather ugly. This is the
sort of thing that can appear in your simulations as a result of aliasing

instability.
aQi" = %(qlwlj_qi_l j)(¢ij+1_L|Jij_1) . (10-29)
ot 4d ‘ ' ' '
From (10.27), we see that
di+1,;=4i-1,j
0 4 . ) 0 .
= DC[COST[(Z L — cosT[(l 1)} + S[sinmi-k—12 — sinM}D Sinz—nl
2 2 2 2 3
O O
= 2%— Csin% + Scos%sinz—w .

(10.30)

Here we have used some trigonometric identities. Similarly, we can show that
W1~ W1 = Ucosm%cos 3 sin3[ = J3UcosTti =tos 30 (10.31)
As already mentioned, (10.31) holds forzall

The product of (10.30) and (10.31) gives the right-hand side of (10.29), which can be
written (again with the use of trigopnometric identities) as
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dg; ; 3 . Tu 3, . TUT]. 4TU
@ 4d ; [ C%m —sm2D+S%os > +0052D}sm 3
(10.32)
_ B, T i . 4Ty
= —EBCsmz + Scos ZDsm 3
Note that
4_3“1 = Iy = I(jd). (10.33)
Therefore,
] = 41 (10.34)
3d’

This shows that the product on the right-hand side of (10.29) has produced a wave number in
4n>l = , I.e., a wave too short to be represented on the grid.
3d max d

This wave will, accordlng to our previous results, be interpreted by the grid as having wave

the y -direction of/ =

number—(2/, . —1) = EBaD . Therefore (10.32) can be re-written as

Mij = —Bﬁ—l%%fsinm +Scosnﬂsin2—nl. (10.35)

Rewriting (10.32) as (10.35) is obviously a key step in this discussion, because it is where
aliasing entersin doing the problem algebraically, we have to put in the aliasing “by hand.”

dg. .
According to (10.35) the spatial form 8?”1 agrees with the assumed foa]gpj of ,

given by (10.27). In other words, the spatial shapqilgf does not change witfihime.

justifies our assumption (10.2Th order to recognize that the spatial shapqigf does not
change with time, we had to take into account that there will be aliasing.

If we now simply differentiate (10.27) with respect to time, and substitute the result
into the left-hand side of (10.35), we get

a—lgcosmsinz—m + 6L§sinmsinz—n'Z = —ﬁ U%‘sinm + ScosniDsinz—-ZTr . (10.36)
dt 2 3 dt 2 3,2 072 273

Note that time derivatives of antfl  appear on the left-hand side of (10.36). Using the
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linear independence of the sine and cosine functions, we see from (10.36) that

d_(j = _i:)’zUS, d_S = _i:’szC (1037)
ar 4g® At 4g

From (10.37), it follows that

2
dC = GQC, an

2
‘ d4s = o5, (10.38)
di

dr

whereo = “/_ig] . According to (10.38Y, ardd  will grow exponentially. This demonstrates
4d
that the finite-difference scheme is unstable. The unstable modes will have the form given by

(10.27).

Fig. 10.6 summarizes the mechanism of this aliasing instability. Nonlinear
interactions feed energy into waves that cannot be represented on the grid. Aliasing causes this
energy to “fold back” onto scales that do fit on the grid, but typically these are rather small
scales that are not well resolved and suffer from large truncation errors. In the example given,
the truncation errros lead to further production of energy on scales too small to be represented,
etc. Note, however, th#tthe numerical scheme conserved energy, the total amount of energy

Nonlinear interactions

Aliasing

Figure 10.6: Schematic illustration of the mechanism of aliasing instability. Nonlinear
interactions feed energy into scales too small to be represented on the grid,
and this energy folds back through aliasing into scales that canbe
represented. The process feeds on itself. This can cause the total amount of
energy to increase, unless the scheme is energy conserving.

could not increase, and the instability would be prevented, even though aliasing would still
occur, and even though the truncation errors for the smallest scales would still bdratige.

example, we used; . Later we demonstrate that  does not conserve kinetic energy. Some
other finite-difference Jacobians do conserve kinetic energy. Further discussion is given later.

Some further general insight into this type of instability (the above example being a
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contrived special case) can be obtained by investigating the truncation error of the expression
on the right side of (10.25). This can be expressed as

2 3 3 3 3
% = 3w = Ja w)+i{‘1qa—‘3“—‘l‘”}—?+a—?@—a—?@} +Od) - 1039)
ot 6| Ox ay ay Ox Ox Oy ay Ox

Note the second-order accuracy. Through repeated integration by parts, it can be shown (after
a page or so of algebra) that the second-order part of the truncation error in (10.39) is given

by

2 3 3 3 3 2 2
£ [0000 000"y, 3900 _q00 ], - & OPU[T4F 07
6 Iq{ax 6y3 0y x> * o> Oy 6y3 0x ds 4I6x6y[D3xD CoyH }ds > (10:40)

if g and its derivatives vanish at the boundary or if the domain is periodic. Multiplying
(10.39) byg , integrating over the whole domain, and making use of (10.22), (10.23) and
(10.40), we find that when we use

19,2, _d OWrdgr’ @yt 4
o1 kil | axay[taxm Ch,0 Jds + fota'yas (1041)

2 2
This means that, iféa—(;l‘l >0 g2 will falsely grow with time igﬁ% is bigger than
X0y

2
E‘g% , iIn an overall sense. Now look at Fig. 10.7. In the figure, the streamlines are given

2
such thatp, <y, <y ,sothap/dy<0 |, argalgp— >0 . This resembles the “exit” region
X0y

of the jet stream. [Note: The stream function sketched in Fig. 10.7ndbesrrespond to
(10.27).]

In fact, the solution of the differential-difference equation tends to prefer a positive value of
the integrand of the right-hand side of (10.41), as illustrated schematically in Fig. 10.7.

d

Notice that atz, 5‘Z becomes greater than it wag at , and the reverse is tgb?e for
X

Y

2 2 2
Therefore, although at  the expressi(]h:;—‘;l;—}[%qxg - Eg% }ds vanishes, at it has

become positive. From (10.41), it can be seen that the area-integ%ated tends to increase
with time, whereas it is invariant in the differential case.

Aliasing instability has nothing to do with time truncation error. Making the time step
shorter cannot prevent the instability, which can occur, in fact, even in the time-continuous
case. The example we have just considered illustrates this fact, because we have left the time
derivatives in continuous form.
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a(ty)
) <.
W o 0W., a(t) Vs
dy 0x0y

Figure 10.7: Sketch illustrating the mechanism of aliasing instability.

A number of methods have been proposed to prevent or control aliasing instability.
One method is to prevent aliasing. Aliasing error can actually be eliminated in a spectral
model, at least for models that contain only “quadratic” aliasing, i.e., aliasing that arises from
the multiplication of two spatially varying fields; this will be discussed later.

Phillips (1959) suggested that aliasing instability can be prevented if a Fourier
analysis of the predicted fields is made after each time step, and all waves of wave number

k

k> %‘ are simply discarded. With this “filtering” method, Phillips could guarantee

absolutely no aliasing error due to quadratic nonlinearities, because the shortest possible wave
k

would have wave numbei%“ (his maximum wave number) and thus any wave generated by

quadratic nonlinearities would have a wave number of at kost . This method is strongly
dissipative, however.

Others have suggested that use of a dissipative scheme, such as the Lax-Wendroff
scheme, can overcome aliasing instability. Experience shows that this is not true. The damping

of a dissipative scheme depends on the valu%ééf , but aliasing instability can occur even
X
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forc—AtHO.

Ax

A third approach is to use a sign-preserving advection scheme, as discussed in
Chapter 4, and advocated by Smolarkeiwicz (1991).

A fourth approach is to use space-differencing schemes for the advection terms that
designed to conserve the square of the advected quantity. The “energy approach” to checking
stability, discussed in Chapter 2, ensures that such schemes are computationally stable. This
approach has the advantage that stability is ensured simply by mimicking a property of the
exact equations.

To prevent aliasing instability with the momentum equations, we can use finite-
difference schemes that conserve either kinetic energy, or enstrophy (squared vorticity), or
both. This approach was developed by Arakawa (1966). It will be explained below, after a
digression in which we discuss the nature of two-dimensional nondivergent flows.

10.3 Fjortoft’s Theorem

In the absence of viscosityorticity and enstrophy are both conserved in two-
dimensional nondivergent flowEhe frictionless momentum equation for shallow water,

g:—(V°D)V—ﬂ(XV, (10.42)

where

f=2Qsind (10.43)

is the coriolis parametef) is the angular velocity of the Earth’s rotationp and s latitude.
By taking the curl of (10.45) we can obtain the vorticity equation

g_fz_v.g( +N—-(C+NE v . (10.44)
When the flow is nondivergent, so that (10.7) is satisfied, the vorticity equation reduces to

= —ve 00 +/), (10.45)

SASe
<~ AN

Sincef is independent of time, we can write (10.45) as
a%(z +f) = —ve T +/) . (10.46)

The says that the absolute vorticity is simply advected by the mean flow. We also see that
only the sum({ +f) matters for the vorticity equation; henceforth we just reflaee)
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by C, for simplicity.
Using Eq. (10.8), we can show that the vorticity and the stream function are related by
(=ke (X v) = 2. (20.47)

EqQ. (10.45) can be rewritten as

a_f = @ (v1), (10.48)

or, alternatively, as
g_f = Q). (10.49)

From (10.48) we see that the domain-averaged vorticity is conserved:

d> _ a7 _
$L=5 =0 (10.50)

2% - o, (10.51)
from which it follows that the domain-average of the enstrophy is also conserved:

%%Z_E =0 . (10.52)

Similarly, from (10.49) and (10.20) we find that

¢ _
W3 = 0. (10.53)

To see what this implies, substitute (10.47) into (10.53), to obtain

w%mzw =0. (10.54)

This is equivalent to
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0 2
0= =0
llJat W

Y
=y (0. w )l

= @O a%iv (10.55)
_ 0 0
=0-f S -0 - 20

__odn 2

= a_fﬂzm" 5

Eq. (10.55) is a statement of kinetic energy conservation. We conclude that (10.53) implies
kinetic energy conservation. In fact, we can show that

K = Wc. (10.56)

Since both kinetic energy and enstrophy are conserved in frictionless two-
dimensional flows, their ratio is also conserved, and has the dimensions of a length squared:

2,2
energy Ll - ;2 (10.57)
enstrophy 2

This length can be interpreted as the typical scale of energy-containing eddies, and (10.57)
states that it is invariant. The implication is that energy does not cascade in frictionless two-
dimensional flows; it “stays where it is” in wave number space.

The exchanges of energy and enstrophy among different scales in two-dimensional
turbulence were studied by Fjortoft (1953), who obtained some very fundamental and famous
results, which can be summarized in a simplified way as follows. Consider three equally

| | |
<«— larger 1 1 1 smaller — g

scales A Ay A3 scales

Figure 10.8: Diagram used in the explanation of Fjortoft’s (1953) analysis of the exchanges
of energy and enstrophy among differing scales in two-dimensional motion.

spaced wave numbers, as shown in Fig. 10.8. By “equally spaced” we mean that
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The enstrophyE | is

E=E+E,+E,, (10.59)
and the kinetic energy is
K =K, +K,+Kj;. (10.60)
It can be shown that
E, = \K,, (10.61)

where A, is a wave number, and the subscript ~ denotes a particular Fourier component.
Suppose that kinetic energy is redistributed, i.e.

K, - K +3K,, (10.62)
such that
3K, =0, (10.63)
S 3E, = 0, (10.64)
and note from (10.61) that
SE, = A\.0K, . (10.65)
It follows that
oK, + 0K, = —0K,, (10.66)

ATBK, + A3K; = —A3dK,

A (3K, + 3K) .

(10.67)
Collecting terms, we find that
2 42
0K A=A
5K3 = ; ; (10.68)
L A=A,

Using (10.58), we get
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_ +
L (10.69)

Eqg. (10.69) shows that the energy transferred to higher wave numigrs ( ) is less than the

energy transferred to lower wave numbex ( ). This conclusion rests on both (10.63) and

(10.64), i.e. on both energy conservation and enstrophy conservation. The implication is that
kinetic energy actually “migrates” from higher wave numbers to lower wave numbers, i.e.
from smaller scales to larger scales.

We now perform a similar analysis for the enstrophy. As a first step, we use (10.65)
and (10.69) to write

2
OFE; _ Ayt AL

OF, )\TD‘3 +A 0

_ 10
A, +AA)2ET\2 S
>1.
|

2
(7\2 —AN) %\2 + 2A)\E

(10.70)
: . OF
To show that this ratio is greater than one, we demonstrat i at a [b [k ,wwhere |
1
andc are each greater than one. We can choose:
= }‘2+M>1 (10.71)
“T NN '
Az—%AA
b= ———>1 10.72
e b (10.72)
A, + AN
c= 2—1 > 1 (10.73)
A, + EN\

The conclusion is that enstrophy cascades to higher wave numbers in two-dimensional
turbulence. Of course, such a cascade ultimately leads to enstrophy dissipation by viscosity.

The conclusion is that in two-dimensional turbulence, enstrophy is dissipated but
kinetic energy is not.

In three-dimensions, vorticity is not conserved (nor is enstrophy) because of
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stretching and twisting. Vortex stretching, in particular, causes small scales to gain energy at
the expense of larger scales. As a result, kinetic energy cascades in three-dimensional
turbulence. Ultimately the energy is converted from kinetic to internal by the viscous force.

In summary, vorticity and enstrophy are conserved in two-dimensional flow but not in
three-dimensional flow. Kinetic energy is conserved under inertial processes in both two-
dimensional and three-dimensional flows. Because two-dimensional flows are obliged to
conserve both energy and enstrophy, they “have fewer options” than do three-dimensional
flows. In particular, a kinetic energy cascade cannot happen in two-dimensions. What happens
instead is an enstrophy cascade. Enstrophy is dissipated but kinetic energy is (almost) not.

Because kinetic energy does not cascade in two-dimensional flow, the motion remains
smooth and is dominated by “large” eddies. This is true with the continuous equations, and we
want it to be true in our models as well.

10.4 Kinetic energy and enstrophy conservation in two-dimensional non-divergent
flow

Lorenz (1960) suggested that energy-conserving finite-difference schemes would be
advantageous in efforts to produce realistic numerical simulations of the general circulation of
the atmosphere. Arakawa (1966) developed a method for numerical simulation of two-
dimensional, purely rotational motion, that conserves both kinetic energy and enstrophy. His
method has been very widely used. The following is a summary of Arakawa’s approach.

We begin by writing down a spatially discrete version of (10.49), keeping the time
derivative in continuous form:

dg; _
oiE = 0,.J;,(¢, W)
(10.74)
Z z l+l l+i" ’
i
Here the area of grid cell is denoted by . The bold subscripts are two-dimensional

counters that can be used to specify a grid cell on a two-dimensional grid by giving a single
number. For instance, we could start counting from the lower left corner of the grid, with

= 1, and take the next grid point to the rightias 2 , and so on, until we came to the end
of the bottom row withi = / , and then pick up at the left-most grid point of the second row
from the bottom withi = 7+ 1 , etc. These two-dimensional counters are used to minimize

the number of subscripts; we could use double subsdripts in the usual way, but choose
not to just to keep the notation a little easier on the eyes. Just for reference, with double
subscripts (10.74) would become

lj dl‘ Zzzzclﬂ i 1 L|J,/ . (10.75)
it

The second line of (10.74) looks a little mysterious and requires some explanation. As
can be seen by inspection of (10.16), the Jacobian opeféfoy) involves derivatives of
the vorticity, multiplied by derivatives of the stream function. We can anticipate, therefore,

An Introduction to Atmospheric Modeling



242 Aliasing instability

that the form we choose for the finite-difference Jacobian at thegpoint  will involve products
of the vorticity at some nearby grid points with the stream function at other nearby grid
points. We have already seen an example of this in (10.25). Such products appear in (10.74).
The neighboring grid points can be specified in (10.74) by assigning appropriate vdlues to
andi" . Thecl., ppoare suitable “interaction coefficients” involving the grid distances, etc.,

and their form will be chosen later. It is by appropriate choices ot the., that we will

construct an approximation to the Jacobian. The double sum in (10.74) essentially picks out
the combinations of and , at neighboring grid points, that we wish to bring into our
finite-difference operator.

Of course, there is nothing about the form of (10.74) that shows that it is actually a
consistent finite-difference approximation to the Jacobian operator; all we can say at this
point is that (10.74) has tip®tentialto be a consistent finite-difference approximation to the
Jacobian operator, if we choose the interaction coefficients properly. We return to this point
later. We note, however, that in order to ensure conservation of vorticity under advection, we
must require that our finite-difference Jacobian satisfy

0= ZOIJ,-(Z,HJ)
) ZZZC,-,,--,,-"Z,-”-.HJ,.“... :

Another interesting and important point is that the form of (10.74) is so general that it
is impossible to tell what kind of grid we are on. It could be a rectangular grid on a plane, or
a latitude-longitude grid on the sphere, or something more exotic like a geodesic grid on the
sphere (to be discussed later).

(10.76)

Before going on, let's consider an example. Recall that in (10.25) we have already
introduced a finite-difference Jacobian callgd , which is defined on a square grid. We can
write

[‘JI(Z! l‘IJ)]l',jE

10.77
4%‘12[@,'+1,j_zi_1,j)(lpi,j+1_wi,j_l)_(zi,j+1_Zi,j_l)(qJH 1,/'_%_1,1')] . ( )

Expanding, and usingl.’j =d , we find that
O-i’j[‘]](Z!LIJ)]i’jE
1
Z(ZH l,qui,j+ 1 _Zi+ l,qui,j—l _Zi—l,qui,j+1 + Zi—l,qui,j—l (10.78)
_Zi,j+1lpi+1,j+Zi,j+1q']i—1,j+Zi,j—1l'|Ji+l,j_Zi,j—lLlJi—l,j)

Comparing (10.78) with (10.74), we identify
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_1
Cijii+ 1 iij+1 = 7 »
_ 1
Cijii+Ljij=1 " "4
=1
Ciji—1jij+1 = T4 >
_1
Cijii-1jij-1 " 7 >
(10.79)
_ 1
Cijij+li+l,j T T
_1
Cijij+li=1j T g
=1
Cijij-li+1j T 7
-1
Cijiij=1i=1,j = T4 -

Look carefully at the subscripts. It should be clear ti)gg. specifies contributions

i+1,/5i,j+1
of the vorticity east of the poir{t, /) and the stream function north of the (jnt to the
time rate of change of the vorticity at the paint . In this simple case of a uniform square

grid, the coefficients are very simple. Exactly the same formalism can be applied to much
more complicated cases, however, such as nonuniform grids on a sphere.

