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Announcements

Subject: A practical introduction to numerical modeling of the atmo
sphere.

Text: Class notes, available at the class website: http://kiwi.at-
mos.colostate.edu/group/dave/at604.html

Course grade: 1/4 on homework, 1/4 on each of two midterms (closed bo
in class), and 1/4 on final (closed book, in class)   The final w
emphasize the latter part of the course, and will be held dur
finals week.

Access to instructor: As you may know, I have posted office hours, but students
this class are welcome to come to me with questions any ti
provided only that I am not actually busy with someone els

Teaching assistant: We are fortunate to have Jonathan Vigh as a TA for this 
course. He will grade the homework and will be available to
answer questions on a schedule which he will make known
you. He may also organized other activities, which will be a
nounced separately.

Computing: Some of the homework will involve writing computer pro-
grams, plotting results, etc.You can use any computing lan
guage or plotting software you want. Although you are 
certainly encouraged to ask questions about the homewor
neither I nor the TA will help with debugging your program

Auditing: Auditing is permitted, provided that you audit officially by fill
ing out the appropriate form. Auditors are required to atten
class but are not required to hand in homeworks or take exa
Keep in mind, however, that, like skiing or swimming or bic
cling, numerical modeling is learned largely by doing. 

Schedule: Classes will be missed occasionally. A calendar will be dist
uted. 
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Preface

The purpose of this course is to provide an introduction to the methods us
numerical modeling of the atmosphere. The ideas presented are relevant to both
scale and small-scale models.

Numerical modeling is one of several approaches to the study of the atmos
The others are observational studies of the real atmosphere through field measur
and remote sensing, laboratory studies, and theoretical studies. Each of thes
approaches has both strengths and weaknesses. In particular, both numerical mode
theory involve approximations. In theoretical work, the approximations often inv
extreme idealizations, e.g. a dry atmosphere on a beta plane, but on the othe
solutions can sometimes be obtained in closed form with a pencil and paper. In num
modeling, less idealization is needed, but in most cases no closed form solut
possible. Both theoreticians and numerical modelers make mistakes, from time to tim
both types of work are subject to errors in the old-fashioned human sense. 

Perhaps the most serious weakness of numerical modeling, as a research ap
is that it is possible to run a numerical model built by someone else without havin
foggiest idea how the model works or what its limitations are. Unfortunately, this kin
thing happens all the time, and the problem is becoming more serious in this e
“community” models with large user groups. One of the purposes of this course is to
it less likely that you, the students, will use a model without having any understand
it.

This introductory survey of numerical methods in the atmospheric scienc
designed to be a practical, “how to” course, which also conveys sufficient understa
so that after completing the course students are able to design numerical schem
useful properties, and to understand the properties of schemes that they may encou
there in the world. 

The first version of these notes, put together in 1991, was heavily based o
class notes developed by Prof. A. Arakawa at UCLA, as they existed in the early 1
and this influence is still apparent in the current version, particularly in Chapters 2 a
A lot of additional material has been incorporated, mainly reflecting developments 
field since the 1970s. The explanations and problems have also been considerably
and updated. 

The teaching assistants for this course have made major improvements 
material and its presentation, in addition to their help with the homework and 
questions outside of class. 

I have learned a lot by extending and refining these notes, and also th
questions and feedback from the students. The course has certainly ben
An Introduction to Atmospheric Modeling
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ed the
considerably from such student input. 

Finally, Michelle McDaniel has spent countless hours patiently assisting in
production of these notes. She created the formatting that you see, and organiz
notes into a “book.” 
An Introduction to Atmospheric Modeling
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1.1 What is a model?

The atmospheric science community includes a large and energetic grou
researchers who devise and carry out measurements in the atmosphere. This work i
instrument development, algorithm development, data collection, data reduction, and
analysis. 

The data by themselves are just numbers. In order to make physical sense of th
some sort of model is needed. This might be a qualitative conceptual model, or it might
analytical theory, or it might take the form of a computer program. 

Accordingly, a community of modelers is hard at work developing mod
performing calculations, and analyzing the results by comparison with data. The mod
themselves are just “stories” about the atmosphere. In making up these stories, ho
modelers must strive to satisfy a very special and rather daunting requirement: The 
must be true, as far as we can tell; in other words, the models must be consistent with al
relevant measurements.

A model essentially embodies a theory. A model (or a theory) provides a bas
making predictions about the outcomes of measurements. The disciplines of fluid dyna
radiative transfer, atmospheric chemistry, and cloud microphysics all make use of mode
are essentially direct applications of basic physical principles to phenomena that occur
atmosphere. Many of these “elementary” models were developed under the banners of p
and chemistry, but some-- enough that we can be proud -- are products of the atmos
science community. Elementary models tend to deal with microscale phenomena, (e
evolution of individual cloud droplets suspended in or falling through the air, or the op
properties of ice crystals) so that their direct application to practical atmospheric proble
usually thwarted by the sheer size and complexity of the atmosphere. 

A model that predicts the deterministic evolution of the atmosphere or s
macroscopic portion of it can be called a “forecast model.” A forecast model could be, a
name suggests, a model that is used to conduct weather prediction, but there ar
possibilities, e.g. it could be used to predict the deterministic evolution of an indivi
turbulent eddy. Forecast models can be tested against real data, documenting for exam
observed development of a synoptic-scale system or the observed growth of an ind
convective cloud, assuming of course that the requisite data can be collected. 

We are often interested in computing the statistics of an atmospheric phenomenon
e.g. the statistics of the general circulation. It is now widely known that there are fundam
An Introduction to Atmospheric Modeling 1
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limits on the deterministic predictability of the atmosphere, due to sensitive dependen
initial conditions (e.g. Lorenz, 1969). For the global-scale circulation of the atmospher
limit of predictability is thought to be on the order of a few weeks, but for a cumulus-s
circulation it is on the order of a few minutes. For time scales longer than the determ
limit of predictability for the system in question, only the statistics of the system ca
predicted. These statistics can be generated by brute-force simulation, using a forecas
but pushing the forecast beyond the deterministic limit, and then computing statistics
the results. The obvious and most familiar example is simulation of the atmospheric g
circulation (e.g. Smagorinski 1963). Additional examples are large eddy simulation
atmospheric turbulence (e.g. Moeng 1984), and simulations of the evolution of an ens
of clouds using a space and time domains much larger than the space and time sc
individual clouds (e.g. Krueger 1988). 

Forecast models are now also being used to make predictions of the time evolu
the statistics of the weather, far beyond the limit of deterministic predictability for individ
weather systems. Examples are seasonal weather forecasts, which deal with the stat
the weather rather than day-to-day variations of the weather and are now being produ
several operational centers; and climate change forecasts, which deal with the evolu
the climate over the coming decades and longer. In the case of seasonal forecast
predictability of the statistics of the atmospheric circulation beyond the two-w
deterministic limit arises primarily from the predictability of the sea surface tempera
which has a much longer memory of its initial conditions than does the atmosphere. 

In the case of climate change predictions, the time evolution of the statistics o
climate system are predictable to the extent that they are driven by predictable chan
some external forcing. For example, projected increases in greenhouse gas concen
represent a time-varying external forcing whose effects on the time evolution of the sta
of the climate system may be predictable. Over the next several decades measureme
make it very clear to what extent these predictions are right or wrong. A more mun
example is the seasonal cycle of the atmospheric circulation, which represents the re
of the statistics of the atmospheric general circulation to the movement of the Earth
orbit; because the seasonal forcing is predictable many years in advance, the season
of the statistics of the atmospheric circulation is also highly predictable, far beyond the
week limit of deterministic predictability for individual weather systems. 

Some models predict statistics directly; the dependent variables are the stati
themselves, and there is no need to average the model results to generate statist
the fact. For example, radiative transfer models describe the statistical behavior of extre
large numbers of photons. “Higher-order closure models” have been developed to sim
directly the statistics of small-scale atmospheric turbulence (e.g., Mellor and Yamada, 
Analogous models for direct simulation of the statistics of the large-scale circulation o
atmosphere may be possible (e.g., Green, 1970). 

Finally, we also build highly idealized models that are not intended to pro
quantitatively accurate or physically complete descriptions of natural phenomena, but 
to encapsulate our physical understanding of a complex phenomenon in the simple
most compact possible form, as a kind of modeler’s haiku. For example, North (1
discusses the application of this approach to climate modeling. Toy models are int
primarily as educational tools; the results that they produce can be compared
measurements only in qualitative or semi-quantitative ways. 

This course deals with numerical methods that can be used with any of the m
“types” discussed above, but for the most part we will be thinking of “forecast models.”
An Introduction to Atmospheric Modeling
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1.2 Fundamental physics, mathematical methods, and physical parameterizations

Most models in atmospheric science are formulated by starting from basic ph
principles, such as conservation of mass, conservation of momentum, conservat
thermodynamic energy, and the radiative transfer equation. In principle, these equatio
describe the evolution of the atmosphere in extreme detail, down to spatial and tem
scales far below the range of meteorological interest. 

Even if such detailed models were technologically feasible, we would still choo
average or aggregate the output produced by the models so as to depict the evolution
scales of primary interest, e.g. thunderstorms, tropical cyclones, baroclinic waves, a
global circulation. In addition, we would want to explain why the solutions of the models tur
out as they do. In practice, of course, we cannot use such high spatial and temporal res
and so we must represent some important processes parametrically. Such par
representations, or “parameterizations”, are a practical necessity in models of li
resolution, but even if we were using models with arbitrarily high resolution we would
need parameterizations to understand what the model results mean. Parameterizations
dealt with in this course, but you can learn about them in courses on cloud physics, rad
turbulence, and chemistry.

Obviously, mathematical methods are needed to solve the equations of a model,
practice the methods are almost always approximate, which means that they entail erro
useful to distinguish between physical errors and mathematical errors. Suppose that we
set of equations that describes a physical phenomenon “exactly.” For example, we
consider the Navier-Stokes equations to be an exact description of the fluid dynamics 1

For various reasons we are unable to obtain exact solutions to the Navier-Stokes equa
applied to the global circulation of the atmosphere. We simplify the problem by ma
physical approximations to the equations. For example, we may treat the motion as 
static, or we may introduce Reynolds averaging along with closures that can be u
determine turbulent and convective fluxes. In the course of making these ph
approximations, we do two important things:

• We introduce errors. That is why the physical approximations are called
“approximations.”

• We change the physical model. After making the physical approximations, we n
longer have the Navier-Stokes equations. 

Unfortunately, even after the various physical approximations have been made
still (usually) impossible for us to obtain exact solutions to the modified model. We ther
introduce further approximations that are purely mathematical (rather than physic
character. For example, we may replace derivatives by finite differences. Solutions 
resulting models take the form of numbers, rather than formulas, so the models are de
as “numerical.”   

In this course, we deal primarily with the mathematical approximations that are 
to convert (already approximate) physical models into numerical models. We focus o
errors involved and how they can be anticipated, analyzed, and minimized. This is a 
about errors. All your life you have been making errors. Now, finally, you get to take a c
on errors. It’s about time.

1. In reality, of course, the Navier-Stokes equations already involve physical approximations.
An Introduction to Atmospheric Modeling
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Having spent a page or so making the distinction between physical errors
mathematical errors, I will now try to persuade you that physical considerations should 
primary role in the design of the mathematical methods that we use in our models. The
tendency to think of numerical methods as one realm of research, and physical modeli
completely different realm. This is a mistake. The design of a numerical model shou
guided, as far as possible, by our understanding of the essential physics of the pro
represented by the model. This course will emphasize that very basic and inadeq
recognized point. 

As an example, to an excellent approximation, the mass of dry air does not cha
the atmosphere goes about its business. This physical principle is embodied in the con
equation, which can be written as

, (1.1)

where  is the density of dry air, and  is the three-dimensional velocity vector. When
is integrated over the whole atmosphere, with appropriate boundary conditions, we find

, (1.2)

and so we conclude that

. (1.3)

Eq. (1.3) is a statement of global mass conservation; in order to obtain (1.3), we had
(1.2), which is a property of the divergence operator with the appropriate boun
conditions. 

In a numerical model, we replace (1.1) by an approximation; examples are 
later. The approximate form of (1.1) entails an approximation to the divergence ope
These approximations inevitably involve errors, but because we are able to choose or
the approximations, we have some control over the nature of the errors. We cannot eli
the errors, but we can refuse to accept certain kinds of errors. In particular, we ref
accept any error in the global conservation of mass. This means that we can design ou
so that an appropriate analog of (1.3) is satisfied exactly.

In order to derive an analog of (1.3), we have to enforce an analog of (1.2)
means that we have to choose an approximation to the divergence operator that “b
like” the exact divergence operator in the sense that the global integral (or more prec
global sum representing the global integral) is exactly zero. This can be done, quite 
You would be surprised to learn how often it is not done.

There are many additional examples of important physical principles that ca
enforced exactly by designing suitable approximations to differential and/or inte
operators. These include conservation of energy and conservation of potential vorticity.

t∂
∂ρ ρV( )∇•–=

ρ V

ρV( )∇• d
3
x

whole atmosphere
∫ 0=

td
d ρd

3
x

whole atmosphere
∫ 

 
 

0=
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1.3 Numerical experimentation

A serious difficulty in the geophysical sciences such as atmospheric science is th
usually impossible (perhaps fortunately) to perform controlled experiments using the E
Even where experiments are possible, as with some micrometeorological phenomen
usually not possible to draw definite conclusions, because of the difficulty of separatin
one physical process from the others. For a long time, the development of atmospheric 
had to rely entirely upon observations of the natural atmosphere, which is an uncon
synthesis of many mutually dependent physical processes. Such observations can
provide direct tests of theories, which are inevitably highly idealized. 

Numerical modeling is a powerful tool for studying the atmosphere through
experimental approach. A numerical model simulates the physical processes that occur in
atmosphere. There are various types of numerical models, designed for various purpos
class of models is designed for simulating the actual atmosphere as closely as po
Examples are numerical weather prediction models and climate simulation models. The
intended to be substitutes for the actual atmosphere and, therefore, include representa
many physical processes. Direct comparisons with observations must be made for eva
of the model results. Unfortunately (or perhaps fortunately), the design of such mode
never be a purely mathematical problem. In practice, the models include many simplific
and parameterizations, but still they have to be realistic. To meet this requirement, we
rely on physical understanding of the relative importance of the various physical proc
and the statistical interactions of subgrid-scale and grid-scale motions. Once we have 
sufficient confidence that a model is reasonably realistic, it can be used as a substitute
real atmosphere. Numerical experiments with such models can lead to discoveries that
not have been possible with observations alone. A model can also be used as a
experimental tool. Predictability experiments are examples.

Simpler numerical models are also very useful for studying individual phenom
insofar as these phenomena can be isolated. Examples are models of tropical cy
baroclinic waves, and clouds. Simulations with these models can be compared
observations or with simpler models empirically derived from observations, or with si
theoretical models.

Numerical modeling has brought a maturity to atmospheric dynamics. Theo
numerical simulations and observational studies have been developed jointly in th
several decades, and this will continue indefinitely. Observational and theoretical s
guide the design of numerical models, and numerical simulations supply theoretical ide
suggest efficient observational systems.

We do not attempt, in this course, to present general rigorous mathematical theo
numerical methods; such theories are a focus of the Mathematics Department. Inste
concentrate on practical aspects of the numerical solution of the specific differential equ
of relevance to atmospheric modeling. 

We deal mainly with “prototype” equations that are simplified or idealized version
equations that are actually encountered in atmospheric modeling. These includ
“advection equation,” the “oscillation equation,” the “decay equation,” the “diffus
equation,” and others. We also use the shallow water equations to explore some 
including wave propagation. Emphasis is placed on time-dependent equations, but w
briefly discuss boundary-value problems. The various prototype equations are us
An Introduction to Atmospheric Modeling
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such as
dynamics, but may of them are also used in other branches of atmospheric science, 
cloud physics or radiative transfer.
An Introduction to Atmospheric Modeling
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2.1 Finite-difference quotients

Consider the derivative , where , and  is the independent variable

(which could be either space or time). Finite-difference methods represent the conti
function  by a set of values defined at a number of discrete points in a spe
region. Thus, we usually introduce a “grid” with discrete points at which the variableu is
carried, as shown in Fig. 2.1. Sometimes the words “mesh or “lattice” are used in pl

“grid.” The interval  is called the grid interval, grid size, mesh size, etc. We assume
the grid interval is constant for the time being; then , where  is the “index” u
to identify the grid points. Note that  is defined only at the grid points denoted b
integers , , etc.

Using the notation , we can define the forward difference

at the point  by

(2.1)

the backward difference at the point  by

(2.2)

xd
du u u x( )= x

u x( )

x

j j+1j-1

x
j+1/2

{∆x

Figure 2.1: An example of a grid, with uniform grid spacing ∆x. The grid points are denoted 
by the integer index j. Half-integer points can also be defined.

∆x
xj j∆x= j

u
j j 1+

uj u xj( ) u j∆x( )= =
j

∆u( )j uj 1+ uj   , –  ≡

j

∇ u( )j uj uj 1–   , –  ≡  
An Introduction to Atmospheric Modeling 7
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centered difference

 

 at the point  by

(2.3)

Note that  itself is not defined at the point . 

From (2.1) - (2.3) we can define the following “finite-difference quotients:” 
forward difference quotient at the point 

 

:

 

(2.4)

the backward difference quotient at the point :

(2.5)

and the centered difference quotient at the point :

(2.6)

In addition, the centered difference quotient at the point  can be defined by

 (2.7)

Since (2.4) and (2.5) employ the values of  at two points, they are some
referred to as two-point approximations. On the other hand, (2.6) and (2.7) are three
approximations. When  is time, the time point is frequently referred to as a “leve
that case, (2.4) and (2.5) can be referred to as two-level approximations and (2.
(2.7) as three-level approximations.

How accurate are these finite-difference approximations? We now introduc
concepts of accuracy and truncation error. As an example, consider the forward diffe
quotient

j 1
2
---+

δu( )
j 1

2
---+

uj 1+ uj  . –  ≡

u j 1
2
---+

j

du
dx
------ 

 
j

uj 1+ uj–

∆x
----------------------≅   ;

j

du
dx
------ 

 
j

uj uj 1––

∆x
---------------------≅   ;

j 1
2
---+

du
dx
------ 

 
j 1

2
---+

uj 1+ uj–

∆x
----------------------≅

δu( )
j 1

2
---+

∆x
-------------------  . =

j

du
dx
------ 

 
j

uj 1+ uj 1––

2∆x
----------------------------≅ 1

∆x
------1

2
--- δu( )

j 1
2
---+

δu( )
j 1

2
---–

+   . =

u

x
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(2.8)

and expand  in a Taylor series about the point  to obtain

,

(2.9)

which can be rearranged to

, (2.10)

where 

(2.11)

is the error. The expansion (2.9) can be derived without any assumption
approximations except that the indicated derivatives exist (Arfken, 1985; for a q
review see the Appendix on Taylor’s Series). The terms of (2.10) the terms in (2.10
lumped into  are called the “truncation error.” 

 

The lowest power of  that appears i
the truncation error is called the order of accuracy of the corresponding differe
quotient. 

 

For example, the leading term of (2.11) is of order  or , and so we
that (2.10) is a first-order approximation or an approximation of first-order accu
Obviously (2.5) is also first-order accurate. 

Expansion of (2.6) and (2.7) similarly shows that they are of second-o
accuracy. We can write

. (2.12)

Subtracting (2.12) from (2.9) gives

, (2.13)

du
dx
------ 

 
j

uj 1+ uj–

∆x
----------------------≅ u j 1+( )∆x[ ] u j∆x( )–

∆x
------------------------------------------------------  , =

u xj

uj 1+ uj ∆x du
dx
------ 

 
j

∆x( )2

2!
-------------- d

2
u

dx
2

--------
 
 
 

j

∆x( )3

3!
-------------- d

3
u

dx
3

--------
 
 
 

j

… ∆x( )n 1–

n 1–( )!
-------------------- d

n 1–
u

dx
n 1–

---------------
 
 
 

j

…+ ++ + + +=

uj 1+ uj–

∆x
---------------------- du

dx
------ 

 
j

= ε+

ε ∆x
2!
------ d

2
u

dx
2

--------
 
 
 

j

∆x( )2

3!
-------------- d

3
u

dx
3

--------
 
 
 

j

… ∆x( )n 2–

n 1–( )!
-------------------- d

n 1–
u

dx
n 1–

---------------
 
 
 

j

…+ ++ +≡

ε ∆x

∆x O ∆x( )

uj 1– uj
du
dx
------ 

 
j

∆– x( ) d
2
u

dx
2

--------
 
 
 

j

∆– x( )2

2!
----------------- d

3
u

dx
3

--------
 
 
 

j

∆– x( )3

3!
----------------- ...+++ +=

uj 1+ uj 1–– 2 du
dx
------ 

 
j

∆x( ) 2
3!
----- d

3
u

dx
3

--------
 
 
 

j

∆x( )3 …  odd  powers  only + +=
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. (2.14)

Similarly,

. (2.15)

In this way, we find that

(2.16)

In other words, the error of  is four times as large as the error of , 

though both finite-difference quotients have second-order accuracy. This makes the
that the “order of accuracy” tells how rapidly the error changes as the grid is refined, b
does not tell how large the error is for a given grid size. It is possible for a scheme of low
order accuracy to give a more accurate result than a scheme of higher-order accura
finer grid spacing is used with the low-order scheme.

Suppose that the leading term of the error has the form 

. (2.17)

Then , and so

. (2.18)

The implication is that if we plot  as a function of  (i.e., plot the error a
function of the grid spacing on “log-log” paper), we will get (approximately) a straight 
whose slope is . This is a simple way to determine empirically the order of accurac

du
dx
------ 

 
j

uj 1+ uj 1––

2∆x
---------------------------- d

3
u

dx
3

--------
 
 
 

j

– ∆x( )
3!

-----------
2

O ∆x( )4[ ]+=

du
dx
------ 

 
j 1

2
---+

uj 1+ uj–

∆x
---------------------- d

3
u

dx
3

--------
 
 
 

j 1
2
---+

– ∆x 2⁄( )2

3!
--------------------- O ∆x( )4[ ]+=

Error  of  du
dx

 ------  
  

j
 

Error  of  du
dx

 ------  
  

j
 1

2

 
---+

 

-----------------------------------------

 

d

 

3

 

u

dx

 

3

 

--------

 

 
 
 

 

j

 

∆

 

x

 

( )

 

3

 

!
-----------

 

2

 d 
3

 u

dx

 
3

 -------- 
 
 
  

j

 
1
2

 

---+

 ∆ x 2 ⁄( ) 2 
3

 
!

---------------------

--------------------------------------------

 
≅

 

4

 

d

 

3

 

u

dx

 

3

 

--------

 

 
 
 

 

j

 d 
3

 u

dx

 
3

 -------- 
 
 
  

j

 
1
2

 

---+

 

-----------------------

 
4.

 
≅

 
=

du
dx
------ 

 
j

du
dx
------ 

 
j 1

2
---+

ε C ∆x( )p≅

ε( )ln p ∆x( )ln C( )ln+≅

d ε( )ln[ ]
d ∆x( )ln[ ]
------------------------- p≅

ε( )ln ∆x( )ln

p
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finite-difference quotient. Of course, in order to carry this out it is necessary to com
the error of the finite-difference approximation, and that can only be done when the
derivative is known. Therefore, this approach is usually implemented by usin
analytical “test function.” 

 

2.2 Difference quotients of higher accuracy

 

Suppose that we write

. (2.19)

Here we have written a centered difference using the points  and  inste
 and , respectively. It should clear that (2.19) is second-order accurate, alth

for any given value of  the error of (2.19) is expected to be larger than the err
(2.14). We can combine (2.14) and (2.19) with a weight, , so as to obtain a “hy

approximation to :

(2.20)

Inspection of (2.20) shows that we can force the coefficient of  to vanish
choosing

, or . (2.21)

With this choice, (2.20) reduces to

. (2.22)

We have thus obtained a fourth-order scheme. In effect, this is a linear extrapolation
value of the finite-difference expression to a smaller grid size, as schematically illus
in Fig. 2.2. 

Is there a more systematic way to construct schemes of any desired or
accuracy? The answer is “yes,” and one such approach is as follows.

uj 2+ uj 2––

4∆x
---------------------------- du

dx
------ 

 
j

1
3!
----- d

3
u

dx
3

--------
 
 
 

j

2∆x( )2 …  even  powers  only ++=

j 2+ j 2–
j 1+ j 1–

∆x
w

du
dx
------ 

 
j

du
dx
------ 

 
j

w
uj 1+ uj 1––

2∆x
---------------------------- 

  1 w–( )
uj 2+ uj 2––

4∆x
---------------------------- 

 +=

w
3!
----- d

3
u

dx
3

--------
 
 
 

j

∆x( )2– 1 w–( )
3!

----------------- d
3
u

dx
3

--------
 
 
 

j

2∆x( )2 O ∆x( )4[ ]    .+–

∆x( )2

w 1 w–( )4+ 0= w 4 3⁄=

du
dx
------ 

 
j

4
3
---

uj 1+ uj 1––

2∆x
---------------------------- 

  1
3
---

uj 2+ uj 2––

4∆x
---------------------------- 

 – O ∆x( )4[ ]+=
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Suppose that we write a finite-difference approximation to  in the follow

somewhat generalized form:

. (2.23)

Here the  are coefficients or “weights,” which are undetermined at this point. In 

schemes, all but a few of the  will be zero, so that the sum in (2.23) will act
involve only a few non-zero terms. In writing (2.23), we have assumed for simplicity

 is a constant; this assumption can be relaxed, as will be shown below. The inde
(2.23) is a counter that is zero at our “home base” at grid point . For  we cou
the left, and for  we count to the right. According to (2.23), our finite-differe

approximation to  has the form of a weighted sum of values of  at various

points in the vicinity of point . Every finite-difference approximation that we h
considered so far does indeed have this form, but you should be aware that the

grid spacing4∆x2∆x2
3
---2∆x

u∂
x∂

----- d 4∆x=( )

u∂
x∂

----- d 2∆x=( )

u∂
x∂

----- d 2
3
---2∆x= 

  x

x

x

Figure 2.2: Schematic illustrating the interpretation of the fourth-order difference in terms 
of the extrapolation of the second-order difference based on a spacing of 4∆x, 
and that based on a spacing of 2∆x. The extrapolation reduces the effective grid 
size to (2/3)2∆x. 

xd
df

 
 

j

xd
df

 
 

j

1
∆x
------ aif xj i∆x+( )

i ∞–=

∞

∑≅

ai

ai

∆x i
j i 0<

i 0>

xd
df

 
 

j
f

j
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(infinitely many!) schemes that do not have this form; a few of them will be discu
later. 

Introducing a Taylor series expansion, we can write

(2.24)

Here  is the nth derivative of , evaluated at the point . Using (2.24), we can rew
(2.23) as 

. (2.25)

By inspection of (2.25), we see that in order to have at least first-order accuracy, we

 and . (2.26)

To have at least second-order accuracy, we must impose an additional requirement:

. (2.27)

In general, to have at least nth-order accuracy, we must require that

 for . (2.28)

Here  is the Kronecker delta. In order to satisfy (2.28), we must solve a syste

 linear equations for the  unknown coefficients . 

According to (2.28), a scheme of nth-order accuracy can be constructed 
satisfying  equations. In particular, because (2.26) involves two equations, a
order scheme has to involve at least two grid points, i.e., there must be at least tw
zero values of . This is pretty obvious. Note that we could make a first-order sc
that used fifty grid points if we wanted to -- but then, why would we want to? A sec
order scheme must involve at least three grid points. A scheme that is parsimoniou
use of points is called “compact.”

Consider a simple example. Still assuming a uniform grid, a first order schem

f xj i∆x+( ) fj
0

fj
1

i∆x( ) fj
2 i∆x( )2

2!
---------------- fj

3 i∆x( )3

3!
---------------- ...+ + + +=

fj
n

f j

xd
df

 
 

j

1
∆x
------ ai fj

0
fj
1

i∆x( ) fj
2 i∆x( )2

2!
---------------- fj

3 i∆x( )
3!

-------------
3

...+ + + +
i ∞–=

∞

∑≅

ai

i ∞–=

∞

∑ 0= iai

i ∞–=

∞

∑ 1=

i
2
ai

i ∞–=

∞

∑ 0=

i
m

ai

i ∞–=

∞

∑ δm 1,= 0 m n≤ ≤

δm 1,
n 1+ n 1+ ai

n 1+

ai
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 can be constructed using the points  and  as follows. From (2.26), w

 and . Obviously we must choose   . Substituting in

(2.23), we find that the scheme is given by , i.e., the o

sided difference discussed earlier. Obviously we can also construct a first-order s
using the points  and , with a similar one-sided result. If we choose the p

 and , imposing the requirements for first-order accuracy, i.e., (2.26), 

actually give us the centered second-order scheme, i.e., 

because (2.27) is satisfied “accidentally” or “automatically” -- we manage to satisfy 
equations using only two unknowns. If we choose the three points ,    and 
and require second-order accuracy, we get exactly the same centered scheme, bec
turns out to be zero. 

Next, we work out a generalization of the family of schemes given above, fo
case of (possibly) non-uniform grid spacing. Eq. (2.23) is replaced by

. (2.29)

Note that, since  is no longer a constant, the factor of  that appears in (2.2

been omitted in (2.29), and in view of this, in order to avoid notational confusion
have replaced the symbol  by . Similarly, Eq. (2.24) is replaced by

(2.30)

Substitution of (2.30) into (2.29) gives

. (2.31)

To have first-order accuracy with (2.31), we must require that

 and . (2.32)

xd
df

 
 

j
j j 1+

a0 a1+ 0= a1 1= a0 1–=

xd
df

 
 

j

f xj ∆x+( ) f xj( )–

∆x
-----------------------------------------≅

j j 1–
j 1+ j 1–

xd
df

 
 

j

f xj ∆x+( ) f xj 1–( )–

2∆x
-----------------------------------------------≅

j 1– j j 1+
a0

xd
df

 
 

j
bif xj i+( )

i ∞–=

∞

∑≅

∆x 1
∆x
------

ai bi

f xj i+( ) fj
0

fj
1

xj i+ xj–( ) fj
2 xj i+ xj–( )2

2!
--------------------------- fj

3 xj i+ xj–( )3

3!
--------------------------- ...+ + + +=

xd
df

 
 

j
bi fj

0
fj
1

xj i+ xj–( ) fj
2 xj i+ xj–( )2

2!
--------------------------- fj

3 xj i+ xj–( )
3!

-------------------------
3

...+ + + +
i ∞–=

∞

∑≅

bi

i ∞–=

∞

∑ 0= bi xj i+ xj–( )
i ∞–=

∞

∑ 1=
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It may appear that when we require first-order accuracy by enforcing (2.32), the le

term of the error in (2.31), namely , will be of order , but th

is not really true because, as shown below, . 

Similarly, to achieve second-order accuracy with (2.31), we must require
addition to (2.32), that

. (2.33)

In general, to have at least nth-order accuracy, we must require that

 for . (2.34)

As an example, the first-order accurate scheme using the points  and 

satisfy the two equations obtained from (2.32), i.e.,  and 

that . From (2.29), the scheme is , whic

clearly, is equivalent to the result that we obtained for the case of the uniform grid. 

To obtain a second-order accurate approximation to  on an arbitrary 

using the three points ,    and , we must require, from (2.32) that 

, and , (2.35)

and from (2.34) that 

. (2.36)

The solution of this system of three equations is

, (2.37)

bifj
2 xj i+ xj–( )2

2!
---------------------------

i ∞–=

∞

∑ ∆x( )2

bi
1

∆x
------∼

bi xj i+ xj–( )2

i ∞–=

∞

∑ 0=

xj i+ xj–( )m
bi

i ∞–=

∞

∑ δm 1,= 0 m n≤ ≤

j j 1+

b0 b1+ 0= b1
1

xj i+ xj–
--------------------=

b1
1–

xj i+ xj–
--------------------=

xd
df

 
 

j

f xj 1+( ) f xj( )–

xj i+ xj–
-----------------------------------≅

xd
df

 
 

j

j 1– j j 1+

b 1– b0 b1+ + 0= b 1– xj 1– xj–( ) b1 xj 1+ xj–( )+ 1=

b 1– xj 1– xj–( )2
b1 xj 1+ xj–( )2

+ 0=

b 1–
1–

xj i+ xj 1––
--------------------------- 

  xj i+ xj–

xj xj 1––
--------------------- 

 =
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. (2.39)

For the case of uniform grid-spacing this reduces to the familiar centered second
scheme. 

Here is a simple but very practical question: Suppose that we use a schem
has second-order accuracy on a uniform grid, but we apply it on a non-uniform
What happens? As a concrete example, we use the scheme

. (2.40)

By inspection, we have

, (2.41)

, (2.42)

. (2.43)

Eqs. (2.41)-(2.43) can be compared with (2.37)-(2.39). Obviously the scheme do
have second-order accuracy on a non-uniform grid, because (2.37)-(2.39) are not s
for a non-uniform grid. We note, however, that Eqs. (2.41)-(2.43) do satisfy both o
conditions in (2.35), even when the grid is non-uniform. This means that the scheme do
have first-order accuracy, even on the non-uniform grid. 

This example illustrates that a scheme that has been designed for use on a u
grid, with second-order (or even better than second-order) accuracy, will reduce
scheme of first-order accuracy when applied on a non-uniform grid. A special cas
been used as an example here, but the conclusion is true quite generally.

Finally, we observe that a very similar approach can be used to d
approximations to higher-order derivatives of . For example, to derive approximatio

, on a (possibly) non-uniform grid, we write

b0
1

xj i+ xj 1––
--------------------------- 

  xj i+ xj–

xj xj 1––
--------------------- 

  xj xj 1––

xj i+ xj–
--------------------- 

 –=

b1
1

xj i+ xj 1––
--------------------------- 

  xj xj 1––

xj i+ xj–
--------------------- 

 =

xd
df

 
 

j

f xj 1+( ) f xj 1–( )–

xj 1+ xj 1––
-----------------------------------------≅

b 1–
1–

xj i+ xj 1––
---------------------------=

b0 0=

b1
1

xj i+ xj 1––
---------------------------=

f

d
2
f

dx
2

--------
 
 
 
An Introduction to Atmospheric Modeling



172.2    Difference quotients of higher accuracy

s

n is

 must

ust

 first
st be

to the
tions
 points
t of

on-
orm
. (2.44)

Obviously, it is going to turn out that . Substitution of (2.30) into (2.44) give

. (2.45)

Keeping in mind that , we see that a first-order accurate approximatio

ensured if we enforce the three conditions 

, and  and . (2.46)

To achieve a second-order accurate approximation to the second derivative, we
additionally require that

. (2.47)

In general, to have an nth-order accurate approximation to the second derivative, we m
require that

 for . (2.48)

Earlier we showed that, in general, a second-order approximation to the
derivative must involve a minimum of three grid points, because three conditions mu
satisfied [i.e., (2.35) and (2.36)]. Now we see that a second-order approximation 
second derivative must involve a minimum of four grid points, because four condi
must be satisfied, i.e., (2.46) and (2.47). In the special case of a uniform grid, three
suffice. With a non-uniform grid, five points may be preferable to four, from the poin
view of symmetry. 

At this point, you should be able to see (“by induction”) that on a (possibly) n
uniform grid, an nth-order accurate approximation to the th derivative of  takes the f
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dx
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0

fj
1

xj i+ xj–( ) fj
2 xj i+ xj–( )2
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--------------------------- fj

3 xj i+ xj–( )
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-------------------------
3

...+ + + +
i ∞–=

∞

∑≅
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1

∆x( )2
--------------∼

ci

i ∞–=

∞

∑ 0= ci xj i+ xj–( )2

i ∞–=

∞

∑ 2!= ci xj i+ xj–( )
i ∞–=

∞

∑ 0=

ci xj i+ xj–( )3

i ∞–=

∞

∑ 0=

xj i+ xj–( )m
ci

i ∞–=

∞

∑ 2!( )δm 2,= 0 m n 1+≤ ≤

l f
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(2.49)

where

 for . (2.50)

This is a total of  requirements, so in general a minimum of  points wil
needed. It is straightforward to write a computer program that will automatically gen
the coefficients for a compact nth-order accurate approximation to the th derivative of

What happens for ?

2.3 Extension to two dimensions

The approach presented above can be generalized to multi-dimensional pro
We will use the two-dimensional Laplacian operator as an example. Consider a 
difference approximation to the Laplacian, of the form

. (2.51)

Here we use one-dimensional indices even though we are on a two-dimensional gr
subscript  denotes a particular grid point (“home base” for this calculation), w

coordinates are . Similarly, the subscript  denotes a different grid p

whose coordinates are . 

The two-dimensional Taylor series expansion is

d
l
f

dx
l

-------
 
 
 

j

dif xj i+( )
i ∞–=

∞

∑≅

xj i+ xj–( )m
di

i ∞–=

∞

∑ l!( )δm l,= 0 m n l 1–+≤ ≤

n l+ n l+

l f

l 0=

f∇ 2( )j ckf xj k+ yj k+,( )
k ∞–=

∞

∑≅

j

xj yj,( ) j k+

xj k+ yj k+,( )
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(2.52)

where

 and , (2.53)

and it is understood that all of the derivatives are evaluated at the point . 

Substituting from (2.52) into (2.51), we find that

(2.54)

To have first-order accuracy, we need

, (2.55)

f xj k+ yj k+,( ) f xj yj,( ) δx( )kfx δy( )kfy+[ ]+=

1
2!
----- δx( )k

2
fxx 2 δx( )k δy( )kfxy δy( )k

2
fyy+ +[ ]+ …    ,+

1
3!
----- δx( )k

3
fxxx 3 δx( )k

2 δy( )kfxxy 3 δx( )k δy( )k
2
fxyy δy( )k

3
fyyy+ + +[ ]+

1
4!
----- δx( )k

4
fxxxx 4 δx( )k

3 δy( )kfxxxy 6 δx( )k
2 δy( )k

2
fxxyy+ +[+

4 δx( )k δy( )k
3
fxyyy δy( )k

4
fyyyy+ + ] …+ }    ,

δx( )k xj k+ xj–≡ δy( )k yj k+ yj–≡

xj yj,( )

f∇ 2( )j ck f xj yj,( ) δx( )kfx δy( )kfy+[ ]+{
k ∞–=

∞

∑≅

1
2!
----- δx( )k

2
fxx 2 δx( )k δy( )kfxy δy( )k

2
fyy+ +[ ]+ …    ,+

1
3!
----- δx( )k

3
fxxx 3 δx( )k

2 δy( )kfxxy 3 δx( )k δy( )k
2
fxyy δy( )k

3
fyyy+ + +[ ]+

1
4!
----- δx( )k

4
fxxxx 4 δx( )k

3 δy( )kfxxxy 6 δx( )k
2 δy( )k

2
fxxyy+ +[+

4 δx( )k δy( )k
3
fxyyy δy( )k

4
fyyyy+ + ] …+ }    .

ck

k ∞–=

∞

∑ 0=
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 , (2.56)

 , (2.57)

 (2.58)

 , and (2.59)

. (2.60)

From (2.56) and (2.57), it is clear that  is of order , where  denotes  or

Therefore, the quantities inside the sums in (2.58) and (2.59) are of order , a
quantities inside the sum of (2.60) or of order one. This is why (2.58)-(2.60) are req
in addition to (2.55)-(2.57), to obtain first-order accuracy. 

So far (2.55) - (2.60) involve only six equations, and so six grid points are ne
To get second-order (or higher) accuracy, we will need to add more points, unless 
fortunate enough to use a highly symmetrical grid that permits the conditions for hi
order accuracy to be satisfied automatically. For example, if we satisfy (2.55) - (2.6
a square grid, we will get second-order accuracy “for free.” More generally, with a 
uniform grid, we need the following four additional conditions to achieve second-o
accuracy:

, (2.61)

, (2.62)

ck δx( )k
2

k ∞–=

∞

∑ 2!=

ck δy( )k
2

k ∞–=

∞

∑ 2!=

ck δx( )k

k ∞–=

∞

∑ 0=

ck δx( )k

k ∞–=

∞

∑ 0=

ck δx( )k δy( )k

k ∞–=

∞

∑ 0=

ck δ2 δ δx δy

δ 1–

ck δx( )k
3

k ∞–=

∞

∑ 0=

ck δx( )k
2 δy( )k

k ∞–=

∞

∑ 0=
An Introduction to Atmospheric Modeling



212.4    An example of a finite difference-approximation to a differential equation

-order

e the
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patial

ore
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e of a
, (2.63)

. (2.64)

Therefore, in general a total of ten conditions must be satisfied to ensure second
accuracy on a non-uniform grid.

For the continuous Laplacian on a closed or periodic domain, we can prov
following:

, (2.65)

. (2.66)

Here the integrals are with respect to area, over the entire domain. The corresp
finite-difference requirements are

, and (2.67)

, (2.68)

where  is the area of grid-cell . These requirements must hold for an arbitrary s

distribution of , so they actually represent conditions on the . Very similar (but m

complicated) requirements were discussed by Arakawa (1966), in the context o
Jacobian operator. Further discussion is given later.

2.4 An example of a finite difference-approximation to a differential equation

With these definitions and concepts, we proceed directly to a simple exampl
partial differential equation. Consider the one-dimensional “advection” equation,

ck δx( )k δy( )k
2

k ∞–=

∞

∑ 0=

ck δy( )k
3

k ∞–=

∞

∑ 0=

f∇ 2( ) Ad
A
∫ 0=

f f∇ 2( ) Ad
A
∫ 0≤

f∇ 2( )jAj
all j
∑ ckf xj k+ yj k+,( )

k ∞–=

∞

∑ Aj
all j
∑≅ 0=

fj f∇ 2( )jAj
all j
∑ fj ckf xj k+ yj k+,( )

k ∞–=

∞

∑ Aj
all j
∑≅ 0≤

Aj j

f ck
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ntial
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, (2.69)

where  is a constant, and . This is a first-order linear partial differe
equation with a constant coefficient, namely . Eq. (2.69) looks harmless, but it c
no end of trouble, as we will see. 

Suppose that 

 for . (2.70)

This is an “initial condition.” What is ? This is a simple example of an ini
value problem. We first work out the analytic solution, for later comparison with
numerical solution. Define

. (2.71)

We can write

(2.72)

The first line of (2.72) can be understood by reference to Fig. 2.4. Similarly, 

u∂
t∂

----- 
 

x
c u∂

x∂
----- 

 
t

+ 0=

c u u x t,( )=
c

u x 0,( ) F x( )= ∞ x ∞< <–

u x t,( )

ξ x ct–≡

u∂
x∂

----- 
 

ξ

u∂
x∂

----- 
 

t

u∂
t∂

----- 
 

x

t∂
x∂

----- 
 

ξ
+=

u∂
x∂

----- 
 

t

u∂
t∂

----- 
 

x

1
c
---+=

0   .=

Figure 2.3:  Figure used in the derivation of the first line of (2.72). 

ξ constant=

A

C

B x

t

xB xA– xC xA– ∆x= =

tC tB– tC tA– ∆t= =
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(2.73)

It follows that

(2.74)

is the general solution to (2.69). At ,  and , i.e. the shape of
determined by the initial condition. Eq. (2.74) means that  is constant along the

. In order to satisfy the initial condition (2.70), we chose 
Thus  is the solution to the differential equation (2.69) wh
satisfies the initial condition. We see that an initial value simply “moves along” the lin
constant . The initial “shape” of , namely , is just carried along by the w
From a physical point of view this is obvious.

 Keeping in mind this exact solution, we now investigate one possible nume
solution of (2.69). We construct a grid, as in Fig. 2.4. An example of a finite differ
approximation to (2.69) is

(2.75)

Here we have used the forward difference quotient in time and the backward diffe
quotient in space. If , (2.75) is called the “upstream” difference scheme. Becau

(2.76)

and

(2.77)

we conclude that (2.75) does approach (2.69) as  and  both approach zer
upstream scheme has some serious weaknesses, but it also has some very
properties. 

If we know  at some time level  for all , then we can compute  at

u∂
t∂

----- 
 

ξ

u∂
t∂

----- 
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t
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x
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0   .=

u f ξ( )=

t 0= ξ x≡ u x( ) f x( )= f
u

ξ x ct–≡ constant= f F≡
u ξ( ) F ξ( ) F x ct–( )= =

ξ u x( ) F x( )
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–
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----------------------
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 
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---------------------- u∂
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uj
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next time level . Note that this scheme is one-sided or asymmetric in both spac
time. It seems naturally suited to modeling advection, in which air comes from one
and goes to the other as time passes by. 

In view of (2.76) and (2.77), it may seem obvious that the 

 

solution

 

 of (2.75)
approaches the 

 

solution

 

 of (2.69) as . This “obvious” conclusion i
not necessarily true, as we shall see. 

 

2.5 Accuracy and truncation error of a finite-difference scheme.

 
We have already defined accuracy and truncation error for finite differe

quotients. Now we define truncation error and accuracy for a finite-difference sch
Here we define a finite-difference scheme as a finite-difference equation w
approximates, term-by-term, a differential equation.

It is easy to find an approximation to each term of a differential equation, an
have already seen that the error of such an approximation can be made as s
desired, almost effortlessly. This is not our goal, however. 

 

Our goal is to find an
approximation to the solution of the differential equation. 

 

Now you might think that if we
have a finite-difference equation, 

 

F

 

, that is constructed by writing down a goo

x

t

j∆x(j-1)∆x (j+1)∆x

n∆t

(n+1)∆t

(n-1)∆t

{

{∆t

∆x

u
n
j

Figure 2.4: A grid for the solution of the one-dimensional advection equation. 

n 1+

∆x 0  and    ∆ t 0 →→
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approximation to each term of a differential equation, 

 

D

 

, then the solution of 

 

F

 

 will be a
useful approximation to the solution of 

 

D

 

. Wouldn’t that be nice? Unfortunately, it isn’
necessarily true.

Letting  denote the (exact) solution of the differential equation, we see
 is the value of this exact solution at the discrete point  on the 

shown in Fig. 2.3, while  is the “exact” solution of a finite-difference equation, at

same point. In general, . We wish that they were equal!

A measure of the accuracy of the finite-difference

 

 scheme

 

 can be obtained by
substituting the solution of the differential equation into the finite-difference equation
the upstream scheme given by (2.75), we get

, (2.78)

where  is called “truncation error” of the scheme. The truncation error of the schem
measure of how accurately the solution  of the original differential equation (2
satisfies the finite-difference equation (2.75). 

Note that, since  is defined only at discrete points, it is not differentiable, an

we cannot substitute  into the differential equation. Because of this, we cannot me

how accurately  satisfies the differential equation.

If we obtain the terms in (2.78) from Taylor Series expansion of  abou
point , and use the fact that  satisfies (2.69), we find that 

(2.79)

We say this is a “first-order scheme” because the lowest powers of  and  in (
are 1. The notations  or  can be used to express this. 

 

We say
that a scheme is consistent with the differential equation if the truncation error o
scheme approaches zero as  and  approach zero

 

. The upstream scheme unde
consideration here is, therefore, consistent.

 

2.6 Discretization error and convergence

 

There are two sources of error in a numerical solution. One is the 

 

round-off error

 

,
which is the difference of a numerical solution from the “exact” solution of the fi
difference equation, , and is a property of the machine being used (and to some
the details of the program). The other source of error is the 

 

discretization error

 

 defined by

u x t,( )
u j∆x n∆t,( ) j∆x n∆t,( )

uj
n

uj
n

u j∆x n∆t,( )≠

u j∆x n 1+( )∆t,[ ] u j∆x n∆t,( )–
∆t

------------------------------------------------------------------------------ c u j∆x n∆t,( ) u j 1–( )∆x n∆t,[ ]–
∆x

-----------------------------------------------------------------------------
 
 
 

+ ε=

ε
u x t,( )

uj
n

uj
n

uj
n

u x t,( )
j∆x n∆t,( ) u x t,( )

ε 1
2!
-----∆t∂

2
u

t
2∂

-------- …+
 
 
 

c 1
2!
-----∆x∂2

u

x
2∂

--------+…–
 
 
 

  . +=

∆t ∆x
O ∆t ∆x,( ) O ∆t( ) O ∆x( )+

∆t ∆x

uj
n
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. Round-off error can sometimes be a problem but usually it is not,
we will not consider it in this course. 

The truncation error, discussed in the last section, can be made as small as 
by making 

 

∆

 

x

 

 and 

 

∆

 

t

 

 smaller and smaller, so long as the scheme is consistent and 
is a smooth function. A decrease in the truncation error does not necessarily guaran
that the discretization error will also become small, however. This is demonstrated below

We now analyze how the discretization error changes as the grid is refined (i
 and ). If the discretization error approaches zero, then we say that the so

converges. Fig. 2.5 gives an example of a situation in which accuracy is increased b

solution nevertheless does not converge. The thin diagonal line in the figure show
characteristic along with  is “carried,” i.e.  is constant along the line. This is the e
solution. To work out the numerical approximation to this solution, we first choose
and  such that the grid points are the dots in the figure. The domain consisting 

grid points carrying values of u on which  depends is called the “domain of
dependence.” The shaded area in the figure shows this domain for the upstream sc
(2.75). 

uj
n

u j∆x n∆t,( )–

u x t,( )

∆t ∆x 0→

x

xx x x x
x x x x x x x x x x x

xxxx
x x x x x x x x x

x x x
xxxxx

x x
x xxx

x
x x

x

x

x
xx

x x
x

xx x x
xxx

x
x x x x x x x x

x x xxxx
xxx

Figure 2.5: The shaded area represents the “domain of dependence” of the solution of the 
upstream scheme at the point , . x j∆x= t n∆t=

∆x

}x0

x-ct=x0

n

t

uj
n

x

} ∆t

u u
∆x

∆t

uj
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We could increase the accuracy of the scheme by cutting  and  in half
is, by adding the points denoted by small x's forming a denser grid. Notice that the doma
of dependence does not change, no matter how refined or dense the grid is, so lon

ratio  remains the same. This is a clue that  is an important quantity.

Suppose that the line through the point , , where  i
constant, does not lie in the domain of dependence. This is the situation shown 
figure. In general, there is no hope of obtaining smaller discretization error, no matte

small  and  become, so long as  is unchanged, because the true so

 depends only on the initial value of u at the single point ( , 0) which

cannot influence . You could change  [and hence ], but th

computed solution  would remain the same. In such a case, the error of the solutio
usually will not be decreased by refining the grid. This illustrates that if the value oc is
such that x0 lies outside of the domain of dependence, it is not possible for the soluti
the finite-difference equation to approach the solution of the differential equation
matter how fine the mesh becomes.

A finite-difference scheme for which the discretization error can be made smafor
any initial condition is called a convergent finite difference scheme. Therefore,

(2.80)

is a necessary condition for convergence when the upstream scheme is used. Notice 
 is negative (giving what we might call a “downstream” scheme), it is impossibl

satisfy (2.80). Of course, for  we can use 

, (2.81)

in place of (2.75). So our computer program can have an “if-test” that checks the s
, and uses (2.75) if , and (2.81) if . This is bad, though, because if-test

cause slow execution on certain types of computers, and besides, if-tests are ugly
define

, and , (2.82)

then the upstream scheme can be written as

∆x ∆t

c∆t
∆x
-------- c∆t

∆x
--------
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∆x ∆t c∆t
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c
c 0<
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------------------------ c

uj 1+
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–

∆x
-----------------------
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 
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+ 0=

c c 0≥ c 0<

c+
c c+

2
-------------- 0≥≡ c-

c c–
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paper
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(2.83)

This form avoids the use of if-tests and is also convenient for use in pencil-and-
analysis, discussed later.

In summary: 

 

Truncation error

 

 measures the accuracy of an approximation to a
differential operator or operators. It is a measure of the accuracy with
which a differential equation has been approximated. 

 

Discretization error

 

 measures the accuracy with which the solution of the
differential equation has been approximated. 

Minimizing the truncation error is usually easy. Minimizing the discretizat
error can be much harder.

 

2.7 Interpolation and extrapolation

 

Referring to  (2.75), we can rewrite the upstream scheme as

 (2.84)

where 

. (2.85)

This scheme has the form of either an interpolation or an extrapolation, depending on the
value of .  To see this, refer to Fig. 2.6. Along the line plotted in the figure,

(2.86)

which has the same form as our scheme if we identify 

(2.87)

For  we have interpolation. For  we have extrapolation. Note
that for the case of interpolation,   will be intermediate in value between 

. For instance, if  and  are both , then  will also be . For the c
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extrapolation,  will lie outside the range of  and . 

We use both interpolation and extrapolation extensively in this course. 

2.8 Stability

We now investigate the behavior of the discretization error  an

increases, for fixed  and . Does the error remain bounded for any initial conditio
so the scheme is said to be stable; otherwise it is unstable. 

In most physical problems the true solution is bounded, at least for finite t, so that
the solution of the scheme is bounded if the scheme is stable. 

There are at least three ways in which the stability of a scheme can be tested
are: 1) the direct method, 2) the energy method, and 3) von Neumann's method.

As an illustration of the direct method, consider the upstream scheme, as giv
(2.84). Note that  is a weighted mean of  and . If  [the neces
condition for convergence according to (2.80)], we may write

(2.88)

Therefore,

(2.89)

or if we assume that , then

uj 1–
n

un
j

j 1– j x

u

Figure 2.6: Diagram illustrating the concepts of interpolation and extrapolation. See text 
for details.
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We have shown that for  the solution  remains bounded for all ti
Therefore,  is a 

 

sufficient

 

 condition for stability. For this scheme, the conditio
for stability has turned out to be the same as the condition for convergence. In
words, if the scheme is convergent it is stable, and vice versa. 

This conclusion is actually obvious from (2.84), because when , 

obtained by linear interpolation 

 

in space

 

, from the available  to the poin

. This is reasonable, since in advection the time rate of change at a p
closely related to the spatial variations in the neighborhood of that point.

Note that in the true solution of the differential equation for advection, 
maxima and minima of  never change. They are just carried along to different s
locations. So, for the exact solution, the equality in (2.90) would hold.

The direct method is not very widely applicable. It becomes intractable
complex schemes. 

The second method, the energy method, is more widely applicable, even for
nonlinear equations. We illustrate it here by means of application to the scheme (

With this method we ask: “Is  bounded after an arbitrary number of time ste

Here the summation obviously must be taken over a finite number of grid points. T
not an important limitation because in practice we are always dealing with a 
number of grid points. If the sum is bounded, then each  must also be bou

Whereas in the direct method we checked , here in the energy metho

check . The two approaches are therefore somewhat similar. 

Returning then to (2.84), squaring both sides, and summing over the doma
obtain 

(2.91)

For simplicity, suppose that  is periodic in , and consider a summation over
complete cycle. Then

max j( ) uj
n 1+

max j( ) uj
n   , ≤ 0 µ 1.≤ ≤

0 µ 1≤ ≤ uj
n

0 µ 1≤ ≤

0 µ 1≤ ≤ uj
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u

uj
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j
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∑
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2

j
∑ uj

n( )
2

1 µ–( )2 2µ 1 µ–( )uj
n
uj 1–

n µ2
uj 1–

n( )
2

+ +[ ]
j
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1 µ–( )2
uj

n( )
2

j
∑ 2µ 1 µ–( ) uj

n
uj 1–

n

j
∑ µ2

uj 1–
n( )

2
    .

j
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(2.92)

We note that

if  then ; and (2.93)

if  then . (2.94)

To derive (2.94) we have used Schwartz's inequality, i.e.,

(2.95)

for any sets of s and s, and (2.92), i.e.

. (2.96)

Use of (2.92), (2.93) and (2.94) in (2.91) gives

(2.97)

provided that , which is equivalent to . The quantity in squ
brackets in (2.97) is equal to 1. We conclude that

 provided that (2.98)

As with the direct method, we conclude that  is a sufficient condition for
scheme to be stable.

A very powerful tool for testing the stability of linear partial difference equati
with constant coefficients is von Neumann's method. It is the method that will be
most often in this course. Solutions to linear partial differential equations can be exp
as superposition of waves, by means of Fourier series. Von Neuman's method simp
the stability of each Fourier component. 

To illustrate von Neumann’s method, we return first to the advection equa
(2.69):
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2

uj 1–
n( )

2

j
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2

j
∑

2
=

uj
n 1+( )

2

j
∑ 1 µ–( )2 2µ 1 µ–( ) µ2

+ +[ ] uj
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2
  , 

j

 ∑  ≤

µ 1 µ–( ) 0≥ 0 µ 1≤ ≤

uj
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j
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2
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(2.99)

We assume for simplicity that the domain is periodic. First, we look for a solution 
the wave form

(2.100)

where 

 

 

 

is the amplitude of the wave. Here we consider a single wave numbe
simplicity, but in general we could replace the right-hand side of (2.100) by a sum ov
relevant wave numbers. Using (2.100), (2.69) becomes

(2.101)

By Fourier expansion we have converted the partial differential equation (2.69) in
ordinary differential equation, (2.101), whose solution is

(2.102)

where  is the initial value of . The solution to (2.69) is, from (2.100),

(2.103)

Note that (2.103) is a valid solution only for 

 

c

 

 = constant. 

For a finite difference equation, we use in place of (2.100)

(2.104)

Then     is the amplitude of the wave at time-level . Note that the shortest resolv
wave, with , has , while longer waves have , so there is ne
any need to consider . 

 

Define

 

 , which may be complex, by

(2.105)

Then . We call  the “amplification factor.” As shown below, w
can work out the form of  for a particular finite-difference scheme. In genera
depends on 

 

, 

 

so we could write , but usually we suppress that urge for the sak

keeping the notation simple. Note that  can also be defined for the exact solution

differential equation; from (2.102), we simply have , so that 

u∂
t∂

----- c u∂
x∂

-----+ 0  . =

u x t,( ) Re û t( )e
ikx[ ]   , =

u t( )

du
dt
------ ikc  u ̂+  0  . =

û t( ) û 0( )e
i– kct

  , =

u 0( ) u

u x t,( ) Re û 0( )e
ik x ct–( )[ ]   . =

uj
n

Re û
n( )

e
ikj∆x[ ]   . =

û
n( )

n
L 2∆x= k∆x π= k∆x π<

k∆x π> λ

û
n 1+( )

λ û
n( )

  . ≡

û
n 1+( )

λ û
n( )

= λ
λ λ

k λk

λ
û t ∆t+( ) e

i– kc∆t
û t( )≡
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the differential equation . For a particular scheme, we can compare
“exact”  with the approximate  defined by (2.105). Note that for the exact adve
equation 

 

 

 

is 1. For other problems, the exact  can differ from 1.

 From (2.105) we see that after  time steps (starting from ) the solu
will be

(2.106)

If we require that the solution remains bounded after arbitrarily many time steps, th
need

(2.107)

This is the condition for the stability of mode . 

To check the stability of a finite-difference scheme, using von Neumann’s me
we need to work out  for that scheme. We now illustrate the computation of  fo
upstream scheme, which is given by (2.75). Substituting (2.104) into (2.75) gives

(2.108)

Notice that the true advection speed, , is multiplied, in (2.108), by the fa

. Comparing with (2.101), we see that this factor is taking the place of 

the exact solution. As , the factor reduces to . This is a hint that the sc
gives an error in the advection speed. We return to this point later. 

For now, we use the definition of , i.e. (2.105),together with (2.108), to infer

(2.109)

Note that  is complex. Taking the modulus of (2.109), we obtain

(2.110)

At , for example, (2.110) reduces to

(2.111)

λ e
i– kc∆t

=
λ λ

λ λ

n n 0=

û
n( )

û
0( )

λn  . =

λ 1  . ≤

k

λ λ

û
n 1+( )

û
n( )

–
∆t

------------------------------- c 1 e
ik∆x–

–
∆x

----------------------- 
  û

n( )
+ 0  . =

c

1 e
ik∆x–

–
∆x

----------------------- 
  ik

∆x 0→ ik

λ

λ 1= µ 1 k∆x i k∆xsin+cos–( )  . –

λ

λ 2 1 2µ µ 1–( ) 1 k∆xcos–( )   . +=

µ 1
2
---=

λ 2 1
2
--- 1 k∆xcos+( )  . =
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According to (2.111), the amplification factor  depends on the wave number, 

 

k

 

. Using

 for ,  for , etc., the various curves shown in Fi

2.7 can be constructed. We see clearly that this scheme damps for  a
unstable for  and .

Although  depends on , it does not depend on  (i.e., on ) or on  (i.e., o
Why not? The reason is that our “coefficient” , has been assumed to be independ

 and . Of course, in realistic problems the advecting current varies in both spac
time. We normally apply von Neumann’s method to idealized versions of our equa
in which the various coefficients, such as 

 

c

 

, are treated as constants. As a result, v
Neumann’s method can “miss” instabilities that arise from variations of the coeffici
The energy method does not suffer from this limitation. It is very important to unders
that von Neumann’s method can only analyze the stability of a linearized version 
equation. In fact, the equation has to be linear and with constant coefficients. This
important weakness of the method, because the equations used in numerical mod
typically nonlinear and/or have spatially variable coefficients -- if this were not true
would solve them analytically! The point is that von Neumann’s method can some
tell us that a scheme is stable, when in fact it is unstable. In such cases, the ins
arises from nonlinearity and/or through the effects of spatially variable coefficients.
kind of instability will be discussed in Chapter 6. If von Neumann’s method tells us t
scheme is 

 

unstable

 

, then it is unstable.

As mentioned above, in general, the solution  can be expressed as a F

series. For simplicity, let us assume that the solution is periodic in  with period

Then  can be written as

(2.112)

where 

(2.113)

and  is an integer, which is analogous to what we call the “zonal wave numbe
large-scale dynamics. In (2.112), the summation has been formally taken ov
integers, although of course only a finite number of 

 

m

 

's could be used in a rea
application. Note that  is the amplification factor for mode . We have

λ

k 2π
2∆x
----------≡ L 2∆x= k π

2∆x
----------= L 4∆x=

0 µ 1< <
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λ k x j t n
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x t

uj
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x L0
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e
imk0j∆x

m ∞–=
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∑ Re ûm
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e
imk0j∆x

λm( )n

m ∞–=

∞

∑   , = =

k mk0≡

k0
2π
L0
------  , ≡

m

λm m
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(2.114)

If  is satisfied for all , then

(2.115)

0 1/2 1 µ

1

λ 2

λ 2 1 2µ µ 1–( ) 1 2π∆x
L

------------- 
 cos–+=

L=8∆x

L=4∆x

L=2∆x

Figure 2.7: The amplification factor for the upstream scheme, plotted for three different 
wave lengths.
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ûm
0( )

  . 
m

 

∞–=

∞

∑≤
An Introduction to Atmospheric Modeling



  36      Basic Concepts

the

 

all

e.

 given
   

Therefore,  will be bounded provided that , which gives 

initial condition, is an absolutely convergent Fourier series. 

 

This shows that  for

all m is sufficient for stability. 

 

It is also necessary, because if  for a particular

 

m

 

,

say , then the solution for the initial condition  and  for 

 is unbounded.

From (2.109),  for the upstream scheme is given by

(2.116)

The amplification factor is

(2.117)

From (2.117) we can show that  

 

≤

 

 holds for all

 

 m

 

, if and only if , or

. This is the necessary and sufficient condition for the stability of the schem

Finally, we can test stability using the “matrix method

 

1

 

,” which is really just von
Neumann’s method with more general boundary conditions. The upstream scheme
by (2.75) (or by (2.112)) can be written in matrix form as

, (2.118)

or  

1. 

 

Developed by K. Reeves.

uj
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imk
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, (2.119)

where  is the matrix written out on the right-hand side of (2.118). In writing (2.1
the cyclic boundary condition 

(2.120)

has been assumed. Recall from the definition of  that . This can be w
in matrix form as 

, (2.121)

or 

, (2.122)

where  is the identity matrix. Comparing (2.119) and (2.122), we see that 

, (2.123)

and this equation must hold regardless of the values of the . It follows tha

amplification factors, , are the eigenvalues of , obtained by solving

. (2.124)

For the current example, we can show that 

(2.125)
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This has essentially the same form as (2.109), and so we find that  
stability condition. 

 

The advantage of the matrix method is that the boundary condit
can be directly included in the stability analysis, as in the example above.

 

2.9 The effects of increasing the number of grid points

 

Recall that the upstream scheme 

can be written as

. (2.126)

Also recall that for this scheme the amplification factor, 

 

λ

 

, is

, (2.127)

so that

. (2.128)

The stability criterion is

. (2.129)

When (2.129) is satisfied, we have

. (2.130)

Consider what happens when we increase the number of grid points, 
keeping the domain size, , the wind speed, , and the wave number, , of the ad
signal the same. We consider grid spacing , such that 

. (2.131)

As we decrease , we increase  correspondingly, so that  remains the same, 

. (2.132)

Substituting this into (2.128), we obtain

. (2.133)

In order to maintain computational stability, we keep  fixed as  decrease

0 µ 1≤ ≤

uj
n 1+ uj

n 1 µ–( ) uj 1–
n µ+=

λ 1 µ 1 k∆x i k∆xsin+cos–( )–=
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∆x J D
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------- 
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µ ∆x
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(2.134)

The time required for the air to flow through the domain is

. (2.135)

Let  be the number of time steps needed for the air to flow through the domain, so

(2.136)

The total amount of damping that “accumulates” as the air moves acros
domain is measured by

(2.137)

Here we have used (2.133) and (2.136). 

As we increase the resolution,  increases. This causes the cosine factor in (
to approach 1, which weakens the damping associated with ; but on the othe
it also causes the exponent in (2.137) to increase, which strengthens the damping.
effect dominates is not obvious. The answer can be seen in Fig. 2.8. Increasi
resolution leads to less total damping, even though the number of time steps nee
cross the domain increases.   

2.10 Summary

Suppose that we are given a non-linear partial differential equation and wi
solve it by means of a finite difference approximation. The usual procedure would 

∆t µ∆x
c
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µD
cJ
-------- .=

T D
c
----=

N

N T
∆t
-----=

D
c∆t
--------=

D
µ∆x
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J
µ
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λ N λ 2( )N 2/=

1 2µ 1 µ–( ) 1 kD
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------- 
 cos––

 
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 

J
2µ
------

.=

J
λ 1<
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• Check truncation error. Normally this is done by means of a Taylor series 
expansion. We are concerned with the lowest powers of the space and time
grid-interval in the expansion of the independent variables. 

• Check linear stability for a simplified (linearized, constant coefficients) 
version of the equation. Von Neumann's method is often used here.

• Check nonlinear stability, if possible. This can be accomplished, in some 
cases, by using the energy method. Otherwise, empirical tests are needed.

Increased accuracy does not always give a better scheme. For example, co
two schemes A and B, such that scheme A is first-order accurate but stable, while s
B is second-order accurate but unstable. Given such a choice, the less accurate sc
definitely better. 

In general, “good” schemes have the following properties, among others:

• High accuracy.

• Stability.

• Simplicity.

• Computational economy.

Later we will extend this list to include additional desirable properties. 

Almost always, the design of a finite-difference scheme is an exercise in t

20 40 60 80 100

0.2

0.4

0.6

0.8

Figure 2.8: “Total” damping experienced by a disturbance crossing the domain, as a 
function J, the number of grid points across the domain. Here we have assumed 
that .D L⁄ 2=

λ N

J

µ 0.9=

µ 0.5=
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offs. For example, a more accurate scheme is usually more complicated and exp
than a less accurate scheme. We have to ask whether the additional complex
computational expense are justified by the increased accuracy. The answer depend
particular application.
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1. Prove that a finite-difference scheme with errors of order n gives exact derivatives
for polynomial functions of degree  or less. For example, a first-order sch
gives exact derivatives for linear functions. 

2. Choose a simple differentiable function  that is not a polynomial. Find the

exact numerical value of  at a particular value of , say . Then choose

a) a first-order scheme, and

b) a second-order scheme

to approximate . Plot the log of the absolute value of the error of these

approximations as a function of the log of ∆x. By inspection of the plot, verify tha
the errors of the schemes decrease, at the expected rates, as ∆x decreases. 

3. Program the upstream scheme on a periodic domain with 100 grid points. G
sinusoidal initial condition with a single mode such that exactly four wavelen
fit in the domain. Integrate for µ= -0.1, 0.1, 0.5, 0.9, 1 and 1.1. In each case, t
enough time steps so that in the exact solution the signal will just cros
domain. Discuss your results.

4. Using the energy method, determine the stability of the forward time scheme as
applied to the following pair of equations:

, (2.138)

. (2.139)

Note: Solution following the energy method as required does not involve the
of complex variables. 

5. Work out the form of the most compact second-order accurate approximatio

 on a non-uniform grid. Also find the simpler form that applies when 

grid is uniform. 

n

f x( )
df
dx
------ x x1

df
dx
------ 

 
x x1=

td
du fv=

td
dv fu–=

x
2

2

d

d f

 
 
 

j
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CHAPTER 3 A Survey of Time-Differencing Schemes 
for the Oscillation and Decay Equations
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3.1 Introduction

In atmospheric dynamics, the governing equations are usually non-linear p
differential equations. Some knowledge of finite-difference approximations to ordi
differential equations (especially first order) is needed, however. In fact, if we linear
governing partial differential equation and assume a wave form for the solution, the eq
simply reduces to an ordinary differential equation. An example of this was given in Ch
2. The stability of a finite difference approximation to such an ordinary differential equa
can be examined using von Neumann's method, as explained in Chapter 2. In this Chap
deliberately side-step the complexities of space differencing and consider the problem o
differencing in isolation. 

Consider an arbitrary first-order ordinary differential equation of the form:

. (3.1)

Both  and  may be complex variables. In the following two subsections, we do
specify . Later we will consider particular cases. Keep in mind that  could
very complicated.

3.2 Non-iterative schemes.

Suppose that we integrate (3.1) with respect to time, from  to 
Here we assume that  is either zero or a positive integer. We also assume that ,
may not be true close to the initial condition; this point is considered later. Then we have

. (3.2)

Equation (3.2) is still “exact;” no finite-difference approximations have been introduced. 
a finite difference-scheme, q and, therefore,  are defined only at discrete time levels. Supp
that we approximate the integral on the right-hand side of (3.2) using the values of  

discrete time levels. We use symbol  in place of ,  in place

dq
dt
------ f q t( ) t,[ ]=

q f q t,( )
f q t,( ) f q t,( )

n m–( )∆t n 1+( )∆t
m n m≥

q n 1+( )∆t[ ] q n m–( )∆t[ ]– f q t,( )dt

n m–( )∆t

n 1+( )∆t

∫=

f
f

q
n 1+

q n 1+( )∆t[ ] f
n 1+
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where  can be minus one (for  only), zero, or a positive integer. Take a minute to

carefully at the form of (3.3), which is a slightly modified version of an equation discusse
Baer and Simons (1970). The left-hand side is a “time step” across a time interv

, as illustrated in Fig. 3.1. The right-hand side consists of a weighted su
instances of the function f, evaluated at various time levels. The first time level, , is
“the future.” The second, , is in “the present.” The remaining time levels are in “the p
Time level  is furthest back in the past; this is essentially the definition of . We g
choose  and  when we design a scheme. A family of schemes is defined by (3.3). It is
possible to have  or  or . Viable schemes can be constructed with all th
possibilities, and examples will be given below.

If  the scheme is called “implicit,” and if  it is called “explicit.” Implici
schemes have nice properties, as discussed later, but they can be complicated bec

“unknown” or “future” value of , namely , appears on the right-hand-side of 

equation, as the argument of . Examples will be shown later.

The smallest possible value of  is -1, in which case only time level  appea
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Figure 3.1: In Eq. (3.3), we use a weighted combination of  

to compute an “average” value of  over the time interval .
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the right-hand side of (3.3); this is the case with the backward-implicit scheme, for w
. The Euler forward scheme uses time level , so that . Note, however, th

Euler forward scheme omits time level ; it is an explicit scheme with . There
many (in principle, infinitely many) other possibilities, as will be discussed later in 
Chapter. 

Now substitute the 

 

true solution

 

  and corresponding  into (3.3), an
expand into a Taylor series around . We get

(3.4)

where  is the truncation error and a prime denotes a time derivative. Collecting pow
, and using  we obtain

β 0≠ n l 0=
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(3.5)

Each line on the left-hand side of (3.5) goes to zero “automatically” as , excep
the first line, which does not involve  at all. We have to force the first line to be 
because otherwise the error, , will not go to zero as . In order to force the firs
to be zero, we have to choose  and the various ’s in such a way that 

(3.6)

Note that (3.6) simply means that the sum of the coefficients on the right-hand side of (
equal to one, so that the right-hand side is a kind of “average .” We refer to (3.6) a
“

 

consistency condition

 

.” When (3.6) is satisfied, the expression for the truncation e
reduces to

. (3.7)

This shows that when (3.6) is satisfied the scheme has at least first order accuracy,
scheme is consistent, and the error, , goes to zero at least as fast as . 

 

Note, however, that
we are still free to choose  coefficients. 

 

Moreover, the value of  itself is under ou
control; we can choose it when we design the scheme. If , then we can choo
coefficients in such a way that the coefficient of  in (3.5) is also zero. This will give

second-order scheme, i.e. one in which the error, , goes to zero like . Obvious
process can be continued, giving higher and higher accuracy, so long as the value of  
enough. Examples are given below.

In summary, the order of accuracy of our time-differencing scheme can be ma
least as high as  by appropriate choices of the coefficients. One of these coeffici

. Recall that  for explicit schemes. Generally, then, the accuracy of an ex
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scheme can be made at least as high as . Later we refer back to these rules of thu

With the approach outlined above, schemes of higher order accuracy are 
possible by bringing in more time levels. It is also possible to obtain schemes of h
accuracy in other ways. This will be explained later.

We now survey a number of time-differencing schemes, without specifying . In
analysis, we can determine the order of accuracy of each scheme. We cannot decide w
scheme is stable or unstable, however, unless  is specified. Later in this Chap
investigate what happens with two particular choices of , and later in the course w
consider additional choices for . 

3.2.1 Explicit schemes ( )

,  (Forward scheme or Euler scheme)

For this case we have , and all of the other 's are zero. The consis

condition, (3.6), immediately forces us to choose . The scheme (3.3) then reduc

(3.8)

The truncation error is . Therefore, the scheme has first-o

accuracy.

,  (Adams-Bashforth schemes)

Better accuracy can be obtained by proper choice of the 's, if we use . For
example, consider the case . The scheme reduces to

, (3.9)

the consistency condition, (3.6), reduces to 

, (3.10)

and the truncation error is

. (3.11)
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f
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If we choose , the scheme has second-order accuracy. Of course, this mea

.This is the second-order Adams-Bashforth scheme. 

Although the right-hand side of (3.9) involves two different values of , we only h
to evaluate  once per time step, if we simply save one “old” time level of  for later us
the next time step. We have to allocate additional memory in the computer to save the
time level of , but often this is not a problem. Note, however, that something specia
have to be done on the first time step only, since when  time level  is “befor
beginning” of the computation. 

In a similar way, we can obtain Adams - Bashforth schemes with higher accura
using larger , and choosing the 's accordingly. The table below shows the results for
2, and 3. See the paper by Durran (1991) for an interesting discussion of the third
Adams-Bashforth scheme. We can think of the forward scheme as the “first-order A
Bashforth scheme”, with .

,  (The leapfrog scheme)

The leap-frog scheme is

(3.12)

From (3.5) we can immediately see that the truncation error is .

Note that for the leap-frog scheme the order of accuracy is higher than 
i.e., it is better than would be expected from the general rule, stated earlier, for e
schemes. The leapfrog scheme has been very widely used, but it has some 
disadvantages, as will be discussed later.

Table 3.1: Adams-Bashforth Schemes (β = m = 0, l > 0)

l αn αn-1 αn-2 αn-3
truncation 

error

1 3/2 -1/2 O(∆t2)

2 23/12 -4/3 5/12 O(∆t3)

3 55/24 -59/24 37/24 -9/24 O(∆t4)

αn 1–
1
2
---–=

αn
3
2
---=

f
f f
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n
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2

6
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l 1+ 1=
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Here there is no gain in accuracy. The highest accuracy (second order) is obtain
 (the leapfrog scheme).

,  (Nystrom schemes)

We can increase the order of accuracy by choosing appropriate α's if .

Schemes with  are not of much interest and will not be discussed here.

3.2.2 Implicit schemes 

Here we should be able to achieve accuracy at least as high as . Note tha
implicit schemes it is possible to have , whereas with the explicit schemes the sm
allowed value of  is 0.

, 

Eq. (3.3) reduces to 

(3.13)

The consistency condition reduces to . The truncation error

 When , the scheme is called the backwa

(implicit) scheme. It has first-order accuracy. It can be said to correspond to 

Higher accuracy is obtained for , which gives the “trapezoidal” (implic

scheme. It has second-order accuracy, as we expect from the general rule for i
schemes.

,  (Adams-Moulton schemes)

These are analogous to the Adams-Bashforth schemes, except that . Ta

m 1= l 1=
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frog

This
summarizes the properties of these schemes, for l = 1, 2, and 3. 

, 

Highest accuracy (2nd order) is obtained for , which gives the leap
scheme.

, (Milne corrector1)

Eq. (3.3) reduces to

(3.14)

where

(3.15)

The truncation error is

From this we can see that , ,  gives fourth-order accuracy. 

is again more than would be expected from the general rule.

Table 3.2: Adams-Moulton schemes.

l β αn αn-1 αn-2 αn-3
truncation 

error

1 5/12 8/12 -1/12 O(∆t3)

2 9/24 19/24 -5/24 1/24 O(∆t4)

3 251/

720

646/720 -264/720 106/720 -19/720 O(∆t5)

1.  If there is a “Milne corrector,” then there must be a “Milne predictor.” (See subsection 3.3 for 
an explanation of this terminology.) In fact, the Milne predictor is an explicit scheme with , 

, and , , , .
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Here there is no gain in accuracy. The highest accuracy is obtained for 
that the scheme reduces to the Milne corrector.

 

3.3 Iterative schemes

 

Iterative schemes are sometimes called “predictor-corrector” schemes. The idea

we obtain  through an iterative, multi-step procedure, which involves mult
evaluations of the function 

 

f

 

. In a two-step iterative scheme, the first step is called 
“predictor,” and the second step is called the “corrector.” 

The advantage of iterative schemes is that we can gain higher accuracy
disadvantage is computational expense, because each evaluation of 

 

f involves doing a certain
amount of arithmetic. In contrast, non-iterative schemes such as those discussed
preceding subsection involve only a single evaluation of f for each time step. For this reaso
iterative schemes tend to be computationally more expensive than non-iterative scheme
given order of accuracy. 

Consider (3.13) as an example. Replace  

, where  is obtained by the Euler scheme,

(3.16)

Then

(3.17)

When , , Eq. (3.17) is an imitation of the backward (implicit) differen
scheme, and is called the Euler-backward scheme or the Matsuno scheme (Matsuno

When , , Eq. (3.17) is an imitation of the trapezoidal (implicit) scheme an

called the Heun scheme or the second-order Runge-Kutta scheme. The Matsuno sche
first-order accuracy, and the Heun scheme has second-order accuracy.

Note that (3.17) cannot be “fit” into the framework of (3.3), because  does

appear on the right-hand side of (3.3), and in general  cannot be written 

combination of ’s.

Also note that the Heun scheme is explicit, and does not require the past history
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not require ). Still, it has second order accuracy, because of the iteration. This illus
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 iteration can increase the order of accuracy.

 

 

A famous example of an iterative scheme is the fourth-order Runge-Kutta sch
This is an excellent scheme when  has a simple form, but it is not economically pra
when  is complicated. The scheme is given by: 

(3.18)

Each of the ’s can be interpreted as an approximation to . The ’s have to be eva
successively, which means that the function  has to be evaluated four times to take o
step. None of these ’s can be “re-used” on the next time step. For this reason, the sc
not very practical unless a long time step can be used.

Fig. 3.2 provides a simple fortran example to illustrate more clearly how the fo
order Runge-Kutta scheme actually works. The appendix to this chapter provides a pro
the scheme really has fourth-order accuracy.

 

3.4 Finite-difference schemes applied to the oscillation equation

 

In order to test the stability of the finite-difference schemes discussed in the pre
section, we must specify the form of the function . As a first example, conside
oscillation equation:

,  complex,  real. (3.19)

The exact solution is , where  is the “initial” value of , at . T

amplitude  is an invariant of this system, i.e.,

. (3.20)

The following are examples of more familiar equations which are reducible to (3

•

 

Advection: 

 

The governing equation is . If , then 

l 0>

f
f

k1 f q
n

n∆t,( )  , =  k 2 f q 
n

 
k

 
1 
∆

 
t

 2 ----------- n 
1
2

 ---+  
  ∆ t , +   , =  

k

 

3 f q
n k2∆t

2
----------- n 1

2
---+ 

  ∆t,+   , =  k 
4

 f q 
n k 

3
 ∆ t n 1 + ( )∆ t , + ( )  . =  

q

 

n

 

1

 

+
q

n ∆t1
6
--- k1 2k2 2k3 k4+ + +( )   , +=

k f k
f

f

f q t,( )

dq
dt
------ iωq= q ω

q q̂ t( )e
iωt

= q̂ q t 0=

q̂

d
dt
----- q̂ 0=

u∂
t∂

----- c u∂
x∂

-----+ 0= u û t( )e
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c Initial conditions for time-stepped variables X, Y, and Z.

c The time step is dt, and dt2 is half of the time step.

X=2.5
Y=1.
Z=0.

do n=1,nsteps

c Subroutine dot evaluates time derivatives of X, Y, and Z.

call dot(X, Y, Z,Xdot1,Ydot1,Zdot1)

c First provisional values of X, Y, and Z.

X1 = X + dt2 * Xdot1
Y1 = Y + dt2 * Ydot1
Z1 = Z + dt2 * Zdot1

call dot(X1,Y1,Z1,Xdot2,Ydot2,Zdot2)

c Second provisional values of X, Y, and Z.

X2 = X + dt2 * Xdot2
Y2 = Y + dt2 * Ydot2
Z2 = Z + dt2 * Zdot2

call dot(X2,Y2,Z2,Xdot3,Ydot3,Zdot3)

c Third provisional values of X, Y, and Z.

X3 = X + dt * Xdot3
Y3 = Y + dt * Ydot3
Z3 = Z + dt * Zdot3

call dot(X3,Y3,Z3,Xdot4,Ydot4,Zdot4)

c “Final” values of X, Y, and Z for this time step.

X = X + dt * (Xdot1 + 2.*Xdot2 + 2.*Xdot3 + Xdot4)/6.
Y = Y + dt * (Ydot1 + 2.*Ydot2 + 2.*Ydot3 + Ydot4)/6.
Z = Z + dt * (Zdot1 + 2.*Zdot2 + 2.*Zdot3 + Zdot4)/6.

end do 

Figure 3.2: A simple fortran example to illustrate how the fourth-order Runge-Kutta 
scheme works. Note the four calls to subroutine “dot.” This makes the scheme 
expensive. 
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, with . An observer at a point watching a single 

Fourier mode advect by will see an oscillation.

• Rotation: Pure inertial motion is described by

(3.21)

(3.22)

Multiplying (3.22) by i and adding it to (3.21), we obtain

(3.23)

With , we get

, (3.24)

which is identical to (3.21) with . Note that, although u and v are real, q is complex,

and  is twice the kinetic energy per unit mass. We can obtain 

i.e., kinetic energy conservation, directly from (3.21) and (3.22). By differentiating (3

with respect to time, and substituting from (3.22) for , we obtain , perha

more familiar form of the oscillation equation, which in this case describes a pure in
oscillation.

In principle, any of the schemes described earlier in this chapter can be appl
(3.19). Each scheme has its own properties, as discussed below.

3.4.1 Non-iterative two-level schemes for the oscillation equation

Write a finite difference analog of (3.19) as follows

(3.25)

We require  in order to guarantee consistency. We obtain the Euler scheme
, ; the backward scheme with , ; and the trapezoidal-impl

scheme with . Eq. (3.25) can easily be solved for :
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du
dt
------ fv– 0  , =

dv
dt
------ fu+ 0  . =

d
dt
----- u iv+( ) f v– iu+( )+ 0  . =

q u iv+=

dq
dt
------ ifq+ 0=

ω f–=

q
2

u
2

v
2

+= d
dt
----- q

2 0=

dv
dt
------ d

2
u

dt
2

-------- f
2
u–=

q
n 1+

q
n

– iω∆t αq
n β   q n

 
1

 
+ +  ( )  . =

α β+ 1=
α 1= β 0= α 0= β 1=

α β 1
2
---= = q

n 1+
An Introduction to Atmospheric Modeling



553.4    Finite-difference schemes applied to the oscillation equation

riant
uted

enotes

time

iscrete

; the

change
 (the

d  is
   

(3.26)

or

(3.27)

where we introduce the shorthand notation . In 

 

(3.27)

 

,  is the amplification factor.

We want to know how the amplitude  behaves in time. Recall that  is inva
for the differential equation. This means that, for the true solution, . If the comp

 is not equal to one, we have “amplitude errors.”