Is (10.76) satisfied fod, ? Each term of the triple sum in (10.76) involves the product

of a vorticity and a stream function. Each product will appear exactly twice when we form the
sum. In order for (10.76) to be satisfied for arbitrary values of the vorticity and the stream
function, we need the two contributions from each product to cancel in the sum, i.e., their

coefficients must be equal and opposite. As pointed out aln(i),y’(;:,+ 1+ 1 specifies the
contributions of the vorticity at+ 1,; and the stream function At 1 to the time rate of
change of the vorticity at the point; . Similarly, ., -y 40 41 specifies the
contributions of the vorticity at+ 1,/ and the stream function At 1 to the time rate of
change of the vorticity at the point- 1,7+ 1 . See Fig. 10.9. Cancellation will occur if

Ciji+ 1 jij+1 T Tt L+ Lt L1 (10.80)

To see whether or not this is the case, note that the valug ,of must

jHLi+1,0,j+1
remain unchanged if we subtract one from each subscript and one froph each  subscript. In
other words,

Civlj+ i+ 1 jiij+1 = Cijiij—Ti—1,j" (10.81)
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Wi+t

Gi+1,j+1

Gi,j Givl,j

Figure 10.9: Stencil used in the discussion of vorticity conservation for J | - Seetext for
details.
Therefore the requirement (10.80) is equivalent to

Ciji+1,ij+1 = Cijiij—1ii—1,j" (10.82)
What has been accomplished by subtracting one from each subscript is that in the result, i.e.,
(10.82), both of the: s are associated with the time-rate of change at théipgint , and so

both of them are explicitly listed in (10.79). Inspection of (10.79) shows that (10.82) is
indeed satisfied. Similar results apply for the remaining terms. In this way, we can prove that

J, conserves vorticity.

Returning to the general problem, what we are going to do now is find a way to
enforce finite-difference analogs of (10.51) and (10.53):

0= 5 0Z QW) = TLEY Y e iliniinn (10.83)

0= 5 oW/ QW) = zq’ii Zci,i,,i,,zm,tpm.g. (10.84)

By enforcing these two requirements we can ensure conservation of enstrophy and kinetic
energy in the finite-difference model. The requirements can be met, as we will see, by
suitable choice of the interaction coefficients. The requirements look daunting, though,
because they involve triple sums. How in the world are we ever going to work this out?

Inspection of (10.83) shows that the individual terms of the sum are going to involve
products of vorticities at pairs of grid points. With this in mind, we go back to (10.74) and
rewrite it as

& W) = 5 > i oliviWinr

= a. ., .(. .
z l,l+l'zl+l' >
7

(10.85)

where, by definition,
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Gier =Y Cn Wi (10.86)

Multiply (10.85) by(; to obtain

0,/ (L W) = za, 140G o (10.87)

Here we have simply takef}  inside the sum, which we can do because the suni'is over , not
i. From this point it is straightforward to enforce (10.83), which can be rewritten as

_ O
0=y &ai,iﬂ'ziziﬁﬂ' (10.88)

Think of the outer sum in (10.88) as a “DO” loop. As we sweep over the grid, each product
ZiZH ; will enter the sum exactly twice. We can specify the vorticities any way we want, e.g.,

when we set up the initial conditions, so the only way to make sure that (10.88) is satisfied is
to force these two contributions to the sum to be equal and opposite, i.e. we must take

a....=—-a., .. foralli andi' . (10.89)

i+ i+i,i

By enforcing (10.89), we can ensure enstrophy conservation.

Kinetic energy conservation can be guaranteed by a very similar approach. We rewrite
(10.74) as

GG W) = 5 > i oliniWinr

(20.90)
= b eWisi s
=

where

pivi = Z (10.91)

i

By an argument similar to that given above, we find that

= —b. . . foralli andi (10.92)

iLi+i" i+i'i

is necessary to ensure kinetic energy conservation.

As already mentioned, we have not assumed anything about the shape of the domain.
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It could be a doubly periodic plane, or it could be a sphere. Also, we have not assumed
anything about the grid. The individual cells have not been assumed to have any particular
shape, e.g. quadrilaterals; the argument starting from (10.74) would apply equally well on a
grid of hexagons.

At this point we acknowledge that (10.92) is not really sufficient to ensure kinetic
energy conservation. We must also make sure that the finite-difference analog of (10.55)
holds true, i.e.

ZBﬂ%m[] _Z['m Mmlﬂ (10.93)

so that we can mimic with the finite-difference equations the derivation that we did with the
continuous equations. In order to pursue this objective, we have to define a finite-difference
Laplacian, and we do so now by choosing the simplest possibility, assuming a square grid

with grid spacingd :
2 _ 1
Z,’,j = (D LIJ)i,j=;2(LU,~+1,j+lIJ,-_l,j+lIJ,-,,-+1 +qu,j_1_4'~|Ji,j) : (10-94)

Here we have reverted to a conventional double-subscripting scheme, for clarity. We also
define a finite-difference kinetic energy by

K= 3wl
(10.95)
+(qu,j l]—l)]

2

) ﬁ[wm l,j_LIJi,j)z (W41 _LIJi,j)2 W= Wi )

Because the right-hand side of (10.95) is a sum of squares, we are guaranteed that the kinetic
energy is non-negative. By substitution, and after a little algebra, we can show that (10.94)
and (10.95) do, in fact, satisfy (10.93).

This is all fine, as far as it goes, but we still have some very basic and important
business to attend to: We have not yet ensured that the sum in (10.74) is actually a consistent
finite-difference approximation to the Jacobian operator. The approach that we will follow is
to write down three independent finite-difference Jacobians and then identify, by inspection,
the ¢ 's in (10.74). When we say that the Jacobians are “independent” we mean that it is not
possible to write any one of the three as a linear combination of the other two. The three
finite-difference Jacobians are:

_ 1
(Jl)l.,]. = l‘;‘l—z[(ZHLj_Zi—l,j)(LpiJ”_qJ"vJ"l) (10.96)

—(Zi,j+1—Zi,j—l)(wﬁl,j_wi—l*f)]’
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_ 1
(), ; = 472[—(@”,,-“—Zi+1,j—1)‘“i+1,f+(Zl’—l’f”_Z"‘l’f‘l)w"‘l’j (10.97)

+(Zi+1,j+1_Zi—l,j+1)qu,j+1_(Zi+1,j—1 _Zi—l,j—l)lpi,j_l]a

1
(), = E[Zi+1,j(wi+l,j+l_L|Ji+l,j—l)_zi—lyj(wi_l'j+l_wi_l'j_l) (10.98)

it Wi e =Wis e D) F G (Wi =W 2D ]

These can be interpreted, respectively, as finite-difference analogs to the right-hand sides of
(10.16) - (10.18). We can show that all three of these finite-difference Jacobians are consistent
with vorticity conservation under advection, i.e., they all satisfy (10.76).

What we need to do next is identify the coefficiemts &and  for each of (10.96),
(10.97), and (10.98), and then check to see whether the requirements (10.89) and (10.92) are

satisfied for any of them. In order to understand more clearly what these requirements actually

mean, look at Fig. 10.10. The Jacobidps J, , andJ; are represented in the top row of the

3y J

2 J3
1 g Y Y 1 2 ) ) 1 g2 U Y
j Y Yoy j P v/w j i /w
i-1 i i+1 i-1 i i+1 i-1 i i+1
Ia
j+1 0 v
Y-connect
— {-connect

both-connect

Y
i j> Y JA_%(Jl‘FJZ*‘JS)
1 i i+1

Figure 10.10:The central pointin each figureis (7, /) . Stream function and vorticity are both
defined at each of the mesh points indicated by the black dots. The colored lines
represent contributions to Jl. ] from Y, (, or both, from the various

neighboring points.

figure. The colored lines show how each Jacobian at the Qojit is influenced (or not) by
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the stream function and vorticity at the various neighboring points. We begin by rewriting

(10.85) using the conventional double-subscript notation and equatin@lgt);oj

it

= 22 i gaiSigieig
e

1
= Z[(Zi+1,j_zi_1,j)(%,j+1_qu,j_1)_(Z,‘,j+1_Z,‘,j_l)(qJHl,j_qu—l,j)

O-jlj(‘]])l"j(z!l‘p) = Zzzzc Zj’j;i+i',j+j'lpi+i",j+j"
it g

; (10.99)

= i[zi+1,j(wi,j+1_wi,j—l)_zi—l,j(q"i,j+1_Lpi,j—l)
—Zi,j+1(L|Ji+1,j_L|Ji_1,j) +Z,~,j_1(l-|Ji+1,j_L|Ji_1,j)]-

Here we have used

0..=d2.

y (10.100)

By inspection of (10.99) and comparison with (10.85), we can read off the definitions of the
a coefficients forJ, :

a i+, = i(wi,j+1_l'pi,j_1) ; (10.101)
a; ji-1,j = _i(l'pi,j+1_l'pi,j_1) ) (10.102)
a; jij+1 = _All_(LIJi+1,j_qu_],j) : (10.103)
A i j—1 — i(wiﬂ,j—wi_l,j) . (10.104)
Are these consistent with (10.89)? To find out, replace i by in (10.102); this gives:
Y _i(lpi+1,j+1_l-pi+l,j—1) : (10.105)

Now simply compare (10.105) with (10.101), to see that (10.899tisatisfied by, . We
have thus deduced thaf  does not conserve enstrophy.
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We can interpret that, denotésnteractions of poinf  with point+i#' , while

i+i
a4 i denotes( -interactions of poiit-i'  with point . When we compare, . with
;o it is like peering along one of the red lines in Fig. 10.10, first outward from the point

(i,7), to one of the other points, and then back towards the qojit . The condition (10.89)

on thea ’s essentially means that all such interactions are “equal and opposite,” allowing
suitable algebraic cancellations to occur when we sum over all points. The condition (10.92)

on theb ’s has a similar interpretation.
By proceeding as illustrated above, we can reach the following conclusions:

« J, conserves neither enstrophy nor kinetic energy;
« J, conserves enstrophy but not kinetic energy; and
» J; conserves kinetic energy but not enstrophy.

It looks like we are out of luck.

We can form a new Jacobian, however, by combinipg/, , Jand  with weights, as
follows:
Jy=aJ, +BJ,+y)y, (10.106)
such that
a+B+y = 1. (10.107)

With three unknown coefficients, and only one constraint, (10.107), we are free to satisfy two
additional constraints; and we take these to be (10.89) and (10.92). In this way, we find that

J 4 will conserve both enstrophy and kinetic energy if we choose
a=pB=y=1/3. (10.108)
The composite Jacobiah, is often called the “Arakawa Jacobian.”

Fig. 10.11 shows the results of tests with J,, ,dpd , and also with three other

Jacobians called, Js ,antj ,as well aswith . The leapfrog time-differencing scheme

was used in these tests; the influence of time differencing on the conservation properties of the
schemes will be discussed later; it is minor, so long as we do not violate the criteria for linear
computational instability. The various space-differencing schemes do indeed display the
conservation properties expected on the basis of the preceding analysis.

The approach outlined above yields a conservative second-order accurate (in space)
finite-difference approximation to the Jacobian. Arakawa (1966) also showed how to obtain
the corresponding conservative Jacobian with fourth-order accuracy.
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Figure 10.11:Results of tests with the various finite-difference Jacobians. Panel c shows the
initial kinetic energy is at a low wave number.

The preceding analysis shows how vorticity, kinetic energy and enstrophy can be
conserved under advection in numerical simulations of two-dimensional non-divergent flow.
In practice, however, we have to consider the presence of divergence. When the flow is
divergent, vorticity and enstrophy are not conserved, but potential vorticity and potential
enstrophy are conserved.
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In Chapter 4, we concluded that, by suitable choice of the interpolated “cell-wall”
values of an arbitrary advected quantity, , it is possible to conserve exactly one non-trivial

function of4 , i.e.F(4) ,in additiontd itself. Conserving more than  andF{n was
not possible because the only freedom that we had to work with was the form of the

interpolated “cell-wall” value, which was denoted By . Once we close  so as to conserve,

say,A2 , we had no room left to maneuver, so we could not conserve anything else. We have
just shown, however, that the vorticity equation for two-dimensional nondivergent flow can be
discretized so as to conserve two quantities, namely the kinetic energy and the enstrophy, in
addition to the vorticity itself. What is going on?

The key difference with the vorticity equation is that we can choose not only how to
interpolate the vorticity (so as to conserve the enstrophy), butresactual finite-difference
expression for the advecting wind itselh terms of the stream function, because that
expression is implicit in the form of the Jacobian that we use. In choosing the form of the
advecting current, we have a second “freedom,” which allows us to conserve a second
guantity, namely the kinetic energy.

As discussed earlier, the constraint of enstrophy conservation is needed to ensure that
kinetic energy does not cascade in two-dimensional nondivergent flow. If kinetic energy does
not cascade, the flow remains smooth. When the flow is smooth, kinetic energy conservation is
approximately satisfied, even if it is not exactly guaranteed by the scheme. This means that a
Ec?]eme thisllt exactly conserves enstrophy and approximately conserves kinetic energy will

ehave well.

In contrast, a scheme that conserves kinetic energy but not enstrophy will permit a
kinetic energy cascade. The resulting noisy flow will lead to large errors in enstrophy
conservation. Such a scheme will not behave well.

These considerations suggest that formal enstrophy conservation is “more important”
than formal kinetic energy conservation.

10.5 Angular momentum conservation

Finally, for completeness, define the relative angular momentum per unitMhass, , by

M. =uacos¢. (10.109)
This is actually the component of the relative angular momentum vector in the direction of the
axis of the Earth’s rotation. Here we consider motion on the sphere, s the radius of the

Earth, andz is the zonal component of the wind. From the momentum equation we can show
that in the absence of pressure-gradient forces and friction,

g_]t” = —(ve O)M, (10.110)

whereA is longitude, and
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M=M_ +Qd’cosd (10.111)

is the component of the absolute angular momentum vector in the direction of the axis of the
Earth’s rotation. From (10.110) it follows that the absolute angular momentum is conserved
under advection.

Using integration by parts, it can be demonstrated that

n
M = azﬁﬂ’z"(smmqwsq) ANd . (10.112)
2

We can also prove that

TT
dyr— _ 22 2T . .\0 _

d_tMrel = a I_g.[o (s1n¢)a—§cos¢ d\dp = 0. (10.113)
This means that angular momentum is conserved.

10.6 Conservative schemes for the two-dimensional shallow water equations with
rotation

To study the two-dimensional shallow-water equations, we use cartesian coordinates
x andy , with velocity vectoV , such that

V=ui+vj, (10.114)

wherei ang are the unit vectors inthe and directions, respectively. The shallow-water
eguations can be written as

Oh

5, FE(AV) =0, (10.115)
and
oV, L+ _
5; FO, okx (V) +O[K +g(h+hg)l = 0, (10.116)
where
(=ke (3 V) (10.117)
is the relative vorticity, and
f=2Qsind (10.118)
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is the Coriolis parameter. In (10.116), we have multiplied and divided the vorticity temm by

for two good reasons, to be explained later. The combina%}%'—% is the potential

vorticity.

The corresponding equations for the zonal and meridional wind components are

Ou Ly + 9 [K+g(h+hy)] = 10.11

3 O D(hv) ax[ g(h hs)] 0, (10.119)
and

ov [ +f 0 _

9V, + 2 [K+ + = 10.12
respectively.

When we take the dot product of (10.116) wiN , the vorticity term of (10.116)
contributes nothingpecause of the vector identity

(hV) e [kx(hV)] =0, (10.121)
and so we obtain very directly the advective form of the kinetic energy equation, i.e.

h%f +(hV)* O[K+g(h+hg)] =0, (10.122)

where K = %V * V s the kinetic energy per unit mass. By use of the continuity equation

(10.115), we can rewrite (10.122) in flux form:

a%(hK) + 3 (hVK) +(hV)* Olg(h+hg)] = 0. (10.123)
Similarly, the flux form of the potential energy equation is
9 1 _
E[h%hs + 5}%} £ [(AV)g(h+hg)] —(hV)* Olg(h +hg)] = 0. (10.124)

The method presented earlier to ensure conservation of kinetic energy for the one-
dimensional finite-difference shallow-water equations carries through to two dimensions in
very straightforward fashion, and so the details will not be given here.

The important new physical ingredient that must be considered in the two-
dimensional finite-difference system is rotation, including both Earth-rotation, , and the
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relative vorticity,{ , associated with the wind field. We have already considered the effects of
rotation for the case of two-dimensional nondivergent flow. Now we have divergence, so in
place of vorticity conservation and enstrophy conservation we must generalize to potential
vorticity conservation and potential enstrophy conservation. One obvious and important
question is:Can we find a finite-difference scheme that allows us to “mimic” the identity
(10.121)?

The approach outlined below follows Arakawa and Lamb (1981). We adopt the C-
grid, as shown in Fig. 10.12. Recall that on the C-grid the zonal winds are east and west of

v v v j*1

i-1 i i+1
Figure 10.12:The arrangement of the mass, zonal wind, and meridional wind on the C grid.

the mass points, and the meridional winds are north and south of the mass points. The
divergence “wants” to be defined at mass points, e.g. at (ojit ; and the vorticity “wants”

to be defined along the diagonal lines connecting mass points, e.g., at the point
(i+1/2,j-1/2).

The finite-difference form of the continuity equation is

dh 1., 1 (h”).. 1—(h”)A 1 (hV). 1 .—(hV). 1.
i+=,j+= i,j+= i+1,j+= i+=,j i+t=,j+1
S = : 2+ : 2. (10.125)
dt Ax Ay

The various mass fluxes that appear in (10.125) have not yet been defined, but mass will be
conserved regardless of how we define them.

Simple finite-difference analogs of the two components of the momentum equation
are
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Ly [Ekm),,,

dt i +1 =
(10.126)
1 O, & —
4L -K + (h+hg) —(h+hy) =0,
Ax%(i+l,j+% =2+ 3] Ax[ Si+%,j+% Si—%,j+%
and
d £+
dl‘vi+%,j+ [D h D(hu)lw%,j
(10.127)
1 0, & _
+— -K + h+h —(h+h =0,
e PRI - Ay{( N Shé,,—@}
respectively. As in the one-dimensional case, the kinetic energy per unitkhass, , , IS
it j+=
2 2
undefined at this stage, but resides at mass points. The potential vor%ﬁe% | and
i+ 3

L+ ] , »andthe mass fluxe&v) | afdu) are also undefined.
i+ hj+3 i+
2 2

Note that on the C-grid the mass fluxes that appear in (10.130) and (10.126) are in the
“‘wrong” places; the mass fluxav) that appears in the equation forthe -wind is
i,j+

2
evidently at ax -wind point, and the mass fl(ku) that appears in the equation for the
it=,j
2
v-wind is evidently at & -wind point. The vorticities that appear in (10.126) and (10.126) are
also in the “wrong” places. Obviously, what we have to do is interpolate somehow to obtain

mass fluxes and vorticities suitable for use in the vorticity terms of (10.126) and (10.126).
Note, however, that it is actualproductsof mass fluxes and vorticities that are needed.