Since  is complex, we write

. (3.28)

We can interpret  as the phase change of the oscillation per time step. Positive  d

counterclockwise rotation in the complex plane. For example, if , it takes four 

steps to complete one oscillation. This is the case in which  is pure imaginary. The d

numerical solution may look as shown schematically in Fig. 3.3 for the case of 

ordinate represents the imaginary part of . Note that for the exact solution the phase 
over the time interval  is . Generally  (the computed phase change) and 
true or exact phase change) will differ because of discretization errors. If the compute
not equal to , we have “phase errors.” 
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The true solution to (3.19) is , so that

(3.29)

Now , and so  corresponds to (“should be”) ; in other words, 
should be equal to 1 and  should be equal to . We want to compare the com

amplification factor 

 

 

 

with the true one, which is , and the computed pha
change per time step, , with the true one, which is . We will examine both the phase
and the amplitude error. 

For the forward (Euler) scheme, , , and so from (3.27) we find that

(3.30)

Therefore,

(3.31)

We conclude that, for the oscillation equation, the forward scheme is 

 

unconditionally
unstable

 

. We have reason to 

 

suspect

 

, therefore, that forward time differencing is not a go
choice for the advection or coriolis terms of a dynamical model. In reality, whether or no
forward scheme is a good choice for the advection terms depends on the space-diffe
scheme used, as will be discussed in Chapter 4. From (3.30) we see that the phase ch
time step, , satisfies , so that  for small , as expected.

For the backward scheme, , , and

, (3.32)

so that

(3.33)

This scheme is, therefore, unconditionally stable, and in fact the amplitude of the osci

decreases with time. The real part of  is always positive, which means that 

This scheme can be used for the coriolis terms in a model, but because of the damp
not a very good choice. The phase change per time step again satisfies , s
the phase error is small for small .
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For the trapezoidal implicit scheme, , , we find that

(3.34)

This scheme is 

 

unconditionally stable

 

; in fact, it has no amplitude error at all. Its phase er
per time step is small. It is a nice scheme. 

 

3.4.2 Iterative two-level schemes for the oscillation equation

 

Now consider a finite-difference analogue of (3.19) given by

(3.35)

(3.36)

Recall that ,  gives the Matsuno scheme, and  gives the H

scheme. Eliminating  between (3.35) and (3.36) for the Matsuno scheme, we find

(3.37)

This is, therefore, a 

 

conditionally stable

 

 scheme (the condition is ). 

For the Heun scheme, we obtain

(3.38)

α 1
2
---= β 1

2
---=

λ
1 iΩ

2
------+

1 iΩ
2

------–
------------------- 1  . = =

q
n 1+ *

q
n

– iΩq
n  , =

q
n 1+

q
n

– iΩ αq
n β*

q
n 1+ *

+( )  . =

α 0= β* 1= α β* 1
2
---= =

q
n 1+ *

λ 1 Ω2
–( ) iΩ,+=

λ 1 Ω2
– Ω4

+

1  for  Ω 1 >>  

1  for  Ω 1 = = 

1  for  Ω 1 <<





 

=

Ω 1≤

λ 1 Ω2

2
-------– 

  iΩ+=

λ 1 Ω2

2
-------– 

 
2

Ω2
+ 1 Ω4

2
-------+ 1  . >  = =
An Introduction to Atmospheric Modeling



  58      A Survey of Time-Differencing Schemes for the Oscillation and Decay Equations 

as
rations

,
o start
d two
itial
heme
 the
ises
th the
   

This scheme is 

 

unconditionally unstable

 

, but notice that for small  it is not as unstable 
the forward scheme. In fact, it can be used with some success if very long-term integ
are not required. 

The results discussed above are summarized in Fig. 3.4 and Fig. 3.5. 

 

3.4.3  The leapfrog scheme for the oscillation equation

 

The leapfrog scheme, which is illustrated in Fig. 3.6, is not “self-starting” at 
because we do not know  at . A special procedure must, therefore, be used t
the solution, i.e. we must somehow determine the value of  at 1. We really nee
initial conditions to solve the finite-difference problem, even though only one in
condition is needed to solve the exact equation. A similar problem arises with any sc
that involves more than two time levels. One of the two required initial conditions is
“physical” initial condition that we need for the differential equation. The other ar
because of the form of the finite-difference scheme itself, and has nothing to do wi
physics. It is usually referred to as the “computational” initial condition. 

Ω

|λ|

Ω=ω∆t

Exact and Trapezoidal

Backward

Euler

HeunMatsuno

0 1 2 3 4

1

2

3

4

Figure 3.4: This figure shows the magnitude of the amplification factor as a function of 
 for various difference schemes. The Euler, backward, trapezoidal, 

Euler-backward, and Heun schemes are shown by curves I, II, III, IV, and V 
respectively. The magnitude of the amplification factor for the trapezoidal 
scheme coincides with that of the true solution for all values of ω∆t. Caution: 
This does not mean that the trapezoidal scheme gives the exact solution! 

Ω ω∆t≡
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Ω ω∆t=

n 0=
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q n 1=
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Consider the leapfrog analogue to (3.19):

(3.39)

For the simple case 

 

ω

 

=0, we obtain

(3.40)

Of course,  is the true solution of , but according to (3.39) the solu

will depend on the initial conditions given at both the levels  and . If these
values are different, an oscillation will occur, as shown in Fig. 3.7. We have 

 

q

 

2

 

=

 

q

 

0

 

, 

 

q

 

3

 

=

 

q

 

1,

q4=q2=q0, etc. If we assign , the solution will be constant. This example illustr

that judicious selection of  is essential for schemes with more than two time levels.

Now rewrite (3.39) as

Figure 3.5: This figure shows the behavior of the imaginary (λi) and real (λr) components of 

the amplitude, as Ω varies. Recall that tan θ is given by  for each scheme. 

From this plot we can also see the behavior of  as θ varies, for each scheme. 
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(3.41)

where, as before, . We look for a solution of the form , for all . Th
(3.41) reduces to

(3.42)

The solutions of (3.42) are

(3.43)

giving two solutions or “modes”,

(3.44)

The differential equation only has one solution, so getting two solutions to the fi
difference equation is bad. Consider the limits of  and  as  or . No

that , while . We know that for the true solution , and so we 

identify  as the “physical” mode, and  as the computational mode. Notice that 

generally does not approach  as ! This illustrates that simply reducing the
step does not reduce problems associated with computational modes.

The computational mode arises from the three-level scheme. Two-level schem
not have computational modes. Schemes with more than three time levels have m
computational modes. 

 

The existence of computational modes is a major disadvantage o
schemes that involve more than two time levels. 

 

The current dicussion is about computation
modes in time. Later we will see that computational modes can also occur in space, in 
two distinct ways.

From (3.44) we have

(3.45)

n = 0

Figure 3.6: The leapfrog scheme.

q
n 1+

  2 i Ω q 
n

 q 
n

 
1

 
–

 ––  0  , =

Ω ω∆t≡ q
n 1+ λq

n
= n

λ2 2iΩλ– 1– 0  . =

λ1 iΩ 1 Ω2
–       λ 2 ,  +  i Ω 1 Ω 

2
 –   , –= =

q1
n 1+ λ1q1

n
     q 2 

n
 

1
 
+ , λ 2 q 2 

n
  . = =

λ1 λ2 Ω 0→ ∆t 0→
λ1 1→ λ2 1–→ λ 1=

q1 q2 q2
n 1+

q2
n ∆t 0→

q1
n λ1

n
q1

0
q2

n, λ2
n
q2

0  . = =
An Introduction to Atmospheric Modeling



613.4    Finite-difference schemes applied to the oscillation equation

 the

he

erical

,
ble to

ore
   

The general solution is a linear combination of these two modes 

(3.46)

Applying initial conditions, we have

(3.47)

and

(3.48)

If we solve (3.47) and (3.48) for  and  in terms of  and , and substitute
results into (3.46), we obtain

(3.49)

This shows that  and  are the initial values of t

physical and computational modes, respectively. Which predominates in the num

solution will, therefore, depend on how we specify . If we give  such that 
we will have the physical mode only. In real cases of interest, this is usually impossi
arrange. Notice that (3.49) applies for any choice of 

 

;

 

 it is not specific to the oscillation
equation.

A simple way to give  is by the forward (Euler) difference scheme. A m

Figure 3.7: An oscillatory solution that arises with the leapfrog scheme for , 
for the case in which the two initial values of  are not the same.
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sophisticated procedure is use of the forward scheme to , followed by computat

 using the leapfrog scheme. The second method gives a smaller amplitude fo
computational mode.

To evaluate the stability of the leapfrog scheme as applied to the oscillation equ
consider three cases.

Case (i). 

In this case  in (3.43) is real, and we obtain . This me
that both modes -- the physical and the computational -- are stable and neutral. Let the
changes per time step be denoted by  and  for the physical and computational m
respectively. Then

(3.50)

Comparing (3.50) with (3.43), we find that

(3.51)

Note that we can put . For simplicity of notation, let , so th

. When  is small, , and . The apparent frequency of the phys

mode is , which is approximately equal to . Then we can write

(3.52)

for the physical mode, and

(3.53)

for the computational mode. Recall that the true solution is given by

(3.54)

In the limit as  (i.e. ), we have . Panels a and b of Fig. 3.8 respectiv
show λ1 and λ2 in the complex λ-plane. The figures have been drawn for the case
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.The absolute value of 

 

λ

 

 is, of course, always equal to 1.   Panel c of Fig. 3.8 shows

graph of the real part of  versus its imaginary part. Recall that . 

θ π
8
---=

 

Figure 3.8: Panels a and b: Amplification factors for the leapfrog scheme as applied to the 
oscillation equation with . Panels c and d: Solutions of the oscillation 
equation as obtained with the leapfrog scheme for . In making these 

figures it has been assumed that . 
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graph is drawn for the case of  and . Panel d of Fig. 3.8 gives a similar

for . Here we see that the real and imaginary parts of the computational mode of 

oscillate from one time step to the next. Graphs showing each part versus  are given
3.9. The physical mode looks nice. The computational mode is ugly.

 

Case (ii): 

 

Here  [see (3.43)], i.e. both 

 

λ

 

's are pure imaginary, as shown in Fi

3.10. This means that, as shown in Fig. 3.10, both solutions rotate through  on eac

step, so that the period is 4

 

∆t, regardless of the true value of ω! Obviously, ,
so both modes are neutral. The phase errors are very large, however. This illustrates a
fact that should be remembered: A scheme that is stable but on the verge of instab
usually subject to large truncation errors and may give a very poor solution; you shou
be confident that you have a good solution just because your model does not blow up!

Case (iii): 

Here again both λ1 and λ2 are pure imaginary, so again both solutions rotate by 

each time step. We find that
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(3.55)

If , then  and , and if ,  and . In both case
one of the modes is damped and the other amplifies. Since one of the modes ampli

, the scheme is unstable in this range of . 

A graphical representation of λ in the complex plane, for , is shown in pane

a and b of Fig. 3.11. Note that  and 

x

x

λ i

λr

λ1 λ2 i Ω 1=( )= =

λ1 λ2 i Ω 1–=( )–= =

Figure 3.10: Panel a shows the amplification factors for the leapfrog scheme as applied to 
the oscillation equation with . Panel b shows the real and imaginary 
parts of the corresponding solution, for n=0, 1, 2, and 3.
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Panel c of Fig. 3.11 shows a plot of  in the complex plane for the modes correspo

to λ1 and λ2 for . The phase changes by  on each step, because λ is pure imaginary,

and so the period is . Panel d of Fig. 3.11 schematically shows  as a function on for
the amplifying mode corresponding to λ1, i.e., q1 is unstable and q2 is damped. A growing
oscillation of this period is a telltale sign of instability with this type of scheme. 

In summary, the centered or leapfrog scheme is a second-order scheme that 
neutral solution for (3.35) when . For , or large ∆t, the scheme is unstable. I
other words, the leapfrog scheme is conditionally stable when applied to the oscil

Figure 3.11: Panels a and b show the amplification factors for the oscillation equation with 
the leapfrog scheme, with . Panel c shows the corresponding solution. 
The solid curve shows the unstable mode, which is actually defined only at the 
black dots. The dashed curve shows the damped mode, which is actually 
defined only at the grey dots. Panel d is a schematic illustration of the 
amplification of the unstable mode. Note the period of , which is 
characteristic of this type of instability.
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We have identified another neutral scheme -- the trapezoidal implicit scheme -- b
use such an implicit scheme in more complicated nonlinear problems is relatively difficu
comparison with an explicit scheme. The leapfrog scheme is explicit, has a higher ac
than the general rule, and is neutral if . For this reason it has been very widely u

3.4.4 The second-order Adams Bashforth Scheme (m=0, l=1) for the oscillation equation

The second-order Adams-Bashforth scheme and its third-order cousin (Durran, 
have some very nice properties. The second-order Adams-Bashforth finite-diffe
approximation to the oscillation equation is 

. (3.56)

Like the leapfrog scheme, this is a three-level scheme. Since , however, the
interval on the left-hand side is ∆t, rather than 2∆t as in the leapfrog scheme. The right-han

side represents a linear extrapolation (in time) of  from  and  to 

essentially represents a scheme centered around time level , and it does have 

order accuracy. The amplification factor for this scheme is given by

(3.57)

Since this is a three-time-level scheme, we have two modes, given by

(3.58)

and

(3.59)

Since  as , the first mode is the physical mode and corresponds to th

solution as . Note, however, that  as . This means that the
“computational” mode tends to damp. It is not neutral, as in the leapfrog scheme.

In order to examine , we just consider , since the expression in (3.5
complicated and in practice Ω is usually small. Using the binomial theorem, we c
approximate  by
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(3.60)

so that

. (3.61)

which is always greater than 1. The physical mode is, therefore, unconditionally unstab
so far as 

 

∆

 

t

 

 or 

 

Ω

 

 is sufficiently small, and because the deviation of  from 1 is of or

, the solution is only weakly unstable. If physical damping is included in the problem
instability may be suppressed. 

 

3.4.5 A survey of time differencing schemes for the oscillation equation

 

Fig. 3.12 and Fig. 3.13 are taken from the work of Baer and Simons (1970). 
summarize the properties of seven explicit and seven implicit schemes, which are lis
Table 3.3. Properties of these schemes are shown in Fig. 3.12 and Fig. 3.13.

 

Table 3.3: List of time differencing schemes surveyed by Baer and Simons (1970). Schemes
whose names begin with “E” are explicit, while those whose names begin with “I” are
implicit. The numerical indices in the names are “

 

m

 

,” which is the number of “time
intervals” over which the scheme steps, as defined in Eq. (3.3) and Fig. 3.1; and 

 

l

 

, which
controls the number of values of 

 

f   

 

 used, again as defined in (3.3). 

Scheme 
identifier 

(m,l)

Name β αn αn-1 αn-2 αn-3 αn-4 Order of 
accuracy

E01 Adams-
Bashforth

3/2 -1/2 (∆t)2

E02 Adams-
Bashforth

23/12 -4/3 5/12 (∆t)3

E03 55/24 -59/24 37/24 -9/24 (∆t)4

E04 1901/
720

-2774/
720

2616/
720

-1274/
720

251/
720

(∆t)5

E11 Leapfrog 1 (∆t)2

E12 7/6 -2/6 1/6 (∆t)3

E33 Milne 
Predictor

2/3 -1/3 2/3 (∆t)4

I00 Trapezoidal 
Implicit

1/2 1/2 (∆t)2

λ1 1 iΩ 9
16
------Ω2 1 iΩ 1

2
---Ω2  , –+  ≅–+≅

λ1 1 Ω4

4
-------+ 1 Ω
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There are many other schemes of higher-order accuracy. Books on numerical a
discuss such schemes. Since our meteorological interest mainly leads us to partial diffe
equations, the solutions to which will also suffer from truncation error due to s
differencing, we cannot hope to gain much by increasing the accuracy of the time differe
only. 

 

3.5 Finite-difference schemes for the decay equation

 

We now turn our attention to the decay equation,

, , (3.62)

which is relevant to many physical parameterizations, including those of the boundary 
radiative transfer, cloud physics, and convection. The exact solution is 

(3.63)

This describes a simple exponential decay with time. For large time, . A good sc

should give  as . 

For the Euler (forward) scheme, the finite-difference analogue of (3.62) is

 

I01 5/12 8/12 -1/12

 

(∆

 

t

 

)

 

3

 

I02 Moulton 
Corrector

9/24 19/24 -5/24 1/24

 

(∆

 

t

 

)

 

4

 

I03 251/
720

646/
720

-264/
720

106/
720

-19/720

 

(∆

 

t

 

)

 

5

 

I12 Milne 
Corrector

1/6 4/6 1/6

 

(∆

 

t

 

)

 

4

 

I13 29/180 124/
180

24/180 4/180 -1/180

 

(∆

 

t

 

)

 

5

 

I34 Milne II 
Corrector

14/180 64/180 24/180 64/180 14/180

 

(∆

 

t)

 

6

 Table 3.3: List of time differencing schemes surveyed by Baer and Simons (1970). Schemes
whose names begin with “E” are explicit, while those whose names begin with “I” are
implicit. The numerical indices in the names are “

 
m

 

,” which is the number of “time
intervals” over which the scheme steps, as defined in Eq. (3.3) and Fig. 3.1; and 

 

l

 

, which
controls the number of values of 

 

f   

 

 used, again as defined in (3.3). 

 

Scheme 
identifier 

(m,l)

Name

 

β α

 

n

 

α

 

n-1

 

α

 

n-2

 

α

 

n-3

 

α

 

n-4

 

Order of 
accuracy

dq
dt
------ κq–= κ 0>

q t( ) q 0( )e
κ t–   . =

q 0→
q

n 1+ 0→ κ∆ t ∞→
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tion, 
   

(3.64)

where . The solution is

(3.65)

Note that  is real. For , i.e. 
 κ  

 or 
 ∆  

t
 

 small enough, so that , the
scheme is stable. This is, therefore, a conditionally stable scheme

By the same technique, it is easy to show that, when applied to the decay equa

• the backward implicit scheme is 

 

unconditionally stable

 

;

Figure 3.12: Amplification factor of various schemes for the oscillation equation (from Baer 
and Simons, 1970). The horizontal axis in each panel is Ω. See Table 3.3.

q
n 1+

q
n

– Kq
n  , –=

K κ∆ t≡

q
n 1+ 1 K–( )q

n
  . =

λ 1 K–= 1 K– 1< K 2≤
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• the trapezoidal implicit scheme is 

 

unconditionally stable

 

;

• the Matsuno (Euler-Backward) scheme is 

 

conditionally stable

 

;

• the Heun scheme is 

 

conditionally stable

 

; and 

• the second-order Adams-Bashforth scheme is  conditionally stable .

Finally, the leapfrog scheme for the decay equation is

(3.66)

and so 

 

λ

 

 satisfies

(3.67)

Figure 3.13:  and  (for the physical mode), plotted as functions of Ω, for the oscillation 

equation (from Baer and Simons, 1970). See Table 3.3. 

λ θ
Ω
----

q
n 1+

q
n 1–

– 2Kq
n  , –=

λ2 2Kλ 1–+ 0  . =
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The two roots are

(3.68)

Since , and  as , we see that

 

 

 

 corresponds to the physical mode

However,  always. Actually , so the
computational mode oscillates in sign from one time level to the next, and amplifies.

Therefore, the leapfrog scheme is 

 

unconditionally unstable

 

 for this type of equation.

 

We cannot use the leapfrog scheme whenever we have any damping in the problem

 

. A simple
interpretation of this can be given. Suppose we have  at  and  at 
as shown schematically in Fig. 3.14. From (3.66) we see that the restoring effect comp

 is added to , resulting in a negative deviation at . The restoring e

computed at  is added to , resulting in the amplified positive deviation at 
as graphically illustrated in Fig. 3.14.   This shows why the leapfrog scheme is a ver
choice for this type of problem. 

 

3.6 Damped oscillations

 

What should we do if we have an equation of the form

? (3.69)

As an example, we can mix the leapfrog and forward (or backward) schemes in the foll
manner. We write the finite difference analogue of (3.69) as

(3.70)

(decay term forward differenced), or as

(3.71)

(decay term backward differenced). The oscillation term on the right-hand sides of
(3.70) and (3.71) is in “centered” form, whereas the damping term is an uncentered
These schemes are conditionally stable. 

 

3.7 Nonlinear damping

 

In real applications, it is quite typical that  depends on , so that (3.62) bec
nonlinear. Kalnay and Kanamitsu (1988) studied the behavior of ten time-differen
schemes for a nonlinear version of (3.62) given by

. (3.72)

λ1 K– K
2 1+      λ 2 ,  +  K – K 

2
 1 +   . –= =

0 λ1 1≤ ≤ λ1 1→ K 0→ λ1

λ2 1> λ2 1    λ 2 1   as   ∆ t 0 → –  →( ) –  ≤

q 0= n 0= q 0> n 1=

n 1= q
0

n 2=

n 2= q
1

n 3=

dq
dt
------ iωq= κq– κ iω+–( )q=

q
n 1+

q
n 1–

– 2iΩq
n 2Kq

n 1–
  , –=

q
n 1+

q
n 1–

– 2iΩq
n 2Kq

n 1+
  . –=

κ q

dq
dt
------ κq

P( )q– S+=
An Introduction to Atmospheric Modeling



733.7    Nonlinear damping
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3.72)

2) is
hly of
   

where  is a non-negative exponent, and  is a source or sink whose form is unspecifie
reason for introducing  is simply to allow non-zero equilibrium values of 

 

q

 

. In real
applications, there is usually a term corresponding to . In case  and , (
reduces to (3.62). 

An example of a real application that gives rise to an equation of the form (3.7
boundary-layer parameterization. The soil temperature, , satisfies an equation roug
the form
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q

 

1

 

1 4

 

K

 

2

 

+( ) q
1>= = =

q
4

q
2 2Kq

3
q

2<–=

t

q(t)

Figure 3.14: An example illustrating how the leapfrog scheme leads to instability with the 
decay equation. The solution shown here represents the computational mode 
only and would be superimposed on the physical mode.
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where C is the heat capacity of the soil layer,  is the density of the air,  

“transfer coefficient” that depends on , V is the wind speed at a level near the grou

(often taken to be 10 m above the soil surface),  is the temperature of the air at som

near the ground (often taken to be 2 m above the soil surface), and  represents all other
processes that affect the soil temperature, e.g. solar and infrared radiation, and the lat
flux, and the conduction of heat through the soil. 

The air temperature is governed by a similar equation:

(3.74)

Here  is the heat capacity of air at constant pressure, and  is the depth of the laye

whose temperature is represented by . 

Comparing (3.73) with (3.74), we find that

(3.75)

The correspondence between (3.75) and (3.72) is obvious. The two equations are ess
the same if the transfer coefficient  has a power-law dependence on 

Virtually all realistic atmospheric models involve equations something like (3.73) and (3
so this is a very practical example.

From what we have already discussed, it should be clear that an implicit sc
would be a good choice for (3.72), i.e.

. (3.76)

Such a scheme is in fact unconditionally stable, but for arbitrary  it must be so
iteratively, which can be quite expensive. For this practical reason, (3.76) would n
considered a viable choice, except where  is a small integer, in which case, (3.76) 
solved analytically. 

Let  denote an equilibrium solution of (3.72). Then  satisfies

. (3.77)

C
dTg

dt
--------- ρacT Tg Ta–( )V Tg Ta–( )– Sg+=

ρa cT Tg Ta–( )
Tg Ta–( )

Ta

Sg

ρaDcP

dTa

dt
--------- ρacT Tg Ta–( )V Tg Ta–( ) Sa+=

cP D

Ta

d Tg Ta–( )
dt

------------------------- ρacT Tg Ta–( )V Tg Ta–( ) 1
C
---- 1

ρaDcP

----------------+ 
 –

Sg

C
-----

Sa

ρaDcP

----------------– 
 +=

cT Tg Ta–( ) Tg Ta– g

q
n 1+

q
n

–
∆t

------------------------ κ q
n 1+( )

P 1+
– S+=

P

P

q q

κ   q P 1 + S =
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Let  denote a departure from this equilibrium, so that . Then (3.72) ca
linearized as follows:

, (3.78)

which reduces to

. (3.79)

This linearized equation can be analyzed using von Neumann’s method. 

As an example, the forward time-differencing scheme, applied to (3.79), gives

, (3.80)

where

, (3.81)

and we have dropped the “prime” notation for simplicity. We can rearrange (3.80) to

, (3.82)

from which we see that

. (3.83)

Table 3.4 summarizes  the ten schemes that Kalnay and Kanamitsu analyze

 

Table 3.4: Schemes for the nonlinear decay equation, as studied by Kalnay and Kanamitsu 
(1988).

 

Name of 
scheme

Form of scheme Amplification factor Linear stability 
criterion

 

Forward 
explicit

Backward 
implicit

 

Unconditionally stable

q' q q q'+=

d
dt
----- q q'+( ) κ   q P 1 + –  κ P 1 + ( ) q 

P q '–  S +=

dq'
dt
------- κ P 1+( )q

P
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qn 1+ qn– α P 1+( )– qn=

α κ q
P

  ∆ t ≡

qn 1+ 1 α P 1+( )–[ ] qn=

λ 1 α P 1+( )–=

q
n 1+

q
n

–
∆t

------------------------ κ q
n( )

P 1+
– S+=

1 α P 1+( )– α P 1+( ) 2<

q
n 1+

q
n

–
∆t

------------------------ κ q
n 1+( )

P 1+
– S+=

1
1 α P 1+( )+
-------------------------------
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Centered 
implicit

Unconditionally stable

Explicit 
coefficient, 
implicit q

Predictor-
corrector 
coefficient, 
implicit q

Average 
coefficient, 
implicit q

Explicit 
coefficient, 
extrapolated 
q

Explicit 
coefficient, 
implicit q, 
with time 
filter

Double time 
step, explicit 
coefficient, 
implicit q with 
time average 
filter

Linearization 
of backward 
implicit 
scheme

Unconditionally stable

Table 3.4: Schemes for the nonlinear decay equation, as studied by Kalnay and Kanamitsu 
(1988).

Name of 
scheme

Form of scheme Amplification factor Linear stability 
criterion
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gives the amplification factors and stability criteria for each. In the table,  is a para
used to adjust the properties of a time filter; and  is an “extrapolation” parameter.
detailed discussion, see the paper by Kalnay and Kanamitsu (1988), which you shou
quite understandable at this stage. As a recommendation, the “Double time step, e
coefficient, implicit temperature with time average filter” scheme (the second-last sche
the table) is quite nice. 

3.8 Summary

It is possible to construct time-differencing schemes of arbitrary accuracy
including enough time levels, and/or through iteration. Schemes of very high accuracy
tenth order) can be constructed quite easily, especially using symbolic algebra program
highly accurate schemes involve a lot of arithmetic and so are expensive. In addition th
complicated. An alternative approach to obtain high accuracy is to use a simpler low
scheme with a smaller time step. This also involves a lot of arithmetic, but on the othe
the small time step makes it possible to represent the temporal evolution in more detail.

More accurate schemes are not always better. For example, the second-order le
scheme is unstable when applied to the decay equation, while the first-order backward i
scheme is unconditionally stable and well behaved for the same equation. A stable b
accurate scheme is obviously preferable to an unstable but more accurate scheme. 

For the advection and oscillation equations, truncation errors can be separate
amplitude errors and phase errors. Neutral schemes, like the leapfrog scheme, have on
errors.

Computational modes are permitted by differencing schemes that involve thr
more time levels. To control these modes, there are four possible approaches:

1) Choose a scheme that involves only two time levels;

2) Choose the computational initial condition well, and periodically re-
start;

3) Choose the computational initial condition well, and use a time filter
(e.g. Asselin, 1972) to suppress the computational mode;

4) Choose the computational initial condition well, and choose a
scheme that intrinsically damps the computational mode more than
the physical mode (e.g., an Adams-Bashforth scheme). 

A
γ 1>
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Appendix to Chapter 3

A Proof that the Fourth-Order Runge-Kutta Scheme has Fourth-
Order Accuracy

We wish to obtain an approximate numerical solution of the ordinary differe
equation

. (3.84)

As discussed earlier, the fourth-order Runge-Kutta scheme is given by: 

, (3.85)

where

(3.86)

To prove that this scheme has fourth-order accuracy, we construct the right-hand s

(3.85), and then to show that it is equal to the left-hand side, with an error of order 

Define an operator  by 

, (3.87)

where we drop the notation that indicates the time level, for convenience. If we app
operator  to a function (such as ) which depends on both  and , then  retur

total time rate of change of the function, taking into account the part of this tendenc
comes from the change in  and also the part that comes from the change in 
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. (3.88)

We now write 

, (3.89)

(3.90)

and
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never
(3.91)

In (3.91), we have simplified along the way by suppressing higher-order terms whe

possible, and we have used the notation . It remains to assemble : 
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(3.92)

Finally, we combine terms to obtain

(3.93)

This can be simplified using 

(3.94)
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. (3.97)

By substituting from (3.94)-(3.97), we can rewrite (3.93) as 

. (3.98)

δ3
f( ) 3δ f( )δ fq( ) δ2

f( )fq δ f( ) fq( )2
+ + +

t
3

3

d

d f

t
4

4

d

d q= =

∆t1
6
--- k1 2k2 2k3 k4+ + +( )

td
dq∆t ∆t( )2

2!
-------------

t
2

2

d

d q ∆t( )3

3!
-------------

t
3

3

d

d q ∆t( )4

4!
-------------

t
4

4

d

d q O ∆t( )5[ ]+ + + +=
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Problems

1. a) Find the exact solution of 

. (3.99)

Let , , . Plot the real part of the solution fo

.

b) Find the stability criterion for the scheme given by

. (3.100)

Plot the neutral stability boundary (where ) as a curve in the 
plane, for K and Ω in the range 0 to 2, as in the sketch below. He

. Indicate which part(s) of the  plot correspond 
instability. 

c) Code the equation given in part b) above. Use a forward time step for the
step only. Use , and . Plot the solution out to  f
the following cases: 

a)  

b) 

c) 

dq
dt
------ iωq κq–=

q t 0=( ) 100= ω
2π
------ 0.1= κ 0.1=

0 t 100≤ ≤

q
n 1+

q
n 1–

– 2iΩq
n 2Kq

n 1+
–=

λ 1= K Ω,( )

Ω ω∆t K κep∆≡,≡ K Ω,( )

2

2
0

0 K

Ω

q t 0=( ) 100= ∆t 1= t 100=

ω
2π
------ 0.1 κ, 0= =

ω
2π
------ 0 κ, 0.1= =

ω
2π
------ 0.1 κ, 0.1= =
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ion.
 

rder
ted.)
tion

iscuss
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 the
For each case, plot  for  and compare with the exact solut
Discuss the numerical results as they relate to the stability analysis of part ).

d) Derive an equation satisfied by the amplification factor for the second-o
Adams-Bashforth scheme applied to Eq. (3.99). (The result is quite complica
Contour plot  as a function of both  and . Find an approximate solu

valid for sufficiently small . 

2. For the oscillation equation, compare the phase change per time step of:

a) the leapfrog scheme's physical mode;

b) the trapezoidal implicit scheme.

Plot the phase change per time step as a function of , for both schemes. D

the phase errors of the two schemes, as functions of . 

3. The trapezoidal-implicit scheme for the oscillation equation is given by

. (3.101)

a) Analyze the stability of this scheme using von Neumann’s method. 

b) Find the phase change per time step, and compare with the phase chan
 in the exact solution. 

4. Determine the order of accuracy of the Matsuno scheme. 

5. Find the stability criterion for the fourth-order Runge-Kutta scheme applied to
oscillation equation.

Re q{ } 0 t 100≤ ≤

λ ω κ
∆t

ω
ω

q
n 1+( )

q
n( )

– iω∆t
2

------------ q
n( )

q
n 1+( )

+( )=

∆t
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CHAPTER 4  A closer look at the advection 
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4.1 Introduction

Most of this chapter is devoted to a discussion of the one-dimensional adve
equation,

. (4.1)

Here  is the advected quantity, and  is the advecting current. This is a linear, first-
partial differential equation with a constant coefficient, namely . Both space and 
differencing are discussed in this chapter, but more emphasis is placed on space differe

We have already presented the exact solution of (4.1). Before proceeding, howe
is useful to review the physical nature of advection, because the design or choice
numerical method should always be motivated as far as possible by our understanding
physical process at hand.

In Lagrangian form, the advection equation, in any number of dimensions, is sim

. (4.2)

This means that the value of  does not change following a particle. We say that
“conserved” following a particle. In fluid dynamics, we consider an infinite collection of fl
particles. According to (4.2), each particle maintains its value of  as it moves. If we
survey of the values of  in our fluid system, let advection occur, and conduct a “follow
survey, we will find that exactly the same values of  are still in the system. The locatio
the particles presumably will have changed, but the maximum value of  over the popu
of particles is unchanged by advection, the minimum value is unchanged, the aver
unchanged, and in fact all of the statistics of the distribution of  over the mass of the fl
are completely unchanged by the advective process. This is an important characteristic o
advection.

Here is another way of describing this characteristic: If we worked out the proba
density function (pdf) for , by defining narrow “bins” and counting the mass associated

A∂
t∂

------ c A∂
x∂

------+ 0=

A c
c

DA
Dt
-------- 0=

A A

A
A

A
A

A

A
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particles having values of  falling within each bin, we would find that the pdf 
unchanged by advection. For instance, if the pdf of  at a certain time is Gaussian (o
shaped”), it will still be Gaussian at a later time (and with the same mean and sta
deviation) if the only intervening process is advection and if no mass enters or leav
system. 

Consider a simple function of , such as . Since  is unchanged du

advection, for each particle,  will also be unchanged. Obviously, any other function 
will also be unchanged. It follows that the pdf for any function of  is unchanged
advection. 

In many cases of interest,  is non-negative more or less by definition. For exa
the mixing ratio of water vapor cannot be negative; a negative mixing ratio would ha
physical meaning. Some other variables, such as the zonal component of the wind vec
be either positive or negative; for the zonal wind, our convention is that positive v
denote westerlies and negative values denote easterlies. 

Suppose that  is conserved under advection, following each particle. It follows 
if there are no negative values of  at some initial time, then, to the extent that advec
the only process at work, there will be no negative values of  at any later time either. T
true whether the variable in question is non-negative by definition (like the mixing rat
water vapor) or not (like the zonal component of the wind vector).

Typically the variable A represents an “intensive” property, which is defined per u
mass. An example is the mixing ratio of some trace species, such as water vapor. A 
example is temperature, which is proportional to the internal energy per unit mass. A
example, and a particularly troublesome one, is the case in which  is a component
advecting velocity field itself; here  is a component of the momentum per unit mass. 

Of course, in general these various quantities are not really conserved follo
particles; various sources and sinks cause the value of  to change as the particle mo
instance, if  is temperature, one possible source is radiative heating. To describe
general processes that include not only advection but also sources and sinks, we repla
by

, (4.3)

where  is the source of  per unit time. (A negative value of  represents a sink.) W
refer to (4.3) as a “conservation” equation; it says that  is conserved except to the extent
that sources or sinks come into play. 

In addition to conservation equations for quantities that are defined per unit mas
need a conservation equation for mass itself. This can be written as

A
A

A A
2

A

A
2

A
A

A

A
A

A

A
A

A
A

DA
Dt
-------- S=

S A S
A
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where  is the density (mass per unit volume) and  is the velocity vector. Using the ve
vector, we can expand (4.3) into the Eulerian advective form of the conservation equat

:

. (4.5)

Multiply (4.4) by , and (4.5) by  and add the results to obtain

. (4.6)

This is called the flux form of the conservation equation for . Notice that if we put 
and  then (4.6) reduces to (4.4). This is an important point that can and should be u
the design of advection schemes.

If we integrate (4.4) over a closed domain R (“closed” meaning that R experiences no
sources or sinks of mass) then we find, using Gauss’s Theorem, that

. (4.7)

This simply states that mass is conserved within the domain. Similarly, we can integrate
over R to obtain

. (4.8)

This says that the mass-weighted average value of  is conserved within the domain,
for the effects of sources and sinks. We can say that (4.6) and (4.8) are integral forms
conservation equations for mass and , respectively. 

It may seem that the ideal way to simulate advection in a model is to defi
collection of particles, to associate various properties of interest with each particle, and
the particles be advected about by the wind. In such a Lagrangian model, the pro
associated with each particle would include its spatial coordinates, e.g. its longitude, la
and height. These would change in response to the predicted velocity field. Such a Lagr
approach will be discussed later in this chapter. 

At the present time, virtually all models in atmospheric science are based on Eu
methods, although the Eulerian coordinates are sometimes permitted to “move” a
circulation evolves (e.g. Phillips, 1957; Hsu and Arakawa, 1990). 

When we design finite-difference schemes to represent advection, we striv

t∂
∂ρ ρV( )∇•–=

ρ V

A

t∂
∂A V ∇•( )A– S+=

A ρ

t∂
∂ ρA( ) ρVA( )∇•– ρS+=

A A 1≡
S 0≡

td
d ρ  dR 

R

 ∫  0 =

td
d ρA   dR 

R

 ∫  ρ S  dR 

R

 ∫  =

A

A
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accuracy, stability, simplicity, and computational economy, as always. In addition, it is 
required that a finite-difference scheme for advection be conservative in the sense that

(4.9)

and

. (4.10)

These are finite-difference analogs to the integral forms (4.7) and (4.8), respectively. In
we have assumed for simplicity that the effects of the source, 

 

S

 

, are evaluated using forward
time differencing, although this need not be the case in general. 

We may also wish to require conservation of some function of , such as .
might correspond, for example, to conservation of kinetic energy. Energy conservation 
arranged, as we will see. 

Finally, we may wish to require that a non-negative variable, such as the water 
mixing ratio, remain non-negative under advection. An advection scheme with this pro
is often called “positive-definite” or “sign-preserving” positive. Definite schemes 
obviously desirable, since negative values that arise through truncation errors will have
eliminated somehow before any moist physics can be considered, and the methods 
eliminate the negative values are inevitably somewhat artificial (e.g. Williamson and R
1994). As we will see, most of the older advection schemes do not come anywher
satisfying this requirement. Many newer schemes do satisfy it, however. 

There are various additional requirements that we might like to impose. Ideally
example, the finite-difference advection operator would not alter the pdf of 

 

A

 

 over the mass.
Unfortunately this cannot be guaranteed with Eulerian methods, although we can min
the effects of advection on the pdf, especially if the shape of the pdf is known  a priori . This
will be discussed later. Note that in a model based on Lagrangian methods, advectio
not alter the pdf of the advected quantity. 

 

4.2 Conservative finite-difference methods

 

Let  be a “conservative” variable, satisfying the following one-dimensio
conservation law:

(4.11)

Here  is a mass variable, which might be the density of the air, or might be the de
shallow water, and  is a mass flux. Putting  in (4.11) gives mass conservation

(4.12)

ρj
n 1+   dR j

j

 ∑  ρ j
n  dR j

j

 ∑  =

ρA( )j
n 1+   dR j

j

 ∑  ρ A ( ) j
n   dR j

  j ∑
 

∆
 

t
 

ρ
 

S
 

( )
 

j
n  dR j

  j ∑
 

+=

A A
2

A

∂
t∂

---- mA( ) ∂
x∂

----- muA( )+ 0  . =

m
mu A 1≡

m∂
t∂

------- ∂
x∂

----- mu( )+ 0  . =
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Approximate (4.11) and (4.12) with:

(4.13)

(4.14)

These are called differential-difference equations (or sometimes semi-discrete equa
because the time-change terms are in differential form, while the spatial derivatives hav
approximated using a finite-difference quotient. The variables  and  are defined at i
points, while  and  are defined at half-integer points. See Fig. 4.1. This is an exam

a “staggered” grid.  and  must be interpolated somehow from the predicted v

of . Note that if we put , (4.13) reduces to (4.14). This is an important point that
be discussed further later.

Multiply (4.13) and (4.14) through by , and sum over the domain:

, (4.15)

. (4.16)

If

(4.17)

and

d
dt
----- mjAj( )

mu( )
j 1

2
---+
A

j 1
2
---+

mu( )
j 1

2
---–
A

j 1
2
---–

–

∆xj
----------------------------------------------------------------------+ 0  , =

dmj

dt
---------

mu( )
j 1

2
---+

mu( )
j 1

2
---–

–

∆xj
------------------------------------------------+ 0  . =

m A
u mu

xj 1– x
j 1

2
---–

mj 1– u
j 1

2
---–

u
j 1

2
---+

mj 1+ u
j 3

2
---+

mj

etc.

Figure 4.1: The staggered grid used in (4.13) and (4.14). 

...

A
j 1

2
---+

A
j 1

2
---–

A A 1≡

∆xj

d
dt
----- mjAj∆xj( ) mu( )

J 1
2
---+
A

J 1
2
---+

mu( ) 1
2
---–
A 1

2
---–

–+
j 0=

J

∑ 0=

d
dt
----- mj∆xj( ) mu( )

J 1
2
---+

– mu( ) 1
2
---–

+
j 0=

J

∑ 0=

mu( )
J 1

2
---+
A

J 1
2
---+

mu( ) 1
2
---–
A 1

2
---–
  , =
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(4.18)

then we obtain

(4.19)

(4.20)

which express conservation of mass [Eq. (4.20)] and of the mass-weighted value of 
(4.19)]. Compare with (4.9) and (4.10). Note that (4.19) holds regardless of the form 
interpolation used for .

By combining (4.11) and (4.12), we obtain the advective form of our conserva
law:

. (4.21)

From (4.13) and (4.14), we can derive a finite-difference “advective form,” analogou
(4.21):

. (4.22)

Since (4.22) is consistent with (4.13) and (4.14), use of (4.22) and (4.14) will allow
conservation of the mass-weighted value of  (and of mass itself). Also note that if

uniform over the grid, then (4.22) gives , which is “the right answer.” This

ensured 

 

because

 

 (4.13) reduces to (4.14) when  is uniform over the grid.

 

 If the flux-form
advection equation does not reduce to the flux-form continuity equation when  is un
over the grid, then a uniform tracer field will not remain uniform under advection. 

 

We have already discussed the fact that, for the continuous system, conservatio

itself implies conservation of 
 

any function  of , e.g., , , , etc. This is mos
easily seen from the Lagrangian form of (4.21):

mu( )
J 1

2
---+

mu( ) 1
2
---–
  , =

d
dt
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j 0=

J

∑ 0  , =

d
dt
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Aj A
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----------------------------------------------------------------------------------------------------------+ 0=
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(4.23)

According to (4.23),  is conserved “following a particle.” As discussed earlier, this im
that

(4.24)

where  is an arbitrary function of  only. We can derive (4.24) by multiplying (4.23
.