Arakawa and Lamb constructed the finite-difference vorticity terms in such a way that
a finite-difference analog to (10.121) is satisfied, regardless of the specific forms of the mass
fluxes and potential vorticities that are chosen. They constructed the vorticity terms as
follows:

(BB = (hv) +B L ()
h i,j+5 i,j+21+2/+1 i+l ]+1 i,j+5;l—2,j (10 128)
+V Ll 1 (hV) L1 1,(hV)
b 2’_21 2'] ” PR 2’]
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and
[E{i@(hu)} =y, (hu) B ()
Op O i+, i+ i+l i+1,j+s i+ i s ij+ =
2 2 2 2 2 2 2 (10.129)
+a hu + u .
i+§.j;i,j—%( )i,j—% Bi+§.j;i+1.j—% )i+1.j—§

In reality, the forms assumed by Arakawa and Lamb are slightly more general and slightly
more complicated than these; we simplify here for ease of exposition. In (10.128) and

(10.129), thea 'sPB ’'sy 's, and 's obviously represent interpolated potential vorticities,
whose forms are not yet specified. Each of these quantities has four subscripts, to indicate
that it links a specifiaz -wind point with a specific -wind point. The B’s, y's, ’'s,and s
are somewhat analogous to the ’'s @d 's that were defined in the discussion of two-
dimensional non-divergent flow, in that tke 's ahd ’s also linked pairs of points. In
(10.128), the interpolated potential vorticities multiply the mass fllaxes at the four -wind

points surrounding the: -wind poim‘tj+% , and similarly in (10.129) they multiply the
mass fluxesiuz at the four -wind points surroundingithe -wind p'eir%t,j

When we form the kinetic energy equation, we have to take the dot product of the

vector momentum equation with the mass fhiX . This means that we have to multiply
(10.126) by(hu) ~ ; and (10.126) kyrv) , and add the results. With the forms given
ij+ = i+=,j
2 2

by (10.128) and (10.129), the vorticity terms will sum to

i+

_(hu)i’j%[%{—}?%(hv)} * (hv)H%,j[EZ—Z-ZE(hu)}

i,j+2

N 1=

= —(hu) 1[0(' o1 () B, )

OASINR VS S A TAR AR Ljtsii=5J+l =5+l
+yij+l.i_lj(hv)i_lj+éiﬁl.Hlj(hv)HlJ (10.130)
k-l L Cigekis ] L
I AP D AR L SRR CO I
2’ 2" ' 2 ' 2 2 2 ’ 2
ai+l,j;i,j—l(hu)i,j_l + Bi+l,j;i+ l,j—l(hu)i+ 1,j—li| .
2 2 2 2 2 2

Inspection of (10.130) makes it clear that cancellation will occur when we sum over the grid.
This means that the vorticity terms will drop out of the finite-difference kinetic energy
equation, just as they drop out of the continuous kinetic energy equation. This cancellation
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will occur regardless of the expressions that we choose for the mass fluxes, and regardless of
the expressions that we choose forthe ('s, y's, ’'s,@nd 's. The cancellation arises purely
from the forms of (10.128) and (10.129), and is analogous to the cancellation that makes
(10.121) work, i.e.

AV e (kxV) = A(ui +vj)e (—vi+uj) = A(—uv+uv) =0, (10.131)

regardless of the input quantities avMd . This is yet another example of “mimetic
discretization.”

The above discussion shows that the finite-difference momentum equations
represented by (10.126) and (10.126) with the use of (10.128) and (10.129) will guarantee
kinetic energy conservation under advection, regardless of the forms chosen for the mass
fluxes and the interpolated potential vorticitees3 ,y , , a&nd . From this point, the methods
used in the discussion of the one-dimensional purely divergent flow will carry through
essentially without change to give us conservation of mass, potential energy, and total energy.

Arakawa and Lamb (1981) went much further, however, showing how the finite-
difference momentum equations presented above (or, actually, slightly generalized versions of
these equations) allow conservation of both potential vorticity and potential enstrophy. The
details are rather complicated and will not be presented here.

10.7 The effects of time differencing on energy conservation

A family of finite-difference schemes for (10.13) can be written in the generic form

n+1 n
qi; —4i; *
A‘T‘Z = Ji,j(q ,llJ), (10132)
WhereJl.,j is a finite difference analog to the Jacobian at the @ojt , and different choices

of q* give different time-differencing schemes. Examples are given in Table 10.1.

S
Table 10.1: Examples of time differencing schemes obtained through various choices of g .
The subscripts iand have been omitted for simplicity.

Name of Scheme Form of Scheme
Euler (forward) ¥ _on
9 —-4
Backward implicit * _ on+l
q9 -4
Trapezoidal implicit * 1, n, n+l
q =50+ )
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%
Table 10.1: Examples of time differencing schemes obtained through various choices of g .
The subscripts 7and have been omitted for simplicity.

Name of Scheme Form of Scheme
Leapfrog (here the time interval i&/2 ) . n+%
q9 =4
Second-order Adams Bashforth * 34 1 n-1
q9 — 359 —394
2 2
Heun

x At
qg =4+ EJ(q", W)

Lax-Wendroff

* At n
= Sq" +=J(q",
(hereS is a smoothing operator) 1 773 (" W)

Matsuno

g =q"+b1(", W)

Multiplying (10.132) byq* , We get

n+1

g (q"" =q") = big (g, W), (10.133)

or, after some algebraic sleight-of-hand,

n+1.2 n.2 n+1+ n n+1 n * *
¢ -(¢") = 259—2%—4%@ g 208007 3(g W) . (10.134)

The left-hand side of (10.134) represents the chang;a2 of in one time step. Consider the

summation ofq2 over all grid points, divided by the number of grid points, and let this mean
be denoted by an overbar. We find that

n 2 ny2 n+1+ " n n TE_w
(6" =" = 28— —gH(¢"" ~q") + 201 Ig " W) . (10.135)

which shows that the change of the mean-squacgdeipends on two terms. The first term
involves the choice af* . Fo;* = 4" , the contribution of this term is positive and so tends

. 2 . ¥ n+l . . 2
to increasey” , while foy = ¢ , it is negative and so tends to dectgase . If we use
the trapezoidal scheme, which is absolutely stable and neutral (in the linear case with
constant coefficients), there is no contribution from the first term. This means that the
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trapezoidal scheme is consistent with (allows) exact energy conservation. Of course, the form
of the finite-difference Jacobian must also be consistent with energy conservation.

In most cases, time truncation errors that interfere with exact energy conservation do
not cause serious problems, provided that the scheme is stable in the linear sense, e.g. as
indicated by von Neuman’s method.

10.8 Summary

We began this chapter by discussing two-dimensional advection. When the advecting
current is variable, a new type of instability can occur, which can be called “aliasing
instability.” In practice, it is often called “non-linear instability.” This type of instability occurs
regardless of the time step, and cannot be detected by von Neuman's method. It can be
detected by the energy method (see Chapter 2), and it can be controlled by enforcing
conservation of appropriate quadratic variables, such as energy or enstrophy. It is particularly
likely to cause trouble with the momentum equations, which describe how the wind is
“advected by itself.” Conservation of potential vorticity is an extremely important dynamical
principle, as discussed in courses on atmospheric dynamics. Conservation of potential
enstrophy is key to determining the distribution of kinetic energy with scale. Schemes that
permit conservation of potential vorticity and potential enstrophy under advection therefore
provide major benefits in the simulation of geophysical circulations.
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Problems

1. A wagon wheel rotates &  revolutions per second. It is featureless except for a
single dot painted near its outer edge. The wheel is filmed at frames per second.

a) What inequality must  satisfy to avoid aliasing?

b) What rotation rate does a person watching the film see, for given values of
andR ?

¢) Under what conditions does the wheel appear to turn “backwards?”

2. Prove that/; gives kinetic energy conservation for the case of two-dimensional
nondivergent flow.

3. Prove that/, gives exact vorticity conservation (ignoring time truncation error).
Assume periodic boundary conditions.

4. Work out thecontinuousform of the Jacobian for the case of spherical
coordinates (longitudé and latitude ).
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CHAPTER 11 Finite Differences onthe Sphere

Copyright 2004 David A. Randall

11.1 Introduction

There are a number of problems associated with trying to solve differential equations
numerically in spherical geometry. Difficulties can arise from the use of spherical coordinate
systems, and from trying to discretize the surface of the sphere itself. These difficulties
include what is called the “pole problem.”

Even before any numerical considerations are confronted, we run into difficulties
simply in specifying a coordinate system. It is important to distinguish between true scalar-
valued and vector-valued functions. The value of a scalar function, say temperature, is
independent of coordinate system. That is, the temperature at some point in space is the same
regardless of how we define the position of the point. On the other hand, the individual
components of a vector-valued function, such as the wind velocity, obviously differ depending
on the coordinate system. In a spherical coordinate system, the lines of constant longitude
converge at the poles, so longitude is multivalued at the poles. This means toatpoaents
of the wind vector are discontinuous at the poles, although the wind vector itself is perfectly
well behaved at the pole.

As a simple example, consider a jet directed over the North Pole. This is represented
by the shaded arrow in Fig. 11.1. Measured at points along the prime meridian, the wind will

Figure 11.1: For the wind vector shownin
the sketch, points along the 180°
prime meridian have a strong
northward component. There
is a discontinuity at the pole,
and points along
international date line have a
strong southward
component. Points near 90°
longitude have a strong
positive zonal component,
while points near 270°
longitude have a strong
negative zonal component.

have a positivee component. Measured along the international date line, however, the wind
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will have a negativex component. A discontinuity occurs at the pole, where “north” and
“south” have no meaning. Similarly, tae component of the wind is positive measured near
the pole along0° longitude, and is negative measured 2160y longitude. This problem
does not occur in a Cartesian coordinate system centered on the pole. At each point along a
great circle which includes the pole, the components measured in Cartesian coordinates are
well defined and vary continuously.

11.2 Coordinate systems and map projections

We now express the shallow water equations in the spherical coordinate system
(A,¢) . In three-dimensional spherical coordinates, the gradient, divergence, and curl
operators take the following forms:

_ 1 94 194 840
04 = 11.1
O-coshon’ rap’ arl) (11.1)
1L, 19,, 2
eV = V ——(V , 11.2
rcos® O rcos¢a¢( peos®) ¥ ar( ") (11.2)
iroV,. o
D = —r_Y
v E?[aq) 5]
19 1 97,

—L[%e (VAcosqn)} 2

I”COSq) oA a¢ (11_3)

For use with the two-dimensional shallow-water equations, we can simplify these to

01 04 1947
oA = icosh oN’ aagl)’ (11.4)
Jeve—l I, 1 3y ), (11.5)
acosd O  acoshop . ? '
° X 1 %
ke (OXxV) = acosd)[a)\ a¢(V)\cos¢)} (11.6)

Herea is the radius of the spherical planet.

The shallow water equations in spherical coordinates can be expressed as
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Ou, Ou, Ou u 0, 0
+ 0% 4 )04 Ly Uy +—& 9 (h+p) =0 11.7
ar "ox oy - e gt Hhs) = 0, (1.7
ov, Ov go _
Uty _+%+ tan“’m”* _¢(h+h) 0, (11.8)
oh . oh . Oh . h
o 4,9 490 11.9
3 “ax Vay acos¢[a)\ a¢(VCOS¢)} (11.9)

Hereh is the depth of the fluid, ahd  is the height of the bottom topography.

An early approach to numerically solving the shallow water equations on the sphere
was to project the equations from the sphere to a plane, and solve the equations on a regular
grid using a coordinate system defined in the plane. The surface of a sphere and that of a plane
are not topologically equivalent, however. In other words, there does not exist a one-to-one

mapping g such that for every point on the spheta,¢)OS there exists
(x,y)OP={(x,y)| —0<x,y<oo} satisfying g(A,¢) = (x,y) . There are mappings

which map almost alla§ ontB ; examples are given below. Unfortunately, these mappings,
or projections, tend to badly distort distances and areas near the singular points of the
transformation. Nevertheless, we can use a projection to map the piece of the sphere where the
transformation is well behaved onto a finite region of the plane. An approach to map the entire
sphere is the composite mesh method, discussed later.

We can derive the equations of motion in various map projections if we first express
them in a general orthogonal coordinate sysieny) . Define the metric coefficients to be
h, andh, so that the distance increméht  satisfies

di* = hidx” + hydy”. (11.10)

Note that, as a matter of notation, the metric coefficiénts hgnd  are distinguished

from depth of the fluidh, by a subscript. In théx, y)  coordinate system, the horizontal
velocity components are given by

dx
=h— 11.11
U thﬂ ( )
_ .,y
= h = 11.12
14 hydt ( )

Williamson (1979) gives the equations of motion for the general velocity components:
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dU 1 9, 0hg|,  gd
| f+—Y9_ VU XMlyv+aZ(h+h) =0 11.13
dr {f heh,Hox  “ayU hxax( s) =0 (1113
+ |+ — - U. U+&Z(h+h) =0 11.14
dr [f hhHox  “ayH hyay( s) = 0. ( )

where

d

0 Uad Vo
—()==()+=()+—=(). 11.15
) =5 ) O i O) (11.15)
The continuity equation is given by
dr, h [0 0
dh _hU+_hV}:O. 11.16
dr hxhy[ax( V) ay( ") ( )
For example, if we set
x=Aand y = ¢, (11.17)
and correspondingly set the metric coefficients to
h, = acos¢ and h, = a, (11.18)
then by (11.11) and (11.12) we have
U= uEacosd)%\ and V = an%' (11.19)

Substituting (11.18) and (11.19) into (11.13), (11.14) and (11.16) gives (11.7), (11.8)
and (11.9), the shallow water equations in spherical coordinates.

Two map projections are commonly used in numerical modeling of the atmospheric
circulation -- Polar Stereographic and Mercator. Both are examples of conformal projections,
that is, they preserve angles, but not distances. Also, in both of these projections the metric
coefficients are independent of direction at a given point/i.es hy . The effects of these

projections on the outlines of the continents are shown in Fig. 11.2.

The polar stereographic projection can be visualized in terms of a plane tangent to the
Earth at the North Pole. A line drawn from the South Pole that intersects the Earth will also
intersect the plane. This line establishes a one-to-one correspondence between all points on
the plane and all points on the sphere except for the South Pole itself. In the plane, we can
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L83

a

Figure 11.2: Map projections of the continents: a.) Mercator projection. b.) North polar
stereographic projection.

define a Cartesian coordinate systéif Y) , Where the po&itive  axis is in the direction of
the image ofA = 0 (the Greenwich meridian), and the positive axis is in the direction of

the image ofA = 1/2 . Obviously, similar mappings can be obtained by placing the plane
tangent to the sphere at points other than the North Pole. Haltiner and Williams (1984) give

the equations relating the projection coordinatg§ Y) and the spherical coordinates

A 0):
Y = 2acochos)\, (11.20)

1 +sind

Y = 2acostin7\' (11.21)

1 +sind

Note that there is a problem at the South Pole. Taking differentials of (11.20) and (11.21)
gives

dX| = __2a__|-cosdsinA —cosA||dA| (11.22)
dY 1 +sin¢ cosPcosA —sinA | |dd
Now we determine the metrics of the polar stereographic map projection. Substituting
x = A,y = ¢ and the metrics for spherical coordinates o = hidxz + hia’y2 gives
dI’ = (acosh)’d\* +a’dp”. (11.23)
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Solving (11.22) fordd , andA , and substituting the results into (11.23), we obtain
2 2
ar = QL;EQE X’ + 5’”—25““‘2% v, (11.24)

Comparing (11.24) with (11.10), we see that metric coefficient for the polar
stereographic projection is given by

h, = p, = LEsing (11.25)

We define the map factorm(¢) , as the inverse of the metric coefficient, i.e.,
m(¢) = 2/(1 +sind) . Using (11.13), (11.14) and (11.16), we can write the shallow
water equations in north polar stereographic coordinates:

dU UuYy-Vr. 0
o+ =L\ V+mel(h+h)) =0 11.26
dt [f 2a2 X] mgax( S) ’ ( )
dr Uuy-"r. 0
Yol + =2 U+ mol(h+h) = 0 11.27
dr, 2,70, 0 DVD} _
gy Ly Y LAL = ) 11.2
G M axe  avha) = 0 (11.28)

The total derivative is given by (11.15).

As discussed above, a finite region of the plane will only map onto a piece of the
sphere, and vice versa. One technique to map the entire sphere is to partition it, for example,
into hemispheres, and project the pieces separately. Each set of projected equations then gets
its boundary conditions from the solutions of the other projected equations. Phillips (1957)
divided the sphere into three regions: a tropical belt, and extratropical caps to the north and
south of the tropical belt. On each region, the shallow water equations are mapped to a new
coordinate system. He used a Mercator coordinate system in the tropics, a polar stereographic
coordinate system fixed to the sphere at the North Pole for the northern extratropical cap, and
similarly, a polar stereographic coordinate system fixed to the sphere at the South Pole for the
southern extratropical cap. When a computational stencil required data from outside the
region covered by its coordinate system, that piece of information was obtained by
interpolation within the neighboring coordinate system. The model proved to be unstable at
the boundaries between the coordinate systems.

More recently, Browning (1989) discussed a different composite mesh model in
which the Northern and Southern Hemispheres are mapped to the plane with a polar
stereographic projection. The equations used for the northern projection are just (11.26),
(11.27) and (11.28). The equations for the southern projection are the same as those for the
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northern, except for a few sign differences. This model is different from Phillips’ in that the
regions interior to the coordinate systems overlap a little bit as shown in Fig. 11.3. Values for
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Figure 11.3: Composite grid method grid. Two such grids are used to cover the sphere.
Points labeled with O are the boundary conditions for the points labeled with +.

Values atthe O points are obtained by interpolation from the other grid. The big
circle is the image of the Equator. Points labeled * are not used.

dependent variables at grid points not covered by the current coordinate system are obtained
by interpolation in the other coordinate system. The overlapping of the coordinate systems
makes this scheme more stable than in Phillips’ model, in which the coordinate systems were
simply butted together at a certain latitude. This model is also easier to write computer code
for because the equations are only expressed in the polar stereographic coordinate systems.
Browning tested the model and reported good results.

11.3 Latitude-longitude grids and the “pole problem”

An obvious way to discretize the shallow water equations expressed in spherical
coordinates is to use a regular latitude-longitude grid in which the grid int€é A& ¢ ) are

constants. A discretization scheme is straight forward except for the row of grid points next to
the pole, where special considerations are necessary.

A portion (one eighth) of a uniform latitude-longitude grid is shown in Fig. 11.4. The
zonal rows of grid points nearest the two poles consist of “pizza slices” which come together
at a point at each pole. The other zonal rows consist of grid points which are roughly
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Figure 11.4: One octant of the latitude-longitude grid used by Arakawa and Lamb (1981).
Inthe example shown, there are 72 grid points around a latitude circle and 44
latitude bands from pole to pole. The longitudinal grid spacing is globally
uniform, and in this example is 5 °. The latitudinal grid spacing is globally
uniform except for “pizza slices” ringing each pole, which are 1.5 times as
“tall” as the other grid cells. The reason for this is explained by Arakawa and
Lamb (1981). In the example shown here, the latitudinal grid spacing is 4°
except that the pizza slices are 6° tall.

trapezoidal in shape. The are other ways to deal with the polar regions, e.g. by defining local
cartesian coordinates at the poles.