In a finite difference system, we can force conservation of at most one nont
function of , in addition to  itself. Let  denote , where  is an arbitr

function, and let  denote . Multiplying (4.22) by  gives

(4.25)

Now use (4.14) to rewrite (4.25) in “flux form”:

(4.26)

Inspection of (4.26) shows that, to ensure conservation of 

 

, 

 

we must choose

(4.27)

(4.28)

Let  in (4.28), giving

(4.29)
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Eliminating  between (4.27) and (4.29), we obtain

(4.30)

By choosing  accordingly to (4.30), we can guarantee conservation of both 

 

A

 

 and

 (apart from time-differencing errors).

As an example, suppose that . Then , and we find that

(4.31)

This arithmetic-mean interpolation allows conservation of the square of . It may or ma
be an 

 

accurate

 

 interpolation for . Note that 

 

, 

 

, and  do not appear in

(4.31). This means that our spatial interpolation does not contain any information abo
spatial locations of the various grid points involved -- a rather awkward and some
strange property of the scheme. If the grid spacing is uniform, (4.31) gives second
accuracy in space. If the grid spacing is nonuniform, however, the accuracy drops t
order. The strength of the first-order error depends on how rapidly the grid spacing ch
Substituting (4.31) back into (4.22) gives

. (4.32)

This is the advective form that allows conservation of  (and of 

 

A

 

).

One point to be noticed here is that there are infinitely many ways to interpol
variable. We can spatially interpolate  itself in a linear fashion, e.g.

, (4.33)

where  is a weighting factor that might be a constant, as in (4.31), or might 

function of , , and . We can interpolate so as to conserve an arbitrary fun

of 
 

A
 

, as in (4.30). We can compute an arbitrary function of , interpolate the function us
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form such as (4.33), and then extract an interpolated value of  by applying the inverse
function to the result. A practical example of this would be interpolation of the water v
mixing ratio by computing the relative humidity, interpolating the relative humidity, and 
converting back to mixing ratio. We can also make use of “averages” that are different
the simple and familiar arithmetic mean given by (4.31). Examples are the “geometric mean,” 

, (4.34)

and the “harmonic mean,”

. (4.35)

Note that both (4.34) and (4.35) give  if both  and  are equal to , w

is what we expect from an “average.” They are both nonlinear averages. For examp
geometric mean of  plus the geometric mean of  is not equal to the geometric m

, although it will usually be close. The geometric mean and the harmonic mean
have the potentially useful property that if either  or  is equal to zero, then 

also be equal to zero. More generally, both (4.34) and (4.35) tend to make the interp
value close to the smaller of the two input values.

Here is another interesting interpolation that has the opposite property, i.e., it m
the interpolated value close to the larger of the two input values:

. (4.36)

In short, there are infinitely many ways to average and/or interpolate. This is 
because it means that we have the opportunity to choose the best way for our particular
application. 

Fig. 4.2 shows four interpolations as functions of the two input values.

In this section, we have considered truncation errors only insofar as they 
conservation properties. We must also consider how they affect the various other asp
the solution. This is taken up in the next section. 

4.3 Examples of schemes with centered space differencing

A centered-difference quotient already discussed in Chapter 2 is

 at , (4.37)
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form
where  is the spatial index and  is the time index. If  has the wave 

, where  is the wave number, then

(4.38)

Therefore, the advection equation becomes
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Figure 4.2: Four interpolations as functions of the input values. a) arithmetic mean, b)
geometric mean, c) harmonic mean, d) Eq. (4.36), which makes the
interpolated value close to the larger of the two input values. In all plots,
black is close to zero, and white is close to one.

j n u x t,( )
u x t,( ) û t( )e

ikj∆x
= k

uj 1+ uj 1––

2∆x
---------------------------- ik k∆xsin

k∆x
----------------- û t( )e

ikj∆x   . =
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(4.39)

If we define , then (4.39) reduces to the oscillation equation, which 

discussed at length in Chapter 3. Note that  as . 

We can now study the properties of the various time-differencing schemes, as w
in Chapter 3, but we are now able to obtain an explicit relationship between 

 

∆

 

x

 

 and 

 

∆

 

t

 

 as a
condition for stability, based on the use of (4.39) The forward time scheme is unstable
combined with the centered space scheme. You should prove this fact and remember it
mentioned already in Chapter 3. In the case of the leapfrog scheme, the finite-diffe
analogue of (4.1) is

. (4.40)

If we assume that  has the wave form for which (4.38) holds, then (4.40) can be writte

(4.41)

where

(4.42)

We recognize Eq. (4.41) as the leapfrog scheme for the oscillation equation. Recall
Chapter 3 that  is necessary for (4.41) to be stable. Therefore,

(4.43)

must hold for stability, for any and all . The “worst case” is . This occu
for wavelength , so

(4.44)

is the necessary condition for stability, i.e. stability for all modes. Note that the  wa
not the problem here. It is the  wave that is most likely to cause trouble. Eq. (4.44)
famous “CFL” stability criterion associated with the names Courant, Friedrichs and Lew

Recall that the leapfrog scheme gives a numerical solution with two modes

dû
dt
------ ikc k∆xsin

k∆x
----------------- û+ 0  . =

ω kc k∆xsin
k∆x

-----------------–≡

k∆xsin
k∆x

----------------- 1→ k∆x 0→

uj
n 1+

uj
n 1–

–

2∆t
------------------------------ c

uj 1+
n

uj 1–
n

–

2∆x
----------------------------

 
 
 

+ 0=

uj
n

û
n 1+

û
n 1–

– 2iΩû
n
  , =

Ω kc k∆xsin
k∆x

-----------------∆t  . –≡

Ω 1≤

c k∆xsin
∆x

-----------------∆t 1≤

k k∆xsin 1=
L 4∆x=

c ∆t
∆x
------ 1≤

2∆x
4∆x
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physical mode and a computational mode. We can write these two modes as in Chapte

(4.45)

For , we find, as discussed in Chapter 3, that 

, , . (4.46)

Both modes are neutral. For the physical mode, 

. (4.47)

For the computational mode, similarly, we obtain

. (4.48)

Note the nasty factor of , which comes from the leading minus sign in (4

Comparing (4.47) and (4.48) with the expression , which is the 

solution, we see that the speeds of the physical and computational modes are  an

respectively, for even time steps. It is easy to see that as , 
and so the speed of the physical mode approaches , while that of the computationa
approaches . The computational mode goes backwards!

Note that the finite-difference approximation to the phase speed depends on ,
the true phase speed, , is independent of . The spurious dependence of phase s
wave number with the finite-difference scheme is an example of 

 

computational dispersion

 

,
which will be discussed in detail later. 

Further examples of schemes for the advection equation can be obtaine
combining this centered space differencing with the two-level time-differencing scheme

Chapter 3). In the case of the Matsuno scheme, the first approximation to  comes

(4.49)

and the final value from

û1 λ1
n
û1        u ̂ 2 , λ 2 

n
 u ˆ

 2  . = =

Ω 1≤

λ1 e
iθ

= λ2 e
i π θ–( )

e
iθ–

–= = θ Ω

1 Ω2
–

--------------------
 
 
 1–

tan=

ûj
n

( )1 λ1
n( )

û1
0
e

ikj∆x
û1

0
exp ik j∆x θ

k∆t
--------n∆t+ 

 = =

uj
n( )2 û2

0
1–( )n

exp ik j∆x θ
k∆t
--------n∆t– 

 =

1–( )n

u x t,( ) û 0( )e
ik x ct–( )

=
θ

k∆t
--------– θ

k∆t
--------

∆x ∆t,( ) 0→ θ Ω kc∆t–→ →
c

c–

k
c k

uj
n 1+

uj
n 1+( )

*
uj

n( )
–

∆t
---------------------------------- c

uj 1+
n( )

uj 1–
n( )

–

2∆x
----------------------------+ 0  , =
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(4.50)

Eliminating the terms with  from (4.50) by using (4.49) twice (first with  replaced
, then with  replaced by ), we obtain

(4.51)

The term on the right side of (4.51) approaches zero as , and thus (4.51) is con

with (4.1). If we let  (and  to keep stability), this term approaches 

In effect, 

 

it acts as a diffusion term that damps disturbances

 

. The “diffusion coefficient” is

, so it goes to zero as .

We now examine a similarly diffusive scheme, called the Lax-Wendroff sche
which has second-order accuracy. Consider an explicit two-level scheme of the form:

. (4.52)

Note that there are only two time levels, so this scheme does not have any comput
modes. Replace the various 's by the corresponding values of the true solution an
expand them into the Taylor series around the point . The result is

(4.53)

where all quantities are evaluated at 

 

, 

 

and 

 

ε

 

 is the truncation error. Make sur

uj
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that you understand where (4.53) comes from. From the consistency condition, we
require

, and . (4.54)

These conditions ensure first-order accuracy. If we further require second-order accu

 

in
both time and space

 

, we must require that

. (4.55)

Here we have used 

, (4.56)

which follows from the exact advection equation provided that  is constant. Solving, w

,  and , (4.57)

where, as usual, . 

The scheme can be written as

(4.58)

Note that although (4.58) is second-order accurate in time, it involves only two time le
On the other hand, the scheme achieves second-order accuracy in space through th
three grid points. Compare (4.58) with (4.51). 

In this example, we used three grid points ( ) to construct 

approximation to , each with a coefficient (

 

). 

 

In a similar way, we could have use

any number of grid points, each with a suitably chosen coefficient, to construct a sche
arbitrary accuracy in both space and time. The result would still be a two-time-level sch
This illustrates that

 

 a non-iterative two-level scheme is not necessarily a first-order schem

 

Eq. (4.58) was proposed by Lax and Wendroff (1960), and recommende
Richtmeyer (1963). The right-hand-side of (4.58) looks like a diffusion term. It tend
smooth out small-scale noise. The Lax-Wendroff scheme is equivalent to and c

interpreted in terms of the following procedure: First calculate  and  from

α β γ+ + 0= α γ+– 1=

∆t
2
-----c

2 c∆x
2

--------- α γ+( )+ 0=

utt c
2
uxx=
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α 1– µ–
2
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n 1+
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2∆x
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n
uj 1–

n
–( )+ c

2∆t
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------------ uj 1+
n 2uj

n
uj 1–

n
+–( )=

j 1– j j 1+, ,

xd
du α β γ, ,

u
j 1

2
---+

n 1
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---+

u
j 1

2
---–

n 1
2
---+
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(4.59)

(4.60)

and then use these to obtain  from

(4.61)

Note that (4.62) is “centered in time.” If (4.59) and (4.60) are substituted into (4.61), w
recover (4.58). This derivation helps us to rationalize why it is possible to obtain second
accuracy in time with this two-time-level scheme. 

To test the stability of the Lax-Wendroff scheme, we use von Neumann's me

Assuming  in (4.58), we get

. (4.62)

Here we have used the trigonometric identity . The amplificat

factor is

, (4.63)

so that
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(4.64)

If ,  and the scheme is dissipative. Fig. 4.3 shows how  depends on 
. The scheme strongly but selectively damps the short waves.  Compare wit

corresponding plot for the upstream scheme, given earlier. The Lax-Wendroff sche
comparably dissipative for the shortest wave, but less dissipative for the longer waves.

There are also various implicit schemes, such as the trapezoidal implicit sch
which are neutral and unconditionally stable, so that in principle any  can be used
error in phase can be tolerated. Such implicit schemes have the drawback that an i
procedure may be needed to solve the system of equations involved. In many cas
iterative procedure may take as much computer time as a simpler non-iterative scheme
smaller .

4.4 Computational dispersion

Consider the differential-difference equation

. (4.65)

λ 1 4µ2sin2 k∆x
2

--------- 
  4µ4sin4 k∆x

2
--------- 

 +– µ2sin2 k∆x( )+
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 

1
2
---

=

1 4µ2 1 µ2
–( )sin4 k∆x
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--------- 
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Figure 4.3: The amplification factor for the Lax-Wendroff scheme, for two different

wavelengths, plotted as a function of . Compare with Fig. 2.4.µ2
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Using , as before, we can write (4.65) as

(4.66)

If we had retained the differential form (4.1), we would have obtained 

Comparison with (4.66) shows that the phase speed is not simply , as with (4.1), b
given by 

. (4.67)

Because  depends on the wave number , we have 

 

computational dispersion 

 

that arises
from the space differencing. Note that the true phase speed, , is independent of . A 

 

 

 

versus  is given by the upper curve in Fig. 4.4. (The second (lower) curve i

figure, which illustrates the computational group velocity, is discussed later.) 

If  is defined by , then  is the smallest wave length t

our grid can resolve. Therefore, we need only be concerned with . Bec

uj ûe
ikj∆x

=

dûj

dt
------- cik k∆x( )sin

k∆x
---------------------- ûj+ 0  . =

û∂
t∂

----- cikû+ 0=

c c
*

c
*

c k∆x( )sin
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----------------------≡

c
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k
c k
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c⁄ k∆x
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Figure 4.4: The ratio of the computational phase speed to the true phase speed, and
also the ratio of the computational group speed to the true group speed,
both plotted as functions of wave number. 
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,  for this wave, and so the shortest possible wave is stationary! This is

actually obvious from the form of the space difference. Since  for all , all wa
move slower than they should according to the exact equation. Moreover, if we h
number of wave components superimposed on one another, each component moves
different phase speed, depending on its wave number. The total “pattern” formed b
superimposed waves will break apart, as the waves separate from each other.

Now we briefly digress to explain the concept of group velocity, in the context o
continuous equations. Suppose that we have a superposition of two waves, with s
different wave numbers  and , respectively. Define

, , , . (4.68)

See Fig. 4.5. Note that  and . Similarly, 

. You should be able to show that

 and . (4.69)

Here we neglect terms involving the product . This is acceptable w
. Using (4.69), we can write the sum of two waves, each with the s

amplitude, as

(4.70)

ks∆x π= c
* 0=

c
*

c< k

k1 k2

k
k1 k2+

2
----------------≡ c

c1 c2+

2
----------------≡ ∆k

k1 k2–

2
----------------≡ ∆ kc( )

k1c1 k2c2–

2
---------------------------≡

k2 k1k

∆k

Figure 4.5: Sketch defining notation used in the discussion of the group velocity.

k1 k ∆k,+= k2 k ∆k–= c1 c ∆c+=

c2 c ∆c–=

k1c1 kc ∆ kc( )+≅ k2c2 kc ∆ kc( )–≅

∆k∆c
k1 k2 and c1 c2≅≅

exp ik1 x c1t–( )[ ] exp ik2 x c2t–( )[ ]+

exp i k ∆k+( )x kc ∆ kc( )+[ ] t–{ }( ) exp i k ∆k–( )x kc ∆ kc( )–[ ] t–{ }( )+≅
exp ik x ct–( )[ ] exp i ∆kx ∆ kc( )–[ ] t{ } exp i ∆kx ∆ kc( )–[ ] t–{ }+( )=

2 ∆kx ∆ kc( )t–[ ] exp ik x ct–( )[ ]cos=

2 ∆k x ∆ kc( )
∆k

--------------t–
 
 
 

exp ik x ct–( )[ ]     .cos=
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If  is small, the factor  may appear schematically as the ou

slowly varying envelope in Fig. 4.6. The envelope “modulates” wave , which is repres
by the inner, rapidly varying curve in the figure. The short waves move with phase spe

but the wave packets, i.e., the envelopes of the short waves, move with speed 

differential expression  is called the “group velocity.” Note that  if  do

not depend on . For the problem at hand, i.e., advection, the “right answer” is , i.e.
the group velocity and phase velocity are the same. For this reason, we usually do not 
the group velocity for advection. 

With our finite-difference scheme, however, we have

(4.71)

A plot of  versus k∆x is given in Fig. 4.4. Note that  for the  wave, and 

negative for the  wave. This means that wave groups with wavelengths be

 and  have negative group velocities. Very close to , 

actually approaches , when in reality it should be equal to  for all wavelengths. F

waves, . This problem arises from the space differencing; it has nothin
do with time differencing.

∆k ∆k x ∆ kc( )
∆k

--------------t–
 
 
 

cos

k

-2�

-1�

1�

2�

Figure 4.6: Sketch used to illustrate the concept of group velocity. The short waves are
modulated by longer waves. 
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----------------- 
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Fig. 4.7, which is a modified version of Fig. 4.6, illustrates this phenomenon 
different way, for the particular case . Consider the upper solid curve and the thi

dashed curve. If we denote points on the thick dashed curve (corresponding to our s
with ) by , and points on the upper solid curve (the envelope of the thick da

curve, moving with speed ) by , we see that

. (4.72)

(This is true only for the particular case .) Using (4.72), Eq. (4.65) can be rew
as 

(4.73)

Eq.(4.73) shows that the upper solid curve will move with speed -c.

Recall that when we introduce time differencing, the computed phase chang

time step is generally not equal to . This leads to changes in  and , althoug

formulas discussed above remain valid for . 

We now present an analytical solution of (4.65), which illustrates dispersion error 
a very clear way, following an analysis by Matsuno (1966). If we write (4.65) in the form

(4.74)

L 2∆x=

1� 2� 3� 4� 5� 6� 7� 8�

Figure 4.7: Yet another sketch used to illustrate the concept of group velocity. The short
wave has wavelength 2∆x.

L 2∆x= uj

c
*

g Uj

Uj 1–( )j
uj=

L 2∆x=

Uj∂
t∂

-------- c–( )
Uj 1+ Uj 1––

2∆x
------------------------------- 

 + 0  . =

kc∆t– c
*

cg
*

∆t 0→

2
duj

d tc
∆x
------ 

 
--------------- uj 1– uj 1+   , –=
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and define a non-dimensional time , we obtain

(4.75)

This is a recursion formula satisfied by the Bessel functions of the first kind of order , w
are usually denoted by . (See any handbook of functions.) These functions ha

property that , and for . Because the  satisfy (4.75), e

 represents the solution at a particular grid point, , as a function of the nondimen

time, . 

As an example, set , which is consistent with and in fact implies the in

conditions that  and  for all . This initial condition is an isolat

“spike” at . The solution of (4.75) for the points , 1, and 2 is illustrated in F
4.8. By using the identity

(4.76)

we can obtain the solution at the points , -2, -3, etc.

The solution of (4.75) for  and , for , with these “spike
initial conditions, is shown in Fig. 4.9, which is taken from a paper by Matsuno (19
Computational dispersion, schematically illustrated earlier in Fig. 4.4 and Fig. 4.7, is
directly here. The figure also shows that  is negative for the shortest wave. 

τ tc
∆x
------≡

2
duj

dτ
------- uj 1– uj 1+   . –=

j
Jj τ( )

J0 0( ) 1= Jj 0( ) 0= j 0≠ Jj τ( )
Jj τ( ) j

τ

uj Jj τ( )=

u0 0( ) 1= uj 0( ) 0= j 0≠
j 0= j 0=

J j–( ) 1–( )j
Jj  , =

2 4 6 8 10 12 14

-0.4

-0.2

0.2

0.4

0.6

0.8

1 J0

J1
J2

τ
-

-

Figure 4.8: The time evolution of the solution of (4.75) at grid points j = 0, 1, and 2.

j 1–=

τ 5= τ 10= 15 j 15≤ ≤–

cg
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A similar type of solution is shown in Fig. 4.10, which is taken from a paper
Wurtele (1961). Here the initial conditions are slightly different, namely,

This is a “top hat” or “box” initial condition. We can construct it by combining

 for  and zero elsewhere,

 for  and zero elsewhere,

 for  and zero elsewhere,

so that the full solution is given by

 (4.77)

Dispersion is evident again in Fig. 4.10. The dashed curve is for centered space differe
and the solid curve is for an uncentered scheme, which corresponds to the upstream s

 

Figure 4.9:

 

The solution of (4.75) for 

 

t

 

 = 5 and t = 10 for 

 

j

 

 in the range -15 to 15, with
“spike” initial conditions. From Matsuno (1966). 

u 1– 1    u 0 ,  1    u 1 ,  1    and   u j 0   for   j 2    j 2  . ≥,  –≤= = = =

Jj 1– 0( ) 1= j 1=

Jj 0( ) 1= j 0=

Jj 1+ 0( ) 1= j 1–=

uj τ( ) Jj 1– τ( ) Jj τ( ) Jj 1+ τ( )  . + +=
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(The solution for the uncentered case is given in terms of the Poisson distribution rathe
Bessel functions; see Wurtele’s paper for details.) The principal disturbance moves 
right, but the short-wave components move to the left. 

 

Do not confuse computational dispersion with instability

 

. A noisy solution is not
necessarily unstable. At least initially, both dispersion and instability can lead to “nois
the case of dispersion, the waves are not growing in amplitude, but are becoming se
from one another (“dispersing”), each at its own speed. 

 

4.5 The effect s of fourth-order space differencing on the phase speed

 

As discussed in Chapter 2, the fourth-order difference quotient takes the form

(4.78)

Recall that in our previous discussion concerning the second-order scheme, we deri
expression for the phase speed of the numerical solution given by

(4.79)

Figure 4.10: The solution of (4.72) with “box” initial conditions. From Wurtele (1961).
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Now we can also derive a similar equation for this fourth-order scheme. It is

. (4.80)

Fig. 4.11 shows a graph of  versus  for each scheme. We see that the fourth
scheme gives a considerable improvement in the accuracy of the phase speed, for long
There is no improvement for wavelengths close to , however, and the problem
we have discussed in connection with the second-order schemes become more com
with the fourth-order scheme.

 

4.6 Space-uncentered schemes

 

One way in which computational dispersion can be reduced in the numerical so
of (4.1) is to use uncentered space differencing, as, for example, in the upstream s
Recall that in Chapter 2 we defined and illustrated the concept of the “doma
dependence.” By reversing the idea, we can define a “domain of influence.” For examp
domain of influence for explicit non-iterative space-centered schemes expands in tim
shown by the union of Regions I and II in Fig. 4.12. 

The “upstream scheme,” given by

 for . (4.81)

or
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Figure 4.11: Th

e ratio of the computational phase speed, , to the true phase speed, ,
plotted as a function of , for the second-order and fourth-order
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is an example of a space-uncentered scheme, and has already been discussed. A
earlier, we can write (4.82) as

(4.83)

which has the form of an interpolation. Obviously, for the upstream scheme, Region II al
the domain of influence when , and Region I alone is the domain of influence 

. This is good. The scheme produces strong damping, however, as shown in Fig
The damping results from the linear interpolation. Although we can reduce the undes
effects of computational dispersion by using the upstream scheme, usually the disadva
of the damping outweigh the advantages of reduced dispersion.

As discussed earlier, the stability condition for the upstream scheme is . W
this stability condition is met, (4.83) guarantees that 

. (4.84)

This means that  cannot be smaller than the smallest value of , or larger tha

largest value of . The finite-difference advection process associated with the ups

t

j∆x

Ι ΙΙ

Figure 4.12: The domain of influence for explicit non-iterative space-centered schemes
expands in time, as is shown by the union of Regions I and II. 
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scheme cannot produce any new maxima or minima. As discussed in the introduction 
chapter, real advection also has this property. 

In particular, real advection cannot produce negative values of  if none are pr
initially, and neither can the upstream scheme, provided that . This means th

 

the
upstream scheme is a sign-preserving scheme 

 

when the stability criterion is satisfied. This 
very useful if the advected quantity is intrinsically non-negative, e.g. the mixing ratio of s
trace species. Even better, 

 

the upstream scheme is a monotone scheme

 

 when the stability
criterion is satisfied. This means that it cannot produce new maxima or minima, like 
associated with the dispersive ripples seen in Fig. 4.10. This monotone property is exp
by (4.84). 

It is easy to show that all monotone schemes are sign-preserving scheme
converse is not true. 

As discussed by Smolarkiewicz (1991), sign-preserving schemes tend to be sta
see why, suppose that we have a linearly conservative scheme for a variable , so tha

, (4.85)

where the sum represents a sum over the whole spatial domain, the superscripts 
represent two time levels. For simplicity we indicate only a single spatial dimension her
the following argument holds for any number of dimensions. Suppose that the schem

takes us from 

 

 

 

to  through  time steps is sign-preserving and conserves . If  
one sign everywhere, it follows from (4.85) that

. (4.86)

Recall that for an arbitrary variable , we have

. (4.87)

Then from (4.86) and (4.87) we see that 

. (4.88)

Note that the right-hand side of (4.88) is a constant. Eq. (4.88) demonstrates that 

bounded for all time, and so it proves stability by the energy method discussed in Cha

The essence of (4.88) is that there is an upper bound on . This bound is rather
however; try some numbers to see for yourself. So, although (4.88) does demo

u
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In the preceding discussion we assumed that  is everywhere of one sign, b
assumption is not really necessary. For variable-sign fields, a similar result can be obtai
decomposing  into positive and negative parts, i.e.

. (4.89)

We can consider that  is positive where  is positive, and zero elsewhere; and similar

 is negative where  is negative, and zero elsewhere. The total of  is then the sum

two parts, as stated in (4.89). Advection of  is equivalent to advection of  an
separately. If we apply a sign-preserving scheme to each part, then each of the
advections is stable by the argument given above, and so the advection of  itself 
stable. 

Although the upstream scheme is sign-preserving, it is only first-order accurat
strongly damps, as we have seen. Can we find more accurate schemes that are sign-pr
or nearly so? A spurious negative value is customarily called a “hole.” Second-order adv
schemes that produce relatively few holes are given by (4.13) with either the geometric
given by (4.34), or the harmonic mean given by (4.35). Both of these schemes ha
property that as either  or  goes to zero,  also goes to zero. If the time step

infinitesimal, this would be enough to prevent the property denoted by  from changing
Because time-steps are finite in real models, however, such schemes do not com
prevent hole production, although they do tend to minimize it. 

Better results can be obtained as follows: Replace (4.13) by

(4.90)

where

, (4.91)
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, (4.93)

. (4.94)

Here we have introduced  as the mass flux in the “+ ” direction, into cell 

from cell , and  as the mass flux in the “- ” direction, out of cell  and i

cell . We can associate different interpolated s with the mass fluxes in the two directi 

Note that this scheme is implicit and must be solved as a coupled system over a
points, but it remains linear. The “upstream” values of  are implicit in the numerato
(4.93) and (4.94), while the “downstream” values are explicit. Care must be taken to 

division by zero when both  and  are zero; in such a case we simply

.

4.7 Hole filling

If a non-sign-preserving advection scheme is used, and holes are produced, 
procedure is needed to fill the holes. To make the discussion concrete, we consider
scheme to fill “water holes”, in a model that advects water vapor mixing ratio. 

Simply replacing negative mixing ratios by zero is unacceptable because it lead
systematic increase in the mass-weighted total water. Hole-filling schemes the
“borrow” mass from elsewhere on the grid. They take from the rich, and give to the poo

There are many possible borrowing schemes. Some borrow systematically
nearby points, but of course borrowing is only possible from neighbors with positive m
ratios, and it can happen that the nearest neighbors of a “holy” grid cell have insuffi
water to fill the hole. Logic can be invented to deal with such issues, but hole-fillers o
type tend to be complicated and computationally slow. 

An alternative is to borrow from all points on the mesh that have positive mixin
ratios. The “global multiplicative hole-filler” is a particularly simple and computationally 
algorithm. The first step is to add up all of the negative water on the mesh:
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Here  is the mixing ratio in grid cell , and  is the mass of dry air in that grid cell (in

say), so that the product  is the mass of water in the cell. Note that  is not the density
of dry air in the cell; rather it is the product of the density of dry air and the volume of the
The total amount of water on the mesh is given by

. (4.96)

Both  and  have the dimensions of mass. Define the nondimensional ratio

; (4.97)

normally  is just very slightly less than one, because there are only a few holes and th
not very “deep”. We replace all negative values of  by zero, and then set

. (4.98)

In this way, we are ensured of the following:

• No negative values of  remain on the mesh.

• The total mass of water in the adjusted state is the same as that in the “holy”
state.

• Water is borrowed most heavily from grid cells with large mixing ratios, and 
least from cells with small mixing ratios. 

Hole-filling is ugly. Any hole-filling procedure is necessarily somewhat arbitra
because we cannot mimic any natural process; nature has no holes to fill. In addition
filling tends to be “quasi-diffusive” because it remove water from wet cells and adds it t
cells, so that it reduces the total variance of the mixing ratio. The best approach is to cho
advection scheme that does not make holes in the first place. At the very least, we shou
that an advection scheme digs holes slowly, so that, like a Maytag repairman, the hol
will have very little work to do.

4.8 Flux-corrected transport

The upstream scheme is monotone and sign-preserving, but, unfortunately, as w
seen, it is strongly damping. Damping is in fact characteristic of all monotone and 
preserving schemes. Much work has been devoted to designing monotone or sign-pre
schemes that produce as little damping as possible. The following discussion, abstracted from
the paper of Zalesak (1979), indicates how this is done.
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where qj 0<

∑ 0≤≡

qj j mj

mjqj mj

T mjqj
all points

∑≡

T N

Φ T N+
T

------------- 1≤≡

Φ
qj

qj
new Φqj=

qj
An Introduction to Atmospheric Modeling



  114      A closer look at the advection equation 

ach of
is and
have a

) is in
at we
es are
heme.

ne or

) is

rder

the
e. The
e nice

ult be

n the

non-
low. 

irst,
nd, the
Monotone and sign-preserving schemes can be derived by using the appro
“flux-corrected transport,” sometimes abbreviated as FCT, which was invented by Bor
Book (1973) and extended by Zalesak (1979) and many others. Suppose that we 
“high-order” advection scheme, represented schematically by

. (4.99)

Here FH represents the “high-order” fluxes associated with the scheme. Note that (4.99
“conservation” form, and that forward time-differencing has been used. Suppose th
have at our disposal a monotone or sign-preserving low-order scheme, whose flux
denoted by . This low-order scheme could be, for example, the upstream sc

(From this point on we say “monotone” with the understanding that we mean “monoto
sign-preserving.”) We can write

. (4.100)

Here  is a “residual” flux, sometimes called an “anti-diffusive” flux. Eq. (4.100

essentially the definition of . According to (4.100), the high-order flux is the low-o

flux plus an anti-diffusive correction. We know that the low-order flux is diffusive in 
sense that it damps the solution, but on the other hand by assumption it is monoton
high-order flux is presumably less diffusive, and more accurate, but does not have th
monotone property that we want. 

Suppose that we take a time-step using the low-order scheme. Let the res
denoted by , i.e.

. (4.101)

Since by assumption the low-order scheme is monotone, we know that

, (4.102)

where  and  are suitably chosen upper and lower bounds, respectively, o

value of  within the grid-box in question. For instance,  might be zero, if  is a 
negative scalar like the water vapor mixing ratio. Other possibilities will be discussed be

There are two important points in connection with the inequalities in (4.102). F
the inequalities must actually be true for the low-order scheme that is being used. Seco
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inequalities should be strong enough to ensure that the solution obtained is in fact mon

From (4.99), (4.100), and (4.101) it is easy to see that

. (4.103)

This simply says that we can obtain the high-order solution from the low-order solutio
adding the anti-diffusive fluxes. 

We now define some coefficients, denoted by , and “scaled-back” anti-diffu

fluxes, denoted by , such that 

. (4.104)

In place of (4.103), we use

. (4.105)

To see the idea, consider two limiting cases. If , then , and

(4.105) will reduce to (4.103) and so will simply give the high-order solution. If 

then , and so (4.105) will simply give the low-order solution. We enforce

, (4.106)

and try to make  as close to one as possible, so that we get as much as possibl

high-order scheme and as little as possible of the low-order scheme, but we require tha

(4.107)

be satisfied. Compare (4.107) with (4.102). We can always ensure that (4.107) will be sa
by taking ; this is the “worst case.” Quite often it may happen that (4.107
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Â
i 1

2
---+

0=

0 C
i 1

2
---+

1≤ ≤

C
i 1

2
---+

ψi
MAX ψi

n 1+ ψi
MIN≥ ≥

C
i 1

2
---+

0=
An Introduction to Atmospheric Modeling



  116      A closer look at the advection equation 

.102).
allest
ow-

) and

 are

n, but
sions,
ing,

rder
he end

use of
cluding
, 1992;
er of

 
 in 

re 
satisfied for ; that is the “best case.”

It remains to specify the upper and lower bounds that appear in (4.107) and (4
Zalesak (1979) proposed limiting  so that it is bounded by the largest and sm
values of its neighbors at time level n, and also by the largest and smallest values of the l
order solution at time level n+1. In other words, he took

, (4.108)

and

. (4.109)

Smolarkiewicz (1991) shows how (4.108) and (4.109) can be combined with (4.106
(4.107) to obtain the largest feasible anti-diffusive fluxes. 

The “limiter” denoted by (4.108) and (4.109) is not unique. Other possibilities
discussed by Smolarkiewicz (1991). 

Our analysis of FCT schemes has been given in terms of one spatial dimensio
all of the discussion given above can very easily be extended to two or three dimen
without time splitting. The literature on FCT schemes is very large and rapidly grow
although their application to atmospheric science is still fairly new. 

FCT schemes are, philosophically, not that different from hole-fillers. The high-o
scheme makes a hole, and the low-order scheme is used to fill it, immediately, before t
of the time step. Hole? What hole?

4.9 Lagrangian schemes

Lagrangian schemes, in which particles are tracked through space without the 
an Eulerian grid, have been used in the atmospheric sciences, as well as other fields in
astrophysics and weapons physics (e.g. Mesinger, 1971; Trease, 1988; Monaghan
Norris, 1996; Haertel and Randall, 2001). The Lagrangian approach has a numb
attractive features:

• The pdf of the advected quantity (and all functions of the advected quantity) 
can be preserved “exactly” under advection. Here “exactly” is put in quotation
marks because of course the result is actually approximate in the sense that,
practice, only a finite number of particles can be tracked. 

• As a consequence of the first point mentioned above, Lagrangian schemes a
monotone and positive definite. 

• Time steps can be very long without triggering computational instability, 
although of course long time steps still lead to large truncation errors. 

C
i 1

2
---+

1=

ψi
n 1+

ψi
MAX

Max ψi 1–
n ψi

n ψi 1+
n Ψi 1–

n 1+ Ψi
n 1+ Ψi 1+

n 1+, , , , ,{ }=

ψi
MIN

Min ψi 1–
n ψi

n ψi 1+
n Ψi 1–

n 1+ Ψi
n 1+ Ψi 1+

n 1+, , , , ,{ }=
An Introduction to Atmospheric Modeling



1174.9    Lagrangian schemes

ome of
thers
hich is
e basis
 an

SPH),
naghan
, given
main.

 is an

 is a
t is
ction

s the

 Then
• Aliasing instability does not occur with Lagrangian schemes. Aliasing 
instability will be discussed later.

On the other hand, Lagrangian schemes encounter a number of practical difficulties. S
these problems have to do with “voids” that develop, i.e. regions with few particles. O
arise from the need to compute spatial derivatives (e.g. the pressure gradient force, w
needed to compute the acceleration of each particle from the equation of motion) on th
of a collection of particles that can travel literally anywhere within the domain, in
uncontrolled way. 

One class of Lagrangian schemes, called “smoothed particle hydrodynamics” (
has been widely used by the astrophysical research community and is reviewed by Mo
(1992). The approach is to specify a way to compute a given field at any point in space
the value of the field at a collection of particles that can be located anywhere in the do
For an arbitrary field , let 

, (4.110)

where the integration is over the whole domain (e.g. the whole atmosphere), and 
interpolating “kernel” such that 

(4.111)

and

, (4.112)

where  is the Dirac delta function. In (4.110) - (4.112),  is a parameter, which
measure of the “width” of . We can interpret  as a “weighting function” tha
strongly peaked at . For example, we might use the Gaussian weighting fun
given by

, (4.113)

which can be shown to satisfy (4.112). 

In a discrete model, we replace (4.110) by

. (4.114)

Here the index b denotes a particular particle,  is the mass of the particle, and  i

density of the particle. To see what is going on in (4.114), consider the case .
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(4.114) reduces to 

, (4.115)

which simply says that the density at a point  is a weighted sum of the masses of part
the vicinity of . In case there are no particles near the point , the density there w
small. 

We can now perform spatial differentiation simply by taking the appropri
derivatives of , e.g.

. (4.116)

This follows because , , and  are associated with particular particles and
therefore, not functions of space. 

Further discussion of SPH and related methods is given by Monaghan (1992) a
other references cited above. 

4.10 Semi-Lagrangian schemes

Recently there has been considerable interest in a particular family of adve
schemes called “semi-Lagrangian schemes” (e.g. Robert et al., 1985; Staniforth and
1991; Bates et al., 1993; Williamson and Olson, 1994). These schemes are of interest
because they allow very long time steps, and in part because they can easily mainta
properties as monotonicity. 

The basic idea is very simple. At time step , values of the advected field, a
various grid points, are considered to be characteristic of the particles that reside a
points. We ask where those particles were at time step . This question can be answ
using the (known) velocity field, averaged over the time interval , to track
particles backward in time from their locations at the various specified grid points, at
level , to their “departure points” at time level . Naturally, the departure points
typically located in between grid cells. The values of the advected field at the dep
points, at time level n, can be determined by spatial interpolation. If advection is the o
process occurring, then the values of the advected field at the departure points at time 
will be identical to those at the grid points at time level . 

As a simple example, consider one-dimensional advection of a variable  

constant current, . A particle that resides at  at time level  has a depa
point given by

. (4.117)

ρ r( ) mbW r rb– h,( )
b
∑=

r
r r

W r rb– h,( )

A r( )∇ mb

Ab

ρb
------ W r rb– h,( )∇

b
∑=

mb Ab ρb

n 1+

n
n n 1+,( )

n 1+ n

n
n 1+

q

c x xj= t t
n 1+

=

xdeparture( )n
j xj c∆t–=
An Introduction to Atmospheric Modeling



1194.10    Semi-Lagrangian schemes

article

l. The

ing up

ckly
le, 
Here the superscript  is used to indicate that the departure point is the location of the p
at time level . Suppose that , and that

. (4.118)

Then the simplest linear interpolation for  at the departure point is

. (4.119)

Here we assume for simplicity that the mesh is spatially uniform, and , as usua

semi-Lagrangian scheme uses 

, (4.120)

so we find that 

. (4.121)

This is simply the familiar upstream scheme. Note that (4.118), which was used in sett
the spatial interpolation, is equivalent to

. (4.122)

As shown earlier, this is the condition for stability of the upstream scheme.

What if (4.118) is not satisfied? This will be the case if the particle is moving qui
and/or the time step is long or, in other words, if . Then we might have, for examp

, (4.123)

where  is an integer greater than 1. For this case, we find in place of (4.119) that 

, (4.124)

n
n c 0>

xj 1– xdeparture( )n
j xj< <

q

qdeparture( )n
j q

n
j 1–

xdeparture( )n
j xj 1––

∆x
------------------------------------------------ q

n
j q

n
j 1––( )+=

q
n

j 1–
∆x c∆t–

∆x
--------------------- 

  q
n

j q
n

j 1––( )+=

q
n

j 1– 1 µ–( ) q
n

j q
n

j 1––( )+=

µq
n

j 1– 1 µ–( )q
n

j+=

µ c∆t
∆x
--------≡

q
n 1+

j qdeparture( )n
j=

q
n 1+

j µq
n

j 1– 1 µ–( )q
n

j+=

0 µ 1< <

µ 1>

xj a– xdeparture( )n
j xj a– 1+< <

a

qdeparture( )n
j µ̂q

n
j a– 1 µ̂–( )q

n
j a– 1++=
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. (4.125)

Notice that we have assumed again here, for simplicity, that both the mesh and the ad
current are spatially uniform. It should be clear that 

. (4.126)

For , . Eq. (4.120) gives

. (4.127)

It is easy to prove that we still have computational stability. This means that the semi-
Lagrangian scheme is computationally stable regardless of the size of the time ste. You
should also be able to see that the scheme is monotone. 

It is clear that the semi-Lagrangian scheme outlined above is very diffusive, be
it is more or less equivalent to a “generalized upstream scheme,” and we know th
upstream scheme is very diffusive. By using higher-order interpolations, the strength o
computational diffusion can be reduced, although it cannot be eliminated completely. 

Is the semi-Lagrangian scheme conservative? To prove that the schem
conservative, it would suffice to show that it can be written in a “flux form.” Note, howe
that in deriving the scheme we have used the Lagrangian version of the advective form
directly, by considering the parcel trajectory between the mesh point at time level 
the departure point at time level . Because the advective form is used in their deriva
most semi-Lagrangian schemes are not conservative. 

4.11 Two-dimensional advection 

Variable currents more or less have to be multi-dimensional. Before we dis
variable currents, in a later chapter, it is useful to consider constant currents in
dimensions.

Let  be an arbitrary quantity advected, in two dimensions, by a constant 
current. The advection equation is

(4.128)

where U and V are the x and y components of the current, respectively. Let i and j be the

indices of grid points in the x and y directions. Replacing  and  by the correspondi

centered difference quotients, we obtain

(4.129)

µ̂ 1 a– µ+≡

0 µ̂ 1≤ ≤

a 1= µ µ̂=

q
n 1+

j µ̂q
n

j a– 1 µ̂–( )q
n

j a– 1++=

n 1+
n

q

q∂
t∂

----- U q∂
x∂

----- V q∂
y∂

-----+ + 0  , =

q∂
x∂

----- q∂
y∂

-----

qi j,∂
t∂

---------- U 1
2∆x
---------- qi 1 j,+ qi 1 j,––( ) V 1

2∆y
---------- qi j 1+, qi j 1–,–( )+ + 0  . =
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 has the form

(4.130)

where 

 

, 

 

and  and  are wave numbers in the  and  directions, respecti

 

.

 

Substitution gives the oscillation equation again:

(4.131)

We have already analyzed the oscillation equation in detail, in Chapter 3. When we app
leapfrog scheme, the stability criterion is , where . Therefore, we m
require

(4.132)

Since

(4.133)

a condition sufficient to satisfy (4.132) is

(4.134)

If we require the scheme to be stable for all possible  and , and for all combinations
and , then (4.134) is also a necessary condition. 

Put

, , (4.135)

where . Note that with this definition  is the wind speed, and . For 

the flow is zonal, and for  it is meridional. Then (4.134) becomes

(4.136)

In order for the scheme to be stable for any orientation of the current, we must have

qij Re Q t( )e
i ki∆x lj∆y+( )

  , =

i 1–≡ k l x y

dQ
dt
------- iωQ       ω U k ∆ x sin 

∆
 

x
 ----------------- V l ∆ y sin 

∆
 

y
 ----------------+  

    . –≡,=

Ω 1≤ Ω ω∆t≡

U k∆xsin
∆x

----------------- V l∆ysin
∆y

----------------+ ∆t 1  . ≤

U k∆xsin
∆x

----------------- V l∆ysin
∆y

----------------+ ∆t U k∆xsin
∆x

----------------- V l∆ysin
∆y

----------------+ 
  ∆t U

∆x
------- V

∆y
------+ 

  ∆t   , ≤ ≤

U
∆x
------- V

∆y
------+ 

  ∆t 1  . ≤

k l U
V

U C  α cos = V C  α sin =

0 α≤ π
2
---≤ C C 0≥ α 0=

α π 2⁄=

C αcos
∆x

------------ αsin
∆y

-----------+ 
  ∆t 1  . ≤
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where  is the “worst-case”

 

 ,

 

 which makes the left hand side of (4.136) a maximum. 

can show that  satisfies

. (4.138)

As shown in Fig. 4.13,  measures the angle of the “diagonal” across a grid box

instance, when ,  corresponds to a flow that is mainly meridional, becaus

worst case is the direction in which the grid cell is “narrowest.” As a second exampl

, we get . From (4.137) and (4.138) we see that the stability criterion

be written as

(4.139)

In particular, for ,

. (4.140)

C
αmcos

∆x
----------------

αmsin

∆y
---------------+ 

  ∆t 1  , ≤

αm α
αm

αmtan ∆x
∆y
------=

αm

Figure 4.13: Sketch illustrating the angle αm on a rectangular grid.

αm

∆x

∆y

∆y
∆x
------ 1« αm

∆x ∆y= αm
π
4
---=

C∆t

∆x
2 ∆y

2
+

---------------------------- ∆y
∆x
------ ∆x

∆y
------+ 

  1  . ≤

∆x ∆y d= =

C∆t
d

---------- 1

2
-------≤ 1<
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4.12 Summary

 

Finite-difference schemes for the advection equation can be designed to allow “e
or “formal” conservation of mass, of the advected quantity itself (such as pote
temperature), and of one arbitrary function of the advected quantity (such as the square
potential temperature). Conservative schemes mimic the “form” of the exact equatio
addition, they are often well behaved computationally. Since bugs often lead to failu
conserve, conservative schemes can be easier to de-bug than non-conservative schem

When we solve the advection equation, space-differencing schemes can intr
diffusion-like damping. If this damping is sufficiently scale-selective, it can be beneficial.

Computational dispersion arises from space differencing. It causes waves of dif
wavelengths to move at different speeds. In some cases, the phase speed can be zero
negative, when it should be positive. Short waves generally move slower than longer w
The phase speeds of the long waves are well simulated by the commonly used spa
differencing schemes. The group speed, which is the rate at which a wave “envelope” m
can also be adversely affected by space truncation errors. Space-uncentered schemes
suited to advection, which is a spatially asymmetric process, and they can minimize the 
of computational dispersion.

Higher-order schemes simulate the well resolved modes more accurately, but 
improve the solution for the shortest modes (e.g. the  modes) and can actually ma
problems with the short modes worse, in some ways. Of course, higher-order schemes 
more arithmetic and so are computationally more expensive than lower-order schem
alternative is to use a lower-order scheme with more grid points. This may be prefera
many cases.

 

Problems

 

1. Find a one-dimensional advection scheme that conserves both  and 
the time derivative continuous.

2. Adopt the continuity equation

and the advection equation

Determine whether or not this scheme conserves the mass-weighted averag
of .

2∆x

A A( )ln

mj∂
t∂

--------

m̂u( )
j 1

2
---+

m̂u( )
j 1

2
---–

–

∆x
------------------------------------------------+ 0  , =

Aj∂
t∂

-------- 1
2
--- u

j 1
2
---+

u
j 1

2
---–

+ 
  Aj 1+ Aj 1––

2∆x
------------------------------ 

 + 0  . =

A
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3. Program the following one-dimensional model:

Use a forward time step for the first step only. Take

Use 100 grid points, with periodic boundary conditions. Let the initial condi
be

,

,

.

Use von Neuman’s method to estimate the largest time step that is consisten
numerical stability. Experiment with time steps “close” (within a factor of 2)

hA( )j
n 1+

hA( )j
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–
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---+
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---–
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---+

2
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2
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    . =

u
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---+
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hj 1000 50 2πj
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-------- 

 sin⋅+=
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the predicted maximum stable 

 

∆

 

t

 

, in order to find a value that is stable in practic

Run for the following two choices of :

,

.

Run out to 

 

t

 

 = 1.5 x 10

 

6

 

 seconds. If you encounter , invent or choose

method to enforce  without violating conservation of 

 

A. 

 

Explain your

method.

 

 

 

Check conservation of 

 

A

 

 and 

 

A

 

2

 

 for both cases. Explain how you do this

4. Consider a domain , with initial conditions

,

 otherwise.

Solve

using

1) Leapfrog in time, centered in space;

2) Lax Wendroff;

3) Upstream.

Choose  in each case. Compare the solutions. 

5. The advective form of the finite-difference advection equation is:

. (4.141)

Â
j 1

2
---+

Â
j 1

2
---+

1
2
--- Aj Aj 1++( )=

Â
j 1

2
---+

Max 0 AjAj 1+,{ }=

A 0<
A 0≥

0 j 100≤ ≤

qi 100 45 i 55≤ ≤,=

qi 0=
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-----+ 0=
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mj

dAj
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---+
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j 1
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---+
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j 1
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---–

Aj A
j 1

2
---–
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 +

∆x
----------------------------------------------------------------------------------------------------------+ 0=
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flux is

4) is
Here we have assumed that  is spatially constant. If the advecting mass 
spatially constant, this reduces to

, (4.142)

from which we see that we are using the approximation

. (4.143)

Suppose that we adopt

. (4.144)

Determine the order of accuracy of the approximation (4.143), in case (4.14
used for interpolation to the cell walls.

6. Discuss Eq. (4.30) for the case .

∆x
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CHAPTER 5 Boundary-value problems
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5.1 Introduction

Boundary-value problems involve spatial derivatives and/or integrals, but no 
derivatives and/or integrals. They can and do frequently arise in one, two, or three dimen
in the atmospheric sciences. They can be solved by a wide variety of methods, whi
discussed in standard texts on numerical analysis. 

The solution of linear boundary-value problems is conceptually simple, but 
nevertheless present challenges in practice. The main issue in the numerical solution o
boundary-value problems is how to minimize the amount of computational work that mu
done to obtain the solution, while at the same time minimizing amount of storage requir
For the problems that arise in atmospheric science, and considering the characteris
modern computers, maximizing computational speed is usually more of a concern
minimizing storage.

Two-dimensional linear boundary-value problems occur quite often in atmosp
science. A particularly ubiquitous example is the following. Consider a two-dimensional 
Let  and  be the vorticity and divergence, respectively. We can define a stream functio
and a velocity potential, , by 

, (5.1)

and

, (5.2)

respectively. Here  is the unit vector perpendicular to the plane of the motion, and 

 are the rotational and divergent parts of the wind vector, respectively, so that 

. (5.3)

The vorticity and divergence then satisfy

(5.4)

ζ δ ψ
χ

Vr k ψ∇×=

Vd χ∇=

k Vr

Vd

V Vr Vd+=

ζ ∇ 2ψ=
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respectively. 

Suppose that we are given the distributions of  and , and we need to determ
wind vector. This can be done by first solving the two boundary-value problems repres
by (5.4)-(5.5), with suitable boundary conditions, then using (5.1)-(5.2) to obtain 

, and finally using (5.3) to obtain the total horizontal wind vector.

A second example is the solution of the anelastic pressure equation.

Further examples arise from implicit time-differencing combined with spa
differencing, e.g. for the diffusion equation or the shallow-water equations. 

5.2 Solution of one-dimensional boundary-value problems

As a simple one-dimensional example, consider

, (5.6)

on a periodic domain, where  is a given periodic function of . Solution of (
requires two boundary conditions. One of these can be the condition of periodicity, whi
have already specified. We assume that a second boundary condition is also given, 
average of  over the domain may be prescribed. 

The exact solution of (5.6) can be obtained by expanding  and  in infi
Fourier series. The individual Fourier modes will satisfy

, (5.7)

which can readily be solved for the , provided that  is not zero. The value of  mu
obtained directly from the second boundary condition mentioned above. The full solutio

 can be obtained by Fourier summing the .

This method to find the exact solution of (5.6) can be adapted to obtai
approximate numerical solution, simply by truncating the expansions of  and 
a finite number of modes. This is called the “spectral” method. Like everything else, 
both strengths and weaknesses. It will be discussed in a later chapter.

Suppose, however, that the problem posed by (5.6) arises in a large numerical 
in which the functions  and  appear in many complicated equations, per
including time-dependent partial differential equations which are solved (approxima
through the use of spatial and temporal finite differences. In that case, the requirem

δ ∇ 2χ=

ζ δ

Vr

Vd

x
2

2

d

d q x( ) f x( )=

f x( ) x

q

q x( ) f x( )

k
2
q̂k– f̂k=

qk k q0

q x( ) qk

q x( ) f x( )

q x( ) f x( )
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consistency with the other equations of the model may dictate that the spatial derivat
(5.6) be approximated by a finite-difference method, such as

. (5.8)

Here  is the grid spacing in the -direction. We have used centered second-order 
differences in (5.8). Assuming a periodic, wave-like solution for , and correspond

expanding , we obtain, in the usual way, 

. (5.9)

Note the similarity between (5.9) and (5.7). Clearly (5.9) can be solved to obtain each 
, except , and the result will be consistent with the finite-difference approximation (5.

This example illustrates that Fourier solution methods can be used even in combinatio

finite-difference approximations. The factor of  in (5.9) need only be evalu

once and then stored, for each , even if (5.9) must be solved on each of many time ste

The method outlined above can produce solutions quickly, because of the existe
fast algorithms for computing Fourier transforms (not discussed here but readily availa
various scientific subroutine packages). It is easy to see that the method can be exte
two or three dimensions, provided only that the geometry of the problem is compatible
Fourier expansion. 

There are other ways to solve (5.8). It can be regarded as a system of linear equ
in which the unknowns are the . The matrix of coefficients is then “tri-diagonal.” T
means that the only non-zero elements of the matrix are the diagonal elements and
directly above and below the diagonal, as in the simple 6 x 6 problem shown below:

qi 1+ 2qi– qi 1–+

d
2

------------------------------------------ fi=

d x
qi

fi

k
2
q̂k–

sinkd
2
------

kd
2
------

-------------

 
 
 
 
  2

f̂k=

qk q0

k
2

–
sinkd

2
------

kd
2
------

-------------

 
 
 
 
  2

k

qi
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Here each element of the 6 x 6 matrix is labeled with a single subscript, indicating its co
number. The names “d,” “ a,” and “b” denote “diagonal,” “above-diagonal,” and “below
diagonal” elements, respectively. The solution of tri-diagonal linear systems is very fas
easy. For instance, the first of the six equations represented by (5.10) can be solved fo

a function of , and , provided that . This solution can be used to eliminate 
the five remaining equations. The (modified version of the) second equation can th
solved for  as a function of  and , and this solution can be used to eliminate 
the remaining four equations. Continuing in this way, we can ultimately obtain a s
equation for the single unknown . Once the value of  has been determined, w
obtain the other unknowns by back-substitution. It should be clear that the amou
arithmetic needed to implement this algorithm is simply proportional to the numbe
unknowns. This is good. 

In case  (assumed not to be true in the preceding discussion) we c

immediately solve the first equation for  in terms of , provided that  is not also e
to zero. 

Highly optimized versions of this simple tri-diagonal solver can be found in stan
software libraries. Because tri-diagonal systems are easy to deal with, we are always
when we can express a problem that we are working on as a tri-diagonal system. Na
tri-diagonal methods are not an option when the matrix is not tri-diagonal.

We could, of course, solve the linear system by other methods that are discus
introductory texts, such as Cramer’s Rule or matrix inversion or Gaussian elimination. 
methods work but they are very inefficient compared to the Fourier and tri-diagonal me
discussed above. The amount of arithmetic involved is proportional to the square of the
number of unknowns. If the number of unknowns is large, the methods are prohibi
expensive. 

Finally, we could solve (5.8) by a relaxation method. Here the idea is to mak
“initial guess” for , then refine the guess successively, until a “sufficiently go
approximation to the exact solution of (5.8) is obtained. Several relaxation method
discussed later in this chapter.

5.3 Jacobi relaxation

Starting from this point, most of the discussion in this chapter is a condensed v

d1 a2 0 0 0 b6

b1 d2 a3 0 0 0

0 b2 d3 a4 0 0

0 0 b3 d4 a5 0

0 0 0 b4 d5 a6

a1 0 0 0 b5 d6

x1

x2

x3

x4

x5

x6

c1

c2

c3

c4

c5

c6

=

x1

x2 x6 d1 0≠ x1

x2 x3 x6 x2

x6 x6

d1 0=

x2 x6 a2

qi
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of that found in the paper by Fulton et al. (1986).

As an example of a boundary-value problem, consider 

(5.11)

Here  is a two-dimensional domain, and  is the boundary of . We consider  and
be known. 

We approximate (5.11) on a grid with uniform spacing  in both the  an
directions, with  grid points in each direction. Note that, with this definition,  is n
dimensional; in terms of dimensional quantities,  is the distance between grid points d
by the total width of the domain. Normally . Using second-order centered differe
(for example), we write:

(5.12)

We now explore relaxation methods for the solution of (5.12). Relaxation method
iterative, i.e. they start with an initial guess for the solution, and obtain successively 
approximations to the solution by repeatedly executing a sequence of steps. Each pass
the sequence of steps is called a “sweep.” 

We need a notation to distinguish approximate solutions from exact solutions. He
“exact” solution we mean an exact solution to the finite-difference problem posed in (5

We use a “hat” to denote the approximate solution, i.e. we let  denote an approximat
. 

The simplest relaxation method is called Jacobi relaxation or simultaneous relax

The Jacobi method defines the new value  by applying (5.12) with the new value 

point  and the “old” values at the neighboring points, i.e.

, (5.13)

or

. (5.14)

With this approach, we compute  at all interior points using (5.13), and then b
replace the “old” approximate solution by the new one. This procedure is repeated
convergence is deemed adequate. Conditions for convergence are not discussed here.

∇ 2
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Ω ∂Ω Ω f g

h 1 N⁄= x y
N 1+ h

h
h 1«

h
2– 4uj k, uj 1– k,– uj 1+ k,– uj k 1–,– uj k 1+,–( ) fj k, 0 j k,( ) N;< <,=

uj k, gj k, ,   j 0 j , N k , 0   or  k ,  N  . = = = = =

ûj k,
uj k,

ûj k,
new

j k,( )

h
2– 4ûj k,

new
ûj 1– k,– ûj 1+ k,– ûj k 1–,– ûj k 1+,–( ) fj k,=

ûj k,
new 1

4
--- h

2
fj k, ûj 1– k, ûj 1+ k, ûj k 1–, ûj k 1+,+ + + +( )=

ûj k,
new
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Let the error of a given approximation be denoted by

. (5.15)

Here again  is the exact solution of the finite-difference system. Consider one sw
Jacobi relaxation. Substituting (5.15) into (5.14), we find that

(5.16)

Using (5.12), this can be simplified to

. (5.17)

This shows that the new error (after the sweep) is the average of the current errors (be
sweep) at the four surrounding points.

Suppose that the error field consists of a checkerboard pattern of 1’s and
Suppose further that point  has a “current” error of +1, i.e., . For our assu
checkerboard error pattern, it follows that the errors at the neighboring points referenc

the right-hand side of (5.17) are all equal to -1. We conclude that . Then, o

next iteration, we will again obtain . You should be able to see that 
checkerboard error pattern “flips sign” from one iteration to the next. The checkerboard
is never reduced to zero by Jacobi iteration.

A strategy to overcome this problem is to “under-relax.” To understand this appr
we first re-write (5.14) as

. (5.18)

This simply says that  is equal to  plus an “increment.” For the checkerboard
the increment given by Jacobi relaxation is too large; this is why the sign flips from
iteration to the next. We can reduce the increment by multiplying it by a factor less tha
called , i.e., we replace (5.18) by 

. (5.19)

vj k, ûj k, uj k,–≡

uj k,

vj k,
new

uj k,+ 1
4
--- h

2
fj k, νj 1– k, νj 1+ k, νj k 1–, νj k 1+,+ + +( )+=

uj 1– k, uj 1+ k, uj k 1–, uj k 1+,+ + +( )+ ]

vj k,
new 1

4
--- vj 1– k, vj 1+ k, vj k 1–, vj k 1+,+ + +( )=

j k, vj k, 1=

vj k,
new 1–=

vj k, 1=

ûj k,
new

ûj k,
1
4
--- h

2
fj k, ûj 1– k, ûj 1+ k, ûj k 1–, ûj k 1+,+ + + +( ) ûj k,–+=

ûj k,
new

uj k,

ω

ûj k,
new

ûj k, ω 1
4
--- h

2
fj k, ûj 1– k, ûj 1+ k, ûj k 1–, ûj k 1+,+ + + +( ) ûj k,–+=
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where . We can now rewrite (5.18) as

. (5.20)

Substitution of (5.15) into (5.20), with the use of (5.12), gives

(5.21)

If we choose , the checkerboard error will be destroyed in a single pass.
demonstrates that under-relaxation can be useful with the Jacobi algorithm.

Suppose that on a particular sweep the  error is spatially uniform over the grid. 
according to (5.17), the error will never change under Jacobi relaxation, and this is tru
with under-relaxation, as can be seen from (5.21). This is not really a problem, how
because as discussed earlier when solving a problem of this type the average over the 
to be determined by a boundary condition. For example, if the appropriate boundary con
can be applied at the time of formulating the first guess, then the domain-mean error w
zero even before the relaxation begins.

For errors of intermediate spatial scale, Jacobi relaxation works reasonably well.

5.4 Gauss-Seidel relaxation

Gauss-Seidel relaxation is similar to Jacobi relaxation, except that each va
updated immediately after it is calculated. For example, suppose that we start at the low
hand corner of the grid, and work our way across the bottom row, then move to the lef
end of the second row from the bottom, and so on. In Gauss-Seidel relaxation, as we c
each grid point we use the “new” values of all ’s that have already been updated, s
(5.14) is replaced by

. (5.22)

This immediately reduces the storage requirements, because it is not necessary to sa
the old values and all of the new values simultaneously. More importantly, it also spee
the convergence of the iteration, relative to Jacobi relaxation.

Obviously (5.22) does not apply to the very first point encountered on the very
sweep, because at that stage no “new” values are available. For the first point, we w
perform a Jacobi-style update using (5.14). It is only for the second and later rows of 
that (5.22) actually applies. Because values are updated as they are encountered du
sweep, the results obtained with Gauss-Seidel relaxation depend on where the sweep s
the extent that the final result satisfies (5.12) exactly, the final result will be independ
where the sweep starts. 

For Gauss-Seidel relaxation, the error-reduction formula corresponding to (5.17)

0 ω 1< <

ûj k,
new

ûj k, 1 ω–( ) ω
4
---- h

2
fj k, ûj 1– k, ûj 1+ k, ûj k 1–, ûj k 1+,+ + + +( )+=

vj k,
new

vj k, 1 ω–( ) ω
4
---- νj 1– k, νj 1+ k, νj k 1–, νj k 1+,+ + +( )[ ]+=

ω 0.5=

u

ûj k,
new 1

4
--- h

2
fj k, ûj 1– k,

new
ûj 1+ k, ûj k 1–,

new
ûj k 1+,+ + + +( )=
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You should be able to see that with Gauss-Seidel iteration a checkerboard error is 
reduced on each sweep. Consider the following simple example on a 6x6 mesh. Suppo
 is identically zero, so that the solution (with periodic boundary conditions) is that 

spatially constant. We make the rather ill-considered first guess that the solution
checkerboard:

. (5.24)

Here the superscript zero indicates the first guess. After partially completing one s
doing the bottom row and the left-most three elements of the second row from the botto
have:

. (5.25)

Although the solution is flipping sign as a result of the sweep, the amplitude o
checkerboard is decreasing significantly. You can finish the exercise for yourself. 

5.5 Over-relaxation

The convergence of Gauss-Seidel relaxation can be accelerated by multiplyin
increment by a factor greater than one. This is called “over-relaxation.” Corresponding
(5.18), we write

. (5.26)

It can be shown that the convergence of (5.26) is optimized (i.e., made as rapid as pos
we choose

vj k,
new 1

4
--- vj 1– k,

new
vj 1+ k, vj k 1–,

new
vj k 1+,+ + +( )=

f u

ûj k,
0

1 1– 1 1– 1 1–

1– 1 1– 1 1– 1
1 1– 1 1– 1 1–

1– 1 1– 1 1– 1
1 1– 1 1– 1 1–

1– 1 1– 1 1– 1

=

ûj k,
1, partial

1 1– 1 1– 1 1–

1– 1 1– 1 1– 1
1 1– 1 1– 1 1–

1– 1 1– 1 1– 1
0.5– 0.25 0.281– 1– 1 1–

1 0.5– 0.625 0.593– 0.602 0.60–

=

ûj k,
new

ûj k, 1 ω–( ) ω
4
---- h

2
fj k, ûj 1– k,

new
ûj 1+ k, ûj k 1–,

new
ûj k 1+,+ + + +( )+=
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The algorithm represented by (5.26) and (5.27) is called “successive over-relaxation,” or
Choosing  too large will cause the iteration to diverge. In practice, some experimen
may be needed to find the best value of .

5.6 The alternating-direction implicit method

Yet another relaxation scheme is the “alternating-direction implicit” method, o
called “ADI” for short. With ADI, the spatial coordinates are treated separately 
successively within each iteration sweep. We rewrite (5.12) as 

. (5.28)

The first quantity in parentheses on the left-hand side of (5.28) involves variations in t
direction only, and the second involves variations in the -direction only. We proceed i
steps on each sweep. The first step treats the -dependence to produce an inter
approximation by solving

(5.29)

for the values with superscript “int.” Here  is a parameter used to control convergence
discussed below. Eq. (5.29) represents a set of tri-diagonal systems, each of which can easi
be solved. The sweep is completed by solving

(5.30)

as a second set of  tridiagonal systems. It can be shown that the ADI method converg
is positive and constant for all sweeps. The optimal value of  is 

. (5.31)

5.7 Multigrid methods

Fulton et al. (1986) summarize the multi-grid approach to solving boundary-v
problems. The basic idea is very simple, and comes from the fact that the largest-scale f
in the error field (the difference between the approximate solution and the true solution
the largest number of sweeps to eliminate.

As we have already discussed, with Gauss-Seidel relaxation the small-scale errors are
eliminated quickly, while the large-scale errors are removed more slowly. As the iteration
proceeds, the error field becomes smoother at the same time that it undergoes an
decrease in amplitude. 

Essentially by definition of “large-scale,” the large-scale errors can be represent

ω 2
1 πh( )sin+
----------------------------=

ω
ω

uj 1– k,– 2uj k, uj 1+ k,–+( ) uj k 1–,– 2uj k, uj k 1+,–+( )+ h
2
fj k,=

x
y

x

ûj 1– k,
int

– 2 r+( )ûj k,
int

ûj 1+ k,
int

–+[ ] ûj k 1–,– 2 r–( )ûj k, ûj k 1+,–+[ ]+ h
2
fj k,=

r

ûj k 1–,
new

– 2 r–( )ûj k,
new

ûj k 1+,
new

–+[ ] ûj 1– k,
int

– 2 r+( )ûj k,
int

ûj 1+ k,
int

–+[ ]+ h
2
fj k,=

N r
r

r 2 πh( )sin=
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a relatively coarse grid. On such a coarse grid, the large-scale errors actually appear 
“smaller” scale, in the sense that they are represented by fewer grid points. The larg
error can thus be removed quickly by relaxing on a coarse grid. 

Putting these ideas together, we arrive at a strategy whereby we use a coarse
relax away the large-scale errors, and a fine grid to relax away the small-scale err
practice, we introduce as many “nested” grids as possible, each coarse grid composed of
subset of the points used in the finer grids. The “multi” in the multi-grid method is q
important. We move back and forth between the grids, from coarse to fine by interpo
and from fine to coarse by “injection” (copying) of the fine grid values onto 
corresponding points of the coarse grid. A relaxation is done on each grid in turn
relaxations on the coarser grids remove the large-scale part of the error, while the rela
on the finer grids remove the small-scale part of the error. 

Although the transfers between grids involve some computational work, the net 
is to speed up the solution (for a given degree of error) considerably beyond what c
achieved through relaxation on a single grid. 

For further discussion of multi-grid methods, see the paper by Fulton et al. (198

5.8 Summary

Boundary-value problems occur quite frequently in atmospheric science. The 
issue is not finding the solution, but rather finding it quickly. Fast solutions to 
dimensional problems are very easy to obtain, but two- and three-dimensional problem
more challenging, particularly when the geometry of the problem is complex. Amon
most useful methods available today for multi-dimensional problems are the multi
methods and the conjugate gradient methods (e.g. Shewchuk, 1994). 

Table 5.1 summarizes the operations counts and storage requirements of som

Table 5.1: Well known methods for solving boundary value problems, and the operation 
count and storage requirements for each, measured in terms of , the number of 

equations to be solved.

Method Operation Count Storage Requirement

Gaussian 

Elimination

Jacobi

Gauss-

Seidel
 

N
2

N
4

N
3

N
4

N
2

N
4

N
2<
An Introduction to Atmospheric Modeling



1375.8    Summary
known methods for solving boundary-value problems. 

Successive 

Over-

Relaxation

Alternating 

Direction 

Implicit

N3lnN

Multigrid

Table 5.1: Well known methods for solving boundary value problems, and the operation 
count and storage requirements for each, measured in terms of , the number of 

equations to be solved.

Method Operation Count Storage Requirement

N
2

N
3

N
2

N
2

N
2

N
2
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1. Consider a square domain, of width , with periodic boundary conditions in 

 and directions. We wish to solve

(5.32)

for the unknown function , where

(5.33)

Assume that the domain-average value of  is zero. For simplicity, 

. Use centered second-order differences to approximate . 

 points in both directions. The periodic boundary conditions mean 

 is the same as , and  is the same as .

a) Find and plot the exact solution.

b) Also find and plot the solution using each of the relaxation methods l

below. For each of the relaxation methods, try the following two initial guesse

(5.34)

Jacobi relaxation;

Jacobi under-relaxation;

Gauss-Seidel relaxation

Gauss-Seidel over-relaxation.

c) For Jacobi, Gauss-Seidel, and SOR, define the RMS error by

L

x y

∇ 2u
4πx

L
---------sin 

  4πy
L

---------cos 
 =

u x y,( )

0 x≤ L,≤
0 y≤ L.≤

u

L 4π 2= ∇ 2u

N 100=

j 1= j 101= k 1= k 101=

1)       u j k , 1 – ( ) j k + , = 

2)       u j k , 0   everywhere. =
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Here  is the approximate solution, and  is the “exact” solution of 

finite-difference problem. The parameter  is not an exponent; it is an “itera

counter,” i.e.  for the initial guess,  after one sweep, etc. Define

maximum absolute error by

. (5.36)

Let the convergence criterion be

. (5.37)

How many iterations are needed to obtain convergence with Jacobi, Gauss-S

and SOR? (Note that this convergence criterion refers to , the exact solut

the finite-difference problem, and so could not be used in practice.)

d) Plot the error , for all three methods, for  (all the sam

, and .

e) Plot  as a function of  (or, if you prefer, as a function of ) for all th

methods.

Rυ 1
N2
------ ûj k,

v
uj k,–( )

2

k 1=

N

∑
j 1=

N

∑≡

ûj k,
v

uj k,

ν

ν 0= ν 1=

Mν Max j k,( ) ûj k, uj k,–{ }∀≡

Mν 10 2–
Max j k,( ) uj k,{ }∀<

uj k,

uj k,
ν uj k,– ν 0=

ν 10= ν 20=

R
ν ν νln
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6.1 Introduction

Diffusion is a macroscopic interpretation of microscopic advection. H
“microscopic” refers to scales below the resolution of a model. In general diffusion can 
in three dimensions, but often in atmospheric science only vertical diffusion, i.e. 
dimensional diffusion, need be considered. The process of one-dimensional diffusion c
represented in simplified form by

. (6.1)

Here  is the “diffused” quantity,  is the spatial coordinate, and  is a flux of  du

diffusion. Although very complex parameterizations for  are required in many applicat
a simple parameterization that is often encountered in practice is

, (6.2)

where  is a “diffusion coefficient,” which must be specified somehow. Physic
meaningful applications of (6.2) are possible when

. (6.3)

Substitution of (6.2) into (6.1) gives

. (6.4)

Because (6.4) involves second derivatives in space, it requires two boun

conditions. Here we simply assume periodicity of both  and . It then follows immedia

from (6.1) that the spatially averaged value of  does not change with time:

t∂
∂q

x∂
∂Fq–=

q x Fq q

Fq

Fq K
x∂

∂q–=

K

K 0≥

t∂
∂q

x∂
∂ K

x∂
∂q

 
 =

q
x∂

∂q

q
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When (6.3) is satisfied, (6.4) describes “downgradient” transport, in which the flu
 is from larger values of  towards smaller values of . Such a process tends to r

large values of , and to decrease small values, so that the spatial variability of  dec
with time. In particular, we can show that 

. (6.6)

To prove this, multiply both sides of (6.4) by :

(6.7)

When we integrate the second line of (6.7) over a periodic domain, the first term vanish
the second is negative (or possibly zero). The result (6.6) follows immediately. 

With the assumed periodic boundary conditions, we can expand  in a Fourier s

. (6.8)

Substituting into (6.1), and assuming spatially constant , we find that the amplitude
particular Fourier mode satisfies

, (6.9)

which is the decay equation. This shows that there is a close connection betwe
diffusion equation and the decay equation. The solution of (6.9) is

(6.10)

Note that higher wave numbers decay more rapidly, for a given value of . Since

. (6.11)

t∂
∂ q  xd

spatial domain
∫ 0=

q q q
q q

t∂
∂ q

2  xd
spatial domain

∫ 0≤

q

t∂
∂ q

2

2
----- 

  q ∂
x∂

----- K q∂
x∂

----- 
 =

∂
x∂

----- qK q∂
x∂

----- 
  K q∂

x∂
----- 

  2
   .–=

q

q x t,( ) q̂k t( )e
ikx∑=

K

td
dq̂k k

2
Kq̂k–=

q̂k t( ) q̂k 0( )e
k– 2Kt

=

K

q̂k t ∆t+( ) q̂k 0( )e
k– 2K t ∆t+( )

q̂k t( )e
k– 2K∆t

= =
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(6.13)
 this
t it is
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 is a
This shows that, for the exact solution, 

. (6.12)

6.2 A simple explicit scheme

A finite-difference analog of (6.1) is

, (6.13)

where for convenience we define the nondimensional combination

(6.14)

Here we have assumed for simplicity that  is a constant. The scheme given by 
combines forward time differencing with centered space differencing. Recall that
combination is unconditionally unstable for the advection problem, but we will show tha
conditionally stable for diffusion. It should be obvious that, with periodic bound
conditions, (6.13) guarantees conservation of  in the sense that

. (6.15)

To analyze the stability of (6.13) using von Neumann’s method, we assume that 
constant. Then (6.13) yields

, (6.16)

which is equivalent to

. (6.17)

Note that  is real. 

Instability can occur if , or

(6.18)

λ e
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n 1+ qj
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j 1

2
---+

qj 1+
n qj
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j 1

2
---–
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j 1

2
---+
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j 1

2
---+
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j
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κ

λ 1–( ) κ eik∆x 1–( ) 1 e– i– k∆x( )–[ ]=

λ 1 4κ sin2 k∆x
2

--------- 
  1≤–=
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--------- 
  1

2
---  . >
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The worst case is , which occurs for , or . This is t

 wave. We conclude that with (6.13) 

 is required for stability. (6.19)

When the stability criterion derived above is satisfied, we can be sure that 

; (6.20)

this is the condition for stability according to the energy method discussed in Chapter 2

 

6.3 An implicit scheme

 

We can obtain unconditional stability through the use of an implicit scheme, b
the cost of some additional complexity. Replace (6.13) by

. (6.21)

We analyze the stability of (6.21), for the case of spatially variable but non-negative , 
the energy method.

Multiplying (6.21) by , we obtain:

(6.22)

Sum over the domain:
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ion
Rearranging, we find that

. (6.23)

Next, note that

. (6.24)

Substitute (6.23) into (6.24), to obtain

. (6.25)

This can be simplified and rearranged to

. (6.26)

This shows that  is less than a negative number. Therefore

(6.27)

This is the desired result.

The trapezoidal implicit scheme is also unconditionally stable for the diffus
equation and it is more accurate than the backward implicit scheme. 
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Eq. (6.21) contains three unknowns, namely , , and . We m

therefore solve a system of such equations, for the whole domain at once. Assuming th
independent of  (often not true in practice), the system of equations is linear
tridiagonal, so it is not too hard to solve. In realistic models, however,  can depend st
on multiple dependent variables which are themselves subject to diffusion, so that m
coupled systems of nonlinear equations must be solved simultaneously in order to o
fully implicit solution to the diffusion problem. For this reason, implicit methods are o
avoided in practice. 

6.4 The DuFort-Frankel scheme

The DuFort-Frankel scheme is partially implicit and unconditionally stable, but d
not lead to a set of equations that must be solved simultaneously. The scheme is given

. (6.28)

Notice that three time levels appear, which means that we will have a computational m
time, in addition to a physical mode. Time level  appears only in connection with
point , so that the solution can be obtained without solving a system of simultan
equations:

. (6.29)

Consider spatially constant , and define

(6.30)

The amplification factor satisfies

(6.31)

which is equivalent to

. (6.32)

The solutions are

qj
n 1+ qj 1+ qj 1–

n 1+

K
q

K

qj
n 1+ qj

n 1––

2∆t
------------------------------- 1

∆x( )2
-------------- κ

j 1
2
---+

qj 1+
n qj

n 1+–( ) κ
j 1

2
---–

qj
n 1– qj 1–
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n 1+
i

qj
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qj
n 1– 2 κ

j 1
2
---+
qj 1+

n κ
j 1

2
---–

qj
n 1– qj 1–

n–( )–+

1 2κ
j 1

2
---+

+
---------------------------------------------------------------------------------------------------------=

κ

α 2κ≡

λ2 1– α λ e
ik∆x λ2

– 1– λe
i– k∆x

+( )=

λ2 1 α+( ) λ2α k∆x( )cos– 1 α–( )– 0=
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(6.33)

It should be clear that the plus sign corresponds to the physical mode, and the minus 

the computational mode. Consider two cases. First, if , then  is real
we find that 

. (6.34)

Second, if , which implies that , then 

. (6.35)

We conclude that the scheme is unconditionally stable. 

It does not follow, however, that the scheme gives a good solution for large
Consider the case of constant , and let . Then (6.35) reduces to

. (6.36)

There is no damping, which is very wrong for the case of diffusion over a long time inter

6.5 Summary 

Diffusion is a relatively simple process which preferentially wipes out small-s
features. The most robust schemes for the diffusion equation are fully implicit scheme
these give rise to systems of simultaneous equations. The DuFort-Frankel sche
unconditionally stable and easy to implement, but behaves badly as the time step be
large for fixed .

λ α k∆x( )cos α2
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1 α+
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space

or a
.

)

 

Problems

1. Prove that the trapezoidal implicit scheme with centered second-order 
differencing is unconditionally stable for the diffusion equation.

2. Program both the explicit and implicit versions of the diffusion equation, f
periodic domain consisting of 100 grid points, with constant  and 
Also program the Dufort-Frankel scheme. Let the initial condition be 

=100, , and  = 110 for . (6.37

Compare the three solutions for different choices of the time step.

1. Use the energy method to evaluate the stability of (6.13).

K 1= ∆x 1=

ql j 1 50,= qj j 51 100,=
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7.1 The shallow-water equations

In most of this chapter we will discuss the shallow-water equations, which ca
written as

(7.1)

. (7.2)

Here  is the horizontal velocity vector,  is the vertical component of 
vorticity,  is the Coriolis parameter,    is the depth of the fluid,    is the height o

“bottom topography,”    is the acceleration of gravity, and  is the kinetic ene

per unit mass. In (7.1), all frictional effects have been neglected, for simplicity. 

A very useful idealized subset of the shallow-water system describes the specia
of a one-dimensional, small-amplitude, external gravity wave for a shallow, non-rot
incompressible, homogeneous fluid (shallow water), with a resting basic state. Eqs. (7.
(7.2) become

, (7.3)

and 

, (7.4)

respectively. Here  is the mean depth of the fluid. We refer to (7.3)-(7.4) as “the gr
wave equations.” Let 

t∂
∂v ζ f+( )k v×+ g h hS+( ) K+[ ]∇–=

t∂
∂h vh( )∇•+ 0=

v ζ k v∇×( )•≡
f h hS

g K 1
2
---v v•≡

u∂
t∂

----- g h∂
x∂

-----+ 0=

h∂
t∂

----- H u∂
x∂

-----+ 0=

H
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By combining (7.3)-(7.4) we can derive

(7.6)

and

, (7.7)

which are both examples of “the wave equation.”

Assuming solutions of the form , we obtain the dispersion equation

(7.8)

The exact phase speed of pure gravity waves (without the effects of rotation) is 
regardless of wave length. There are two waves, one propagating in the positive -dir
and the other in the negative -direction.

7.2 The wave equation

 The solutions of the wave equation, (7.6), are constant along space-time lin

surfaces) called “characteristics.” A solution is fully determined if  and  are spec

somewhere on each characteristic. The characteristics can, and generally do, in
boundaries. As with the advection equation,  is a particular solution of the w
equation (7.6), but  is a second particular solution. We can assume  with
loss of generality. The general solution of (7.6) is given by 

, (7.9)

where, as shown below, the forms of  and  are determined completely by the 
conditions

(7.10)

c
2

gH≡

∂2
u

t
2∂

-------- c
2∂2

u

x
2∂

--------=

∂2
h

t
2∂

-------- c
2∂2

h

x
2∂

--------=

e
i kx ωt–( )

ω2
gHk

2
=

gH±
x

x

u u∂
t∂

-----

f x ct–( )
g x ct+( ) c 0>

u x t,( ) f x ct–( ) g x ct+( )+=

f g

ut 0= F x( )  , =  

u∂
t∂

----- 
 

t 0=
G x( )  . =
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Substituting (7.9) into (7.10), we find that

(7.11)

Here a prime denotes differentiation. Differentiating the first of (7.11) and then usin
second of (7.11), we find that

(7.12)

Integration of (7.12) gives

(7.13)

Here  are constants of integration. Finally, we obtain  by replacing 

 and , respectively, in  and  of (7.13), and then substituting into (7.9). 
gives

(7.14)

where we have required and used  in order to satisfy . 

In order to further relate the wave equation to the advection equation that we
already studied, we reduce (7.6) to a pair of first-order equations by defining

 and . (7.15)

Substitution of (7.15) into the wave equation (7.6) gives

(7.16)

f x( ) g x( )+ F x( )  , =  

cf

 

' x( )– cg' x( )+ G x( )  . =

f' x( ) 1
2
--- F' x( ) G x( )

c
------------–   , =  

g

 

'

 

x

 

( )

 

1
2

 

--- F' x( ) G x( )
c

------------+   . =

f x( ) 1
2
--- F x( ) 1

c
--- G ξ( )dξ

0
x∫– C1  , +=  

g x

 

( )

 

1
2

 

--- F x( ) 1
c
--- G ξ( )dξ

0
x∫+ C2  . +=

C1 and C2 u x t,( ) x

x ct– x ct+ f g

u x t,( ) 1
2
--- F x ct–( ) F x ct+( ) 1

c
--- G ξ( )dξ

x ct–
x ct+∫+ +   , =

C1 C2+ 0= ut 0= F x( )=

p u∂
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-----≡ q c u∂
x∂

-----–≡

p∂
t∂

----- c q∂
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-----+ 0  , =
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and differentiation of the second of (7.15) with respect to , with the use of the first of (7
gives

(7.17)

If we alternately add (7.16) and (7.17) and subtract (7.17) from (7.16), we obtain

, where (7.18)

, where . (7.19)

Now we have a system of two first-order equations, each in the form of the adve
equation. Note, however, that the “advections” are in opposite directions! Assuming

,  is “advected” towards increasing , while  is “advected” towards decreasin
From (7.18) and (7.19), it is clear that  is constant along the line ,

 is constant along the line .   Equations (7.18) and (7.19) are calle

 

normal form

 

 of (7.16) and (7.17).

These concepts are applicable, with minor adjustments, to any hyperbolic syst
equations. The curves  and  are call
“characteristics.” A hyperbolic equation is characterized, so to speak, by two such fami
curves. In the present case they are straight, parallel lines, but in general they can h
shape so long as they do not intersect each other. 

 

7.3 Staggered grids

 

Now we discuss the differential-difference equations

, (7.20)

, (7.21)

which are, of course, differential-difference analogs of the one-dimensional shallow 
equations, (7.3) and (7.4). Consider a distribution of the dependent variables on the 
shown in Fig. 7.1. Notice that from (7.20) and (7.21) 

 

the set of red quantities will ac
completely independently of the set of black quantities

 

, if there are no boundaries. With cycli

t

q∂
t∂

----- c p∂
x∂

-----+ 0  . =

P∂
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------ c P∂
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-------– 0= Q p q–≡
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uj∂
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------- g
hj 1+ hj 1––
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------- H
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An Introduction to Atmospheric Modeling



 

1537.3    Staggered grids

ven.

agate
there

(7.20)

nd

n ,
 the

 the

fore
,

ase of
boundary conditions, this is still true if the number of grid points in the cyclic domain is e

What this means is that we have two families of waves on the grid: “red” waves that prop
both left and right, and “black” waves that propagate both left and right. Physically 
should only be one family of waves. 

Here is a mathematical way to draw the same conclusion. The wave solutions of 
and (7.21) are

, (7.22)

giving

(7.23)

Provided that  and  are not both identically zero, we obtain the dispersion relation

 where . (7.24)

Suppose that  is given. If  satisfies (7.24), then ,  a

 also satisfy it. This shows that there are four possible modes for the give
although physically there should only be two. The “extra” pair of modes come from
redundancy on the grid. The extra modes are computational modes “in space.” Earlier we
encountered computational modes in time.

Without loss of generality, we suppose that , so that . Then

two solutions  and  are approximations to the true solution, and there
could be considered as “physical,” while the other two,  and 
could be considered as “computational.” This distinction is less significant than in the c

u

h

u

h
Figure 7.1: A grid for solution of the one-dimensional shallow water equations.
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the advection equation, however. In the case of advection, the envelope of a comput
mode moves toward the downstream direction. In the case of the wave equation, ther
“downstream” direction.

For a given , the general solution for  is a linear combination of the four mo
and can be written as

. (7.25)

Correspondingly, by substituting (7.25) into (7.21), we find that  satisfies

(7.26)

If we assume , so that  [see (7.24)], then (7.26) reduces to

(7.27)

7.4 Numerical simulation of geostrophic adjustment. as a guide to grid design

Winninghoff (1968) and Arakawa and Lamb (1977; hereafter AL) discussed
extent to which finite-difference approximations to the shallow water equations can sim
the process of geostrophic adjustment, in which the dispersion of inertia-gravity waves
to the establishment of a geostrophic balance, as the energy density of the inertia 
waves decreases with time due to their dispersive phase speeds and non-zero group v
These authors considered the momentum and mass conservation equations, and defi
different staggered grids for the velocity components and mass. 