A regular latitude-longitude grid has some drawbacks. The scales of meteorological
action do not vary dramatically from place to place, nor do the meridional and zonal scales of
the circulations of interest differ very much. This suggests that average distance between
neighboring grid points should not depend on location, and also that the distances between
grid points in the zonal direction should not be substantially different from the distances in
the meridional direction. Latitude-longitude grids lack these two desirable properties.

In addition, the convergence of the meridians at the poles demands a short time step
in order to satisfy the Courant-Friedrichs-Lewy (CFL) requirement for computational
stability, as discussed in Chapters 4 (for advection) and 5 (for wave propagation). This is
often referred to as “the pole problem.”

To derive the stability criterion for the shallow water equations on the sphere,
following Arakawa and Lamb (1977), we begin by linearizing (11.7), (11.8), and (11.9) about
a state of rest, as follows:

Ou g 0h _

g — =0 11.29

0t acos$oA ’ ( )
v, goh _
et = 11.30
0t add ’ ( )
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oh  _H

ot acosd)[a)\ a¢("cos¢)} (11.31)

Here we have neglected rotation and bottom topography, for simplicity) dedotes the
mean depth of the fluid. We spatially discretize these as follows:

ou h )
T2l &gy —hy
o + i i L7 — 0 11.32
ot acosGAN ’ ( :
aV' .+1 h h
i,j+= o =h..
B 2+g( i1~ j) =0, (11.33)
ot ald
oh D%lm— ]_u'—lE (VCOS¢) (vcosd))ij_l E
%) i aah ' 2H=0 (134
t 0 acos(b AN aCOS¢jA¢ [
0 O

Note that the C grid has been used here. We look for solutions of the form

o - O
u | = Re[ujexp[is% + lEA)\ + iGt}D : (11.35)
it=,j D 2 D
2
O - -
v .1 = Rely,, 1explisibA +io7]0, (11.36)
A 0’2 O
h; ; = Re{hjexplisib\ +iod} | (11.37)

wherei = J-1 . Note that the zonal wave number, |, is defined with respect to longitude

rather than distance. After substitution of these solutions into our finite-difference
eguations, we obtain

A~

oy 4 ds _ sin(sAA/2) g h =0, 11.38
10U acos¢ SAN/2 el (S) ] ( )

igw |+ &R

) oy 0, (11.39)
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N o [(veosd) L1~ (veost),
iohj + HO 1S¢ Sm(zﬁj\gz)[Sj(s)uj] + 2 2
%FZCOS j S

w08 B9 = 0 ,(11.40)

]|

where S,(s) is a “smoothing parameter” which depends on wave number. The

smoothing parameter appears in the term of (11.38) corresponding to the zonal pressure
gradient force, and in the term of (11.40) corresponding to the zonal mass flux
divergence. These are the key terms for zonally propagating gravity waves. We have
introducede(s) artificially in (11.39) and (11.40); later in this discussion it will be set

to values less than unity in order to allow computational stability with a “large” time step
near the pole. For now, just consider it to be equal to one.

By eliminatingu andv in (11.38)-(11.40), we can obtain the “meridional structure
equation” forh . Itis

of s sin(sAN/2) TA
S, hj
¢ [acosq)j SAN/2 J(S) /
cosd cosp (11.41)
¢ T r . I*3 27
+ 5| (hi=hj-1) —(hj+1=hy) = 0'hy,
(al) cosd)j cos¢j

where ¢’ =gH . By using the boundary conditiéﬁ =0 at the poles, this equation can

be solved as an eigenvalue problem for the frequemcy, . For high values of the zonal
wave numbers, the first term on the left-hand side of (11.41) dominates the second, and
we obtain

o = |C||: S Sln(SA)\/2)

acos(])j SOAN/2 Sj(s)}

Although we have not introduced a specific time differencing scheme here, we know
that the CFL criterion takes the form

oAr<eg, (11.43)
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wheree is a constant of order one. In view of (11.42) and (11.43), the CFL criterion will
place more stringent conditions & caascpj decreases, i.e. near the poles. In addition,

the criterion becomes more stringent siSncreases, at a given latitude. Putting
Sj(s) = 1 temporarily, and assuming = 1 , we can write the stability condition for

zonal wave number as

lclAr__ o, ANT L (11.44)

The worst case iSing%)\E = 1 , forwhich (11.44) reduces to

ldar 1 (11.45)
Ax, 2
j

where we defineﬁszacosq)jm\ . For the grid shown in Fig. 11.4, with a longitudinal

grid spacing ofAA = %and a latitudinal grid spacing &f¢ = dwhich are the values

used to draw the figure), the northernmost row of grid points where the component of
velocity is defined is at latitude 8®. The zonal distance between grid points on the

northernmost row is theAx = 39 km. The fast, external gravity wave has a phase speed

of approximately300 m s. Substituting into (11.45), we find that the largest permissible
time step near the pole is about 70 seconds. This is roughly one tenth of the largest
permissible time step at the Equator.

It would be nice if the CFL criterion was the same at all latitudes, permitting time
steps near the pole as large as those near the equator. In order to make this possible, models
that use latitude-longitude grids typically employ “polar filters” that prevent computational
instability, so that a longer time step can be used. One approach is to longitudinally smooth
the longitudinal pressure gradient in the zonal momentum equation and the longitudinal
contribution to the mass flux divergence in the continuity equation. This has the effect of
reducing the zonal phase speeds of the gravity waves sufficiently so that the CFL criterion is
not violated.

Inspection of (11.42) shows that this can be accomplished by choosing the smoothing
parameter so that

EAYE
Sj(s) sin =

1
_ = = 11.46
acos(l)jA)\ d ( )

whered is a suitably chosen length, comparable to the zonal grid spacing at the Equator.
With the use of (11.46), (11.42) reduces to
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o = 2l (11.47)
d
and the CFL condition reduces to
2|—f|Az <g, (11.48)
d

so that the time step required is independent of latitude, as desired. If we choose

d =ald, (11.49)

i.e. the distance between grid points in the meridional direction, then, referring back to
(11.46), we see thaﬁfj(s) must be chosen so that

A7 cosO,
S(s) = HBAD_Z%%) (11.50)
' EMJDsin AN
O, O
Of course, at low latitudes (11.50) can give vaIueSj(ﬁ) which are greater than one;

these should be replaced by one, so that we actually use

[ U
H T
5)(5) = Min[RAI S5
A AN
SIN /——
[ o 0O O

(11.51)
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A plot of (11.51) is given in Fig. 11.5, for the case of the shortest zonal mode. The plot
shows that some smoothing is needed all the way down into the subtropics.

90 60 30 0
Latitude

Figure 11.5: A plot of the smoothing parameter as given by (11.51), for the “worst case” of
the shortest zonal mode. The dashed vertical lines demarcate the belt of
latitude near the Equator for which no smoothing is needed. It has been
assumed that the longitudinal grid spacing is 5/4 times the latitudinal grid
spacing, as it is for the grid shown in Fig. 11.4.

11.4 Kurihara’s grid

Many authors have sought alternatives to the latitude-longitude grid, hoping to make
the grid spacing more uniform, still within the “latitude-longitude” framework.

For example, Kurihara (1965) proposed a grid in which the number of grid points
along a latitude circle varies with latitude. By placing fewer points at higher latitudes, he was
able to more homogeneously cover the sphere. The grid is constructed by evenly placing

N+ 1 grid points along th®° longitude meridian, from the North Pole to the Equator. The
point at the North Pole is given the lahek 1 , the next latitude circle south is given the
label ; = 2 , and so on until the Equator is labefed N + 1 . Along latitude gircle there
are4(j—1) equally spaced grid points, except at each pole, where there is a single point. One
octant of the sphere is shown in Fig. 11.6; compare with Fig. 11.4. For agiven , the total

number of grid points on the sphere4i$/2 +2 . The Southern Hemisphere grid is a mirror
image of the Northern Hemisphere grid.

We can measure the homogeneity of the grid by examining the ratio of the zonal
distance,acosd)jA)\j , and the meridional distaadsd , for a grid point at Iatﬂlyde . Here,

Ad = 723]—1\-[ and A)\j = g% .Atj = N+ 1 , the Equator, the ratio is one, and near the pole
] —
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Figure 11.6: Kurihara grid on one octant of the sphere.

the ratio approaches/ 2 [11.57

Kurihara built a model using this grid, based on the shallow water equations. He
tested the model with the Rossby-Haurwitz wave, with wave number 4 as the initial
condition. This set of initial conditions was used by Phillips (1959), and in the suite of seven
test cases for shallow water models proposed by Williamson et al. (1992). The model was run
with a variety of time-stepping schemes and with varying amounts of viscosity. Each
simulation covered 16 simulated days, with= 20 . The Rossby-Haurwitz wave should
move from west to east, without distortion. In several of Kurihara’s runs, however, the wave
degenerated to higher wave numbers.

11.5 The Wandering Electron Grid

An approach to constructing a mesh of grid points that homogeneously covers a
sphere is to model the equilibrium distribution of a set of electrons confined to the surface of
the sphere. Because each electron is repelled by every other electron, it will move to
maximize the distance between it and its closest neighbors. In this way, the electrons will
distribute themselves as evenly as possible over the sphere. We associate a grid point with
each electron. It seems advantageous to constrain the grid so that it is symmetric across the
Equator. An Equator can be defined by restricting the movement of a subset of the electrons
to a great circle. The remaining electrons can be paired so that each has a mirror image in the
opposite hemisphere. We can also fix an electron at each of the poles. Experience shows that
unless we fix the positions of some of the electrons, their positions tend to wander
indefinitely. Fig. 11.7 shows a grid constructed using the wandering electron algorithm. Most
cells have six walls, but some have five or seven walls. While this approach more or less
homogeneously covers the sphere, it is not very satisfactory.

11.6 Spherical geodesic grids

Grids based on icosahedra offer an attractive framework for simulation of the global
circulation of the atmosphere; their advantages include almost uniform and quasi-isotropic
resolution over the sphere. Such grids are termed “geodesic,” because they resemble the
geodesic domes designed by Buckminster Fuller. Williamson (1968) and Sadourny (1968)
simultaneously introduced a new approach to more homogeneously discretize the sphere.
They constructed grids using spherical triangles which are equilateral and nearly equal in
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Figure 11.7: Wandering electron grid. White cells have five walls, light gray cells have six
walls, and dark gray cells have seven walls.

area. Because the grid points are not regularly spaced and do not lie in orthogonal rows and
columns, alternative finite-difference schemes are used to discretize the equations. Initial tests
using the grid proved encouraging, and further studies were carried out. These were reported
by Sadourny et al. (1968), Sadourny and Morel (1969), Sadourny (1969), Williamson (1970),
and Masuda (1986).

The grids are constructed from an icosahedron (20 faces and 12 vertices), which is one
of the five Platonic solids. A conceptually simple scheme for constructing a spherical geodesic
grid is to divide the edges of the icosahedral faces into equal lengths, create new smaller
equilateral triangles in the plane, and then project onto the sphere. See Fig. 11.8. One can

Figure 11.8: a.) Icosahedron. b.) Partition each face into 64 smaller triangles. c.) Project
onto the sphere.

construct a more homogeneous grid by partitioning the spherical equilateral triangles instead.
Williamson (1968) and Sadourny (1968) use slightly different techniques to construct their
grids. However, both begin by partitioning the spherical icosahedral triangle.

On these geodesic grids, all but twelve of the cells are hexagons. Hexagonal grids are
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quasi-isotropic. As is well known, only three regular polygons tile the plane: equilateral
triangles, squares, and hexagons. Fig. 11.9 shows planar grids made up of each of these three

/V\A 12 neighbors,
3 wall neighbors

8 neighbors,
4 wall neighbors

6 neighbors,
6 wall neighbors

Figure 11.9: Cells neighboring a given cell (shaded) on triangular, square, and hexagonal
grids. A “wall neighbor” is a neighbor which lies directly across a cell wall.

possible polygonal elements. On the triangular grid and the square grid, some of the
neighbors of a given cell lie directly across cell walls, while others lie across cell vertices. As
a result, finite-difference operators constructed on these grids tend to use “wall neighbors”
and “vertex neighbors” in different ways. For example, the simplest second-order finite-
difference approximation to the gradient, on a square grid, uses only “wall neighbors;” vertex
neighbors are ignored. Although it is certainly possible to construct finite-difference
operators on square grids (and triangular grids) in which information from all neighboring
cells is used [e.g. the Arakawa Jacobian, as discussed by Arakawa (1966)], the essential
anisotropies of these grids remain, and are unavoidably manifested in the forms of the finite-
difference operators. Hexagonal grids, in contrast, have the property that all neighbors of a
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given cell lie across cell walls; there are no “vertex neighbors.” As a result, finite-difference
operators constructed on hexagonal grids treat all neighboring cells in the same way; in this
sense, the operators are as symmetrical and isotropic as possible. The twelve pentagonal cells
also have only wall neighbors; there are no vertex neighbors anywhere on the sphere.

Williamson (1968) chose the nondivergent shallow water equations to test the new
grid, i.e. he used

o _
(T (11.52)

where is relative vorticityy = { +f is absolute vorticity afgd  is the stream function,
such that

D2y = . (11.53)

Recall that, for arbitrary functione arf@l , the Jacobian in differential form has the
property that

_ 0B
:[J(O(,B)dA = gaads. (11.54)

So, integrating (11.52) over the ar¢a , we get

0
"(dA = — d 11.55
6tlz Sfunr] s, (11.55)

whereu, = —g_w is the velocity normal to the boundary
A

ConsiderK triangles surrounding the grid pa#jt in Fig. 11.10. We approximate the

line integral along the polygon defined by the p&thP,, ..., Py, P, .deet  be the relative

vorticity defined at the poinP, . First, we make the approximatitgy, DIA (dA nl.et

and n;,, be the absolute vorticity defined at poifts and , , respectively. We
approximate the absolute vorticity along the edge between Pand  (n;Byn;,;)/2

Similarly, 0/0s = (y,,,—W,)/As , whereAs is the distance froRy &,, . Hence,
we can approximate (11.55) by

An Introduction to Atmospheric Modeling



278 Finite Differences on the Sphere

)

Figure 11.10:Configuration of grid triangles for the case K= 5.

a¢, 1 U‘pz+1 wﬂmwl N
— == As. 11.
or A Z U As 2 U (11.56)

To solve equation (11.53), we must discretize the Laplacian operator. Consider the
smaller, inner polygon in Fig. 11.10. The walls of the polygon are formed from the

perpendicular bisectors of the line segmeP{#®. . For any arbitrary scalar function , we
can use Gauss’ Theorem to write

[FPada = fg_gds, (11.57)

wherea is the area of the small polygon, ahd is its boundary. Using (11.53) and
(11.57), we get

r= fusds, (11.58)

where [ is the circulation around the boundary and is the counterclockwise
tangential velocity. We now seff La{, . We assume that the tangential velocity
u, = 0Y/0on is approximately constant along each walkof , and can be approximated
by (W, —W,)/|PyP,| , where |PyP| is the distance fronP, t8, . Define

w,=1,/|PyP|, where [, is the length of wall . The resulting finite-difference
approximation is
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K
Co =y wi(W; =) (11.59)

i=1

This is a finite-difference approximation to (11.53). It can be solved fonjthe by
relaxation, as discussed in earlier.

Williamson showed that his scheme conserves kinetic energy and enstrophy as the
exact equations do. When applied to an equilateral triangular grid on a plane, the scheme is
second-order accurate. Williamson performed a numerical experiment, using a Rossby-
Haurwitz wave as the initial condition. A run of 12 simulated days produced good results. In a
later study, Williamson (1971) described a finite-difference scheme that is second-order
accurate on the spherical geodesic grid, but lacks certain desirable conservation properties.

Sadourny (1968) discussed a nondivergent model very similar to Williamson’s. Also,
Sadourny (1969) developed a geodesic-grid model based on the shallow water equations.

Masuda (1986) developed an elegant algorithm for solving the shallow water
eqguations on the sphere. He used the Z grid (see Chapter 6). Like Williamson, Masuda chose
the Rossby-Haurwitz wave with wave number 4 as his initial condition. Fig. 11.11 shows the

DAY 0 __DAY12 _ _DAY24

Figure 11.11:Masuda’s velocity potential field.

ewlution of the velocity potential field in a 96-simulated-day run using Masuda’s model. The
initial conditions are nondivergent, so initially the velocity potential is zero. As time
progresses, a wave number 4 pattern develops. As time progresses further, the pattern at higher
latitudes begins to break down, forming a wave number 1 pattern. Significantly, the wave
number 1 pattern is antisymmetric across the Equator, even though the initial condition is
symmetric across the Equator. Masuda suggested that this is due to the antisymmetry of the
grid across the Equator.
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Heikes and Randall (1995 a, b) extended Masuda’s work, through the use of a
“twisted icosahedral grid” that has symmetry across the equator. They used a multi-grid
method to compute the stream function and velocity potential from the vorticity and
divergence, respectively. Heikes and Randall (1995 b) also showed that the grid (whether
twisted or not) has to be slightly altered to permit consistent finite-difference approximation
to the divergence, Jacobian, and Laplacian operators that are used in the construction of the
model. They tested their model using certain standard test cases for shallow water on the
sphere (Williamson et al. 1992), and obtained good results. Ringler et al. (1999) have
constructed a full-physics global atmospheric model using this approach.

There have also been recent attempts to use grids based on cubes and octahedrons
(e.g. McGregor, 1996; Purser and Rancic, 1998).

11.7 Summary

In order to construct a numerical model on the sphere, it is necessary to map the
sphere onto a computational domain. There are various ways of doing this. The most
straightforward is to use latitude-longitude coordinates, but this leads to the pole problem.
The pole problem can be dealt with by using filters, but these approaches suffer from some
problems of their own. Semi-implicit differencing could be used to avoid the need for
filtering.

Another approach is to use a regular grid on the sphere. A perfectly regular grid is
mathematically impossible, but geodesic grids can come close.

A third approach, discussed in the next chapter, is to use the spectral method, with
spherical harmonics as the basis functions.
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CHAPTER 12 Spectral Methods

Copyright 2004 David A. Randall

12.1 Introduction

Assume that(x, t) is real and integrable. If the domain is periodic, with périod
we can expres(x, t)  exactly by a Fourier series expansion:

o]

ikx

u(r0) = Y w(t)e (12.1)
k = —o0
The complex coefficientsx(r) can be evaluated using
~ L/2 i
ur(t) = lj'x+ u(x, t)e g (12.2)
Llx-1/2

Recall that the proof of (12.1) and (12.2) involves use of the orthogonality condition

x+L/2 . .
]lJ J' MM ax = O (12.3)
x—L/2
where
U1,k =1
0,=0 12.4
M= 50,k#1 (12.4)

is the Kronecker delta.

From (12.1), we see that the -derivativeuof  satisfies
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g—;‘(x, n='y iku(t)e™ . (12.5)
k= —0
Inspection of (12.5) shows th%’(i does not have a contributiondnom  ; the reason for
X

this should be clear.