AL considered the shallow water equations linearized about a resting basic sta
the following form:

, (7.28)

, (7.29)

. (7.30)

Here  is the constant depth of the “water” in the basic state,  is the diverg

ω uj
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and all other symbols have their conventional meanings. From (7.28)- (7.30), we can de

equivalent set in terms of vorticity, , and divergence:

, (7.31)

, (7.32)

. (7.33)

Of course, (7.33) is identical to (7.30). We can eliminate the vorticity and mass in (7.3
using (7.32) and (7.33), respectively. Then by assuming wave solutions, we obta
dispersion relation:

. (7.34)

Here  is the frequency,  is the radius of deformation, and  and  are the
numbers in the  and  directions, respectively. The frequency and group speed in
monotonically with wave number and are non-zero for all wave numbers. As discussed b
these characteristics of (7.34) are important for the geostrophic adjustment process.

In their discussion of various numerical representations of (7.28)- (7.30), AL de
five grids denoted by “A” through “E,” as shown in Fig. 7.2. Fig. 7.2 also shows the Z grid,
which will be discussed later. AL also gave the simplest centered finite-differ
approximations to (7.28)- (7.30), for each of the five grids; these equations will no
repeated here. The two-dimensional dispersion equations for the various scheme
derived but not published by AL; they are included in Fig. 7.2. The table also gives a p
the nondimensional frequency, ( ), as a function of  and , for the special ca

. Here  is the grid size, assumed to be the same in the  and  directions
significance of this particular choice of  is discussed later. The plots show how
nondimensional frequency varies out to  and ; these wave num
correspond to the shortest waves that can be represented on the grid.

The A grid may appear to be the simplest, since it is unstaggered. For examp
coriolis terms of the momentum equations are easily evaluated, since  and  are defi
the same points. Approximation of the spatial derivatives in (1-3) inevitably invo
averaging on the A grid, however. To illustrate this important point, consider the sim
centered approximation to  at a  point, on the A grid. We must first obtain a val

 at  by averaging from  and , and a second value at  by avera
from  and . We can then subtract these two average values of , and divide by 
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Figure 7.2: Grids, dispersion equations, and plots of dispersion equations for grids A-E
and Z. The continuous dispersion equation and its plot are also shown for
comparison. For plotting, it has been assumed that .λ d⁄ 2=
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obtain the desired approximation to . Similarly, averaging is needed to define the
convergence / divergence at  points. 

The averaging described above inevitably “hides” noise at the smallest repres
scales (e.g. a checkerboard pattern in ). Such dynamically “invisible” noise ca
participate in the dynamics of the model, e.g. by propagating and dispersing as in the p
of geostrophic adjustment. A plot of the dispersion equation for the A grid, as shown in
7.2, indicates a maximum of the frequency (group speed equal to zero) for some combin

 and . As a result, solutions on the A grid are extremely noisy in practice and mu
smoothed, e.g. through filtering (e.g., Kalnay-Rivas et al., 1977). Because of this well k
problem, the A grid is almost never used today.

The preceding discussion is an example which illustrates the general rule tha
desirable to avoid averaging in the design of a finite-difference scheme. 

Next, consider the B grid. As on the A grid, the coriolis terms are easily evalu
without averaging, since  and  are defined at the same points. On the other han
pressure-gradient terms must be averaged, again as on the A grid. There is an im
difference, however. On the A grid, the averaging used to approximate the x-component of the
pressure-gradient force, , is averaging in the -direction. On the B grid, the
corresponding averages are in the y-direction. On the B grid, an oscillation in the x-direction
on the smallest represented scale, is not averaged out in the computation of ; 
therefore, participate in the model’s dynamics, and so is subject to geostrophic adjustm
similar conclusion holds for the convergence / divergence terms of the continuity equ
For example, the averaging in the y-direction does no harm for solutions that are uniform
the y-direction. Nevertheless, it does do some harm, as is apparent in the plot of the 
dispersion equation, as shown in Fig. 7.2. The frequency does not increase monotonica
total wave number; for certain combinations of  and , the group speed is zero
concluded that the B grid gives a fairly good simulation of geostrophic adjustment, bu
some tendency to small-scale noise. 

Now consider the C grid. The pressure gradient terms are easily evaluated, w
averaging, because  is defined east and west of  points, and north and south of  
Similarly, the mass convergence / divergence terms of the continuity equation ca
evaluated without averaging the winds. On the other hand, averaging is needed to obtain the
coriolis terms, since  and  are defined at different points. For very small-scale in
gravity waves, the coriolis terms are negligible; we essentially have pure gravity waves
suggests that the C grid will perform well if the horizontal resolution of the model is 
enough so that the smallest waves that can be represented on the grid are insensitiv
coriolis force. More precisely, AL argued that the C grid does well when the grid size is 
compared to , the radius of deformation. A plot of the dispersion equation, given in Fig
shows that the frequency increases monotonically with wave number, as in the exact so
although not as rapidly. Recall, however, that this plot is for the special case 
return to this point later. 

Next, we turn to the D grid. Inspection of the stencil shown in Fig. 7.2 shows tha
D grid allows a simple evaluation of the geostrophic wind. In view of the importanc
geostrophic balance for large-scale motions, this may appear to be an attractive prope
also apparent, however, that considerable averaging is needed in the pressure-gradie
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mass convergence / divergence, and even in the coriolis terms. As a result, the dis
equation for the D grid is very badly behaved, giving zero phase speed for the sh
represented waves, and also giving a zero group speed for some modes. 

Finally, the E grid is shown in Fig. 7.2. The grid spacing for the E grid is chosen 

, so that the “density” of  points is the same as in the other four grids. The E
at first seems perfect; no averaging is needed for the coriolis terms, the pressure-g
terms, or the mass convergence / divergence terms. Nevertheless there is a problem
becomes apparent if we consider a solution that is uniform in one of the grid direction
the -direction. In that case, we effectively have a one-dimensional problem. In

dimension, the E grid “collapses” to the A grid, with a reduced grid spacing 
For such one-dimensional motions, the E grid has all the problems of the A grid. T
problems are apparent in the plot of the dispersion equation, given in Fig. 7.2. (For the 

the nondimensional frequency is plotted as a function of  and *, out to a value of ;
this corresponds to the shortest “one-dimensional” mode.) The group speed is zero fo
combinations of  and . 

Now recall the conclusion of AL, described earlier, that the C grid gives a g
simulation of geostrophic adjustment provided that . Large-scale modelers are
happy to choose  so that  can be less than one. Nevertheless, in practice mo
which  can be unavoidable, at least for some situations. For example, Hansen
(1983) described a low-resolution atmospheric GCM, which they called Model II, desi
for very long climate simulations in which low resolution was a necessity. Model II us
grid size of 10 degrees of longitude by 8 degrees of latitude; this means that the grid si
larger than the radius of deformation for many of the physically important modes that 
be represented on the grid. As shown by AL, such modes cannot be well simulated us
C grid. Having experienced these problems with the C grid, Hansen et al. (1983) chose
grid for Model II.

Ocean models must contend with small radii of deformation, so that very fine 
are needed to ensure that , even for external modes. For this reason, ocean 
tend to use the B grid (e.g., Semtner and Chervin, 1992). 

In addition, three-dimensional models of the atmosphere and ocean generate in
modes. With vertical structures typical of current general circulation models, the highes
internal modes can have radii of deformation on the order of 50 km or less. The same 
may have a horizontal grid spacing on the order of 500 km, so that  can be on the
of 0.1.   Fig. 7.3 demonstrates that the C grid behaves very badly for . The p
speed actually decreases monotonically as the wave number increases, and becomes
small for the shortest waves that can be represented on the grid. Janjic and Mesinger (
have emphasized that, a result, models that use the C grid have difficulty in representin
geostrophic adjustment of high internal modes. In contrast, the dispersion relation for t
grid is qualitatively insensitive to the value of . The B grid has moderate problems 

, but these problems do not become significantly worse for . 

In summary, the C grid does well with deep, external modes, but has se
problems with high internal modes, whereas the B grid has moderate problems w
modes.
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1597.4    Numerical simulation of geostrophic adjustment. as a guide to grid design
Figure 7.3: Dispersion relations for the continuous shallow water equations, and for
finite-difference approximations based on the B, C, and Z grids. The
horizontal coordinates in the plots are and l , respectively, except for

the E grid, for which  and  are used. The vertical coordinate is the
normalized frequency, . For the E grid, the results are meaningful

only in the triangular region for which . The left column
shows results for , and the right column for .
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Now consider an unstaggered grid for the integration of (7.31) - (7.33), which
called the Z grid by Randall (1994). This grid is also illustrated in Fig. 7.2. Inspection s
that with the Z grid the components of the divergent part of the wind “want” to be stag
as in the C grid, while the components of the rotational part of the wind “want” to
staggered as in the D grid. This means that the Z grid does not correspond to any of th
A through E. 

No averaging is required with the Z grid. The only spatial differential oper

appearing in (7.31) - (7.33) is the Laplacian, , which is applied to  in the diverg
equation. With the usual centered finite-difference stencils, the finite-differe

approximation to  is defined at the same point as  itself. An unstaggered grid is 
natural choice for the numerical integration of (7.31) - (7.33). 

Fig. 7.3 shows that the dispersion relation for the Z grid is very close to that of 
grid, for , but is drastically different for . Whereas the C grid beha
very badly for , the dispersion relation obtained with the Z grid is qualitativ
insensitive to the value of ; it resembles the dispersion relation for the contin
equations, in that the phase speed increases monotonically with wave number and th
speed is non-zero for all wave numbers. Since the Z grid is unstaggered, collapsing it
dimension has no effect.

The discussion presented above suggests that geostrophic adjustment in s
water is well simulated on an unstaggered grid when the vorticity and divergence equ
are used. The vorticity and divergence equations are routinely used in global spectral m
but are rarely used in global finite-difference models. The reason seems to be tha
necessary to solve elliptic equations to obtain the winds from the vorticity and diverg
e.g., to evaluate the advection terms of the nonlinear primitive equations. As discusse
such solution procedures can be computationally expensive in finite-difference mode
are not expensive in spectral models. It may be appropriate to re-examine this point
light of modern algorithms for solving linear systems, e.g., multi-grid methods.

7.5 Time-differencing schemes for the shallow-water equations

In this section we will consider both space and time differencing for the linear
shallow water equations.

We begin our discussion with the one-dimensional shallow-water equations.
spatial coordinate is , and the single velocity component is . We consider the non-ro

case with . We have divergence (i.e., ), but no vorticity. Linearizing about a sta

rest, the continuous equations are (7.3) and (7.4). 

We use a staggered one-dimensional (1D) grid, which for this simple problem ca
can be interpreted as the 1D C grid, or the 1D B grid, or the 1D Z grid. The most ob
possible scheme is centered in both space and time:

∇ 2( ) h

∇ 2
h h
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1617.5    Time-differencing schemes for the shallow-water equations

,

odes
, (7.35)

. (7.36)

Compare with (7.20)-(7.21). With assumed solutions of the form 

, and the usual definition of the amplification factor, we find that

, (7.37)

. (7.38)

Non-trivial solutions occur for

, (7.39)

where . As should expected with the leapfrog scheme, there are four m
altogether. Two of these are physical and two are computational. 

We can solve (7.39) as a quadratic equation for . As a first step, rewrite it as

, (7.40)

where, for convenience, we define

. (7.41)

Obviously, for  with fixed  we get . The solution of (7.40) is 
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. (7.42)

Inspection of (7.42) shows that for , we get , as expected. For 
see that

. (7.43)

It follows that 

, , for , (7.44)

from which we obtain

 for . (7.45)

A plot of (7.45) is given in Fig. 7.4. Eq. (7.43) also implies that

 for . (7.46)

The scheme is thus neutral for , as could be anticipated from our earlier discuss
the oscillation equation. 
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Figure 7.4: A plot of  as a function of , for . 2θ( )tan b b 4≤
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Returning to (7.43), we find that

, , and  for . (7.47)

You should be able to see that for  there are always unstable modes.

We conclude that the scheme is stable and neutral for . This condition can

be written as . The worst case occurs for , whi

corresponds to , i.e., the -wave. It follows that 

 is required for stability, (7.48)

and that the first wave to become unstable will be the -wave. 

In atmospheric models, the fastest gravity waves, i.e., the external-gravity or “La
waves, have speeds on the order of 300 m s-1, which is also the speed of sound. The stabil
criterion for the leapfrog scheme as applied to the wave problem, i.e., (7.48), can there
painful. In models that do not permit vertically propagating sound waves (i.e., quasi-
models, or anelastic models, or shallow-water models), the external gravity wave is a
always the primary factor limiting the size of the time step. This is unfortunate, becaus
external gravity modes are believed to play only a minor role in weather and cli
dynamics. 

With this in mind, the gravity-wave terms of the governing equations are o
approximated using implicit differencing. For the simple case of first-order backward-im
differencing, we replace (7.35)-(7.36) by

, (7.49)

. (7.50)

This leads to

, (7.51)
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 and
. (7.52)

The condition for non-trivial solutions is

, (7.53)

which, using (7.41), is equivalent to 

. (7.54)

This time there are no computational modes; the two physical modes satisfy

(7.55)

The solutions are always oscillatory, and 

, (7.56)

i.e., the scheme is unconditionally stable, and in fact it damps all modes. 

The trapezoidal implicit scheme gives superior results; it is more accurate,
unconditionally neutral. We replace 7.49-50 by

, (7.57)
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. (7.58)

This leads to

, (7.59)

. (7.60)

For non-trivial solutions, we need

. (7.61)

Using (7.40), we can show that this is equivalent to

(7.62)

The solutions are

. (7.63)

It follows that  for all modes, i.e., the scheme is unconditionally neutral.

The disadvantage of such implicit schemes is that they give rise to matrix prob
i.e., the various unknowns must be solved for simultaneously at all grid points. 

Inspection of (7.3) and (7.4) suggests another approach, which is related to a s
that is sometimes called “pressure averaging” (Haltiner and Williams, 1980). We can inte
the mass equation using an explicit method, then use the updated mass field in to com
pressure-gradient force of the momentum equation. This approach is “partly implicit,
does not give rise to a matrix problem. Here we present a version due to Higdon (
simplified for application to the 1D non-rotating shallow-water system that we have 
discussing. The scheme is divided into “steps:”

Step 1: Predict the velocity using a forward time step:
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. (7.64)

Step 2: Update the mass field using an “imitation” trapezoidal step:

. (7.65)

Step 3: Update the wind field again using a “true” trapezoidal step:

. (7.66)

Because we update the wind field twice, this approach requires 1.5 times as much wo
the two equations considered here) as the schemes discussed above. As we sh
however, the time step can be increased, relative to the other schemes, and it turns 
there is a net gain in computational speed.

We begin our analysis of Higdon’s scheme by using (7.64) to write 

, . (7.67)

Substituting these equations into (7.65), we obtain

. (7.68)

Eqs. (7.66) and (7.68) lead to

, (7.69)

. (7.70)
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Using the trigonometric identity , we can rewrite (7.70) as

. (7.71)

Nontrivial solutions of (7.69) and (7.71) satisfy

, (7.72)

which, using (7.41), can be simplified to

.

The solutions are

. (7.73)

For , find that

. (7.74)

The scheme is thus neutral for . It follows that 

 is required for stability. (7.75)

The allowed time step is thus double that of the leapfrog scheme. 

Going to two dimensions and adding rotation does not change much. The Co
terms can easily be made implicit if desired, since they do not involve spatial derivatives

7.6 Summary and conclusions

Horizontally staggered grids are important because they make it possible to av
minimize computational modes in space, and to realistically simulate geostrophic adjus
The Z-grid gives the best overall simulation of geostrophic adjustment, for a range o
sizes relative to the radius of deformation. In order to use the Z-grid, it is necessary to s
pair of Poisson equations on each time step.
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The rapid phase speeds of external gravity waves limit the time step that can b
with explicit schemes. Implicit schemes can be unconditionally stable, but in order t
them it is necessary to solve the equations simultaneously for all grid points. 

Problems

1. Derive the dispersion equation for the C-grid, as given in Fig. 7.2.

2. Analyze the stability of the following scheme, which is an alternative to 
Higdon (2002) scheme:

Step 1: Predict the mass field using a forward time step:

. (7.76)

Step 2: Update the wind field using an “imitation” trapezoidal step:

. (7.77)

Step 3: Update the mass field again using a “true” trapezoidal step:

. (7.78)
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CHAPTER 8 Schemes for the one-dimensional 
nonlinear shallow-water 
equations
phy,
s, ,

 of the
ich is

nuous
ossible

) and
8.1 Properties of the continuous equations

Consider the one-dimensional shallow-water equations, with bottom topogra
without rotation and with . The prognostic variables are the water depth or mas
and the speed, . The exact equations are 

, (8.1)

and

. (8.2)

Here 

 (8.3)

is the kinetic energy per unit mass,  is the acceleration of gravity, and  is the height
bottom topography. Note that in (8.2) the vorticity has been assumed to vanish, wh
reasonable in the absence of rotation and in one dimension. 

The design of the scheme is determined by a sequence of choices. It is always good to
have choices. The first thing that we have to choose is the particular form of the conti
equations that the space-differencing scheme is designed to mimic. Eq. (8.2) is one p
choice for the continuous form of the momentum equation. An alternative choice is

, (8.4)

i.e., the flux form of the momentum equation, which can be derived by combining (8.1
(8.2). 

v 0= h
u

t∂
∂h

x∂
∂ hu( )+ 0=

t∂
∂u

x∂
∂ K g h hS+( )+[ ]+ 0=

K 1
2
---u

2≡

g hS

t∂
∂ hu( )

x∂
∂ huu( ) gh

x∂
∂ h hS+( )+ + 0=
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hich
, if we

main

) by

 to
The continuous shallow-water equations have important “integral properties,” w
we will use as a guide in the design of our space-differencing scheme. For example
integrate (8.1) with respect to , over a closed or periodic domain, we obtain

, (8.5)

which means that mass is conserved. 

Using

, (8.6)

we can rewrite (8.4) as

. (8.7)

If we integrate with respect to , over a periodic domain, we obtain

. (8.8)

This shows that in the absence of topography, i.e., if  everywhere, the do

average of  is invariant, i.e., momentum is conserved. 

The flux form of the kinetic energy equation can be derived by multiplying (8.1
 and (8.2) by , and adding the results, to obtain

. (8.9)

The last term of (8.9) represents conversion between potential and kinetic energy. 

The potential energy equation can be derived by multiplying (8.1) by 
obtain

, (8.10)

or

x

td
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mpare

tain a

time
ggered
teger
. The
. Our

ng
(8.11)

The last term of (8.11) represents conversion between kinetic and potential energy; co
with (8.9). In deriving (8.10), we have assumed that  is independent of time. 

When we add (8.9) and (8.10), the energy conversion terms cancel, and we ob
statement of the conservation of total energy, i.e.

. (8.12)

The integral of (8.10) over a closed or periodic domain gives

, (8.13)

which shows that the domain-integrated total energy is invariant.

8.1 Space differeencing

Now consider finite-difference approximations to (8.1) and (8.2). We keep the 
derivatives continuous, and explore the effects of space differencing only. We use a sta
grid, with  defined at integer points (hereafter called mass points) and  at half-in
points (hereafter called wind points). The grid spacing, , is assumed to be uniform
grid is shown in Fig. 8.1. It can be viewed as a one-dimensional version of the C grid

selection of this particular grid is a second choice made in the design of the space-differenci
scheme. 

The finite difference version of the mass conservation equation is

. (8.14)

It should be understood that
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∂ hg hS
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h u
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Figure 8.1: The staggered grid used in the one-dimensional case.
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ence

gh we
s flux
kes it
d. i.e.,

t mass
-order
 finite-

 of
. (8.15)

The “wind-point” masses, e.g., , are undefined at this stage. The finite-differ

approximation used in (8.14) is consistent with second-order accuracy in space, althou
cannot really determine the order of accuracy until the finite-difference form of the mas
has been specified. We have already discussed how the “flux form” of (8.14) ma
possible for the model to conserve mass, regardless of how the mass fluxes are define

. (8.16)

This is analogous to (8.5). 

The finite-difference momentum equation that mimics (8.2) is

. (8.17)

The kinetic energy per unit mass, , is also undefined at this stage, but resides a
points. The finite-difference approximations used in (8.17) are consistent with second
accuracy in space, although we cannot really determine the order of accuracy until the
difference forms of the mass flux and kinetic energy are specified. 

Multiply (8.17) by  to obtain

. (8.18)

In order to mimic the differential relationship (8.6) we must require that

, (8.19)

which leads to

. (8.20)

Use of (8.20) will make it possible for the finite-difference model to mimic (8.8). In view
(8.20), we can write
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 flux
. (8.21)

Combining (8.20) with the continuity equation (8.14), we see that we can wr
continuity equation for the wind points, as follows:

. (8.22)

It should be clear from the form of (8.22) that the “wind-point mass” is actually conserve
the model. Of course, we do not actually use (8.22) when we integrate the model; inste
use (8.14). Nevertheless, (8.22) will be satisfied, because it can be derived from (8.1
(8.20). An alternative form of (8.22) is

, (8.23)

where

 and . (8.24)

Now add (8.18) and *(8.23), and use (8.19), to obtain what “should be” the

form of the momentum equation, analogous to (8.7):

(8.25)

Suppose that the kinetic energy is defined by

. (8.26)

Then we can write
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(8.27)

This is a flux form. The momentum flux at the point  is , and 

momentum flux at the point  is . Because (8.27) is a fl

form, momentum will be conserved by the scheme if we define the kinetic energy by (8.26.
Note, however, that (8.26) can give a negative value of  when  is dominated by the

mode. Also, when  is dominated by the -mode, the momentum flux is always neg
i.e., in the  direction, assuming that the interpolated masses that appear in the mom
fluxes are positive. 

Next, we derive the kinetic energy equation. Recall that the kinetic energy is de
at mass points. To begin the derivation, multiply (8.17) by  to obtain

(8.28)

Rewrite (8.28) for grid point , simply by subtracting one from each subscript:

.(8.29)
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uity
Now add (8.28) and (8.29), and multiply the result by :

(8.30)

This is an advective form of the kinetic energy equation. 

Now we try to derive, from (8.30) and (8.14), a flux form of the kinetic ene
equation. Begin by multiplying (8.14) by : 

. (8.31)

Keep in mind that we still do not know what  is; we have just multiplied the contin
equation by a mystery variable. Add (8.31) and (8.30) to obtain 

(8.32)
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Eq. (8.32) “should” be a flux form of the kinetic energy equation. 

The advection terms on the second line of (8.32) are very easy to deal with. The
be rearranged to

. (8.33)

This has the form of a “finite-difference flux divergence.” The conclusion is that these t
are consistent with kinetic energy conservation under advection, simply by virtue of
form, regardless of the method chosen to determine .

Next, consider the energy conversion terms on the third line of (8.32), i.e.

. (8.34)

We digress here to discuss the potential energy equation. The finite-difference form 
potential energy equation can be derived by multiplying (8.14) by : 

. (8.35)

This is analogous to (8.10). We want to recast (8.35) so that we see advection of po
energy, as well as the energy conversion term corresponding to (8.34); compare with 
We write

(8.36)

where “ ” represents the advection of potential energy, in flux form. The second lin
(8.36) is a copy of the energy conversion terms of (8.32), but with the sign reverse
require that (8.36) be equivalent (8.35), and ask what form of  is implied by
requirement. The answer is:
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(8.37)

This has the form of a finite-difference flux divergence, as desired. Substituting back, w
that the potential energy equation can be written as

(8.38)

Now consider the time-rate-of-change terms of (8.32). Obviously, the first lin

(8.32) must be analogous to . For convenience, we define

. (8.39)

Substituting for the mass fluxes from (8.21), we can write (8.39) as 

. (8.40)

The requirement for kinetic energy conservation is

. (8.41)
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for  on the right-hand side of (8.41), and check to see whether the resulting equa
actually satisfied. 

The bad news is that if we use (8.26), we find that (8.41) is not satisfied. This m
that we cannot have both momentum conservation under advection and kinetic e
conservation, when we start from the continuous form of (8.2). 

Two alternative definitions of the kinetic energy are

(8.42)

and

. (8.43)

With either of these definitions,  cannot be negative. We can show that the sum ov

domain of  given by (8.42) is equal to the sum over the domain of  given by (8
Either choice allows (8.41) to be satisfied, so both are consistent with kinetic e
conservation under advection, but neither is consistent with momentum conservation
advection. 

In summary, when we start from the continuous form of (8.2), we can have e
momentum conservation under advection or kinetic energy conservation under advecti
not both. Which is better depends on the application.

An alternative approach is to start from a finite-difference form of the momen
equation that mimics (8.4). In that case, we can conserve both momentum under ad
and kinetic energy under advection. 

When we generalize to the two-dimensional shallow-water equations with rota
the issues discussed here have to be revisited. 

8.2 Summary

With the one-dimensional advection equation we had “propagation” in one dire
only, and with a second-order space-centered scheme for this equation we had to c
with one physical mode and one computational mode. The one-dimensional wave equa
equivalent to a pair of one-dimensional advection equations, so that we have a p
physical modes and a pair of computational modes -- one of each propagating in each
two spatial directions. 

The advection equation “prefers” uncentered space differencing, but centered 
differencing is most natural with the wave equation. 

An unstaggered grid permits computational modes in space, essentially allowin
distinct solutions that live separate lives and do not interact. A staggered grid he
overcome the problem of computational modes in space. Many staggering schem
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possible, especially in two or three dimensions. Some of the schemes give partic
realistic propagation characteristics, allowing realistic simulation of such important proc
as geostrophic adjustment. 

In a model that permits both quasi-geostrophic motions and inertia-gravity w
such as a primitive-equation model, the time step is normally limited by the stability crit
for the inertia-gravity waves.

Finally, we have explored the conservation properties of spatial finite-differe
approximations of the momentum and continuity equations for one-dimensional non-ro
flow, using a staggered grid. We were able to find a scheme that guarantees conserv
mass, conservation of momentum in the absence of bottom topography, conserva
kinetic energy under advection, conservation of potential energy under advection
conservation of total energy in the presence of energy conversion terms. 
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Problems

1. Repeat the analysis of Section 8.1  using the Z grid instead of the C grid.

2. Consider the linearized (about a resting basic state) shallow-water equ
without rotation on the one-dimensional versions of the A grid and the C grid
the distance between neighboring mass points be  on both grids. Use lea
time differencing. Derive the stability criteria for both cases, and compare the
results.

3. Write down differential-difference equations for the linearized (about a res
basic state) one-dimensional shallow water equations without rotation o
unstaggered grid (the A grid), and using fourth-order accuracy for the spa
derivatives. (It is not necessary to prove the order of accuracy in this prob
Perform an analysis to determine whether or not the scheme has computa
modes. Compare with the corresponding second-order scheme.

4. Program the two-dimensional linearized shallow water equations for the A
and the C-grid, using a mesh of 101 x 101 mass points, with periodic boun
conditions in both directions. Use leapfrog time differencing. Set g = 0.1 m s-2, H
= 103 m, f = 0.5 x 10-4 s-1, and d = 105 m. 

In the square region

(8.44)

apply a forcing in the continuity equation, of the form

, (8.45)

and set  at all other grid points. Adopt the valu

. In addition, for the entire domain apply 

forcing of the form

(8.46)

d

45 i 55  ,≤ ≤
45 j 55  ,≤ ≤

∂h
∂t
------ 

 
noise

1–( )i j+ NeiωNt=

∂h
∂t
------ 

 
noise

0=

ωN 2π 10 3–×   s 1 – ;and N 10 4 – = = ms 1 –

∂h
∂t
------ 

 
smooth

S 2πx
L

--------- 
  2πy

L
--------- 

  eiωStsinsin=
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with  and 

 

S

 

 = 10

 

-4

 

 m s

 

-1

 

. Here 

 

L

 

 is 101 x 

 

d, 

 

the width of the

domain. 

Finally, include damping in the momentum equations, of the form

(8.47)

where . Because the model has both forcing and damping, 

possible to obtain a statistically steady solution. 

a) Analyze the stability of the two models without the forcing or damping ter
Using your results, choose a suitable time step for each model. Note: The fo
and damping terms are not expected to limit the time step, so we simply omit
in our analysis of the stability criterion. 

b) As initial conditions, put , , and . Run both versions of t

model for at least 10

 

5

 

 simulated seconds, and analyze the results. Your ana
should compare various aspects of the solutions, in light of the discussion giv
this chapter. 

c) Repeat your runs using 

 

. 

 

Discuss the changes in your results

ωs
2π gH

L
------------------   s 1 – =

∂u
∂t
------ 

 
fric

Ku  ,–=

∂v
∂t
----- 

 
fric

Kv  ,–=

K 2 10× 5–= s 1–

u 0= v 0= h 0=

f 2 10× 4– s 1–=
An Introduction to Atmospheric Modeling



  182      Schemes for the one-dimensional nonlinear shallow-water equations 
  
An Introduction to Atmospheric Modeling



Revised April 22, 2004 4:43 pm
   

Copyright 2004 David A. Randall

 
CHAPTER 9

 

Vertical Differencing for Quasi-
Static Models
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9.1 Introduction

Vertical differencing is a very different problem from horizontal differencing. T
may seem odd, but the explanation is very simple. There are three primary factors.
gravitational effects are very powerful, and act only in the vertical. Second, the Ea
atmosphere is very shallow compared to its horizontal extent. Third, the atmosphere
lower boundary. 

To construct a vertically discrete model, we have to make a lot of choices, inclu
these:

• The governing equations: Quasi-static or not? Shallow atmosphere or no
Anelastic or not?

• The vertical coordinate system

• The vertical staggering of the model’s dependent variables

• The properties of the exact equations that we want the discrete equations 
mimic

As usual, these choices will involve trade-offs. Each possible choice will have strength
weaknesses. 

We must also be aware of possible interactions between the vertical differencin
the horizontal and temporal differencing.

9.2 Choice of equation set

The speed of sound in the Earth’s atmosphere is about 300 m s-1. If we permit
vertically propagating sound waves, then, with explicit time differencing, the largest time
that is compatible with linear computational stability can be quite small. For example
model has a vertical grid spacing on the order of 300 m, the allowed time step will be o
order of 1 second. This may be palatable if the horizontal and vertical grid spacing
comparable. On the other hand, with a horizontal grid spacing of 30 km and a vertica
spacing of 300 m, vertically propagating sound waves will limit the time step to abou
percent of the value that would be compatible with the horizontal grid spacing. That’s h
take.
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There are four possible ways around this problem. One approach is to use a

equations that filters sound waves, i.e., “anelastic” equations. There are some issues w
approach, depending on the intended applications of the model, but anelastic models a
widely used and the anelastic equations can be an excellent choice for some applic
e.g., cloud modeling. 

A second approach is to adopt the quasi-static system of equations, in whic
equation of vertical motion is replaced by the hydrostatic equation. The quasi-static sys
equations filters vertically propagating sound waves, while permitting Lamb waves, w
are sound waves that propagate only in the horizontal. The quasi-static system is wide
in global models for both weather prediction and climate.

The third approach is to use implicit or partially implicit time differencing, which c
permit a long time step even when vertically propagating sound waves occur. The
disadvantage is complexity.

The fourth approach is to “sub-cycle.” This means that small time steps are us
integrate the terms of the equations that govern sound waves, while longer time steps a
for the remaining terms.

 

9.3 General vertical coordinate

 

The most obvious choice of vertical coordinate system, and one of the least use
height. As you probably already know, the equations of motion are frequently expr
using vertical coordinates other than height. The most basic requirement for a variable
used as a vertical coordinate is that it vary monotonically with height. Even this require
can be relaxed; e.g. a vertical coordinate can be independent of height over some laye
atmosphere, provided that the layer is not too deep. 

Factors to be weighed in choosing a vertical coordinate system for a parti
application include the following:

• the form of the lower boundary condition (simpler is better);

• the form of the continuity equation (simpler is better);

• the form of the horizontal pressure gradient force (simpler is better, and a pu
gradient is particularly good); 

• the form of the hydrostatic equation (simpler is better);

• the “vertical motion” seen in the coordinate system (less vertical motion is
simpler and better);

• the method used to compute the vertical motion (simpler is better).

Each of these factors will be discussed below, for specific vertical coordinates. We 
however, by presenting the basic governing equations, 

 

for quasi-static motions,

 

 using a
general vertical coordinate.

Kasahara (1974) published a detailed discussion of 

 

general

 

 vertical coordinates for

 

quasi-static

 

 models. A more modern discussion of the same subject is given by Kono
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Arakawa (1997). In a general vertical coordinate, , the quasi-static equation ca
expressed as

(9.1)

where  is the geopotential,  is the acceleration of gravity,  is height,  is
pressure, and  is the specific volume. In deriving (9.1), we have used the hydro
equation in the form

, (9.2)

and we define

(9.3)

as the pseudo-density, i.e., the amount of mass (as measured by the pressure dif
between two -surfaces. The minus sign in (9.3) is arbitrary, and can be included 
according to taste, perhaps depending on the particular choice of . 

The equation expressing conservation of an arbitrary intensive scalar, , c
written as

. (9.4)

Here 

(9.5)

is the rate of change of  following a particle, and  is the source or sink of , pe

mass. Eq. (9.4) can be derived by adding up the fluxes of  across the boundaries of a
volume. We can obtain the continuity equation in -coordinates from (9.4), by putting 
and : 

. (9.6)

ζ

ζ∂
∂φ

p∂
∂φ

 
 

ζ∂
∂p

 
 =

αmζ    ,=

φ gz≡ g z p
α

p∂
∂φ α–=

mζ ζ∂
∂p

 
 –≡

ζ
ζ

ψ

t∂
∂ mζψ 

 
ζ

∇ ζ mζVψ( )•
p∂

∂ mζ ζ̇ψ( )+ + mζSψ=

ζ̇ Dζ
Dt
-------≡

ζ Sψ ψ
ψ

ζ ψ 1≡
Sψ 0≡

t∂
∂mζ

 
 

ζ
∇ ζ mζV( )•

p∂
∂ mζ ζ̇( )+ + 0=
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By combining (9.4) and (9.6), we can obtain the advective form of the conserv
equation for :

, (9.7)

where the Lagrangian or material time derivative is expressed by

. (9.8)

For example, the vertical pressure velocity, 

, (9.9)

can be written as

(9.10)

The lower boundary condition, i.e., that no mass crosses the Earth’s surfa
expressed by requiring that a particle which is on the Earth’s surface remain there:

. (9.11)

In the special case for which  is independent of time and the horizontal coordinates, 

reduces to . Eq. (9.11) can actually be derived by integration of (9.6) througho
entire atmospheric column, which gives

(9.12)

Here  is the value of  at the top of the model atmosphere. We allow the possibilit
the top of the model is placed at a finite height. Even if the top of the model is at the “
the atmosphere,” i.e., at , the value of  may or may not be finite, depending o

ψ

mζ
Dψ
Dt
-------- Sψ=

D
Dt
------( )

t∂
∂

 
 

ζ
V ∇ ζ• ζ̇

ζ∂
∂+ +=

ω Dp
Dt
-------≡

ω
t∂

∂p
 
 

ζ
V ∇ ζp• ζ̇

ζ∂
∂p+ +=

t∂
∂p

 
 

ζ
V ∇ ζp• mζ ζ̇   .–+=

t∂
∂ζS VS ∇ζ S• ζ̇ S–+ 0=

ζS

ζ̇S 0=

t∂
∂ mζζS

ζT

∫  ds ∇ mζV
ζS

ζT

∫  ds 
 •+

t∂
∂ζS VS ∇ζ S• ζ̇ S–+ 

 
t∂

∂ζT VT ∇ζ T• ζ̇ T–+ 
 –+ 0    .=

ζT ζ

p 0= ζT
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 is the
definition of . The quantity  represents the mass flux across the

of the atmosphere, which we assume to be zero. Similarly, , whic

identical to the left-hand side of (9.11), represents the mass flux across the Earth’s surf

Substituting (9.11) into (9.12), we find that

. (9.13)

In view of (9.3), this is equivalent to

, (9.14)

which is the surface pressure tendency equation. Depending on the definitions of  and

may or may not be appropriate to set . By analogy with the derivation of (9.14

can show that the pressure tendency on an arbitrary -surface satisfies

. (9.15)

The thermodynamic equation can be written as

, (9.16)

where  is the specific heat of air at constant pressure,  is the specific volume, and 
heating rate per unit mass. An alternative form of the thermodynamic equation is 

, (9.17)

where 

, (9.18)

ζ
t∂

∂ζT VT ∇ζ T• ζ̇ T–+

t∂
∂ζS VS ∇ζ S• ζ̇ S–+

t∂
∂ mζζS

ζT

∫  dζ ∇ mζV
ζS

ζT

∫  dζ 
 •+ 0=

t∂
∂pS

t∂
∂pT– ∇ V

pT

pS

∫  dp 
 •+ 0=

ζ ζ T

t∂
∂pT 0=

ζ

t∂
∂p

 
 

ζ t∂
∂pT– ∇ mζV

ζ

ζT

∫  dζ 
 • mζ ζ̇( )ζ–+ 0=

cp t∂
∂T

 
 

ζ
V ∇ ζT• ζ̇

ζ∂
∂T+ + ωα Q+=

cp α Q

t∂
∂θ

 
 

ζ
V ∇ ζθ• ζ̇

ζ∂
∂θ+ + Q

Π
----=

Π cp
T
θ
---≡ cp

p
p0
----- 

  κ
=
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is the Exner function. In (9.18),  is the potential temperature;  is a constant refe

pressure, usually taken to be 1000 hPa, and , where  is the gas constant. 

9.3.1 The equation of motion and the HPGF

The horizontal momentum equation can be written as 

. (9.19)

Here  is the horizontal pressure-gradient force (HPGF), which is expressed as 

the gradient of the geopotential along an isobaric surface, and  is the friction vector. Using
the relation

(9.20)

we can rewrite the HPGF as

. (9.21)

In view of (9.1), this can be expressed as

. (9.22)

This is a nice result. For the special case , (9.23) reduces to , an

the special case  it becomes . These are both very familiar. 

Another useful form of the HPGF is expressed in terms of the Montgomery pote
which is defined by 

. (9.23)

For the special case in which , which will be discussed in detail later, the hydro
equation (9.1) can be written as

. (9.24)

θ p0

κ R
cp
-----≡ R

t∂
∂V

 
 

ζ
V ∇ ζ•( )V ζ̇

ζ∂
∂V+ + ∇ pφ– fk V×– F+=

∇ pφ–

F

∇ p ∇ ζ ∇ ζp( )
p∂

∂–=

∇ ζ
∇ ζp( )
mζ

--------------
ζ∂

∂     ,+=

∇ pφ– ∇– ζφ 1
mζ
------

ζ∂
∂φ ∇ ζp( )–=

∇ pφ– ∇– ζφ α∇ ζp–=

ζ z≡ ∇ pφ– α∇ zp–=

ζ p= ∇ pφ– ∇– pφ=

M cpT φ+≡

ζ θ≡

θ∂
∂M Π=
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With the use of (9.23) and (9.24), Eq. (9.21) can be expressed as

. (9.25)

This form of the HPGF will be discussed later.

When the HPGF is a gradient, it has no effect in the vorticity equation, since the
of the gradient is always zero. It is apparent from (9.22) and (9.25), however, that in g
the HPGF is not simply a gradient. When the HPGF is not a gradient, it can spin up o
down a circulation on a  surface. From (9.22) we see that the HPGF is a pure gradi

, and from (9.25) we see that the HPGF is a pure gradient for . This i
advantage shared by the pressure and theta coordinates. 

The vertically integrated HPGF has a very important property that can be used in
design of vertical differencing schemes. With the use of (9.3), we can rewrite (9.21) as

. (9.26)

Vertically integrating with respect to mass, we find that

. (9.27)

Suppose that  or , and consider a line integral of 

vertically integrated HPGF, i.e., , along a closed path. It follows from (9

that the line integral must vanish if the surface geopotential is constant along the p
integration. In other words, in the absence of topography along the bounding path th
cannot be any net spin-up or spin-down of a circulation in the region enclosed by the
Later we will show how this important constraint can be mimicked in a vertically disc
model. 

9.3.2 Vertical mass flux for a family of vertical coordinates

Konor and Arakawa (1997) derived a diagnostic equation that can be used to co

 for a large family of vertical coordinates that can be expressed as functions of the po
temperature, the pressure, and the surface pressure, i.e.,

. (9.28)

While not completely general, Eq. (9.28) does cover a variety of interesting cases, whic
be discussed below. By differentiating (9.28) with respect to time on a constant  surfa
find that 

∇ pφ– ∇– ζM Π∇ ζθ+=

ζ
ζ p≡ ζ θ≡

∇ pφ– 1
mζ
------ ∇–

ζ
mζφ( ) 1

mζ
------

ζ∂
∂ φ∇ ζp( )–=

mζ ∇ pφ ζd

ζT

ζS

∫– ∇ ζ mζφ ζd

ζT

ζS

∫– φS pS∇– φT pT∇+=

φT constant= pT∇ 0=

mζ ∇ pφ ζd

ζT

ζS

∫–

ζ̇

ζ F θ p pS, ,( )≡

ζ
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,

. (9.29)

The chain rule tells us that this is equivalent to

. (9.30)

Substituting from (9.17), (9.15), and (9.14), we obtain

(9.31)

This can be solved for the vertical velocity, :

(9.32)

Here we have assumed that the heating rate, , is not formulated as an explicit func

. As a check, consider the special case , so that , and assume that 

as would be natural for the case of pressure coordinates. Then (9.32) reduces to 

0
t∂

∂ F θ p pS, ,( )
ζ

=

θ∂
∂F

t∂
∂θ

 
 

ζ p∂
∂F

t∂
∂p

 
 

ζ pS∂
∂F

t∂
∂pS+ + 0=

θ∂
∂F V ∇ ζθ• ζ̇

ζ∂
∂θ+ 

 – Q
Π
----+

p∂
∂F

t∂
∂pT ∇ mζV

ζ

ζT

∫  dζ 
 •– mζ ζ̇( )ζ++

pS∂
∂F

t∂
∂pT ∇ mζV

pT

pS

∫  dp 
 •–+ 0   .=

ζ̇

ζ∂
∂θ

θ∂
∂F mζ p∂

∂F–
 
 
 

ζ̇
θ∂

∂F V ∇ ζθ•– Q
Π
----+=

p∂
∂F

t∂
∂pT ∇ mζV

ζ

ζT

∫  dζ 
 •–+

pS∂
∂F

t∂
∂pT ∇ mζV

pT

pS

∫  dp 
 •–    .+

Q

ζ̇ F p≡ m 1=
t∂

∂pT 0=
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(9.28)

re

g

(9.33)

As a second special case, suppose that . Then (9.32) becomes

. (9.34)

Both of these are the expected results.

We assume that the model top is a surface of constant , i.e., . Because 
must apply at the model top, we can write

. (9.35)

9.4 Discussion of particular vertical coordinate systems

We now discuss the following nine particular choices of :

• height, 

• pressure, 

• log-pressure, used in many theoretical studies

• sigma, defined by , designed to simplify the lower boundary

condition

• a “hybrid,” or “mix,” of sigma and pressure coordinates, used in numerous
general circulation models including the forecast model of the European Cent
for Medium Range Weather Forecasts

• eta, which is a modified sigma coordinate, defined by , where

 is a time-independent function of the horizontal coordinates

• potential temperature, , which has many attractive properties and is now bein
used

ṗ ∇ mpV
ζ

ζT

∫  dp 
 •=

∇ V
p

pT

∫  dp 
 •   .=

F θ≡

θ̇ Q
Π
----=

ζ ζ ζ T=

θT∂
∂F

t∂
∂θT

 
 

ζ pT∂
∂F

t∂
∂pT

 
 

ζ pS∂
∂F

t∂
∂pS+ + 0=

ζ

z

p

σ
p pT–

pS pT–
-----------------≡

η
p pT–

pS pT–
----------------- 

  ηS≡

ηS

θ

An Introduction to Atmospheric Modeling



  192      Vertical Differencing for Quasi-Static Models 

’s

te are

 case

o the

 it is
y the

te the

of an
 Earth’s
This
here

,

• entropy, 

• a hybrid sigma-theta coordinate, which behaves like sigma near the Earth
surface, and like theta away from the Earth’s surface.

Of these nine possibilities, all except the height coordinate and the eta coordina
members of the family of coordinates given by (9.28).

9.4.1 Height

In height coordinates, the hydrostatic equation is

, (9.36)

where  is the density. We can obtain (9.36) simply by flipping (9.2) over. For the

of the height coordinate, the pseudodensity reduces to , which is proportional t
ordinary or “true” density. 

The continuity equation in height coordinates is 

. (9.37)

This equation is easy to understand, but it is mathematically complicated, in that
nonlinear and involves the time derivative of a quantity that varies with height, namel
density:

The lower boundary condition in height coordinates is

. (9.38)

Normally we can assume that  is independent of time, but (9.38) can accommoda

effects of a specified time-dependent value of  (e.g. to represent the effects 
earthquake, or a wave on the sea surface). Because height surfaces intersect the
surface, height-coordinates are relatively difficult to implement in numerical models. 
complexity is mitigated somewhat by the fact that the horizontal spatial coordinates w
the height surfaces meet the Earth’s surface are normally independent of time. 

Note that (9.37) and (9.38) are direct transcriptions of (9.6) and (9.11), respectively
with the appropriate changes in notation.

The thermodynamic energy equation is

s cp θln=

z∂
∂p ρg–=

ρ 1
α
---≡

ρg

t∂
∂ρ

 
 

z
∇ z ρV( )•

z∂
∂ ρw( )+ + 0=

t∂
∂zS VS ∇ zS• wS–+ 0=

zS

zS
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Here  is the diabatic heating per unit volume, and 

(9.40)

By using (9.40) in (9.39), we find that

, (9.41)

where the actual lapse rate and the dry-adiabatic lapse rate are given by

, (9.42)

and

, (9.43)

respectively. This form of the thermodynamic equation is awkward because it involve
time derivatives of both  and . The time derivative of the pressure can be eliminat
using the height-coordinate version of (9.15), which is

. (9.44)

Substitution into (9.41) gives

(9.45)

According to (9.45), the time rate of change of the temperature at a given height is influ

cpρ
t∂

∂T
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c– pρ V ∇ zT• w
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∂T+ 
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by the motion field through a deep layer. An alternative, considerably simpler form o
thermodynamic energy equation is

. (9.46)

In quasi-static models using height coordinates, the equation of vertical moti
replaced by the hydrostatic equation, in which  does not even appear. How then c
compute ? The height coordinate is not a member of the family of schemes defin
(9.28), and so (9.32), the formula for the vertical mass flux derived from (9.28), doe
apply. Instead,  is computed using “Richardson’s equation,” which is an expression 
physical fact that hydrostatic balance applies not just at a particular instant, but continu
through time. Richardson’s equation is actually closely analogous to (9.32), but som
more complicated. The derivation of Richardson’s equation is also more complicated th
derivation of (9.32). 

The equation of state is

. (9.47)

Logarithmic differentiation of (9.47) gives

. (9.48)

The time derivatives can be eliminated by using (9.37), (9.44) and (9.45). After 
manipulation, we find that

(9.49)

where

(9.50)

is the specific heat of air at constant volume. 

Eq. (9.49) can be simplified considerably as follows. Expand the vertical deriv
term using the product rule:

. (9.51)
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Logarithmic differentiation of the equation of state gives

, (9.52)

which is equivalent to

. (9.53)

Substitute (9.53) into (9.51) to obtain

. (9.54)

Finally, substitute (9.54) into (9.49), and combine terms, to obtain

. (9.55)

This is Richardson’s equation. It can be solved as a linear first-order ordinary differ
equation for , given a lower boundary condition and the information needed to com
the various terms on the right-hand side, which involve both the mean horizontal motio
the heating rate. A physical interpretation of (9.55) is that the vertical motion is whate
takes to maintain hydrostatic balance through time despite the fact that the various pro
represented on the right-hand side of (9.55) may tend to upset that balance. 

The complexity of Richardson’s equation has discouraged the use of h
coordinates in quasi-static models; one of the very few exceptions was the early NCAR
(Kasahara and Washington, 1967). 

As an example to illustrate the implications of (9.55), suppose that we 
horizontally uniform heating but no horizontal motion. Then (9.55) drastically simplifies 

. (9.56)

If the lower boundary is flat so that 

 at , (9.57)

then we obtain
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i.e., heating (cooling) below a given level induces rising (sinking) motion at that level.
rising motion induced by heating below a given level can be interpreted as a manifesta
the upward movement of air particles as the air expands above the rigid lower boundar

9.4.2 Pressure

The hydrostatic equation in pressure coordinates has already been stated; it is
The pseudo-density is simply unity, since (9.3) reduces to

(9.59)

As a result, the continuity equation in pressure coordinates is relatively simple; it is linea
does not involve a time derivative:

. (9.60)

On the other hand, the lower boundary condition is complicated:

. (9.61)

Recall that  can be predicted using the surface pressure-tendency equation, 
Substitution from (9.14) into (9.61) gives

, (9.62)

which can be used to diagnose . Nevertheless, the fact that pressure surfaces intersec
ground at locations that change with time (unlike height coordinates), means that mode
uses pressure coordinates are complicated. Largely for this reason pressure coordin
hardly ever used in numerical models. 

With the pressure coordinate, we can write

. (9.63)

This allows us to eliminate the temperature in favor of the geopotential, which is often
in theoretical studies.
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9.4.3 Log-pressure

Let  be a constant reference temperature. Define the “log-pressure coordinate” 
by the differential relationship

. (9.64)

Note that  has the units of length (i.e., height), and that  when 

Although generally , we can force . From (9.64), we see th

, (9.65)

where

. (9.66)

We also have the hydrostatic equation in the form

. (9.67)

Subtracting (9.65) from (9.67), we obtain a useful form of the hydrostatic equation:

. (9.68)

Since  and  are independent of time, we see that

. (9.69)

9.4.4 The -coordinate

The -coordinate of Phillips (1957) is defined by

, (9.70)

where we define 
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, (9.71)

which is independent of height. Obviously, 

 and . (9.72)

Note that for a fixed value of 

p, (9.73)

where the differential can represent a fluctuation in either time or (horizontal) space, with a
value of . Also, 

. (9.74)

Here the differentials are evaluated at fixed horizontal position. The pseudodensity 
coordinates in -coordinates is 

, (9.75)

which is independent of height. The continuity equation in -coordinates can therefo
written as

. (9.76)

Although this equation does contain a time derivative, the differentiated quantity, 
independent of height, which makes (9.76) considerably simpler than (9.6).

The lower boundary condition in -coordinates is very simple:

 at . (9.77)

This simplicity was in fact Phillips’ motivation for the invention of -coordinates. The up
boundary condition is similar:

 at . (9.78)

The continuity equation in -coordinates plays a dual role. First, it is used to predi
surface pressure. This is done by integrating (9.76) through the depth of the vertical colum
using the boundary conditions (9.77) and (9.78), to obtain the surface pressure-ten
equation in the form

. (9.79)
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The continuity equation is also used to determine . Once  has been evaluated

(9.79), which does not involve , we can substitute back into (9.76) to obtain

. (9.80)

This can be integrated vertically to obtain  as a function of , starting from eithe
Earth’s surface or the top of the atmosphere, and using the appropriate boundary cond
the top or bottom. The same result is obtained regardless of the direction of integration.

The hydrostatic equation is simply

. (9.81)

Finally, the horizontal pressure-gradient force takes a relatively complicated form:

. (9.82)

Using the hydrostatic equation, (9.81), we can rewrite this as

. (9.83)

Rearranging, we find that

. (9.84)

Vertically integrating (9.84) through the entire vertical column, we obtain 

. (9.85)

When we integrate around any closed path, the second term on the right-hand side o
vanishes because it is the integral of a gradient. The first term also vanishes, unless 
topography along the path of integration. In short, the vertically integrated HPGF van
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except in the presence of topography, in which case “mountain torque” may result.
conclusion is reached very easily when we start from (9.84). 

Consider the two contributions to the HPGF when evaluated near a mounta
illustrated in Fig. 9.1. Near steep topography, the spatial variations of  and the near-s

value of , along a -surface, are strong and of opposite sign. For example, moving
 decreases while  increases. As a result, the two terms on the right-hand side of

are individually large and opposing, and the HPGF is the relatively small difference be
them -- a dangerous situation. In numerical models based on the - coordinate, nea
mountains the relatively small discretization errors in the individual terms of the right-
side of (9.82) can be as large as the HPGF. This will be discussed further below.

9.5 More on the HPGF in -coordinates

Consider Fig. 9.2. At the point O, we have  and . We can write

(9.86)

Compare with (9.82). Evidently 

. (9.87)

The right-hand-side of (9.86) involves the gradient of the difference between  on 
surface and  on a -surface. Computation of this difference in a vertically discrete m
amounts to vertical interpolation of  from a -surface to a -surface, and therefore s
depend on the temperature through the hydrostatic equation. For a model that is disc
both the horizontal and vertical, we must choose  and  so that 

Figure 9.1: A mountain. As we move uphill in the  direction, the surface pressure
decreases and the surface geopotential increases.
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The numerator of the right-hand side of (9.88) increases when the terrain is steep
denominator increases when  is warm, i.e. near the surface. The inequality (9.88) mea

 must be fine enough for a given ; this shows that increasing the vertical resolutio
model -coordinate can cause problems unless the horizontal resolution is correspon
increased. One way to minimize problems is to artificially smooth the topography.

 

9.5.1 Hybrid sigma-pressure coordinates

 
The advantage of the sigma coordinate is realized in the lower boundary cond

The disadvantage, in terms of the complicated and poorly behaved pressure-gradient f
realized at all levels. This has motivated the use of hybrid coordinates that reduce to si
the lower boundary, and become pure pressure-coordinates at higher levels. In principl
are many ways of doing this. The most basic reference on this topic is the work of Sim
and Burridge (1981). They recommended the coordinate

, (9.89)

where  is specified as 1013.2 hPa. Inspection of (9.89) shows that  for 

 for . Eq. (9.89) can be expanded and simplified to yield

Figure 9.2: Evaluating the horizontal pressure gradient force.
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ξ ṗ pS,( ) p
pS
----- p

pS
----- 1– 

  p
pS
----- p

p0
-----– 

 +≡

p0 ξ 1= p pS=

ξ 0= p 0=
An Introduction to Atmospheric Modeling



 

  202      Vertical Differencing for Quasi-Static Models 

  

n -

varies in
ere are
rms is

  

anjic
tional

rface.

 at

re for

d so,

ap of

  

es of
dinate
rs. The
a few

 of the
thing!
e -
 flat in

, as
. (9.90)

Inspection of (9.90) shows that  as . With (9.89), the pressure on a

surface varies by less than one percent near the 10 mb level as the surface pressure 
the range 1013 mb to 500 mb. When we evaluate the HPGF with the -coordinate, th
still two terms, as with the -coordinate, but above the lower troposphere one of the te
strongly dominant. 

9.6 The -coordinate

As a solution to the problem with the HPGF in -coordinates, Mesinger and J
(1985) proposed the -coordinate, which is being used operationally at NCEP (the Na
Centers for Environmental Prediction):

, (9.91)

where

. (9.92)

Whereas  at the Earth's surface, Eq. (9.91) shows that  at the Earth's su

According to (9.92),  (just as ) if . Here  is chosen to be

or near “sea level.” The function  is pre-specified as a typical surface pressu

. Because  depends on the horizontal coordinates,  does too, an

therefore, does . In fact, after choosing  and , one can make a m

, and of course this map is independent of time. 

When we build a -coordinate model, we must specify (i.e., choose) fixed valu
 to serve as layer-edges and/or layer centers. Similarly, when we build an -coor

model, we must specify fixed values of  to serve as layer edges and/or layer cente
values of  to be chosen include the possible values of . This means that only 

discrete choices of  are permitted; the number increases as the vertical resolution
model increases. Mountains must come in a few discrete sizes, like off-the-rack clo
This is sometimes called the “step-mountain” approach. Fig. 9.3 shows how th
coordinate works near mountains. Note that, unlike -surfaces, -surfaces are nearly
the sense that the pressure is nearly uniform on them. The circled -points have 
a boundary condition on the sides of the mountains. 

In -coordinates, the HPGF still consists of two terms:
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Because the -surfaces are nearly flat, however, these two terms are each compa
magnitude to the HPGF itself, even near mountains, so the problem of near-cancellatio
not occur.

9.6.1 Potential temperature 

The potential temperature is defined by

. (9.94)

The potential temperature increase upwards in a statically stable atmosphere, so that in
case there is a monotonic relationship between  and . Note, however, that po
temperature cannot be used as a vertical coordinate when static instability occurs, and 
vertical resolution of a -coordinate model becomes very poor when the atmosphere is
to neutrally stable. 

Potential temperature coordinates have particularly useful properties that have
recognized for many years, and have become more widely appreciated during the past
or so. In the absence of heating, potential temperature is conserved following a particle
means that the vertical motion in -coordinates is proportional to the heating rate:

; (9.95)

in the absence of heating, there is “no vertical motion,” from the point of view of t

Figure 9.3: A schematic picture of the representation of mountains using the η coordinate.
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ion in
coordinates; we can also say that, in the absence of heating, a particle that is on a giv
surface remains on that surface. Eq. (9.95) is in fact an expression of the thermody
energy equation in -coordinates. In fact, -coordinates provide an especially s
pathway for the derivation of many important results, including the conservation equatio
the Ertel potential vorticity. In addition, -coordinates prove to have some impo
advantages for the design of numerical models (e.g. Eliassen and Raustein, 1968;
1973; Johnson and Uccellini, 1983; Hsu and Arakawa, 1990). 

The continuity equation in -coordinates is given by

, (9.96)

which is a direct transcription of (9.6). Note, however, that  in the absence of he
in such case, (9.96) reduces to 

, (9.97)

which is analogous to the continuity equation of a shallow-water model.

The lower boundary condition in -coordinates is 

. (9.98)

This equation must be used to predict . The complexity of the lower boundary condit

-coordinates is one of its chief drawbacks. 

For the case of -coordinates, the hydrostatic equation, (9.1), reduces to

. (9.99)

“Logarithmic differentiation” of (9.94) gives

. (9.100)

It follows that

. (9.101)
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Substitution of (9.101) into (9.99) gives

. (9.102)

The HPGF in -coordinates is 

. (9.103)

From (9.94), we see that

. (9.104)

It follows that

. (9.105)

Substitution of (9.105) into (9.103) gives

. (9.106)

Of course, -surfaces can intersect the Earth's surface, but we can consider th
follow the Earth's surface, by defining imaginary “massless layers,” as shown in Fig
Since no mass resides between the  surfaces in the portion of the domain where they
the Earth's surface,” no harm is done by this fantasy.

Obviously, a model that follows this approach has to be able to deal with mas
layers. This practical difficulty has led most modelers to avoid -coordinates up to this t

9.6.2 Entropy

The entropy coordinate is very similar to the -coordinate. We define the entrop

, (9.107)

so that

. (9.108)

The hydrostatic equation can then be written as
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This is a particularly attractive form because the “thickness” is simply given by
temperature. 

9.6.3 Hybrid -  coordinates

Konor and Arakawa (1997) discuss a hybrid vertical coordinate that reduces
away from the surface, and to  near the surface. This hybrid coordinate is design
combine the strengths of  and  coordinates, while avoiding their weaknesses. S
efforts have been reported by other authors, e.g. Johnson and Uccellini (1983) and Zh
(1992). For further discussion, see the paper of Konor and Arakawa (1997). 

9.6.4 Summary of vertical coordinate systems

The table on the following page summarizes key properties of some impo
vertical coordinate systems. All of the systems discussed here (with the exception 
entropy coordinate) have been used in many theoretical and numerical studies. Each
has its advantages and disadvantages, which must be weighed with a particular applic
mind. At present, there seems to be a movement away from  coordinates and toward
hybrid -  coordinates. 

Figure 9.4: Four possible vertical coordinate systems.
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The -coordinate has many advantages. In the absence of heating, 

there is “no vertical velocity.” This helps to minimize, for example, the problems assoc
with, e.g., the vertical advection of moisture. The HPGF has the simple form

(9.110)

i.e. it is a gradient. The quantity

 (9.111)

is called the “Montgomery potential” or “Montgomery stream function.” It satisfies a form
the hydrostatic equation that is natural for use with θ-coordinates:

, (9.112)

where . 

The dynamically important isentropic potential vorticity, , is easily constructe
-coordinates, since it involves the curl of on a -surface:

. (9.113)

The available potential energy is also easily obtained, since it involves
distribution of  on -surfaces. 

9.7 Vertical staggering

After the choice of vertical coordinate system, the next issue is the choice of ve
staggering. Two possibilities are discussed here, and are illustrated in Fig. 9.5. These
“Lorenz” or “L” grid, and the “Charney-Phillips” or “C-P” grid. Suppose that both grids ha

 wind-levels. The L-grid also has  -levels, while the C-P grid has  -levels. On
both grids,  is hydrostatically determined on the wind-levels, and 

(9.114)

(Exercise: Show that .)

On the C-P grid,  is located between -levels, so (9.114) is convenient. With the L-gr
must be interpolated, e.g.

θ Dθ
Dt
------- θ̇≡ 0=

∇ pφ– ∇ θ cpT gz+( )  , –=

M cpT φ+≡

θ∂
∂M cp

p
p0
----- 

  κ
=

κ R cp⁄≡

q
θ V θ

q k ∇ θ V×• f+( )
p∂

∂θ≡

p θ

N N θ N 1+ θ
φ

φl φl 1+ θ
l 1

2
---+
  . ∼–

∂φ∆Π θ  where Π cp p p0⁄( )κ≡,–=

θ φ θ
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(9.115)

Because (9.115) involves averaging, an oscillation in  is not “felt” by , and so has no 
on the winds. This allows the possibility of a computational mode in the vertical. No 
problem occurs with the C-P grid. 

There is a second, less obvious problem with the L grid. The vertically disc
potential vorticity corresponding to (9.113) is 

. (9.116)

It is obvious that (9.116) “wants” the potential temperature to be defined at level
between” the wind levels, as they are on the C-P grid. In contrast, on the L grid the po
temperature and wind are defined at the same level. Suppose that we have  wind
Then with the C-P grid we will have  potential temperature levels and

 

 

 

 potential
vorticities. This is nice. With the L grid, on the other hand, it can be shown that we effec
have  potential vorticities. The “extra” degree of freedom in the potential vorticit
spurious, and allows a kind of computational baroclinic instability (Arakawa and Moo
1988). This is a drawback of the L grid. 

As Lorenz (1955) pointed out, however, the L-grid is very convenient for maintai
total energy conservation, because the kinetic and thermodynamic energies are define

φl φl 1+
1
2
--- θl θl 1++( )  . ∼  –

θ φ

Figure 9.5: Schematic illustration of the Charney - Phillips grid and the Lorenz grid.

ql k ∇ θ Vl×• f+( )
p∂

∂θ
 
 

l
≡

N
N 1+ N

N 1+
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same levels. Today, almost all models use the L-grid. This may change.

 
9.8 Conservation properties of vertically discrete models using -coordinates

 

We now investigate conservation properties of the vertically discretized equat
using -coordinates, and using the L-grid. The discussion follows Arakawa and L
(1977), although some of the ideas originated with Lorenz (1960). For simplicity
consider only vertical discretization, and keep the temporal and horizontal derivativ
continuous form. 

Conservation of mass is expressed, in the vertically discrete system, by

, (9.117)

where

. (9.118)

Summing (9.117) over all levels, and using the boundary conditions

, (9.119)

and

, (9.120)

we obtain

, (9.121)

which is the vertically discrete form of the surface pressure tendency equation. From (9
we see that mass is, in fact, conserved, i.e., the vertical mass fluxes do not produce 
source or sink of mass.

We use

, (9.122)

σ

σ

π∂
t∂

------ ∇ σ πVl( )• δ πσ̇( )
δσ

---------------
l

+ + 0=

δ( )[ ] l ( )
l 1

2
---+

( )
l 1

2
---–

–≡

σ̇1
2
---

σ̇
L 1

2
---+

0= =

δσl

l 1=

L

∑ 1=

π∂
t∂

------ ∇ π Vl( ) δσl( )[ ]
l 1=

L

∑•+ 0=

p
l 1

2
---+

πσ
l 1

2
---+

pT+=
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where  is a constant, and the constant values of  are prescribed for each laye

when the model is started up. Eq. (9.122) tells how to compute layer-edge pressure
method to discuss layer-center pressures will be discussed later.

Similarly, we can conserve an intensive scalar, such as the potential temperature
using 

. (9.123)

In order to use (9.123) it is necessary to define values of  at the layer edges, 
interpolation. We have already discussed the interpolation issue in the context of adv
and that discussion applies to vertical advection as well as horizontal advection. In part
the interpolation methods that allow conservation of an arbitrary function of the adv
quantity can be used for vertical advection. 

Now refer back to the discussion of the horizontal pressure-gradient force
connection with (9.84) and (9.85). A finite-difference analog of (9.84) is 

. (9.124)

Multiplying (9.124) by , and summing over all layers, we obtain 

(9.125)

which is a finite-difference analog of (9.85). This means that if we use the form of the H
given by (9.124), the vertically summed HPGF cannot generate a circulation inside a 
path, in the absence of topography (Arakawa and Lamb, 1977). This “principle” provides a
rational way to choose which of the many possible forms of the HPGF should be used
model. At this point, of course, the form is not fully determined, because we do not yet h
method to compute either  or the layer-edge values of  that appear in (9.124). A su
method is derived below.

Eq. (9.124) is equivalent to

. (9.126)

pT σ
l 1

2
---+

θ

∂
t∂

---- πθl( ) ∇ π Vlθl( )• δ πσ̇θ( )
δσ

------------------
l

+ + 0=

θ

π HPGF( )l
δ σφ( )

δσ
---------------

l
∇π πφ l( )∇–=

δσl

π HPGF( )l δσ( )l

l 1=

L

∑ δ σφ( )[ ] l∇π
l 1=

L

∑ πφl( )∇ δσ( )l[ ]
l 1=

L

∑–=

φS∇π ∇ πφ l( ) δσ( )l[ ]
l 1=

L

∑
 
 
 

  ,–=

φl φ

π HPGF( )l
δ σφ( )

δσ
---------------

l
φl–

 
 
 

∇π π φ l∇–=
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By comparison with (9.82), we identify

. (9.127)

This will be used later.

Next consider total energy conservation. We begin by reviewing the continuous
Potential temperature conservation is expressed by

(9.128)

Here we assume no heating for simplicity. Using continuity this can be express
advective form:

. (9.129)

With the use of the definition of ,i.e.,

, (9.130)

and the equation of state, (9.129) can be used to derive the thermodynamic energy equ
the form

. (9.131)

Here

(9.132)

Continuity then allows us to transform (9.131) to the flux form:

. (9.133)

The potential temperature equation, (9.128), is approximated by (9.123), whic
already been discussed. Suppose that the model explicitly predicts . Adoptin

pS σα( )l φl
δ σφ( )

δσ
---------------

l
–=

∂
t∂

---- πθ( ) ∇ π Vθ( )• ∂
σ∂

------ πσ̇θ( )+ + 0=

t∂
∂θ V ∇θ• σ̇

σ∂
∂θ+ + 0=

θ

θ T
p0

p
----- 

  κ
=

cp t∂
∂T V ∇ T• σ̇

σ∂
∂T+ + 

  ωα=

ω
t∂

∂p
 
 

σ
V ∇ σp• σ̇

σ∂
∂p+ +≡

σ
t∂

∂π V ∇ pS•+ 
  πσ̇+     .=

∂
t∂

---- πcpT( ) ∇ π VcpT( )• ∂
σ∂

------ πσ̇cpT( )+ + πωα=

θl
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, (9.134)

where for convenience we define

, (9.135)

we will now derive a finite-difference analog of (9.128), by starting from (9.123). Recall
the method to determine  has not been specified yet. The advective form correspon
(9.123) is

.

(9.136)

Substitute (9.134) into (9.136), to obtain the corresponding prediction equation for :

(9.137)

The derivative  cannot be evaluated until we specify the form of . We now introduc

layer-edge temperatures, i.e.,  and , although the method to determine them h

yet been specified. We rewrite (9.137) as

θl
Tl

Pl
-----=

Pl

pl

p0
----- 

  κ
≡

pl

π
t∂

∂θl Vl ∇θ l•+ 
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δσ( )l
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l 1
2
---+

θ
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2
---+
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l 1
2
---–

θl θ
l 1

2
---–

– 
 ++ 0=
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(9.138)

Obviously the left-hand side of (9.138) can be rewritten in flux form through the use o
vertically discrete continuity equation:

(9.139)

By comparison of (9.133) with (9.139), we identify 

(9.140)

This result will be used below.

Returning to the continuous case, we now derive the continuous mechanical e
equation, starting from the continuous momentum equation in the form

. (9.141)

Here  is the kinetic energy per unit mass. Dotting (9.141) with  gives

mechanical energy equation in the form

. (9.142)
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The corresponding flux form is

. (9.143)

The pressure-work term on the right-hand side of (9.143) has to be manipula
facilitate comparison with (9.133). Begin as follows:

(9.144)

In the final line of (9.144) we have used hydrostatics. Referring back to (9.132), we can

. (9.145)

Substitution of (9.145) into (9.144) gives

. (9.146)

Finally, plugging (9.146) back into (9.143), and collecting terms, gives the mechanical e
equation in the form

. (9.147)

Adding (9.133) and (9.147) gives a statement of the conservation of total energy

.

(9.148)

Integrating this through the depth of an atmospheric column, we find that

∂
t∂
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which can also be written as

. (9.150)

The right-hand side of (9.150) represents the work done on the atmosphere if the
boundary is moving with time, e.g., in an earthquake. 

We now carry out essentially the same derivation using the vertically discrete sy
Taking the dot product of  with the HPGF for layer , we write, closely follow
(9.144)-(9.146), 

(9.151)

Continuing down this path, we construct the terms that we need by adding and subtrac

p (9.152)
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ergy
). In

 Eq.
(9.153)

we can rewrite this as

(9.154)

By comparing with (9.146), we infer that

(9.155)

We have now reached the crux of the problem. In order to ensure total en
conservation, the form of  given by (9.155) must match that given by (9.140
order for this to happen, we need the following conditions to be satisfied:

, (9.156)

, (9.157)

. (9.158)

Eq. (9.156) gives an expression for . We already had one, though, in
(9.127). Requiring that these two formulae agree, we obtain
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. The
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enter

times
. (9.159)

This is a finite-difference form of the hydrostatic equation. 

With the use of Eq. (9.134), Eqs. (9.157)-(9.158) can be rewritten as

, (9.160)

and

, (9.161)

respectively. These are also finite-difference analogs of the hydrostatic equation
subscripts in these equations are arbitrary. Add one to each subscript in (9.161), and 
result to (9.160). This yields

. (9.162)

If the forms of  and  are specified, we can use (9.162) to integrate the hydro

equation upward from level  to level . 

It is still necessary, however, to determine the value of , i.e., the layer-c

geopotential for the lowest model layer. This can be done by first summing  
(9.159) over all layers:

. (9.163)

But 

φl
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δσ
---------------

l
– cpπ
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(9.164)

This is an identity. We can therefore write

. (9.165)

This is a bit odd, because it says that the thickness between the Earth’s surface and the
of the lowest model layer depends on  at all levels in the entire column. Fro
mathematical point of view there is nothing wrong with that. In effect, all values of 
being used to estimate the effective value of  between the surface and level . F
physical point of view, however, it is better for the thickness between the surface and le
to depend only on the lowest-level value of . Arakawa and Suarez (1983) showed that
some conditions the form (9.165) can lead to large errors in the horizontal pressure-g
force. We return to this point below.

It remains to specify the forms of  and . Phillips (1974) suggested

, (9.166)

on the grounds that this helps to give a good simulation of vertical wave propagation
form of  can be chosen to permit conservation of some function of . 

Arakawa and Suarez (1983) proposed a modified version of the scheme, in 
(9.165) is replaced by

, (9.167)

where  is a nondimensional parameter discussed below. The point of (9.167) is tha

 influences the thickness between the surface and the middle of the bottom laye
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This
remaining values of  do not enter. This makes the hydrostatic equation “local.” Ara
and Suarez showed how this can be done with only minimal modifications to the deri
given above. The starting point is to replace (9.162) by 

, (9.168)

and

where, again,  and  are to be determined. Substituting (9.168) and (9.159) in

identity 

, (9.169)

we obtain

. (9.170)

With the use of (9.134), we can write this as

. (9.171)

Every term on the right-hand-side of (9.171) involves a layer-center value of . We “co
terms” around individual values of  and force the coefficients to vanish for . 
gives

. (9.172)

With the use of (9.172), (9.171) reduces to

, (9.173)

which has the form of (9.167). 
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9.9 Summary and conclusions

The problem of representing the vertical structure of the atmosphere in num
models is receiving a lot of attention at present. Among the most promising of the c
approaches are those based on isentropic or quasi-isentropic coordinate systems. 
methods are being used in ocean models.

At the same time, models are more commonly being extended through
stratosphere and beyond, while vertical resolutions are increasing; the era of hundre
models appears to be upon us. 
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CHAPTER 10  Aliasing instability
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10.1 Aliasing error

Suppose that we have a wave given by the solid line in Fig. 10.1. The wave is p

as a continuous function of , but at the same time we suppose that there are discrete
spaced grid points along the -axis, as shown by the black dots in the figure. The wa
been drawn with a wave length of . Because , the wave is too sho
be represented on the grid. What the grid points “see” instead is not the wave represe
the solid line, but rather the wave of wavelength , as indicated by the dashed line 
drawn as a continuous function of ). At the grid points, the wave of length  takes ex
the values that the wave of  would take at those same grid points, if it cou
represented on the grid at all. This misrepresentation of a wavelength too short 
represented on the grid is called “aliasing error.” Aliasing is a high wave number (or

1 2 3 4

-1

-0.5

0.5

1

Figure 10.1:  An example of aliasing error. Distance along the horizontal axis is measured 
in units of . The wave given by the solid line has a wave length of . 
This is shorter than , and so the wave cannot be represented on the grid. 
Instead, the grid “sees” a wave of wavelength , as indicated by the dashed 
line. Note that the  -wave is “upside-down.”

∆x 4/3( )∆x
2∆x

4∆x
4∆x

x
x

4/3( )∆x 4/3( )∆x 2∆x<

4∆x
x 4∆x

4/3( )∆x
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frequency) masquerading as a low wave number (or frequency). In the example of Fig. 10.1,
aliasing occurs because the grid is too coarse to resolve the wave of length . A
way of saying this is that the wave is not adequately “sampled” by the grid. Aliasing error is
always due to inadequate sampling. 

Aliasing error can be important in observational studies, because observations
“too far apart” in space (or time) can make a short wave (or high frequency) appear t
longer wave (or lower frequency). Fig. 10.2 is an example, from real life. The blue cur

the figure makes it appear that the precipitation rate averaged over the global t
fluctuates with a period of 23 days and an amplitude approaching 1 mm day-1. If this tropical
precipitation oscillation (TPO) were real it would be one of the most amazing phenome
atmospheric science, and its discoverer would be on the cover of Rolling Stone. But alas, the
TPO is bogus, even though you can see it with your own eyes in Fig. 10.2, and even 
the figure is based on real data, for goodness sake. The satellite from which the da
collected has an orbit that takes it over the same point on Earth at the same time of day once
every 23 days. Large regions of the global tropics have a strong diurnal (i.e., day-
oscillation of the precipitation rate. This high-frequency diurnal signal is aliased onto a 
lower frequency, i.e., 23 days, because the sampling by the satellite is inadequate to resolve
the diurnal cycle. 

Aliasing error is also important in modeling, when we try to solve either non-lin
equations or linear equations with variable coefficients. The reason is that the product
(or other nonlinear terms) in such equations can produce, or try to produce, waves 

4/3( )∆x

1 61 121 181 241 301 361 421 481 541 601 661 721 781 841
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at

e 
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m
/d
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)

B
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)

TRMM PR vs VIRS

Figure 10.2: An example of aliasing in the analysis of observations. The blue curve shows 
the precipitation rate, averaged over the global tropics (20 S to 20 N), and the 
red curve shows a the thermal radiation in the 10.8 µm band, averaged over 
the same region. The horizontal axis is time, and the period covered is slightly 
more than two years. The data were obtained from the TRMM (Tropical Rain 
Mapping Mission) satellite. The obvious oscillation in both curves, with a period 
close to 23 days, is an artifact due to aliasing. See text for further explanation. 
An Introduction to Atmospheric Modeling



22510.1    Aliasing error

a one-

ly. We
, e.g.

  and
ether,

 wave
ed by
 is

, the

 with

 can

he

y the
than the grid can represent. For example, suppose that we have two modes on 
dimensional grid, given by

 and , (10.1)

respectively. Here the wave numbers of  and  are denoted by  and , respective
assume that  and  both “fit” on the grid in question. If we combine  and  linearly
form 

, (10.2)

where  and  are spatially constant coefficients, then no “new” waves are generated;
 continue to be the only wave numbers present. In contrast, if we multiply  and  tog

then we generate the new wave number, :

. (10.3)

Other nonlinear operations such as division, exponentiation, etc., will also generate new
numbers. It can easily happen that , in which case the new mode creat
multiplying A and B together does not fit on the grid. What actually happens in such a case
that the new mode is aliased onto a mode that does fit on the grid. 

Because the shortest wavelength that the grid can represent is 

maximum representable wave number is . What happens when a wave

 is produced, e.g. through nonlinear interactions? Since , we

assume that . (A wave with  “folds back.”) We can write t
expression  as

(10.4)

where . (Question: What happens if ?) Similarly,

. (10.5)

This shows that the wave of wave number  is interpreted (or misinterpreted) b

A xj( ) Âe
ikj∆x

= B xj( ) B̂e
ilj∆x

=

A B k l
k l A B

αA βB+

α β k
l A B

k l+

AB ÂB̂e
i k l+( )j∆x

=

k l+( )∆x π>

L 2∆x=

kmax
π

∆x
------≡

k kmax> 2kmax∆x 2π=

2kmax k kmax> > k 2kmax>
kj∆x( )sin

kj∆x( )sin 2kmax 2kmax k+–( )j∆x[ ]sin=

2πj 2kmax k–( )j∆x–[ ]sin=

2kmax k–( )j∆x–[ ]sin=

k
*
j∆x( )  .sin  =

k
* 2kmax k–( )–≡ k kmax<

k j∆x( )[ ]cos k
*

j∆x( )[ ]cos=

k kmax>
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hase

,

re

dy

” This
inus
   

grid as a wave of wave number . The minus sign means that the p

change per  is reversed, or “backwards”. For  we get . For 

we get . 

In the example of Fig. 10.1,  so . Therefo

, which means that , as we have alrea

surmised by inspection of Fig. 10.1. 

For , the phase change, as 

 

j

 

 increases by one, is less than 

 

π

 

. This is shown in

Fig. 10.4 a. For , the phase change as 

 

j

 

 increases by one is greater than 

 

π

 

. This is
shown in Fig. 10.4 b. The dot in the figure appears to move clockwise., i.e. “backwards.
is a manifestation of aliasing that is familiar from the movies. It also explains why the m
sign appears in Eq. (10.4).

k
* 2kmax k–( )–≡

∆x k kmax> k∗ kmax< k kmax=

k∗ k=

Figure 10.3: The red line is a plot of  versus . The dashed black line connects  

with , corresponding to the example of Fig. 10.1. 
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Aliasing error is important in part because it is the root cause of what is often c
“nonlinear computational instability.” This instability occurs with nonlinear equations, bu
explained below it can also occur with linear equations that have spatially var
coefficients. A better name for the instability would be “aliasing instability.” An exampl
presented in the next section. 

 

10.2 Advection by a variable, non-divergent current

 
Suppose that an arbitrary variable  is advected in two dimensions on a plane, s

, (10.6)

where the flow is assumed to be non-divergent, i.e.

(10.7)

Two-dimensional non-divergent flow is a not-too-drastic idealization of the large-s
circulation of the atmosphere. In view of (10.7), we can describe  in terms of a s
function , such that

Figure 10.4: The phase change per grid point for: a) , and b) . k∆x π< k∆x π>

k∆x π<

k∆x π>

a

b

q

q∂
t∂

----- v ∇ q•+ 0=

∇ v• 0  . =

v
ψ
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0.13). 

tive
   

. (10.8)

Substituting (10.6) into (10.6), we get

. (10.9)

Using the vector identity

, (10.10)

which holds for any three vectors , we set , , and , to
obtain

. (10.11)

With the use of (10.11), we can re-write (10.6) as

, (10.12)

or alternatively as

. (10.13)

Here  is the Jacobian operator, which is defined by 

, (10.14)

for arbitrary  and . Note that 

, (10.15)

which can be deduced from (10.14), and this has been used to pass from (10.12) to (1

In Cartesian coordinates, we can write  in the following three alterna
forms: 

(10.16)

v k ∇ψ×=

q∂
t∂

----- k ∇ψ×( ) ∇ q•+ 0=

V1 V2×( ) V3• V2 V3 V1××××( )••••=

V1 V2 V3, , V2 k≡ V1 ∇ψ≡ V3 ∇ q≡

∇ψ k×( ) ∇ q• k ∇ q ∇ψ××××( )••••=

q∂
t∂

----- J ψ q,( )+ 0=

q∂
t∂

----- J q ψ,( )=

J

J p q,( ) k ∇ p ∇ q×( )•≡
k ∇ q∇ p( )×•–=

k ∇ pe∇ q( )×•    ,=

p q

J p q,( ) J q p,( )–=

J q ψ,( )

J p ψ,( ) p∂
x∂

----- q∂
y∂

----- p∂
y∂

----- q∂
x∂

-----–=
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. (10.18)

These will be used later.

Let an overbar denote an average over a two-dimensional domain that h
boundaries (e.g. a sphere or a torus), or on the boundary of which either  or  is co
You should be able to prove the following:

, (10.19)

, (10.20)

. (10.21)

Multiplying both sides of (10.13) by , we obtain

. (10.22)

Integrating over the entire area, we see that

(10.23)

if the domain is surrounded by a rigid boundary where the normal component of v is zero, or
if the domain is periodic.

When the stream function  is a prescribed function of the spatial coordin
(10.13) is linear, although it has variable coefficients. As already mentioned, what is 
called “non-linear” instability is actually a type of instability that can occur in the numer
integration of a linear equation with variable coefficients, as well as in the nume
integration of nonlinear equations. What this instability really amounts to is a spurious g
of waves due in part to the aliasing error arising from the multiplication of the finite differ
analogs of any two spatially varying quantities.

To illustrate the problem, we begin by writing down a differential-difference vers
of (10.13), on a plane, using a simple finite-difference approximation for the Jacobian
simplicity, we take . We investigate the particular choice

∂
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----- q p∂
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----- 
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p q
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qJ p q,( ) 0=

q

1
2
--- ∂

t∂
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2
qJ q ψ,( ) J 1

2
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2 ψ, 
 = =

J 1
2
---q

2 ψ, 
  ds∫ v ∇ 1

2
---q

2
ds⋅∫– ∇ v1

2
---q

2
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(10.24)

where

(10.25)

You should confirm for yourself that (10.25) really is a finite-difference approximatio
(10.13). In fact, it is modeled after (10.16). Later we are going to discuss several other 
difference approximations for the Jacobian. The particular approximation given in (10.2
called . It will come up again in the later discussion. 

Now we work through a simple example of aliasing instability, which was invente
Phillips (1959; also see Lilly, 1965). We combine (10.25) and (10.25) to obtain

(10.26)

 

Assume

 

 that the solution  is of the form

. (10.27)

The use of such assumption may appear strange; it will be justified later. For all , let 

 

prescribed

 

 as 

. (10.28)

In (10.28), we are prescribing a time-independent but 

 

spatially variable 

 

advecting current.
Earlier in the course we often prescribed the advecting current, but it was always sp
uniform. Because  is prescribed, the model that we are considering here is linea

forms of  and  given by (10.27) and (10.28) are plotted in Fig. 10.5. 

Because (10.28) specifies  to have a wavelength of  in the -direction, w
simplify (10.25) to

dqi j,
dt

----------- J1 q ψ,( )[ ] i j,=

J1 q ψ,( )[ ] i j, ≡

1

4d
2

-------- qi 1 j,+ qi 1 j,––( ) ψi j 1+, ψi j 1–,–( ) qi j 1+, qi j 1–,–( ) ψi 1 j,+ ψi 1 j,––( )–[ ]   .

J1

dqi j,
dt

----------- ≡

1

4d
2

-------- qi 1 j,+ qi 1 j,––( ) ψi j 1+, ψi j 1–,–( ) qi j 1+, qi j 1–,–( ) ψi 1 j,+ ψi 1 j,––( )–[ ]   .

qi j, t( )

qi j, t( ) C t( ) πi
2
-----cos S t( ) πi

2
-----sin+

2πj
3

--------sin=

t ψi j,

ψi j, U πi( ) 2πj
3

-------- 
 sincos=

ψi j,
qi j, ψi j,

ψi j, 2d x
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an be
(10.29)

From (10.27), we see that 

(10.30)

Here we have used some trigonometric identities. Similarly, we can show that 

(10.31)

As already mentioned, (10.31) holds for all . 