A spectral model uses equations similar to (12.1), (12.2), and (12.5), but with a finite
set of wave numbers, and wittdefined on a finite mesh:

n

u(r, )0 wi(n)e (12.6)
k=-n
A~ 1 M —ikx.
uk(t) D]\_/[ Z u(xj, e ,-n<k<n, (12.7)
j=1
o no . ikur(r)e . (12.8)
ox /' k-z

Note that we have used “approximately equal signs” in (12.6) - (12.8). In (12.7) we sum
over a grid withM points. In the following discussion, we assume that the valwesof
chosen by the user. The valueMf corresponding to a given value of is discussed
below.

Substitution of (12.6) into (12.7) gives

M n
NN § S o | ik
ur(t) = MZ Z ui(t)e }e N,—n<k<n. (12.9)

j=1"tl==n O

This is of course a rather circular substitution, but the result serves to clarify some basic
ideas. If expanded, each term on the right-hand side of (12.9) involves the product of two

wave numbers,/ and , each of which lies in the rarge » to . The range for wave
number/ is explicitly spelled out in the inner sum on the right-hand side of (12.9); the
range for wave number is understood because, as indicated, we wish to evaluate the

left-hand side of (12.9) fok in the rangete n. Because each term on the right-hand
side of (12.9) involves the product of two Fourier modes with wave numbers in the range
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-n to n, each term includes wave numbers uptfx . We therefore veed
complex coefficients, i.€n +1  values of thg?)

A%

Becauseu is real, it must be true that = wux , Where the * denotes the conjugate.
To see why this is so, consider the- £ afd contributions to the sum in (12.6):

- ikx, *© —ikx;
T(x)=ur()e " +us(t)e
kN7

12.10
_ i0 ikx; in —ikx; ( )
=R e "tR e’e .

e ~ . ~ i
WhereRke’ = ur(t) andR_ke’” =u-k(¢t) ,an®, andl, are real and non-negative. By

linear independence, our assumption thét., ¢) forxjall is real implies that the
imaginary part Okaxj must be zero, for a;l . It follows that
Rysin(0 + kx)) + R_sin(h—kx;) = 0 forallx;. (12.11)

The only way to satisfy this for ailj is to set

9+kxj = —(u—kxj) = —H+kx; , which means thal = - (12.12)
and
R, = R. (12.13)

Egs. (12.12) and (12.13) imply that

A A

U—k = Uk, (12.14)
as was to be demonstrated.

Eq. (12.14) implies thatx andx  together involve only two distinct real numbers.
In addition, it follows from (12.14) thato is real. Therefore, 2net 1 complex values of
ur embody the equivalent of onBx + 1  distinct real numbers. The Fourier representation up

to wave numben is thus equivalent to representing the real functidmn, ) 2mom 1 grid
points, in the sense that the information content is the same. We conclude that, in order to use
a grid ofM points to represent the amplitudes and phases of all wavestup thn , we need

M=2n+1;wecanuse moreth@&x +1  points, but not fewer.
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As a very simple example, a highly truncated Fourier representatiomofuding
just wave numbers zero and one is equivalent to a grid-point representatiosing 3 grid
points. The real values afassigned at the three grid points suffice to compute the coefficient
of wave number zero (the mean valueipénd the phase and amplitude (or “sine and cosine
coefficients”) of wave number one.

Substituting (12.7) into (12.8) gives

n M
g—;‘(x,, no'y B—’;Z u(x, f)e xf} i (12.15)

k=-n j=1

Reversing the order of summation leads to

M
g—;l(xl, DY aju(x, 1), (12.16)
j=1

where

lk(xl—x/)

l_ n
a) o _Z (12.17)

The point of this little derivation is that (12.16) can be interpreted as a finite-difference
approximation - a special one involvia§j grid points in the domain. From this point of
view, spectral models can be regarded as a class of finite-difference models.

Now consider the one-dimensional advection equation with a constant current,
—+c— =0. (12.18)

Substituting (12.6) and (12.8) into (12.18) gives

N

n
itk ik | ikure™ = 0. (12.19)
Z d
k=-n k=-n

By linear independence, we obtain

d;;k +ikeur = 0 for-n<ks<n. (12.20)
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N

Note thatc%) will be equal to zero; the interpretation of this should be clear. We can use

(12.20) to predicuk(¢) . When we need to knax, ¢) , we can get it from (12.6).

Compare (12.20) with

A

duk+l.kc[sinkA)qj; -0

o 0 gy 0% =0 (12.21)

which, as we have seen, is obtained by using centered second-order space differencing.
The spectral method gives tkeact advection speed (for each Fourier mode), while the
finite difference method gives a slower value. Similarly, spectral methods gierattte

phase speeds for linear waves, while finite difference methods generally underestimate
the phase speeds. Keep in mind, however, that the spectral solution is not really exact,
because only a finite number of modes are kept.

To evaluate the horizontal pressure gradient force, it is necessary to take horizontal
derivatives of the terrain height. Suppose that we have continents and oceans, as schematically
shown in Fig. 12.1. In a spectral model the terrain heights will have to be expanded and

h, %0

Figure 12.1: The Earth is bumpy.

truncated, like all of the other variables. Truncation leads to “bumpy” oceans. Recently some
new approaches have been suggested to alleviate this problem (Boutelou, 1995; Holzer, 1996;
Lindberg and Broccoli, 1996).

Another strength of spectral methods is that they make it very easy to solve boundary
value problems. As an example, consider

0% = flx,y) , (12.22)
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as a problem to determinefor given f{(x, y) . In one dimension, (12.22) becomes
du
dx’

= flx) . (12.23)

We assume periodic boundary conditions and expand ibatidf as Fourier series ix
following (12.1). Then (12.23) becomes

n ~ . n ~ .
) (=K Yure™ = S fre™ (12.24)
k=-n k=-n
Equating coefficients of ™ , we find that
;lk = :% for —n<k<n (unless k=0). (12.25)

k

Eqg. (12.25) can be used to obta?m JkoF 1, n . Thén) can be constructed using
(12.1). This completes the solution of (12.23), apart from the application of an additional
boundary condition to determingy . The solution is exXactthe modes that are

included it is approximate because not all modes are included.

Now consider a nonlinear problem, such as

ou _ _ Ou (12.26)

again with a periodic domain. Substitution gives

. o”" ~ .,.Og ™ ~ .
M‘ellx = —DZ ulell%D Z imumelm%. (12.27)
dt g 00 0
k=-n =-n m = -—n

Our goal is to predicuix(z) fok intherange @0 . The right-hand-side of (12.27)
involves products of the form

e (12.28)

where/ andm are in the range #0 . These products can generate “new” wave
numbers, some of which lie outside the rarge » to . Those that lie outside this range
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are simply neglected, i.e., they are not included when we evaluate and make use of the
left-hand side of (12.27).

For a given Fourier mode, (12.27) implies that

N

d a a o )
% _ Z Z [ulumez(l+m)x] e —y<k<n (12.29)

[=—0 m=-a

Here we must choose large enough so that we pick up all possible combinations of
andm that lie in the rangen te. See Fig. 12.2. The circled ‘s in the figure denote

2n

nio

Figure 12.2: Table of / + m ., showing which (/, m) pairs can contribute to wave numbers in

therange —n to n . The pairs in the triangular regions marked by X’s do not
contribute.

excluded triangular regions. The number of points in each region is

1+2+3+...+(n—1):’-”1”—2_—1-). (12.30)

The number of pointeetainedis
= (4n?+4n+1)—=(n?-n)

=3n?2+5n+1

(12.31)
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This is the number of terms that must be evaluated in (12.27). The number of terms in

the product of sums on the right-hand-side of (12.27) is of arder , l.e. it grows very

rapidly asn increases. The amount of computation grows rapidly as increases, and of
course the problem is “twice as hard” in two dimensions. At first, this poor scaling with
problem size appeared to make spectral methods prohibitively expensive for nonlinear
(i.e. realistic) problems.

A way around this practical difficulty was proposed by Orszag, and independently by
Eliassen et al., both in 1970. They suggested a “transform method” in which (12.1) and (12.5)

are used to evaluate a%g on a grid. Sufficient grid points are use to allexa¢he
X

representation, for wave numbers in the ramg f, of quadraticnonlinearities Iikeug—” :

X

Of course, here “exact” means “exact up to wave numb&ecause the solution is exact for
wave numbers up ta, there is no error for those wave numbers, and in partithéae is no
aliasing error Therefore, a model of this type is not subject to aliasing instability arising

from quadratic terms Iikezg—u . Aliasing can still arise, however, from “cubic” or higher-
X

order nonlineatrities.

To investigate the transform method, we proceed as follows. By analogy with (12.7),
we can write

M .
%ﬁk = Al/[ )3 [u(xj)g—z(xj)e_lkx’}, —-n<ks<n . (12.32)
j=1

Here the hat O@%% indicates that the entire quantity is represented in wave-number
k

space rather than grid space. Now use (12.6) and (12.8) to exp(eJE)Sand %(xj)
X

in terms of Fourier series:

= M n n

a_uD _ _]_ 0 ~ 00 e imxJ —ikx; L cr<

o, "M 1[52 uie E% Z imume Ee ,—n<k<n. (12.33)
Jj= =-n m=-n

Eq. (12.33) is analogous to (12.9). When expanded, each term on the right-hand side of
(12.33) involves the product of three Fourier moded &andm), and therefore includes

zonal wave numbers up te3n . We nekd+ 1 complex coefficients to encompass
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wave numbers up tat3n , and becausgﬂ is real titese 1 complex coefficients
X

actually correspond tdz + 1 independent real numbers. We therefore need
M=3n+1 (12.34)

grid points to represemg—” exactly, up to wave number

In summary, the transform method to solve (12.26) works as follows:

1) Initialize the spectral coefficients: ,fen<k<n

2) Evaluate bothu andg—” on a grid witiM points, where\ >3n +1 . Her%
X X

is computed using the spectral method, i.e. Eq. (12.8).

ou

3) Formua on the grid, by multiplication.
X

ou

4) Transformua— back into wave- number space oK k< n
X

5) Predict new values of the: , using

duk_ %4

1) Return to step 2, and repeat this cycle as many times as desired.

Note that the grid-point representation af contains more information

(3n + 1 real values) than the spectral representati®w: + 1 real values) . For this one-
dimensional problem the ratio is approximately 3/2. The additional information embodied in
the grid-point representation is thrown away in step 4 above, when we transform from the grid
back into wave-number space. It is not “remembered” from one time step to the next. In effect,
we throw away about 1/3 of the information that is represented on the grid. This is the price
that we pay to avoid aliasing due to quadratic nonlinearities.

12.2 Spectral methods on the sphere

Spectral methods on the sphere were first advocated by Silberman (1954). A function
F that is defined on the sphere can be represented by
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FL) = S 5 F (8. (12.35)
m=—c n=|m|
where the
Y' N @) = &P (sind) (12.36)

are spherical harmonics, and tﬁ’§ (sind) are the associated Legendre functions of the
first kind, which happen to be polynomials, satisfying

" =_Qﬁ2!__ _ 2% n-m (n=m)(n—=—m—=1) n-m-2
Fn ) 2nn!(n—m)!(1 ) [x 2(2n-1) g

+ (n—m)(n—m—1)(n—m—2)(”‘m_3)x”_m_4‘"'} :

24(2n-1)(2n-3) (12.37)

Herem is the zonal wave number and is the “meridional nodal number.” As discussed
in the Appendix on spherical harmonics, we must require 7@ . The spherical

harmonich;” are the eigenfunctions of the Laplacian on the sphere:

Oy =zletlyn, (12.38)
a

Herea is the radius of the sphere. See the Appendix for further discussion.

We can approximaté’ by a truncated sum:

_ M
F = ; ZFmYm. (12.39)

Here the overbar indicates thdt is an approximatida ta (12.39), the sum oven
from —M to M ensures that is real. The choiceN{fn) is discussed below. For

smoothF ,;“ converges #®  very quickly. Only a few terms are needed to obtain a good
representation.
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Why should we expand our variables in terms of the eigenfunctions of the Laplacian
on the sphere? The Fourier representation discussed earlier is also based on the eigenfunctions
of the Laplacian, in just one dimension, i.e. sines and cosines. What is so special about the
Laplacian operator? There are infinitely many differential operators, so why choose the
Laplacian? A justification is that:

» the Laplacian consumes scalars and returns scalars, unlike, for example, the

gradient, the curl, or the divergence;
» the Laplacian can be defined without reference to any coordinate system;

» the Laplacian is isotropic, i.e. it does not favor any particular direction on the

sphere;

» the Laplacian is simple.

How should we chooséV(m) ? This is the problem of truncation. The two best-
known possibilities ar&iangular truncationandrhomboidal truncation

Rhomboidal:N — |m| = M = constant (12.40)
Triangular:N = M = constant, OorN—|m| = M—|m| . (12.41)

These are illustrated in Fig. 12.3. As shown in Fig. 12.4, triangular truncation represents
the observedkinetic energy spectrum more accurately, with a small number of terms,
than does rhomboidal truncation (Baer, 1972). The thin lines in Fig. 12.4 show the modes
kept with triangular truncation. With rhomboidal truncation the thin lines would be
horizontal. The thick lines show the observed kinetic energy percentage in each
component. For example, we might want to truncate so that we keep all modes with
> 0.01% of the kinetic energy, and discard all others. Triangular truncation can do that.

In addition, triangular truncation has the beautiful property that it is not tied to a
coordinate system. Here is what this means: In order to actually perform a spherical harmonic
transform, it is necessary to adopt a spherical coordinate sy3tefn) . There are of course
infinitely many such systems, which differ in the orientations of their poles. There is no reason
in principle that the coordinates have to be chosen in the conventional way, so that the poles of
the coordinate system coincide with the Earth’s poles of rotation. The choice of a particular
spherical coordinate system is, therefore, somewhat arbitrary. Suppose that we choose two
different spherical coordinate systems (tilted with respect to one another in an arbitrary way),
perform a triangularly truncated expansion in both, then plot the results. It can be shown that
the two maps will be identical, i.e.

F(A,00) = F(A,, 0,), (12.42)
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X X
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X )|( X X )l( X
\ >m k -
Triangular truncation = ‘ Rhomboidal truncation

Figure 12.3: Rhomboidal and triangular truncation. From Jarraud and Simmons (1983).

15

10},

15

Figure 12.4: Percentage of total kinetic energy in each spectral component. From Jarraud
and Simmons (1983) based on Baer (1972).

where the subscripts indicate alternative spherical coordinate systems. This means that
the arbitrary orientations of the spherical coordinate systems used have no effect
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whatsoever on the results obtained. The coordinate system used “disappears” at the end.
Triangular truncation is very widely used today, in part because of this nice property.

In order to use (12.39), we need a “spherical harmonic transform,” analogous to a
Fourier transform. From (12.36), we see that a spherical harmonic transform is equivalent to
the combination of a Fourier transform and a Legendre transform. The Legendre transform is
formulated using a method called “Gaussian quadrature.” The idea is as follows. Suppose that

we are given a functiorf(x)  defined on the intervhk x < 1 , and we wish to evaluate

1
1= [fix)dx., (12.43)
-1

by a numerical method. ffis defined at a finite numberxfdenoted by, , then

N
0 Zf(xi)wl- , (12.44)

i=1

where thew, are “weights.” Now suppose thfét) is a weighted sum of Legendre
polynomials. Gauss showed that in that case (12.44) givesdloevalue ofl, provided
that thex, are chosen to be the roots of the highest Legendre polynomial used. In other

words, we can use (12.44) to evaluate the integral (12.43) exactly, provided that we
choose the latitudes so that they are the roots of the highest Legendre polynomial used.
These latitudes can be found by a variety of iterative methods. The Gaussian quadrature
algorithm is used to perform the Legendre transform.

With either triangular or rhomboidal truncation, choosinigl fixes the expansion;
hence the expressions “R15” or “T106.” The numeral is the valud.cofhe numbers of
complex coefficients needed are

fe= (M+1)+M +M, (12.45)

and

fr=M+1)%, (12.46)
respectively.

With the transform method described earlier, the number of grid points needed to
awid aliasing of quadratic nonlinearities exceeds the number of degrees of freedom in the
spectral representation. The number of grid points around a latitude circle must be
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>3M + 1. The number of latitude circles must bex %} for triangular truncation,
2
and so the total number of grid points needed B% . Referring back to (12.46),

we see that for largel the grid representation uses about 2.25 times as many equivalent real
numbers as the triangularly truncated spectral representation. A similar conclusion holds for
rhomboidal truncation. Computing the physics on the fine grid is standard procedure, but
wasteful.

In summary, the spectral transform method as it is applied to global models works as
follows.

First, we choose a spectral truncation, e.g. T42. Then we identify the number of grid
points needed in the longitudinal and latitudinal directions, perhaps with a view to avoiding
aliasing due to quadratic nonlinearities. Next, we identify the highest degree Legendre
polynomial needed with the chosen spectral truncation, and find the latitudes where the roots
of that polynomial occur. These are called the “Gaussian latitudes.” At this point, we can set
up our “Gaussian grid.”

The horizontal derivatives are evaluated in the spectral domain, essentially through
“multiplication by wave number.” When we transform from the spectral domain to the grid,
we combine an inverse fast Fourier transform with an inverse Legendre transform. The
nonlinear terms and the model physics are computed on the grid. Then we use the Legendre
and Fourier transforms to return to the spectral domain.

The basic logic of this procedure is the same as that described earlier for the simple
one-dimensional case.

We have a fast Fourier transform, but no one has yet discovered a “fast Legendre
transform,” although some recent work points towards one. Lacking a fast Legendre
transform, the operation count for a spectral model ié)()N3) , Whéseghe number of

spherical harmonics used. Finite difference methods are, in effea(N?) . This means
that spectral models become increasingly expensive, relative to grid-point models, at high
resolution.

12.3 The “equivalent grid resolution” of spectral models

Laprise (1992) distinguishes four possible ways to answer the following obvious
guestion: “What is the equivalent grid-spacing of a spectral model?”

1) One might argue that the effective grid spacing of a spectral mdtel is
average distance between latitudes on the GaussianWitld.triangular
truncation, this is the same as the spacing between longitudes at the Equator,

2T

whichisL, = vl Given the radius of the Earth, and using units of

thousands of kilometers, this is equivalent to 13.57or a T31 model (with
M = 31), we getZ, J425km . An objection to this measure is that, as
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discussed above, much of the information on the Gaussian grid is thrown
away when we transform back into spectral space.

2) A second possible measure of resolutiomail$ the wavelength of the shortest

resolved zonal wave at the Equatehich isL, = % , or about 204 in units

of thousands of kilometers. For a T31 modg|[1650km

3) A third method is based on the idea that the spectral coefficients, which are
the prognostic variables of the spectral model, can be thought ckasin
number of real variables per unit aredistributed over the Earth. A

triangularly truncated model has the equivalent(df + l)z real coefficients.

4ma® 2./

(M+1)> M+1
works out to about 725 km for a T31 model.

The corresponding resolution is thén =

, Which

4) A fourth measure of resolution is based onetheivalent total wave number
associated with the Laplacian operatéor the highest mode. The square of

this total wave number i&> = M%;D . Suppose that we equate this to
2a
the square of the equivalent total wave number on a square grid, i.e.

K® = k,+k,, andletk, = k, = k for simplicity. One half of the

T _ 2Tl

corresponding wavelength is, = i , Which is equivalent to 28.3/M

in units of thousands of kilometers. For a T31 model this gives about 900 km.

These four measures of spectral resolution range over more than a factor of two. The
measure that makes a spectral model “look good’,is , and so it is not surprising that

this is the measure that spectral modelers almost always use when specifying the
equivalent grid spacing of their models.

12.4 Semi-implicit time differencing

As we have already discussed in Chapters 5 and 8, gravity waves limit the time step
that can be used in a primitive-equation (or shallow water) model. A way to get around this is
to use semi-implicit time differencing, in which the “gravity wave terms” of the equations are
treated implicitly, while the other terms are treated explicitly. This can be accomplished much
more easily in a spectral model than in a finite-difference model.
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A detailed discussion of this approach will not be given here, but the basic ideas are
as follows. The relevant terms are the pressure-gradient terms of the horizontal equations of
motion, and the mass convergence term of the continuity equation. These are the same terms
that we focused on in the discussion of the pole problem, in Chapter 8. The terms involve
horizontal derivatives of the “height field” and the winds, respectively. Typically the Coriolis
terms are also included, so that the waves in question are inertia-gravity waves.

Consider a finite-difference model. If we implicitly difference the gravity-wave
terms, the resulting equations will involve the-1” time-level values of the heights and the
winds at multiple grid points in the horizontal. This means that we must solve simultaneously
for the “new” values of the heights and winds. Such problems can be solved, of course, but
they can be computationally expensive. For this reason, most finite-difference models do not
use semi-implicit time differencing.

In spectral models, on the other hand, we prognose the spectral coefficients of the
heights and winds, and so we can apply the gradient and divergence operators simply by
multiplying by wave number (roughly speaking). This is a “local” operation in wave-number
space, so it is not necessary to solve a system of simultaneous equations.

The use of semi-implicit time differencing allows spectral models to take time steps
several times longer than those of (explicit) grid-point models. This is a major advantage in
terms of computational speed, which compensates, to some extent, for the expense of the
spectral transform.

12.5 Conservation properties and computational stability

Because the spectral transform method prevents aliasing for quadratic nonlinearities,
but not cubic nonlinearities, spectral models are formulated so that the highest nonlinearities
that appear in the equations (other than in the physical parameterizations) are quadratic. This
means that the equations must be written in advective form, rather than flux form. As a result,
the models do not exactly conserve anything -- even mass -- for a general, divergent flow.

It can be shown, however, that in the limit of two-dimensional non-divergent flow,
spectral models do conserve kinetic energy and enstrophy. Because of this property, they are
well behaved computationally. Nevertheless, all spectral models need some artificial diffusive
damping to avoid computational instability. In contrast, it is possible to formulate finite-
difference models that are very highly conservative and can run indefinitely with no artificial
damping at all.

12.6 Moisture advection

The mixing ratio of water vapor is non-negative. We have already discussed the
possibility of spurious negative mixing ratios caused by dispersion errors in finite-difference
schemes, and we have also discussed the families of finite-difference advection schemes that
are “sign-preserving” and do not suffer from this problem.

Spectral models have a very strong tendency to produce negative water vapor mixing
ratios (e.g. Williamson and Rasch, 1994). In the global mean, the rate at which “negative
water” is produced can be a significant fraction of the globally averaged precipitation rate.
Negative water vapor mixing ratios occur not only locally on individual time steps, but even
in zonal averages that have been time-averaged over a month.

Because of this disastrous situation, many spectral models are now using non-spectral
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methods for advection (e.g. Williamson and Olson, 1994). This means that they are only
“partly spectral.” When non-spectral methods are used to evaluate the nonlinear advection
terms, the motivation for using the high-resolution, non-aliasing grid disappears. Such models
can then use a coarsdnear grid,” with the same number of grid points as the number of
independent real coefficients in the spectral representation. This leads to a major savings in
computational cost.

12.7 Physical parameterizations

Because most physical parameterizations are highly nonlinear, spectral models
evaluate such things as convective heating rates, turbulent exchanges with the Earth’s surface,
and radiative transfer on their Gaussian grids. The tendencies due to these parameterizations
are then applied to the prognostic variables, which are promptly transformed into wave-
number space.

Recall that when this transform is done, the spectral representation contains less
information than is present on the grid, due to the spectral truncation to avoid aliasing due to
guadratic nonlinearities. This means that if the fields were immediately transformed back onto
the grid (without any changes due, e.g., to advection), the physics would not “see” the fields
that it had just finished with. Instead, it would see spectrally truncated versions of these fields.

For example, suppose that the physics package includes a convective adjustment that
is supposed to adjust convectively unstable columns so as to remove the instability. Suppose
that on a certain time step this parameterization has done its work, removing all instability as
seen on the Gaussian grid. After spectral truncation, some convective instability may re-
appear, even though “physically” nothing has happened!

In effect, the spectral truncation that is inserted between the grid domain and the
spectral domain prevents the physical parameterizations from doing their work properly. This
is a problem for all spectral models. It can be solved by doing the physics on a “linear” grid
that has the same number of degrees of freedom as the spectral representation.

12.8 Summary

In summary, the spectral method has both strengths and weaknesses:

Strengths

» Especially with triangular truncation, it eliminates the “pole problem.”

» It gives the exact phase speeds for linear waves and advection by a constant

current such as solid-body rotation.

» It converges very rapidly, and gives good results with just a few modes.

» Semi-implicit time-differencing schemes are easily implemented in spectral

models.
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Weaknesses

» Spectral models do not exactly conserve anything -- not even mass.

» Partly because of failure to conserve the mass-weighted total energy, artifi-

cial damping is needed to maintain computational stability.

» Spectral models have bumpy oceans.

» Because of truncation in the transform method, physical parameterizations do

not always have the intended effect.

* Moisture advection does not work well in the spectral domain.

» At high resolution, spectral methods are computationally expensive com-

pared to grid point models.
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Problems

1. Write subroutines to compute Fourier transforms and inverse transforms, for
arbitrary complem(xj) . The number of waves to be included in the transform and

the number of grid points to be used in the inverse transform should be set through
the argument lists of subroutines.

a) Let
u(x;) = l4cos(kyx;) +6i cos(k;x;) +5 (12.47)
where
21 X
k = -, L = - s
0L 4
(12.48)
k. = 21 L. = X
| e
L, 8

Compute the Fourier coefficients starting from valuesj of on a ghimdints,
for each value oM in the angle.

2<M<20 (12.49)
Tabulateur for0<M <8 ,an® <M <20 .Discuss your results.
b) Repeat for
u(xj) = 5coskyx; + Tsinkx; +2 . (12.50)

Use the same values if and k;  as given above.
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CHAPTER 13 Boundary conditions and nested
grids

Copyright 2004 David A. Randall

13.1 Introduction

Boundary conditions can be real or fictitious. At a real wall, the normal component of
the velocity vanishes, which implies that no mass crosses the wall.

The Earth’s surface is a “real wall” at the lower boundary of the atmosphere. Many
models also have “ficititious walls” at their tops.

With some vertical coordinate systems (such as height), topography imposes a lateral
boundary condition in an atmospheric model. Ocean models describe flows in basins, and so
(depending again on the vertical coordinate system used) have “real” lateral boundary
conditions.

Limited area models have artificial lateral boundaries. Even global models are limited-
domain models in the sense that they have physical lower boundaries and artificial “lids.”

Models in which the grid spacing changes rapidly (e.g. nested grid models) effectively
apply boundary conditions where the dissimilar grids meet.

This chapter deals with the effects of boundary conditions, with emphasis on what can
go wrong.

13.2 Inflow Boundaries

Consider advection in an artificially bounded domain. Instead of prescribing initial
values of the advected quantity  forallweprescribe uatc = 0 for all timen particular,
we assumes(t) at = 0 as a simple harmonic function, with frequency . Note that we
can choosev as we please. Referring again to the advection equation, i.e.

Ou , Ou _
3 +cax =0, (13.1)

we assume >0 and write

—i W
]

u(x,t) = Re[U(x)e ,  Wz0. (13.2)
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We prescribel/(0) as a real constant. Then
u(0, 1) = U(0)Re(e™) = U(0)coswt . (13.3)

Sincec >0 , we have effectively prescribed an “inflow” or “upstream” boundary condition.

Use of (13.3) in (13.1) gives

_iwUu+cd¥ =9, (13.4)
dx
which has the solution
ikx
U(x) = U(0)e . (13.5)

The dispersion equation is obtained by substituting (13.5) into (13.4):
w = ck. (13.6)
The full solution is thus

u(x,t) = UyRe{exp[i(kx —wr)]}

= UpRe{ explik(x —ct)]} . (13.7)

Now consider the same problem again, this time as represented through the
differential-difference equation

du. e 1Y
e/ BN i . Wl 3 M R O 13.8
dt ‘0 20x U ( )

We assume a solution of the form

u; = Re[Ue™ ™, (13.9)
we obtain the now-familiar dispersion relation
w = ckSn(kAy) (13.10)

kDAx

This should be compared with (13.6). Fig. 13.1 gives a schematic plotpWith andkAx as
coordinates, for the true dispersion equation (13.6) and the approximate dispersion equation
(13.10). The results are plotted only outithx = 11, which corresponfist02 Ax , the
shortest resolvable wavieor a givenwwe have ond in the exact solution. In the numerical
solution, however, we have twts, which we are going to cd{ andky. As discussed below,
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for w > 0,kq corresponds to the exact solution. Note that

kyAx = Ti—kAx. (13.11)

Also note that the group velocity is positive fadkx <T/2  , and negativéfor> 1/ 2
wWAx
C 3!

25} WAx

2 c \‘ wAx

—— = sinkAx
1 L
06F — —pF— — — — — — — — — — — - — -
| |
ol5 1 1.5 2 2.5 3 kDx
1
kAx k,Ax

Figure 13.1: A schematic plot, with %x and kAx as coordinates, for the true solution
c

(13.3) and the approximate solution (13.10). The dashed line illustrates that for
a given W the approximate solution allows two different wave numbers.

When we studied the leapfrog time-differencing scheme in Chapter 3, we had a
somewhat similar result. In Chapter 3 we had two solutions with different frequencies for a
given wavelength. Here we have a single given frequency but two solutions of differing
wavelength associated with that frequency. We can call the solution corresponding to
“physical mode” in space, and the solution corresponding ® “computational” mode in
space. Notice that the wavelength that correspond&pta.e. the wavelength of the

computational mode, will always be betwe2Ax (which correspond€\to= Tt ) and

4Ax (which corresponds téAx = g ). FdrAx >g , there really is no physical mode. In

other wordsthe physical mode exists only bz 4Ax . In view of (13.12) k,Ax < g , Which

<

is the requirement that a physical mode exists, correspondﬁnt&)gﬁ@ . This
C

[
condition can be satisfied by choosifig small enough, for given valuearafc.

Referring back to (13.10), we see that the two modes can be written as
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0 0
physical mode: DRe%pxp[ikl G - /%%}E , (13.12)

O O
computational mode: u ; URekxp [i k, an - Z—)%}D
O 2

= Re{exp[i(jTi—k jAx —wt)]}

a5y

i, g : &)
= (-1YRe [pxp[—zkl an + .
[ [

1 (13.13)

where k,Ax = Ti—k,Ax ance”’™ = (—1)7 have been used, note that the two modes will

have different amplitudes. The phase velocity of the computational mode is opposite to that
of the physical mode, and it oscillates in space with wave leythdlie to the factor of

(-1Y.

In general, the solution is a superposition of the physical and computational modes.
In casec >0 and the point= 0 is the “source of influence,” like a smoke stack, only a

physical mode appears fpP 0  and only a computational mode appegars@or . Fig. 13.2
shows this schematically for some arbitrary time. The dashed ling <dr represents
u—>cC

Y

Figure 13.2: Schematicillustration of a computational mode thatis restricted to the domain
j <0, and a physical mode that is restricted to the domain j > 0.
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(13.13), without the facto(r—l)j ; the solid line represents the entire expression. The influence
of the computational mode propagates to the left. If the wave length of the physical mode is
very large (compared thx ), the computational mode will appear as an oscillation from point

to point, i.e. a wave of lengthAx

According to (13.10), the apparent phase change per grid int€val, , is related to the
wave number by

Q = OB _ in(kAx) OkAx for kAx « 1. (13.14)
C
With the exact equation§) = kAx . Since we contmlAx, ,and , we effectively control
Q. Suppose that we giv@ >1 , by choosing a large valu&xof . In that case, in order to
satisfy (13.14)k must be complex:
k =k, +ik;. (13.15)

To see what this means, we write
sin(kAx) = —é(e""“ —e )
- _ é [ oikbx —kix _ =ik, Ax + k,Ax]
g —é ¢ cos (k Ax) + isin(k Ax)] — e[ cos (k Ax) — isin(k Ax)]  (13-16)
- %{ [ sin (k Ax) + ¥ sin (k,Ax)] + i[—e " cos (k, Ax) + e¥8% cos (k, Ax)]}

= sin(k,Ax)cosh(k;Ax) + icos(k,Ax)sinh(k;,Ax) .

Substituting back into (13.14), and equating real and imaginary parts, we conclude that

= sin(k,Ax)cosh (k,Ax),
' (13.17)
= cos(k,Ax)sinh (k;Ax).
We cannot havesinh (k,Ax) = 0 , because this would impix = 0 . Hence
cos(k,Ax) = 0, which implies that k£,Ax = g (13.18)
This is the 4 Ax wave, for which
sin(k,Ax) = 1, (13.19)
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and so from (13.17) we find that

kAx = cosh™(Q)>0. (13.20)
The inequality follows becau€® >1 by hypothesis. We can now write (13.9) as

er‘iw’eik’ije_kJAx : (13.21)
Sincek; >0 U damps gs— o
Suppose that we use an uncentered scheme in place of (13.8), e.g.

ou,
E1+Ec(uj—uj_l) =0, (13.22)

with ¢ >0. we will show that the uncentered scheme damps regardless of the values of
w, Ax, andc. Let

u; = Ue Wt pikjhx (13.23)
u_y = Ue—iotpik(j—1)Ax (13.24)
Then we obtain
—iw+ S (1 —e kYY) = 0, (13.25)
Ax

First, suppose thatis real. Setting the real and imaginary parts of (13.25) to zero gives

coskAx =1,
Cw _l_ck[sin(kAx)} -0 (13.26)
X
Since coskAx = 1 implies thatkAx = 0 , this solution is not acceptable. We conclude

thatk must be complex.

Accordingly, use (13.15) to obtain
k = k. +ik;. (13.27)

Then we obtain
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—iw+ S (1 —e R hAYy = (13.28)
Ax
Setting the real part to zero gives:
1 —efPcos(k.Ax) = 0. (13.29)
Setting the imaginary part to zero gives:
Q + efPsin(kAx) = 0. (13.30)
These two equations can be solved for the two unkndawns kand . Let
XE k,Ax
e (13.31)
Y=k Ax,
Then
L —Xcos(Y) =0, (13.32)
-Q = Xsin(Y) =0,
which implies that
X = Y
et (13.33)
tanY = Q ,
from which it follows that
X = sec[tan (Q)] > 1. (13.34)
From (13.34) and (13.31), we see that 0. Substituting back, we obtain
u; = Ueiwt otk g=hijlx (13.35)
This shows that, a5~ o , the signal weakens.
Lln +1 _ un -1 |jl —u
Exercise:Repeat the analysis above, starting frefp——/— + ¢cSHL_—i=100 —
P y 9o ‘O 2ax O
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13.3 Outflow boundaries

So far we have assumed that the initial condition is given everywhere on the space
axis, but now we consider a case in which it is given only in a certain limited domain. To

illustrate, in Fig. 13.3, lines of constant-ct  are shown. If the initial condition is specified
t

A

X - ct = constant

A B
X0 X1

Figure 13.3: Aninitial condition that is specified between x = xgand x = x; determines the
solution only along the characteristics shown.

att = 0, between the poins(x = x,, t = 0),andB (x = x;, ¢t = 0), thenu(x, ) is
determined in the triangular domadBC. To determinea«(x, ) above the lid&, we need a
boundary condition forr>0 ak = x, . When this boundary condition and the initial

condition at = 0 between the poinésand B are specified, we can obtain the solution
within the entire domair(x,<x<x;) . If the subsidiary conditions are given so that the
solution exists and is determined uniquely, we have a well-posed problem. Note that a
boundary condition at = x, is of no use.

Suppose that we are carrying out our numerical solution of (13.1) over the region
between; = 0 andj = J, as shown in Fig. 13.4, using leapfrog time-differencing and
centered space-differencing, i.e.

un+1 Z/[n—l |jl u
/ 7 + [+l f_llj: 13.36
o, ‘O 2ax O 7 (13.36)
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and that we are givem at= 0 as a function of time. Aj = 1 we can write, using
centered space differencing,

—+ = 13.37
o Ooax 07 7 (13.37)

At j = J—1 we have
Pooty U=y 2 (13.38)

ot O 2ax O

Eq. (13.38) shows that in order to predict_, , we need to kmpw . We need to give a

condition onuj as a function of time, or in other words, aofmputational boundary
condition.” Unless we are integrating over the entire globe or are dealing with some other
specific problem in which spatial periodicity of the solution can be assumed, we must specify
an artificial boundary condition at the poiht ; see Fig. 13.4. Ideally, this artificial boundary
condition should not affect the interior in any way, since its only purpose is to limit (for
computational purposes) the size of the domain.

=0 1 2 3 32 31

Figure 13.4: An outflow boundary condition must be specified at j = J, in this finite and non-
periodic domain.

For the case of the continuous advection equation, we can give boundary conditions
only at the inflow point, but for the finite-difference equation we also need a computational
boundary condition at the outflow point.

With the leapfrog scheme, we needed two initial conditions. The current situation is
somewhat analogous. Essentially, both problems arise because of the three-level differences
(one in time, the other in space) used in the respective schemes. If the computational boundary
condition is not given properly, there is a possibility of exciting a strong computational mode.

Nitta (1964) presented some results of integrating the advection equation with
leapfrog time differencing, using various methods of specifying the computational boundary
condition. Nitta’s paper deals mainly with space differencing, but as discussed later his
conclusions are influenced by his choice of leapfrog time differencing. Table 13.1 summarizes
the boundary conditions or “Methods” that Nitta considered. The results that he obtained are
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shown in Fig. 13.5.

Table 13.1: Asummary of the computational boundary conditions studied by Nitta.

Method 1 u, = constant in time
Method 2 n _ n
uyp =ty
Co, — DT, |
Method 4 n _ n
Uy = Uy
Method 5 n _ n n
Uy = 2u;_y=uy_y
Method 6 Bﬁﬂ _ 2@ _@D
o, "I, Ul
Method 7 W O
Mud _ _ O J‘”J-lD
Ladd, cg Ax [
Method 8
Celud] = — GBu,—4u,_,+u,_,)
Card, = 2ax T i
With Method 1,1, is constant in time. With Method:2” = «{, | i.e. the first
derivative ofu vanishes at the wall. With Method 4% = 4"’ | which is similar to
Method 2. Method 5, on the other hand, sefd = 24%”) —4").  alinear extrapolation of

the two interior points twﬁ") . This is equivalent to setting the second derivative to zero at the

wall. Method 7 predicts;, by means of

(n+1)_ (n=1) () _

i J L T2 (13.39)
20t Ax

which uses uncentered differencing in space. This is equivalent to asing= 2u;_, ,

which is very similar to Method 5. For this reason, Methods 5 and 7 give very similar results.
Method 8 is similar to Method 7, but has higher-order accuracy.
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Recall that, with respect to the spatial dimension, the “physical” mode is given by

ujDeXp[iklan—;c'—O%} and the “computational” mode is given by
1

u; U (—l)jexp[—ikl %Ax+ ;;—Et} . Since the computational mode propagates “upstream,”
1

we wish to examine the solution at the outflow boundary in order to determine the “initial”
amplitude of the computational mode excited there. We assume that the domain extends far

upstream towards decreasiig . In general, our solution can be expressed as a linear
combination of the two modes. Referring to (13.12) and (13.13), we can write

_ [ . ) ' . WL
u; = UORe%pxp[zk%Ax - %%} + r(—1)’exp[—1k§Ax + %%}% : (13.40)

wherek is the wave number of the physical mode anid the virtual reflection rate at the
boundary for the computational mode, so tiwt is the ratio of the amplitude of the
computational mode to that of the physical mode. We would like to make)

We now do an analysis to try to understand why Nitta obtained these results.

In Method 1,uj is kept constant. Assume;, = 0, for simplicity, andJet  be even
(“without loss of generality”). We then can write from (13.40)

u; = Uy{explikJAx] + rexp[—ikJAx]} exp[—iws] = 0, (13.41)

. —iWt
or, sincee ' #0 , we conclude that

p = ==XPLIRIAY] — o roikAy] | (13.42)
exp[—ikJAx]

which implies that|r| = 1 .This means that the incident wave is totally reflecteue

computational mode's amplitude is equal to that of the physical mode - a very unsatisfactory
situation, as can be seen from Fig. 13.5.

With Method 2, and still assuming that  is even, welgut u;_, . Then we obtain
explikJAx] + rexp[—ikJAx] = exp[ik(J—1)Ax] —rexp[—ik(J—1)Ax], (13.43)

which reduces tdr| = tankzﬁc .Fat = 4Ax ,wedef =1 .Recall that 4Ax need

not be considered. For largewe get|r| — 0 , i.e. very long waves are not falsely reflected.
In Fig. 13.5, the incident mode is relatively long.

An Introduction to Atmospheric Modeling



312 Boundary conditions and nested grids

Method

Method

Method

Method

Method

Method

/
)

- \“«o‘w/
e \“\oo.w’/

Figure 13.5: Asummary of Nitta’s numerical results, with various computational boundary
conditions. Here leapfrog time differencing was used.

)

, : 2k A : :
With Method 5, it turns out that| = tan 0,0 - Fig. 13.6 is a graphvpf  versus

kAx for Methods 1, 2, and 5. Becausés the wave number of the physical mode, we only
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considerkAx between 0 ang ; it is only in this region that we have a “physical” mode

corresponding to the real solution. Higher-order extrapolations give even better results for the
lower wave numbers, but there is little motivation for doing this.

g}

I.OL

L L=0 L=1/1=2

2ois 10 8 6 a
Wave length in grid unit

Figure 13.6: Agraph of |#| versus kAxfor Methods 1, 2, and 5. From Matsuno (1966).

In actual computations one must also have an inflow boundaryhisndill then act
as an outflow boundary for the computational mode which has propagated back up8tream
secondary mode will then be reflected from the inflow boundary and will propagate
downstream, and so on. There exists the possibility of multiple reflections back and forth
between the boundaries. Can this process amplify in time, as in a laser? Platzman’s (1954)
conclusion,for the leapfrog schemavas that specification afj constant on the outflow

boundary - and not an extrapolation from nearby points - is necessary for stability.

Therefore, we have a rather paradoxical situation, at least with the leapfrog scheme. If
we use Method 1, the domain is quickly filled with small scale “noise,” but this “noise”
remains stable. If we use Methods 5 or 7, the domain will only be littered with “noise” after a
considerable length of time (depending on the width of the domain and the ve)odityt
once the noise becomes noticeable, it will continue to grow and the model will blow up.

This situation is analogous to using the leapfrog scheme with a friction term specified
at the central time level. There is an energy loss in the solution domain through the boundaries
when using Method 5 or 7. In Method 1, all of the energy is held, whereas in Methods 5 and 7
some of it is lost due to incomplete reflection at the outflow boundary.

An Introduction to Atmospheric Modeling



314 Boundary conditions and nested grids

A more complete model with a larger domain would in fact permit energy to pass out
through the artificial boundaries of the smaller domain considered here. The schemes that
permit such loss, namely 5 and 7, are therefore more realistic, but nevertheless they can cause
an instability. This could be avoided by use of a different time differencing scheme.

13.4 Advection on nested grids

If we use an inhomogeneous grid (one in which the grid size varies), we will
encounter a problem similar to the one met at the boundaries; a reflection occurs because the
fine portion of the grid permits short waves that cannot be represented on the coarse portion
of the grid. This is a serious difficulty with all models that use nested grids. The problem can
be minimized by various techniques, but it cannot be eliminated.

Consider the one-dimensional advection equation

au au
3 Cax 0,c>0 (13.44)

We wish to solve this equation on a grid in which the grid size changes suddgniy at ,
from d, tod, , as shown below:

The sketch showd, >d, , but we will also consider the opposite case. We use the following
differential-difference equations:

/B T Bl R SR W

dt U 24, U

du, fio —U_ C1 — U
— teolagE——H 4+ BE—1 | =0 a+B =1
a0 C[DdIDBDdzm} . axb

du. L —=U.
_u.l+c|j_/tl_il__]./.ll;_1|:|:0’ for ]>O

[ O
dt 2d, (13.45)
LetJ = 0 without loss of generality. Define

Py = kod, ,py = kd, , (13.46)
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wherek, is the incident wave number, dnd is the wave numbgefor . The solution for
j <0 is given by:

u; = 0P =00 4 p (1Y UPrren) (13.47)
where
w = Py (13.48)
d;

The solution fori =20 is

u; = Re'UP2= (13.49)
where
- Cs;npz (13.50)
2

The frequencyw, must be the same in both parts of the domain. Equating (13.48) and (13.50)
gives

. d, .
sinp, = zsmpl. (13.51)
1

This relatep, t@, ,oktok,.

Since the incident wave must ha\rgj> 0 (this is what is meant by “incident”), we
know that

0<kyd, < g (13.52)

It follows that thewavelength of the incident wave is longer thédh,
Now consider several cases:

1. d,/d,>1.This means that the wave travels from a relatively fine grid to a relatively
coarse grid. Let
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d
sinp, = fsinpl =q. (13.53)
1

This implies that

e’ =+ [1—a,+ia. (13.54)

Since we can choosé,, d,, and k, any way we want, it is possible to make
sinp, > 1 or <1.We consider these two possibilities separately.

a)a =sinp, >1 . Inthis casgy, hasto be complex. From (13.54),

eP2 = j(axJa?—1) = eii(aiA/az—l) ) (13.55)

Here we have usedl = ¢! ™2 | The solution far 0 is then
i —w
u; = R(axtAa?2—1)e 2 : : (13.56)

Sincea >1 by assumption, it is clear that /a2 —1>1 m/ﬁ <l . To ensure
that Uj remains bounded gs- «© , we must choose the minus sign. Then

) iE’ETj—w%
u; = R(a—va?—1)e (13.57)

The wavelength idd, , and the amplitude decaysraseases, as shown in the sketch.

b) a = sinp, < 1. In this casg, is real. Sincesinp, =a <1 , we see that
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Ips) < ’Z-T (13.58)

This implies thatl. = %n> 4d, .The solution is

u; = Rei(sina—wr) (13.59)
From (13.51), since we are presently consideripngd, > 1 , We se@jhap, . We also
have from (13.51) that
rfinp
0 O
k-2 (13.60)
ky  pinp
0 Py N

We know thatsinx/x is a decreasing functionxdor 0 <x <T1/2. We conclude, then, that
k/ky,>1. This means that the wavelength of the transmitted wave is less than that of the
incident wave.

2. d,/d; <1.This means that the wave travels from a relatively coarse grid to a rela-

tively fine grid. In this casgs, s always real. The analysis is similar to (I, b) above. It
turns out that the wavelength of the transmitted wave is longer than that of the incident

wave. Sincep, < sin_l(dz/dl) , we can show that the maximum wavelength of the
transmitted wave is

21d
L == ——"2 (13.61)

max — | '
sin (d,/d,)

Whend,/d, = 1/2,the maximum wavelength iR d,

Next, we findR and . Af = 0, (13.47) and (13.49) must agree. Then
1+r = R. (13.62)

We are also given that
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%+c[ o — u1D+B[Vl D} = 0. (13.63)
2

We can substitute (13.47) and (13.49) into (13.63):

0 . . O
Ci@R + 0% [1 —e P+ #(1 +eP)] + R —1)F = 0 . (13.64)
ng! dy 0

Use (13.62) to eliminate in (13.64), and solveRor

_CcT(l —e P11 —¢7P)
R = L . (13.65)

—iw+ c[aT(l +e'P1) + dﬁ(eip2—1)}
1 2

Now use (13.48) to eliminat® . Also uset 3 = 1 . The result is

2
2 P, , (13.66)
1 + cosp; —y(1 —cosp,)
where we have defined
= EﬁD[‘ﬂlD
QxDQ:l 0 (13.67)
Substituting (13.66) back into (13.62) gives the reflection coefficient as
1 —cosp, —Y(1—cos
r = —[ P =Y pz)} | (13.68)
1+ cosp, —y(1 —cosp,)
This is the basic result sought.
As a check, suppose thd{ = d, aod= (3 = % . Then 0 is “just another
point,” and so there should not be any computational reflection, and the transmitted wave
should be identical to the incident wave. From (13.51), we see that for thik cadg and

P = p,. Then (13.66) and (13.68) give = 1 r,= 0, i.e. complete transmission and no
reflection, as expected.
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For a - 0 with finite d,/d,, we gety - © ,R -0 , andr| - 1 , unless

cosp, = 1, which is the case of an infinitely long wave, pg.= 0 . This is like Nitta’s
“Method 1.

For B — 0 with finited,/d, ,y - 0 so that

2
2cosp, 1

— [
Ll oy g 2
1 + cosp, M 00
(13.69)
. _Dl —CoSp _ —tanzgﬁm
O+ cosp U O

This is the result obtained with Nitta's “Method 5.”

Asp,p, - 0,R - 1 andr - 0 , regardless of the valueyof .Wpen m@ndre
small but not zero,

p?
cosp, U1 ~5 (13.70)
p3
cosp, U1 —5 (13.712)
and
Py Dgl;—%pl . (13.72)
1
Then we find that
2% plD
RO plD% +P1
_n _yp_ !
2 2
5 5 (13.73)
Pi P
01 ——+y—=
Y5
2
Pi o }
Ul ——|1-
4 [ R4
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Choosing

y = (d,/d))? (13.74)

givesR = 1+ O(p3) . Referring back to (13.67), we see that this choige of  corresponds
to

d
B-4 (13.75)
a d,

This is a good choice @8/ a , because it gies  close to ongfand  close to zero. We can
re-write (13.75) as

—ad, +B/d, = 0. (13.76)

It can be shown that (13.76) is the requirement for second-order accuracy at the “seam”
between the two grids. Since the given equations have second-order accuracy elsewhere,
(13.75) [and (13.76)] essentially express the requirement that the order of accuracy be
spatially homogeneous.

13.5 Analysis of boundary conditions for the advection equation using the energy
method

Consider the one-dimensional advection equation:

Ou, du_ g (13.77)

ot Ox

Multiplying (13.77) by2u , we obtain
—u +—cu =0. (13.78)
This shows that:” is also advected by the current. Defizmzlng as the “energy”, we see that
2. 2. .
cu” is the energy flux ang—cu is the energy flux divergence.
X

Suppose that (13.77) is approximated by the differential difference equation:

/S SIS (13.79)
ot 20x

Multiplying (13.79) by2u; , we obtain
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Q 2, CUll | —ClU; U _
~u+ =0 13.80
Otuf Ax ’ ( )

Comparing (13.80) with (13.78), we see ttm;gujﬂ amgl_luj are the energy fluxes
from grid point; to grid poinf + 1 1, and from grid poinf—1 to grid point , respectively.
Applying (13.80) to the grid point+ 1 gives

0 2 CUjpUjpp—CUU G _
3+ 1 + A =0. (13.81)
By comparing (13.80) and (13.81), we see tha}uj ‘1 represents the energy transferred
from the grid poinj to grid pointj+1. This is illustrated in Fig. 13.7
-1 j j+1
|
| | | >
> >
CU1U, CUUi+q

Figure 13.7: Sketch illustrating the energy fluxes that appearin (13.80).

In the differential case, the sign of the energy flux is the same as the sighhtf is
not necessarily true for the differential-difference equation, however, beajsu}s,el is not

necessarily positive. Wheﬂljuj+ | Is negative, as whescillates from one grid point to the
next, the direction of energy flow is opposite to the directian ©his implies negative; for
§< kAx < T1. The implication is that for short waves, for Whia/kuj_1 <0 , energy flows in

the —x direction, i.e. “backward.” This is consistent with our earlier analysis of the group
speed.
When we put arartificial boundary atj = J , and if we lat; = 0  as in Nitta’s

Method 1, the energy flux from the point- 1 to the pdim zero. This is possible only
when a computational mode, which transfers energy in the upstream direction, is superposed.
This is a tip-off that Nitta’s Method 1 is bad.

For Nitta's Method 2y, = u,_, . This gives

cuu,;_| = cu3>0. (13.82)

Since energy can leave the domain, there is less reflection. Of course, using the present
approach, the actual energy flux cannot be determined, because we do not know the value of
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MJ.
For Nitta's Method 44, = u,_, .Then for short waves
cuy_quy = cuy;_ju;_,<0. (13.83)
This is bad.
For Nitta’s Method 5,
u; = 2u;_ —u;_,, (13.84)
SO
cuuy_ = cu;_Qu;_y—u;_,) = c(2u§_1 —U;_qUy_,) . (13.85)
For very short waves,
Uy_qu;_»<0, (13.86)

so that the flux given by (13.85) is positive, as it should be.For very long waves,

uy_quy_o Ouy_quy;_y, (13.87)
so the flux is approximately
cu iy _ Dcui_1 >0. (13.88)

For Nitta's Method 7,

Ouy  uy—ty_,
— +c—" =0, 13.89
ot ¢ Ax ( )
so we find that
6u2 U, —uu
R Yo b S | I (13.90)
o0t Ax

The energy flux “inta/™ is u u;_,, while that “out of/ ” iSui >0 . Applying (13.80) &

L LI S L S AR (13.91)
Ax

0
&(ui_l) +c
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This shows that the energy flux out.bf 1 is the same as the fluXinto , which is good.

13.6 Physical and computational reflection of gravity waves at a wall

Now we discuss

B s A 13.92
ot & 2Ax ’ ( )
e B s o Wi 1 Y O (13.93)
ot 2Ax

which are, of course, differential-difference analogs of the one-dimensional shallow water
equations. Consider a distribution of the dependent variables on the grid as shown in Fig. 13.8.

The wave solutions of (13.92) and (13.93) are

(uj’ h]) |:| ei(ijx—wt) ’ (1394)
giving
_ sin (kAx) _
W, ghj A =0,

_ sin(kAx) _
oohj Huj A =0.
(13.95)

Sinceu;j andh; are not both identically zero, we obtain the familiar dispersion relation

: 2
w' = KRgHE where p = kAx . (13.96)
p

As discussed in Chapter 5, there are four solutions for a given valye.efp = p, ,

p = =Py, p = M—p, andp = —(TI—p,) . In general, for a given the solution fow; is a
linear combination of the four modes, and can be written as

u, = [AeipOj+Be_ip°j+ Cei(ﬂ—po)j +De—i(ﬂ—po)j] o (13.97)
By substituting (13.97) into (13.93)e find thathj satisfies

Hsin i, i —ipi (TT—1.)i HT—p)i
h = pO[Aelp(’]—Be ipd | Cel(T[ Po)]_De i(T Po)J]e ir

: 13.98
T oA (13.98)
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If we assumen>0, so thatsin p, = WAx [see (13.96)], then (13.98) reduces to
gH

h; = F [ae™” —be ™ 4 e TPV g/ PO i (13.99)
g

Consider an incident wave traveling toward the right with a certain wave nugpber
such tha) <p,( =ky,Ax)<Tt . Since we are assuming 0 e’V T
wave.

represents such a

Two additional waves can be produced by reflection at the boundary. We assume that
the amplitude of the incident wave with= p, is 1, and that of the reflected wave with

p = —p, is R, and that of the reflected wave wjph= 11—p, risn other words, we take
A=1,B=R,C =r,andD = 0 . Then (13.97) and (13.99) can be written as

u; = [eipoj +Re "+ rei(n_p())j] e , (13.100)
h; = F[eipd _Re PV 4 rei(n_p())j] e (13.101)
8
Now suppose that gt = J  we have a rigid wall (a real, physical wall). Since there is
no flow through the wall, we know that, = 0 , for all time. This is a physical boundary

condition. Also, E‘g—hxg = 0 is required, because otherwise there would be a pressure
J

gradient which would cause, to change with time. Consider two possible methods for
approximating this:

MethodI: u, = 0, h;,—h;_; =0, (13.102)
Method II: w,+u; , =0, h;,—h;_; =0. (13.103)
Method Il essentially corresponds to placing the wall atl /2 rather thanraenu is

assumed to be antisymmetric ang assumed to be symmetric about the wall.

A third method is to predidt; using uncentered differencing:

oh -
Method Ill: u, = 0, —< +H§%§ = 0. (13.104)
X

This is equivalent to assuming , ;, = —u;_,; , and then applying (13.93) to theJoint
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In a straightforward manner, ths and the's can be determined for each of Methods
I, 1l, and lll. Table 5.1 gives the expressions for and for each method, and Fig. 13.8

R /

I ol gttt ==

o5\ N

Figure 13.8: The upper panel shows the variation of |R| with pyfor Methods |, Il, and lll. The
lower panel shows the corresponding results for |7|.
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shows|R| andr| plotted as functionsmf . Method | is obviously bad. False energy is

Table 13.2: Expressions for R and r, for Methods |, Il, and lll.

Method | Method Il Method I
R —C0s p, —cos p, +isin p, -1
(IR[ = 1)
r —1+cos p, 0 0

produced wherp, is close tm Even whenp, is small, part of the incident energy is

reflected back withp = m—p, , and the solution will become “noisy”. Methods Il and IlI
are better. Method Il is best.

A way to bypass most of the problems associated with the existence of too many
modes is to use a grid with a “staggered” spatial distribution of the dependent variables, as

shown in Fig. 13.9. Note thatis defined “at the wall,” wherg¢ = J . If we are dealing with
a rigid wall, the boundary conditiom, = 0 is sufficient becahse not defined at the

boundary. Use of this staggered grid means use of either only circled or only boxed quantities
in Fig. 13.8.

Figure 13.9: Aone-dimensionalstaggered grid for solution of the shallow water equations,
nearawallwhere j = J.

13.7 Boundary conditions for the gravity wave equations with an advection term

We now generalize our system of equations to include advection by a meas flow
the following manner:

@ , 90, . 9 _ 13.105
e U T8 T 0 (13.105)
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0, 90, -
o . GD Ou _
Q?z ath + H— 0. (13.107)

We have also added a velocity compone&nin they-direction. The system is still linear, but it
is getting more realistic! The dependent perturbation quantitiesandh are assumed to be

constant iry. In this sense the problem is one-dimensional, even thogdgh is allowed.

Since (13.105) through (13.107) are hyperbolic, we can write them in normal form:
[Q +(U+c)iE¢+ ﬁ% =0, (13.108)
ot Ox H

© , y90, =
&+ Us xD 0, (13.109)

[%er_c)a%}%“ﬁ% =0 (13.110)

Here c = ./JgH . We assumec > |U| , which is often true in the atmosphere. For (13.108) and

(13.109), the linesx—(U+c¢)t = constant  andx — (U —c)t = constant are the
characteristics, and are shown as the solid lines in Fig. 13.10. Everything is similar to the case
without advection, except that now the slopes of the two characteristics which ioaffes

not only in sign but also in magnitude.

We also have an additional equation, namely (13.109). This, of course, is an advection
equation, and sw is a constant along the lines— Ut = constant , which are shown
schematically by the broken lines in Fig. 13.10. We should then speaifly on the inflow

boundary. The divergence is given %@ , and the vorticit)g—‘éy . We conclude that for this
X X

one-dimensional case the normal or divergent component of the wiedr( be specified at
both boundaries, but the tangential or rotational compong@rdag be specified only at the
inflow boundary.

13.8 The energy method as a guide in choosing boundary conditions for gravity waves

From the gravity wave equations we can derive the total energy equation

arl N _
3 DZHM + —gh D+gH—(hu) 0. (13.111)

Suppose that the gravity-wave equations are approximated by
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X-(U+c)t=constant

.:::. <—/

x-(U-c)t=constant

4

/ X
X-Ut=constant

Figure 13.10: Characteristics for the case of shallow water wave propagation with an
advecting current U.

Ty gl izl = (13.112)
ot 2Ax
gl il = (13.113)
ot 2Ax

The corresponding discretized total energy equation is

1 1
QDl 2+l 2E|+ 247 J J 2% J J _ 3114
atEtH”f 2gth gH A 0. (13.114)

Earlier,u = J%h was recommended as a computational boundary condition at the artificial
boundary BB'. Correspondingly, if we let

H
h,= 2 , = |&hn, ., 13.115
J g”J—l uy -1 ( )

then the energy flux from the pouit-1  to the polnt becomes
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1 2 1 .2
GHA (g ughy ) = A/gH%HuJ_l +2eh;_ >0 (13.116)

which is guaranteed to be positive (outward energy flow).

When the boundary is a real, rigid wall, we may put it between the pbints J and
and let u,+u;, , =0 andh;,—h;_, =0 (Method Il). Then the energy flux is

gH%(uJ_th+ ush,_,) = 0. Alternatively, we may put the wall at the poift(u, = 0)
and let

0h, d—u,_ g _
<.+ HE— =15 = 0 (Method 111 (13.117)

The total energy equation at the paint is then

01 ;2 D —hu_ 0
——gh,+gHF——"—==0. 13.118
There is no kinetic energy term since= 0 . In (13.188Jh u,_, is the energy flux from

the pointJ—1 to the poin/ . Note, however, thgt,_, = 0 . There is no energy flux
beyond the point .

For the total energy equation (13.111), the boundary coanrﬁh =0 gives

uh = J%hz >0, (13.119)

so that there will beutward energy flux at the right boundary. From (13.114), we see that

with a rigid wall, the energy flux al—% 8, _h;+u;h;_, . We have already discussed
three methods for giving boundary conditions on the wave equations.

For Method I, we find that

w, =0, hy—h,_, =0, (13.120)

the energy flux is

w,_h,_ (13.121)

which is generally different from zero. This means that total reflection does not occur.
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Method Il is

The energy flux is then

u;_hy+vuh, = u;_ hy_ +(-u;_)h,_; =0, (13.123)

so we haveomplete reflectian
13.9 Summary

Computational modes in space can be generated at real and / or artificial walls, and
arise from space differencing schemes. In problems with boundaries, these modes can
necessitate the introduction of “computational boundary conditions” at outflow boundaries.
The computational modes have short wavelengths and move “backwards.” Various methods
can be used to minimize problems at boundaries, as discussed in the paper by Matsuno. None
of these methods completely eliminates the problems caused by artificial boundaries,
however.

Problem

1. Derive the form ofr| for Nitta’'s Method 7. Assume thiat is even.
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FIG. 2.1: An example of a grid, with uniform grid spacing Dx. The grid points are
denoted by the integer index j. Half-integer points can also be defined. - - - - 17

FIG. 2.2: Schematic illustrating the interpretation of the fourth-order difference in
terms of the extrapolation of the second-order difference based on a spacing of
4Ax, and that based on a spacing Ak2The extrapolation reduces the effective

gridsizeto (2/3)AX. - ------- - - s 12
FIG. 2.3: Figure used in the derivation of the first line of (2.72). ---------- 22
FIG. 2.4: A grid for the solution of the one-dimensional advection equation. -- 24

FIG. 2.5: The shaded area represents the “domain of dependence” of the solution of
the upstream scheme atthe point, . ---------------------------- 26

FIG. 2.6: Diagram illustrating the concepts of interpolation and extrapolation. See text
fordetails. - - ------- - - 29

FIG. 2.7: The amplification factor for the upstream scheme, plotted for three different
wavelengths. - - - - ---cccmcmmm et e 35

FIG. 2.8: “Total” damping experienced by a disturbance crossing the domain, as a
function J, the number of grid points across the domain. Here we have assumed
L= L e 40

FIG.3.1: In Eq. (3.3), we use a weighted combination of to computevarage” value
of overthetimeinterval . ---------------------- - 44

FIG. 3.2. A simple fortran example to illustrate how the fourth-order Runge-Kutta
scheme works. Note the four calls to subroutine “dot.” This makes the scheme
EXPENSIVE. - = - - - s s s o oo oo 53

FIG. 3.3: Schematic illustration of the solution of the oscillation equation for the case
in whichA is pure imaginary and the phase changes by on each time step. - 55

FIG. 3.4: This figure shows the magnitude of the amplification factor as a function of
for various difference schemes. The Euler, backward, trapezoidal, Euler-backward,
and Heun schemes are shown by curves I, II, Ill, IV, and V respectively. The
magnitude of the amplification factor for the trapezoidal scheme coincides with that
of the true solution for all values o§/t. Caution: This does not mean that the
trapezoidal scheme gives the exact solution! - - - - - - - === - - o m oo - 58

FIG. 3.5: This figure shows the behavior of the imaginasy &nd realX,) components

of the amplitude, a® varies. Recall that tais given by for each scheme. From
this plot we can also see the behavior 0B aaries, for each scheme. ---- 59

FIG. 3.6: The leapfrog scheme. - - ----------------mmm oo 60
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FIG. 3.7: An oscillatory solution that arises with the leapfrog scheme for , for the case
in which the two initial values of are not the same. ----------------- 61

FIG. 3.8: Panels a and b: Amplification factors for the leapfrog scheme as applied to
the oscillation equation with . Panels ¢ and d: Solutions of the oscillation equation
as obtained with the leapfrog scheme for . In making these figures it has been
assumedthat. -------------mmmm e 63

FIG. 3.9: Graphs of the real and imaginary parts of the physical and computational
modes of the solution of the oscillation equation as obtained with the leapfrog
schemefor. ------------------ o 64

FIG. 3.10: Panel a shows the amplification factors for the leapfrog scheme as applied
to the oscillation equation with . Panel b shows the real and imaginary parts of the
corresponding solution, forn=0,1,2,and 3. --------------------- 65

FIG. 3.11: Panels a and b show the amplification factors for the oscillation equation
with the leapfrog scheme, with . Panel ¢ shows the corresponding solution. The
solid curve shows the unstable mode, which is actually defined only at the black
dots. The dashed curve shows the damped mode, which is actually defined only at
the grey dots. Panel d is a schematic illustration of the amplification of the unstable
mode. Note the period of , which is characteristic of this type of instability. -66

FIG. 3.12: Amplification factor of various schemes for the oscillation equation (from
Baer and Simons, 1970). The horizontal axis in each panelQ.is
SeeTable3.3. -------cmmmmmmc e 70

FIG. 3.13: and (for the physical mode), plotted as function@ dffor the oscillation
equation (from Baer and Simons, 1970). See Table 3.3, - - ------------ 71

FIG. 3.14: An example illustrating how the leapfrog scheme leads to instability with
the decay equation. The solution shown here represents the computational mode
only and would be superimposed on the physical mode. ------------- 73

FIG. 4.1: The staggered grid used in (4.13) and (4.14). ----------------- 89

FIG. 4.2: Four interpolations as functions of the input values. a) arithmetic mean, b)
geometric mean, c) harmonic mean, d) Eg. (4.36), which makes the interpolated
value close to the larger of the two input values. In all plots, black is close to zero,
and white isclosetoone. ----------------------------------- 94

FIG. 4.3: The amplification factor for the Lax-Wendroff scheme, for two different
wavelengths, plotted as a function of . Compare with Fig. 2.4, ---------- 100

FIG. 4.4: The ratio of the computational phase speed to the true phase speed, and also
the ratio of the computational group speed to the true group speed, both plotted as
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functions of wave number. - - - - - - - - - - - - oo 101
FIG. 4.5: Sketch defining notation used in the discussion of the group velocity. 102

FIG. 4.6: Sketch used to illustrate the concept of group velocity. The short waves are
modulated by longer waves. - - ---------------- oo 103

FIG. 4.7: Yet another sketch used to illustrate the concept of group velocity. The short
wave has wavelengthAR. - - - ----------------------o 104

FIG. 4.8: The time evolution of the solution of (4.75) at grid points j =0, 1, and 2. 105

FIG. 4.9: The solution of (4.75) for t = 5 and t = 10 for j in the range -15 to 15, with
“spike” initial conditions. From Matsuno (1966). ------------------ 106

FIG. 4.10: The solution of (4.72) with “box” initial conditions. From Wurtele (1961).
---------------------------------------------------- 107

FIG. 4.11: The ratio of the computational phase speed, , to the true phase speed, , plotted
as a function of , for the second-order and fourth-order schemes. -------- 108

FIG. 4.12: The domain of influence for explicit non-iterative space-centered schemes
expands in time, as is shown by the union of Regions land Il. - - - ------- 109

FIG. 4.13: Sketch illustrating the angte,, on a rectangular grid. - --------- 122

FIG. 7.1: A grid for solution of the one-dimensional shallow water equations. - 153

FIG. 7.2: Grids, dispersion equations, and plots of dispersion equations for grids A-E
and Z. The continuous dispersion equation and its plot are also shown for
comparison. For plotting, it has been assumed that . - - - - - - ----------- 156

FIG. 7.3: Dispersion relations for the continuous shallow water equations, and for finite-
difference approximations based on the B, C, and Z grids. The horizontal coordinates
in the plots are and |, respectively, except for the E grid, for vinchare used. The
vertical coordinate is the normalized frequency, . For the E grid, the results are
meaningful only in the triangular region for which . The left column shows results

for, and theright columnfor. ------------------------------. 159
FIG.7.4: Aplotof asafunctionof,for. -------------------------- 162
FIG. 8.1: The staggered grid used in the one-dimensional case. ----------- 171
FIG. 9.1: A mountain. As we move uphill in the direction, the surface pressure

decreases and the surface geopotential increases. - - - - --------------- 200
FIG. 9.2: Evaluating the horizontal pressure gradient force. - - - - - - - - - - - - - - 201
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FIG. 9.3: A schematic picture of the representation of mountains using the h
coordinate, -----------cmomeee ettt a e a o 203

FIG. 9.4: Four possible vertical coordinate systems. ------------------- 206
FIG. 9.5: Schematic illustration of the Charney - Phillips grid and the Lorenz grid. 209

FIG. 10.1: An example of aliasing error. Distance along the horizontal axis is
measured in units of . The wave given by the solid line has a wave length of . This
is shorter than , and so the wave cannot be represented on the grid. Instead, the grid
“sees” a wave of wavelength , as indicated by the dashed line. Note that the -wave
IS “upside-dowWn.” - - - - - - - o e e e 223

FIG. 10.2: An example of aliasing in the analysis of observations. The blue curve
shows the precipitation rate, averaged over the global tropics (20 S to 20 N), and
the red curve shows a the thermal radiation in the 10.8 mm band, averaged over the
same region. The horizontal axis is time, and the period covered is slightly more
than two years. The data were obtained from the TRMM (Tropical Rain Mapping
Mission) satellite. The obvious oscillation in both curves, with a period close to 23

days, is an artifact due to aliasing. See text for further explanation. ------- 224
FIG. 10.3: The red line is a plot of versus . The dashed black line connects with ,

corresponding to the example of Fig. 10.1. ----------------------- 226
FIG. 10.4: The phase change per grid point for: a) ,andb) . -------------- 227

FIG. 10.5: Plots of the functions and given by (10.27) and (10.28), respectively. For
plotting purposes, we have used . The functions have been evaluated only for
integer values of and , which gives them a jagged appearance. Nevertheless it is
fair to say that they are rather ugly. This is the sort of thing that can appear in your
simulations as a result of aliasing instability. ---------------------- 231

FIG. 10.6: Schematic illustration of the mechanism of aliasing instability. Nonlinear
interactions feed energy into scales too small to be represented on the grid, and this
energy folds back through aliasing into scales that can be represented. The process
feeds on itself. This can cause the total amount of energy to increase, unless the
scheme is energy CoONServing. - - - - - == = - == = = = == o - - oo oo o m oo 233

FIG. 10.7: Sketch illustrating the mechanism of aliasing instability.- - - - - - - - - 235

FIG. 10.8: Diagram used in the explanation of Fjortoft's (1953) analysis of the
exchanges of energy and enstrophy among differing scales in two-dimensional
1ale]1 (o] s T e 238

FIG. 10.9: Stencil used in the discussion of vorticity conservation for . See text for
details. - - ----------- oo 244
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FIG. 10.10: The central point in each figure is . Stream function and vorticity are both
defined at each of the mesh points indicated by the black dots. The colored lines
represent contributions to from , , or both, from the various neighboring points. 247

T
Results of tests with the various finite-difference Jacobians. Panel ¢ shows the initial
kinetic energy is at a low wave number. - - - - - - - - - - - - - 250

FIG. 10.12: The arrangement of the mass, zonal wind, and meridional wind on the C
o[ B R R LT 254

FIG. 11.1: For the wind vector shown in the sketch, points along the prime meridian
have a strong northward component. There is a discontinuity at the pole, and points
along international date line have a strong southward component. Points @ear 90
longitude have a strong positive zonal component, while points neas 270
longitude have a strong negative zonal component. ----------------- 261

FIG. 11.2: Map projections of the continents: a.) Mercator projection. b.) North polar
stereographic projection. - ---------------------------------- 265

FIG. 11.3: Composite grid method grid. Two such grids are used to cover the sphere.
Points labeled with are the boundary conditions for the points labeled with +.
Values at the points are obtained by interpolation from the other grid. The big circle
is the image of the Equator. Points labeled * are notused. - - - - - -------- 267

FIG. 11.4: One octant of the latitude-longitude gynised by Arakawa and Lamb
(1981). In the example shown, there are 72 grid points around a latitude circle and
44 |atitude bands from pole to pole. The longitudinal grid spacing is globally
uniform, and in this example iss& The latitudinal grid spacing is globally uniform
except for “pizza slices” ringing each pole, which are 1.5 times as “tall” as the other
grid cells. The reason for this is explained by Arakawa and Lamb (1981). In the
example shown here, the latitudinal grid spacingdseAcept that the pizza slices
are@otall. --------------- 268

FIG. 11.5: A plot of the smoothing parameter as given by (11.51), for the “worst case”
of the shortest zonal mode. The dashed vertical lines demarcate the belt of latitude
near the Equator for which no smoothing is needed. It has been assumed that the
longitudinal grid spacing is 5/4 times the latitudinal grid spacing, as it is for the grid
showninFig. 114, = - - - - - s s e e e e e e e 273

FIG. 11.6: Kurihara grid on one octant of the sphere. - ----------------- 274

FIG. 11.7: Wandering electron grid. White cells have five walls, light gray cells have
six walls, and dark gray cells have sevenwalls. - - - ----------------- 275

FIG. 11.8: a.) Icosahedron. b.) Partition each face into 64 smaller triangles. c.) Project
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ontothesphere. - - ---------------- o 275

FIG. 11.9: Cells neighboring a given cell (shaded) on triangular, square, and
hexagonal grids. A “wall neighbor” is a neighbor which lies directly across a cell
wall. 276

FIG. 11.10: Configuration of grid triangles for the case K=5. ------------ 278
FIG. 11.11: Masuda’s velocity potential field. 279
FIG.12.1: The Earthisbumpy.- - - - - - - = - - - - - o e e oo 285

FIG. 12.2: Table of ., showing which pairs can contribute to wave numbers in the
range to . The pairs in the triangular regions marked by X’s do not contribute. 287

FIG. 12.3: Rhomboidal and triangular truncation. From Jarraud and Simmons (1983).
---------------------------------------------------- 292

FIG. 12.4: Percentage of total kinetic energy in each spectral component. From
Jarraud and Simmons (1983) based on Baer (1972). ---------------- 292

FIG. 13.1: A schematic plot, with and as coordinates, for the true solution (13.3) and
the approximate solution (13.10). The dashed line illustrates that for a given the
approximate solution allows two different wave numbers. ------------ 303

FIG. 13.2: Schematic illustration of a computational mode that is restricted to the
domain , and a physical mode that is restricted to the domain. --------- 304

FIG. 13.3: An initial condition that is specified between x = x0 and x = x1 determines
the solution only along the characteristics shown. - - - - -------------- 308

FIG. 13.4: An outflow boundary condition must be specified at j = J, in this finite and
non-periodicdomain. ------------------------------------- 309

FIG. 13.5: A summary of Nitta’s numerical results, with various computational
boundary conditions. Here leapfrog time differencing was used. 312

FIG. 13.6: A graph of versuskx for Methods 1, 2, and 5. From Matsuno (1966). 313
FIG. 13.7: Sketch illustrating the energy fluxes that appear in (13.80). - - - - - - 321

FIG. 13.8: The upper panel shows the variation of with pO for Methods I, II, and IlI.
The lower panel shows the corresponding resultsfor . - - ------------- 325

FIG. 13.9: A one-dimensional staggered grid for solution of the shallow water
equations, near awallwhere . ------------------------------_ 326

FIG. 13.10: Characteristics for the case of shallow water wave propagation with an
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