The product of (10.30) and (10.31) gives the right-hand side of (10.29), which c
written (again with the use of trigonometric identities) as

Figure 10.5:  Plots of the functions  and  given by (10.27) and (10.28), respectively. For 
plotting purposes, we have used . The functions have been 
evaluated only for integer values of  and , which gives them a jagged 
appearance. Nevertheless it is fair to say that they are rather ugly. This is the 
sort of thing that can appear in your simulations as a result of aliasing 
instability. 
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(10.32)

Note that 

. (10.33)

Therefore,

. (10.34)

This shows that the product on the right-hand side of (10.29) has produced a wave num

the -direction of , i.e., a wave too short to be represented on the 

This wave will, according to our previous results, be interpreted by the grid as having

number . Therefore (10.32) can be re-written as

. (10.35)

 

Rewriting (10.32) as (10.35) is obviously a key step in this discussion, because it is 
aliasing enters.

 

 In doing the problem algebraically, we have to put in the aliasing “by han

According to (10.35) the spatial form of  agrees with the assumed form of 

given by (10.27). In other words, the spatial shape of  does not change with time

 

This
justifies our assumption (10.27).

 

 In order to recognize that the spatial shape of  does
change with time, we had to take into account that there will be aliasing. 

If we now simply differentiate (10.27) with respect to time, and substitute the re
into the left-hand side of (10.35), we get 

(10.36)

Note that time derivatives of  and  appear on the left-hand side of (10.36). Usin

td

dqi j, 3

4d
22

------------U C
3πi
2

--------sin
πi
2
-----sin– 

 – S 3πi
2

--------
πi
2
-----cos+cos 

 +
4πi
3

--------sin=

3

4d
2

-------- C
πi
2
-----sin S

πi
2
-----cos+ 

  4πj
3

--------  .sin  =

4πj
3

-------- ly l jd( )= =

l 4π
3d
------=

y l 4π
3d
------ lmax> π

d
---= =

2lmax l–( )– 2π
3d
------ 

 –=

td

dqi j, 3U

4d
2

-----------
 
 
 

– C
πi
2
-----sin S

πi
2
-----cos+ 

  2πj
3

--------sin=

td

dqi j, qi j,

qi j,
qi j,

dC
dt
------- πi

2
----- 2πj

3
-------- dS

dt
------ πi

2
-----

2πj
3

--------sinsin+sincos 3

4d
2

--------– U C πi
2
----- S πi

2
---cos+sin 

  2πj
3

--------  .sin  =

C S
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linear independence of the sine and cosine functions, we see from (10.36) that

, . (10.37)

From (10.37), it follows that

, and , (10.38)

where . According to (10.38),  and  will grow exponentially. This demonstr

that the finite-difference scheme is unstable. The unstable modes will have the form gi
(10.27).

Fig. 10.6 summarizes the mechanism of this aliasing instability. Nonlin
interactions feed energy into waves that cannot be represented on the grid. Aliasing cau
energy to “fold back” onto scales that do fit on the grid, but typically these are rather 
scales that are not well resolved and suffer from large truncation errors. In the example
the truncation errros lead to further production of energy on scales too small to be repre
etc. Note, however, that 

 

if the numerical scheme conserved energy, the total amount of en

could not increase, and the instability would be prevented, even though aliasing woul
occur, and even though the truncation errors for the smallest scales would still be large.

 
 In the

example, we used . Later we demonstrate that  does not conserve kinetic energy
other finite-difference Jacobians do conserve kinetic energy. Further discussion is given

Some further general insight into this type of instability (the above example be

dC
dt
------- 3

4d
2

--------– US= dS
dt
------ 3

4d
2

--------– UC=

d
2
C

dt
2

--------- σ2
C= d

2
S

dt
2

-------- σ2
S=

σ 3U

4d
2

-----------≡ C S

k=kmax 

k

Energy transfer through aliasing 
Figure 10.6: Schematic illustration of the mechanism of aliasing instability. Nonlinear 

interactions feed energy into scales too small to be represented on the grid, 
and this energy folds back through aliasing into scales that can be 
represented. The process feeds on itself. This can cause the total amount of 
energy to increase, unless the scheme is energy conserving.

Nonlinear interactions

Aliasing

k = kmax

J1 J1
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the time
contrived special case) can be obtained by investigating the truncation error of the exp
on the right side of (10.25). This can be expressed as

(10.39)

Note the second-order accuracy. Through repeated integration by parts, it can be show
a page or so of algebra) that the second-order part of the truncation error in (10.39) is
by

(10.40)

if  and its derivatives vanish at the boundary or if the domain is periodic. Multiply
(10.39) by , integrating over the whole domain, and making use of (10.22), (10.23
(10.40), we find that when we use ,

(10.41)

This means that, if ,  will falsely grow with time if  is bigger tha

, in an overall sense. Now look at Fig. 10.7. In the figure, the streamlines are 

such that , so that , and . This resembles the “exit” reg

of the jet stream. [Note: The stream function sketched in Fig. 10.7 does not correspond to
(10.27).] 

In fact, the solution of the differential-difference equation tends to prefer a positive val
the integrand of the right-hand side of (10.41), as illustrated schematically in Fig. 

Notice that at ,  becomes greater than it was at , and the reverse is true fo

Therefore, although at  the expression  vanishes, at  it

become positive. From (10.41), it can be seen that the area-integrated  tends to in
with time, whereas it is invariant in the differential case.

Aliasing instability has nothing to do with time truncation error. Making the time s
shorter cannot prevent the instability, which can occur, in fact, even in the time-contin
case. The example we have just considered illustrates this fact, because we have left 
derivatives in continuous form. 

∂q
∂t
------ J1 q ψ,( ) J q ψ,( ) d

2

6
----- q∂

x∂
-----∂3ψ

y
3∂

---------- q∂
y∂

-----∂3ψ
x

3∂
----------– ∂3

q

x
3∂

-------- ψ∂
y∂

------- ∂3
q

y
3∂

-------- ψ∂
x∂

-------–+ O d
4( )  . + += =

d
2

6
----- q q∂

x∂
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y
3∂

---------- q∂
y∂

-----∂3ψ
x

3∂
----------– ∂3

q

x
3∂

-------- ψ∂
y∂

------- ∂3
q

y
3∂

-------- ψ∂
x∂

-------–+ ds∫ d
2

4
----- ∂2ψ

x y∂∂
----------- q∂

x∂
----- 

  2 q∂
y∂

----- 
  2

– ds   , ∫=

q
q

J1

1
2
--- ∂

t∂
---- q

2
ds∫ d

2

4
----- ∂2ψ

x y∂∂
----------- q∂

x∂
----- 

  2 q∂
y∂

----- 
  2

– ds O d
4( )ds  . ∫  +  ∫  =

∂2ψ
∂x∂y
------------ 0> q2 q∂

x∂
----- 

  2

q∂
y∂

----- 
  2

ψ1 ψ2 ψ3< < ∂ψ ∂y⁄ 0< ∂2ψ
x∂ y∂

----------- 0>

t2
q∂
x∂

----- t1
q∂
y∂

-----

t1
∂2ψ
x y∂∂

----------- q∂
x∂

----- 
  2 q∂

y∂
----- 

  2
– ds∫ t2

q
2
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A number of methods have been proposed to prevent or control aliasing insta
One method is to prevent aliasing. Aliasing error can actually be eliminated in a sp
model, at least for models that contain only “quadratic” aliasing, i.e., aliasing that arises
the multiplication of two spatially varying fields; this will be discussed later. 

Phillips (1959) suggested that aliasing instability can be prevented if a Fo
analysis of the predicted fields is made after each time step, and all waves of wave n

 are simply discarded. With this “filtering” method, Phillips could guaran

absolutely no aliasing error due to quadratic nonlinearities, because the shortest possib

would have wave number  (his maximum wave number) and thus any wave genera

quadratic nonlinearities would have a wave number of at most . This method is str
dissipative, however.

Others have suggested that use of a dissipative scheme, such as the Lax-W
scheme, can overcome aliasing instability. Experience shows that this is not true. The da

of a dissipative scheme depends on the value of , but aliasing instability can occu

ψ1

ψ2

ψ3

q(t1)

q(t2)

Figure 10.7:  Sketch illustrating the mechanism of aliasing instability.

ψ∂
y∂

------- 0< ∂2ψ
x y∂∂

----------- 0>,

ψ1 ψ2 ψ3< <

y

x

k
kmax

2
---------->

kmax

2
----------

kmax

c∆t
∆x
--------
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A third approach is to use a sign-preserving advection scheme, as discus
Chapter 4, and advocated by Smolarkeiwicz (1991). 

A fourth approach is to use space-differencing schemes for the advection term
designed to conserve the square of the advected quantity. The “energy approach” to ch
stability, discussed in Chapter 2, ensures that such schemes are computationally stab
approach has the advantage that stability is ensured simply by mimicking a property 
exact equations. 

To prevent aliasing instability with the momentum equations, we can use fi
difference schemes that conserve either kinetic energy, or enstrophy (squared vortic
both. This approach was developed by Arakawa (1966). It will be explained below, a
digression in which we discuss the nature of two-dimensional nondivergent flows. 

10.3 Fjortoft’s Theorem

In the absence of viscosity, vorticity and enstrophy are both conserved in tw
dimensional nondivergent flows. The frictionless momentum equation for shallow water,

, (10.42)

where 

 (10.43)

is the coriolis parameter,  is the angular velocity of the Earth’s rotation, and  is lat
By taking the curl of (10.45) we can obtain the vorticity equation

. (10.44)

When the flow is nondivergent, so that (10.7) is satisfied, the vorticity equation reduces

, (10.45)

Since  is independent of time, we can write (10.45) as

. (10.46)

The says that the absolute vorticity is simply advected by the mean flow. We also se
only the sum  matters for the vorticity equation; henceforth we just replace 

c∆t
∆x
-------- 0→

t∂
∂v v ∇•( )v– fk v×–=

f 2Ω ϕsin≡

Ω ϕ

t∂
∂ζ v ∇ ζ f+( )•– ζ f+( ) v∇•–=

t∂
∂ζ v ∇ ζ f+( )•–=

f

t∂
∂ ζ f+( ) v ∇ ζ f+( )•–=

ζ f+( ) ζ f+( )
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ed by
by , for simplicity. 

Using Eq. (10.8), we can show that the vorticity and the stream function are relat

. (10.47)

Eq. (10.45) can be rewritten as

, (10.48)

or, alternatively, as

. (10.49)

From (10.48) we see that the domain-averaged vorticity is conserved:

. (10.50)

By combining (10.49) and (10.21), we obtain

, (10.51)

from which it follows that the domain-average of the enstrophy is also conserved:

. (10.52)

Similarly, from (10.49) and (10.20) we find that

. (10.53)

To see what this implies, substitute (10.47) into (10.53), to obtain

. (10.54)

This is equivalent to

ζ

ζ k v∇×( )•≡ ψ∇ 2=

t∂
∂ζ vζ( )∇•–=

t∂
∂ζ J ζ ψ,( )=

td
d ζ

t∂
∂ζ 0= =

ζ
t∂

∂ζ 0=

td
d 1

2
---ζ2

 
  0=

ψ
t∂

∂ζ 0=

ψ
t∂

∂ ∇ 2ψ 0=
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Eq. (10.55) is a statement of kinetic energy conservation. We conclude that (10.53) im
kinetic energy conservation. In fact, we can show that

. (10.56)

Since both kinetic energy and enstrophy are conserved in frictionless 
dimensional flows, their ratio is also conserved, and has the dimensions of a length sq

(10.57)

This length can be interpreted as the typical scale of energy-containing eddies, and 
states that it is invariant. The implication is that energy does not cascade in frictionles
dimensional flows; it “stays where it is” in wave number space. 

The exchanges of energy and enstrophy among different scales in two-dimen
turbulence were studied by Fjortoft (1953), who obtained some very fundamental and fa
results, which can be summarized in a simplified way as follows. Consider three eq

spaced wave numbers, as shown in Fig. 10.8. By “equally spaced” we mean that

. (10.58)

0 ψ
t∂

∂ ∇ 2ψ=

ψ
t∂

∂ ∇ ∇ψ( )•[ ]=

ψ∇
t∂

∂ ∇ψ•=

∇ ψ
t∂

∂ ∇ψ 
 • ∇ψ

t∂
∂ ∇ψ•–=

t∂
∂ 1

2
--- ∇ψ 2

 
    . –=

K ψς=

energy
enstrophy
----------------------- L

2
t

2–

t
2–

------------∼ L
2
  . =

λ1 λ2 λ3

larger
scales

smaller
scales

Figure 10.8:  Diagram used in the explanation of Fjortoft’s (1953) analysis of the exchanges 
of energy and enstrophy among differing scales in two-dimensional motion.

λ2 λ1– λ3 λ2– ∆λ= =
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The enstrophy, , is

(10.59)

and the kinetic energy is

(10.60)

It can be shown that

, (10.61)

where  is a wave number, and the subscript  denotes a particular Fourier comp
Suppose that kinetic energy is redistributed, i.e.

, (10.62)

such that

(10.63)

(10.64)

and note from (10.61) that 

(10.65)

It follows that 

, (10.66)

(10.67)

Collecting terms, we find that

. (10.68)

Using (10.58), we get

E

E E1 E2 E3  , + +=

K K1 K2 K3  . + +=

En λn
2
Kn=

λn n

Kn Kn δKn+→

δKn∑ 0=   ,

δEn∑ 0  , =

δEn λn
2δKn  . =

δK1 δK3+ δK2–=

λ1
2δK1 λ3

2δK3+ λ2
2δK2–=

λ2
2 δK1 δK3+( )   . =

δK3

δK1
---------

λ2
2 λ1

2
–

λ3
2 λ2

2
–

-----------------=
An Introduction to Atmospheric Modeling



  240      Aliasing instability 

an the

3) and
is that
, i.e.

0.65)

, ,

sional
osity. 

 but

e of
   

(10.69)

Eq. (10.69) shows that the energy transferred to higher wave numbers ( ) is less th

energy transferred to lower wave numbers ( ). This conclusion rests on both (10.6
(10.64), i.e. on both energy conservation and enstrophy conservation. The implication 
kinetic energy actually “migrates” from higher wave numbers to lower wave numbers
from smaller scales to larger scales. 

We now perform a similar analysis for the enstrophy. As a first step, we use (1
and (10.69) to write

(10.70)

To show that this ratio is greater than one, we demonstrate that , where 

and  are each greater than one. We can choose:

(10.71)

(10.72)

(10.73)

The conclusion is that enstrophy cascades to higher wave numbers in two-dimen
turbulence. Of course, such a cascade ultimately leads to enstrophy dissipation by visc

 

The conclusion is that in two-dimensional turbulence, enstrophy is dissipated
kinetic energy is not.

 

 

In three-dimensions, vorticity is not conserved (nor is enstrophy) becaus

δK3

δK1
---------

λ2 λ1+

λ3 λ2+
----------------- 1<=

δK3

δK1

δE3

δE1
---------

λ3
2

λ1
2

-----
λ2 λ1+

λ3 λ2+
----------------- 

 =

λ2 ∆λ+( )2

λ2 ∆λ–( )2
--------------------------

λ2
1
2
---∆λ– 

 

λ2
1
2
---∆λ+ 

 
---------------------------- 1.>=

δE3

δE1
--------- a b c⋅ ⋅= a b

c

a
λ2 ∆λ+

λ2 ∆– λ
------------------- 1,>=

b
λ2

1
2
---∆λ–

λ2 ∆λ–
---------------------- 1,>=

c
λ2 ∆λ+

λ2
1
2
---∆λ+

-----------------------= 1  . >
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stretching and twisting. Vortex stretching, in particular, causes small scales to gain ene
the expense of larger scales. As a result, kinetic energy cascades in three-dime
turbulence. Ultimately the energy is converted from kinetic to internal by the viscous for

In summary, vorticity and enstrophy are conserved in two-dimensional flow but n
three-dimensional flow. Kinetic energy is conserved under inertial processes in both
dimensional and three-dimensional flows. Because two-dimensional flows are oblig
conserve both energy and enstrophy, they “have fewer options” than do three-dimen
flows. In particular, a kinetic energy cascade cannot happen in two-dimensions. What h
instead is an enstrophy cascade. Enstrophy is dissipated but kinetic energy is (almost) 

Because kinetic energy does not cascade in two-dimensional flow, the motion re
smooth and is dominated by “large” eddies. This is true with the continuous equations, a
want it to be true in our models as well.

 

10.4 Kinetic energy and enstrophy conservation in two-dimensional non-divergent
flow

 

Lorenz (1960) suggested that energy-conserving finite-difference schemes wo
advantageous in efforts to produce realistic numerical simulations of the general circula
the atmosphere. Arakawa (1966) developed a method for numerical simulation of
dimensional, purely rotational motion, that conserves both kinetic energy and enstroph
method has been very widely used. The following is a summary of Arakawa’s approach

We begin by writing down a spatially discrete version of (10.49), keeping the 
derivative in continuous form:

(10.74)

Here the area of grid cell  is denoted by . The bold subscripts are two-dimens
counters that can be used to specify a grid cell on a two-dimensional grid by giving a 
number. For instance, we could start counting from the lower left corner of the grid,

, and take the next grid point to the right as , and so on, until we came to th
of the bottom row with , and then pick up at the left-most grid point of the second
from the bottom with , etc. These two-dimensional counters are used to min
the number of subscripts; we could use double subscripts  in the usual way, but c
not to just to keep the notation a little easier on the eyes. Just for reference, with d
subscripts (10.74) would become

. (10.75)

The second line of (10.74) looks a little mysterious and requires some explanatio
can be seen by inspection of (10.16), the Jacobian operator  involves derivati
the vorticity, multiplied by derivatives of the stream function. We can anticipate, there

σi

dζ i

dt
------- σiJi ζ ψ,( )=

ci i' i'', , ζ i i'+ ψi i''+  .
i''
∑

i'
∑=

i σi

i 1= i 2=
i I=

i I 1+=
i j,( )

σi j,
dζ i j,

dt
----------- ci j, i' j', i'' j'',;; ζ i' j', ψi'' j'',  

i''
∑

j''
∑

i'
∑

j'
∑=

J ζ ψ,( )
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that the form we choose for the finite-difference Jacobian at the point  will involve pro
of the vorticity at some nearby grid points with the stream function at other nearby
points. We have already seen an example of this in (10.25). Such products appear in (
The neighboring grid points can be specified in (10.74) by assigning appropriate value
and . The  are suitable “interaction coefficients” involving the grid distances, 

and their form will be chosen later. It is by appropriate choices of the  that we

construct an approximation to the Jacobian. The double sum in (10.74) essentially pic
the combinations of  and , at neighboring grid points, that we wish to bring into
finite-difference operator. 

Of course, there is nothing about the form of (10.74) that shows that it is actu
consistent finite-difference approximation to the Jacobian operator; all we can say a
point is that (10.74) has the potential to be a consistent finite-difference approximation to t
Jacobian operator, if we choose the interaction coefficients properly. We return to this
later. We note, however, that in order to ensure conservation of vorticity under advectio
must require that our finite-difference Jacobian satisfy 

 (10.76)

Another interesting and important point is that the form of (10.74) is so general t
is impossible to tell what kind of grid we are on. It could be a rectangular grid on a plan
a latitude-longitude grid on the sphere, or something more exotic like a geodesic grid 
sphere (to be discussed later).

Before going on, let’s consider an example. Recall that in (10.25) we have al
introduced a finite-difference Jacobian called , which is defined on a square grid. W
write

(10.77)

Expanding, and using , we find that

(10.78)

Comparing (10.78) with (10.74), we identify

i

i'
i'' ci i' i'', ,

ci i' i'', ,

ζ ψ

0 σiJi ζ ψ,( )
i

∑=

ci i' i'', , ζ i i'+ ψi i''+   .
i''
∑

i'
∑

i
∑=

J1

J1 ζ ψ,( )[ ] i j, ≡

1

4d
2

-------- ζ i 1 j,+ ζ i 1 j,––( ) ψi j 1+, ψi j 1–,–( ) ζ i j 1+, ζ i j 1–,–( ) ψi 1 j,+ ψi 1 j,––( )–[ ]   .

σi j, d
2

=

σi j, J1 ζ ψ,( )[ ] i j, ≡

1
4
--- ζ i 1 j,+ ψi j 1+, ζ i 1 j,+ ψi j 1–,– ζ i 1 j,– ψi j 1+,– ζ i 1 j,– ψi j 1–,+(

ζ i j 1+, ψi 1 j,+– ζ i j 1+, ψi 1 j,– ζ i j 1–, ψi 1 j,+ ζ i j 1–, ψi 1 j,––+ + )   .
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Look carefully at the subscripts. It should be clear that  specifies contribu

of the vorticity east of the point  and the stream function north of the point  to
time rate of change of the vorticity at the point . In this simple case of a uniform sq
grid, the coefficients are very simple. Exactly the same formalism can be applied to 
more complicated cases, however, such as nonuniform grids on a sphere. 

Is (10.76) satisfied for ? Each term of the triple sum in (10.76) involves the pro
of a vorticity and a stream function. Each product will appear exactly twice when we form
sum. In order for (10.76) to be satisfied for arbitrary values of the vorticity and the st
function, we need the two contributions from each product to cancel in the sum, i.e.
coefficients must be equal and opposite. As pointed out above,  specifie

contributions of the vorticity at  and the stream function at  to the time rat
change of the vorticity at the point . Similarly,  specifies t

contributions of the vorticity at  and the stream function at  to the time rat
change of the vorticity at the point . See Fig. 10.9. Cancellation will occur if 

. (10.80)

To see whether or not this is the case, note that the value of  

remain unchanged if we subtract one from each  subscript and one from each  subsc
other words, 

. (10.81)

ci j i 1 j,+;, i j 1+,;
1
4
---   ,=

ci j i 1 j,+;, i j 1–,;
1
4
---   ,–=

ci j i 1 j,–;, i j 1+,;
1
4
---   ,–=

ci j i 1 j,–;, i j 1–,;
1
4
---   ,=

ci j i j 1+,;, i 1 j,+;
1
4
---   ,–=

ci j i j 1+,;, i 1 j,–;
1
4
---   ,=

ci j i j 1–,;, i 1 j,+;
1
4
---   ,=

ci j i j 1–,;, i 1 j,–;
1
4
---   .–=

ci j i 1 j,+;, i j 1+,;

i j,( ) i j,( )
i j,

J1

ci j i 1 j,+;, i j 1+,;

i 1 j,+ i j 1+,
i j, ci 1+ j 1 i 1+ j,; i j 1+,;+,

i 1+ j, i j 1+,
i 1+ j 1+,

ci j i 1 j,+;, i j 1+,; ci 1+ j 1 i 1+ j,; i j 1+,;+,–=

ci 1+ j 1 i 1+ j,; i j 1+,;+,
i j

ci 1+ j 1 i 1+ j,; i j 1+,;+, ci j i j 1–,; i 1– j,;,=
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Therefore the requirement (10.80) is equivalent to

. (10.82)

What has been accomplished by subtracting one from each subscript is that in the res
(10.82), both of the s are associated with the time-rate of change at the point , 
both of them are explicitly listed in (10.79). Inspection of (10.79) shows that (10.8
indeed satisfied. Similar results apply for the remaining terms. In this way, we can prov

 conserves vorticity. 

Returning to the general problem, what we are going to do now is find a wa
enforce finite-difference analogs of (10.51) and (10.53):

, (10.83)

. (10.84)

By enforcing these two requirements we can ensure conservation of enstrophy and 
energy in the finite-difference model. The requirements can be met, as we will se
suitable choice of the interaction coefficients. The requirements look daunting, th
because they involve triple sums. How in the world are we ever going to work this out?

Inspection of (10.83) shows that the individual terms of the sum are going to inv
products of vorticities at pairs of grid points. With this in mind, we go back to (10.74)
rewrite it as

(10.85)

where, by definition, 

Figure 10.9: Stencil used in the discussion of vorticity conservation for . See text for 
details.

J1

ςi j, ςi 1 j,+

ψi j 1+, ςi 1 j 1+,+

ci j i 1 j,+;, i j 1+,; c– i j i j 1–,; i 1– j,;,=

c i j,( )

J1

0 σiζ iJi ζ ψ,( )
i

∑ ζ i ci i' i'', , ζ i i'+ ψi i''+
i''
∑

i'
∑ 

 
i

∑= =

0 σiψiJi ζ ψ,( )
i

∑ ψi ci i' i'', , ζ i i'+ ψi i''+
i''
∑

i'
∑ 

 
i

∑= =

σiJi ζ ψ,( ) ci i' i'', , ζ i i'+ ψi i''+
i''
∑

i'
∑=

ai i i'+, ζ i i'+     ,
i'
∑=
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. (10.86)

Multiply (10.85) by  to obtain

. (10.87)

Here we have simply taken  inside the sum, which we can do because the sum is ove

. From this point it is straightforward to enforce (10.83), which can be rewritten as

. (10.88)

Think of the outer sum in (10.88) as a “DO” loop. As we sweep over the grid, each pr
 will enter the sum exactly twice. We can specify the vorticities any way we want,

when we set up the initial conditions, so the only way to make sure that (10.88) is satis
to force these two contributions to the sum to be equal and opposite, i.e. we must take

, for all  and . (10.89)

By enforcing (10.89), we can ensure enstrophy conservation. 

Kinetic energy conservation can be guaranteed by a very similar approach. We r
(10.74) as

(10.90)

where

. (10.91)

By an argument similar to that given above, we find that

 for all  and (10.92)

is necessary to ensure kinetic energy conservation. 

As already mentioned, we have not assumed anything about the shape of the d

ai i i'+, ci i' i'', , ψi i''+
i''
∑≡

ζ i

σiζ iJi ζ ψ,( ) ai i i'+, ζ iζ i i'+
i'
∑=

ζ i i'

i

0 ai i i'+, ζ iζ i i'+
i'
∑ 

 
i

∑=

ζ iζ i i'+

ai i i'+, ai i'+ i,–= i i'

σiJi ζ ψ,( ) ci i' i'', , ζ i i'+ ψi i''+
i''
∑

i'
∑=

bi i i''+, ψi i''+   ,
i''
∑=

bi i i''+, ci i' i'', , ζ i i'+
i'
∑≡

bi i i''+, bi i''+ i,–= i i'
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It could be a doubly periodic plane, or it could be a sphere. Also, we have not ass
anything about the grid. The individual cells have not been assumed to have any pa
shape, e.g. quadrilaterals; the argument starting from (10.74) would apply equally we
grid of hexagons. 

At this point we acknowledge that (10.92) is not really sufficient to ensure kin
energy conservation. We must also make sure that the finite-difference analog of (
holds true, i.e. 

, (10.93)

so that we can mimic with the finite-difference equations the derivation that we did wit
continuous equations. In order to pursue this objective, we have to define a finite-diffe
Laplacian, and we do so now by choosing the simplest possibility, assuming a squa
with grid spacing :

. (10.94)

Here we have reverted to a conventional double-subscripting scheme, for clarity. W
define a finite-difference kinetic energy by

(10.95)

Because the right-hand side of (10.95) is a sum of squares, we are guaranteed that the
energy is non-negative. By substitution, and after a little algebra, we can show that (
and (10.95) do, in fact, satisfy (10.93). 

This is all fine, as far as it goes, but we still have some very basic and impo
business to attend to: We have not yet ensured that the sum in (10.74) is actually a co
finite-difference approximation to the Jacobian operator. The approach that we will foll
to write down three independent finite-difference Jacobians and then identify, by inspe
the ’s in (10.74). When we say that the Jacobians are “independent” we mean that it
possible to write any one of the three as a linear combination of the other two. The
finite-difference Jacobians are:

(10.96)

σiψi td

dζ i
 
 

i
∑ σi td

d 1
2
--- ∇ψ i

2
( )

i
∑–=

d

ζ i j, ∇ 2ψ( )i j,
1

d
2

----- ψi 1 j,+ ψi 1– j, ψi j 1+, ψi j 1–, 4ψi j,–+ + +( )≡=

Ki j,
1
2
--- ∇ψ i j,

2
=

1

4d
2

-------- ψi 1 j,+ ψi j,–( )2 ψi j 1+, ψi j,–( )2 ψi j, ψi 1– j,–( )2 ψi j, ψi j 1–,–( )2
+ + +[ ]≡

c

J1( )i j,
1

4d
2

-------- ζ i 1+ j, ζ i 1– j,–( ) ψi j 1+, ψi j 1–,–( )[=

ζ i j 1+, ζ i j 1–,–( ) ψi 1+ j, ψi 1– j,–( ) ] ,–
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(10.98)

These can be interpreted, respectively, as finite-difference analogs to the right-hand s
(10.16) - (10.18). We can show that all three of these finite-difference Jacobians are con
with vorticity conservation under advection, i.e., they all satisfy (10.76). 

What we need to do next is identify the coefficients  and  for each of (10

(10.97), and (10.98), and then check to see whether the requirements (10.89) and (10

satisfied for any of them. In order to understand more clearly what these requirements a

mean, look at Fig. 10.10. The Jacobians , , and  are represented in the top row of t

figure. The colored lines show how each Jacobian at the point  is influenced (or n

J2( )i j,
1

4d
2

-------- ζ i 1+ j 1+, ζ i 1+ j 1–,–( )– ψi 1+ j, ζ i 1– j 1+, ζ i 1– j 1–,–( )ψi 1– j,+[=

ζ i 1+ j 1+, ζ i 1– j 1+,–( )ψi j 1+, ζ i 1+ j 1–, ζ i 1– j 1–,–( )ψi j 1–,–+ ] ,

J3( )i j,
1

4d
2

-------- ζ i 1+ j, ψi 1+ j 1+, ψi 1+ j 1–,–( ) ζ i 1– j, ψi 1– j 1+, ψi 1– j 1–,–( )–[=

ζ i j 1+, ψi 1+ j 1+, ψi 1– j 1+,–( ) ζ i j 1–, ψi 1+ j 1–, ψi 1– j 1–,–( )+– ] .

a b

Figure 10.10:The central point in each figure is . Stream function and vorticity are both 
defined at each of the mesh points indicated by the black dots. The colored lines 
represent contributions to  from , , or both, from the various 
neighboring points.
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the stream function and vorticity at the various neighboring points. We begin by rew

(10.85) using the conventional double-subscript notation and equating it to : 

(10.99)

Here we have used 

. (10.100)

By inspection of (10.99) and comparison with (10.85), we can read off the definitions o
 coefficients for :

, (10.101)

, (10.102)

, (10.103)

. (10.104)

Are these consistent with (10.89)? To find out, replace  by  in (10.102); this gives

. (10.105)

Now simply compare (10.105) with (10.101), to see that (10.89) is not satisfied by . We

have thus deduced that  does not conserve enstrophy. 

J1( )i j,

σi j, J1( )i j, ζ ψ,( ) c
j''
∑

i''
∑

i' j' i'' j'',;,
ζζζζ i j i i' j j'+,+;, ψψψψi i'' j j''+,+

j'
∑

i'
∑=

ai j i i' j j'+,+;,
j'
∑ ζ i j i i' j j'+,+;,

i'
∑=

1
4
--- ζ i 1+ j, ζ i 1– j,–( ) ψi j 1+, ψi j 1–,–( ) ζ i j 1+, ζ i j 1–,–( ) ψi 1+ j, ψi 1– j,–( )–[ ]=

1
4
--- ζ i 1+ j, ψi j 1+, ψi j 1–,–( ) ζ i 1– j, ψi j 1+, ψi j 1–,–( )–[=

ζ i j 1+, ψi 1+ j, ψi 1– j,–( )– ζ i j 1–, ψi 1+ j, ψi 1– j,–( )+ ] .

σi j, d
2

=

a J1

ai j;, i 1+ j,
1
4
--- ψi j 1+, ψi j 1–,–( )=

ai j;, i 1– j,
1
4
---– ψi j 1+, ψi j 1–,–( )=

ai j;, i j 1+,
1
4
---– ψi 1+ j, ψi 1– j,–( )=

ai j;, i j 1–,
1
4
--- ψi 1+ j, ψi 1– j,–( )=

i i 1+

ai 1+ j;, i j,
1
4
---– ψi 1+ j 1+, ψi 1+ j 1–,–( )=

J1

J1
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We can interpret that  denotes ζ-interactions of point  with point , while

 denotes -interactions of point  with point . When we compare  w

, it is like peering along one of the red lines in Fig. 10.10, first outward from the p

, to one of the other points, and then back towards the point . The condition (1
on the ’s essentially means that all such interactions are “equal and opposite,” all
suitable algebraic cancellations to occur when we sum over all points. The condition (1
on the ’s has a similar interpretation. 

By proceeding as illustrated above, we can reach the following conclusions:

•  conserves neither enstrophy nor kinetic energy;

•  conserves enstrophy but not kinetic energy; and

•  conserves kinetic energy but not enstrophy.

It looks like we are out of luck.

We can form a new Jacobian, however, by combining , , and  with weight
follows:

, (10.106)

such that 

. (10.107)

With three unknown coefficients, and only one constraint, (10.107), we are free to satis
additional constraints; and we take these to be (10.89) and (10.92). In this way, we fin

 will conserve both enstrophy and kinetic energy if we choose

. (10.108)

The composite Jacobian  is often called the “Arakawa Jacobian.” 

Fig. 10.11 shows the results of tests with , , and , and also with three 

Jacobians called , , and , as well as with . The leapfrog time-differencing sc
was used in these tests; the influence of time differencing on the conservation propertie
schemes will be discussed later; it is minor, so long as we do not violate the criteria for
computational instability. The various space-differencing schemes do indeed displa
conservation properties expected on the basis of the preceding analysis. 

The approach outlined above yields a conservative second-order accurate (in 
finite-difference approximation to the Jacobian. Arakawa (1966) also showed how to o
the corresponding conservative Jacobian with fourth-order accuracy. 

ai i i'+, i i i'+

ai i'+ i, ζ i i'+ i ai i i'+,
ai i'+ i,
i j,( ) i j,( )

a

b

J1

J2

J3

J1 J2 J3

JA αJ1 βJ2 γJ3+ +=

α β γ+ + 1=

JA

α β γ 1 3⁄= = =

JA

J1 J2 J3

J4 J5 J6 JA
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n be
 flow.
flow is
ential
The preceding analysis shows how vorticity, kinetic energy and enstrophy ca
conserved under advection in numerical simulations of two-dimensional non-divergent
In practice, however, we have to consider the presence of divergence. When the 
divergent, vorticity and enstrophy are not conserved, but potential vorticity and pot
enstrophy are conserved. 

Figure 10.11:Results of tests with the various finite-difference Jacobians. Panel c shows the 
initial kinetic energy is at a low wave number. 

c

a b
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In Chapter 4, we concluded that, by suitable choice of the interpolated “cell-w
values of an arbitrary advected quantity, , it is possible to conserve exactly one non
function of , i.e. , in addition to  itself. Conserving more than  and one  
not possible because the only freedom that we had to work with was the form o

interpolated “cell-wall” value, which was denoted by . Once we chose  so as to con

say, , we had no room left to maneuver, so we could not conserve anything else. W
just shown, however, that the vorticity equation for two-dimensional nondivergent flow ca
discretized so as to conserve two quantities, namely the kinetic energy and the enstro
addition to the vorticity itself. What is going on?

The key difference with the vorticity equation is that we can choose not only ho
interpolate the vorticity (so as to conserve the enstrophy), but also the actual finite-difference
expression for the advecting wind itself, in terms of the stream function, because th
expression is implicit in the form of the Jacobian that we use. In choosing the form o
advecting current, we have a second “freedom,” which allows us to conserve a s
quantity, namely the kinetic energy. 

As discussed earlier, the constraint of enstrophy conservation is needed to ensu
kinetic energy does not cascade in two-dimensional nondivergent flow. If kinetic energy
not cascade, the flow remains smooth. When the flow is smooth, kinetic energy conserv
approximately satisfied, even if it is not exactly guaranteed by the scheme. This means
scheme that exactly conserves enstrophy and approximately conserves kinetic ener
behave well. 

In contrast, a scheme that conserves kinetic energy but not enstrophy will pe
kinetic energy cascade. The resulting noisy flow will lead to large errors in enstr
conservation. Such a scheme will not behave well.

These considerations suggest that formal enstrophy conservation is “more impo
than formal kinetic energy conservation. 

10.5 Angular momentum conservation

Finally, for completeness, define the relative angular momentum per unit mass, 

. (10.109)

This is actually the component of the relative angular momentum vector in the direction 
axis of the Earth’s rotation. Here we consider motion on the sphere,  is the radius 
Earth, and  is the zonal component of the wind. From the momentum equation we can
that in the absence of pressure-gradient forces and friction, 

, (10.110)

where  is longitude, and

A
A F A( ) A A F A( )

Â Â

A
2

M

Mrel ua ϕcos≡

a
u

t∂
∂M v ∇•( )M–=

λ
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(10.111)

is the component of the absolute angular momentum vector in the direction of the axis
Earth’s rotation. From (10.110) it follows that the absolute angular momentum is cons
under advection. 

Using integration by parts, it can be demonstrated that

. (10.112)

We can also prove that

. (10.113)

This means that angular momentum is conserved. 

10.6 Conservative schemes for the two-dimensional shallow water equations with
rotation

To study the two-dimensional shallow-water equations, we use cartesian coord
 and , with velocity vector , such that

, (10.114)

where  and  are the unit vectors in the  and  directions, respectively. The shallow
equations can be written as

, (10.115)

and

, (10.116)

where 

(10.117)

is the relative vorticity, and 

(10.118)

M Mrel Ωa
2 ϕcos+≡

Mrel a
2 ϕsin( )ς ϕ  λdcos ϕd

0

2π
∫π

2
---–

π
2
---

∫=

td
d Mrel a

2 ϕsin( )
t∂

∂ς ϕ   λdcos ϕd
0

2π
∫π

2
---–

π
2
---

∫ 0= =

x y V

V ui vj+≡

i j x y

t∂
∂h hV( )∇•+ 0=

t∂
∂V ζ f+

h
----------- 

  k hV( )× K g h hS+( )+[ ]∇+ + 0=

ζ k V∇×( )•≡

f 2Ω ϕsin≡
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is the Coriolis parameter. In (10.116), we have multiplied and divided the vorticity term h,

for two good reasons, to be explained later. The combination  is the pote

vorticity.

The corresponding equations for the zonal and meridional wind components are

, (10.119)

and

, (10.120)

respectively.

When we take the dot product of (10.116) with , the vorticity term of (10.1
contributes nothing because of the vector identity 

, (10.121)

and so we obtain very directly the advective form of the kinetic energy equation, i.e.

, (10.122)

where  is the kinetic energy per unit mass. By use of the continuity equ

(10.115), we can rewrite (10.122) in flux form:

. (10.123)

Similarly, the flux form of the potential energy equation is 

. (10.124)

The method presented earlier to ensure conservation of kinetic energy for the
dimensional finite-difference shallow-water equations carries through to two dimensio
very straightforward fashion, and so the details will not be given here. 

The important new physical ingredient that must be considered in the 
dimensional finite-difference system is rotation, including both Earth-rotation, , and

ζ f+
h

----------- 
 

t∂
∂u ζ f+

h
----------- 

  hv( )–
x∂

∂ K g h hS+( )+[ ]+ 0=

t∂
∂v ζ f+

h
----------- 

  hu( )
y∂

∂ K g h hS+( )+[ ]+ + 0=

hV

hV( ) k hV( )×[ ]• 0=

h
t∂

∂K hV( ) K g h hS+( )+[ ]∇•+ 0=

K 1
2
---V V•≡

t∂
∂ hK( ) hVK( )∇• hV( ) g h hS+( )[ ]∇•+ + 0=

t∂
∂ h ghS

1
2
---h+ 

  hV( )g h hS+( )[ ]∇• hV( ) g h hS+( )[ ]∇•–+ 0=

f
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relative vorticity, , associated with the wind field. We have already considered the effe
rotation for the case of two-dimensional nondivergent flow. Now we have divergence,
place of vorticity conservation and enstrophy conservation we must generalize to po
vorticity conservation and potential enstrophy conservation. One obvious and imp
question is: Can we find a finite-difference scheme that allows us to “mimic” the iden
(10.121)? 

The approach outlined below follows Arakawa and Lamb (1981). We adopt th
grid, as shown in Fig. 10.12. Recall that on the C-grid the zonal winds are east and w

the mass points, and the meridional winds are north and south of the mass point
divergence “wants” to be defined at mass points, e.g. at point ; and the vorticity “w
to be defined along the diagonal lines connecting mass points, e.g., at the 

.

The finite-difference form of the continuity equation is

. (10.125)

The various mass fluxes that appear in (10.125) have not yet been defined, but mass
conserved regardless of how we define them. 

Simple finite-difference analogs of the two components of the momentum equ
are

ζ

Figure 10.12:The arrangement of the mass, zonal wind, and meridional wind on the C grid.
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.126).

 that
 mass
s as
(10.126)

and

(10.127)

respectively. As in the one-dimensional case, the kinetic energy per unit mass, 

undefined at this stage, but resides at mass points. The potential vorticities 

, and the mass fluxes  and  are also undefined. 

Note that on the C-grid the mass fluxes that appear in (10.130) and (10.126) are
“wrong” places; the mass flux  that appears in the equation for the -win

evidently at a -wind point, and the mass flux  that appears in the equation fo

-wind is evidently at a -wind point. The vorticities that appear in (10.126) and (10.126
also in the “wrong” places. Obviously, what we have to do is interpolate somehow to o
mass fluxes and vorticities suitable for use in the vorticity terms of (10.126) and (10
Note, however, that it is actually products of mass fluxes and vorticities that are needed. 

Arakawa and Lamb constructed the finite-difference vorticity terms in such a way
a finite-difference analog to (10.121) is satisfied, regardless of the specific forms of the
fluxes and potential vorticities that are chosen. They constructed the vorticity term
follows:

(10.128)

d
dt
-----u

i j 1
2
---+,
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h
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2
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---+,

– 
  g
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In reality, the forms assumed by Arakawa and Lamb are slightly more general and s
more complicated than these; we simplify here for ease of exposition. In (10.128
(10.129), the ’s, ’s, ’s, and ’s obviously represent interpolated potential vortic
whose forms are not yet specified. Each of these quantities has four subscripts, to i
that it links a specific -wind point with a specific -wind point. The ’s, ’s, ’s, and 
are somewhat analogous to the ’s and ’s that were defined in the discussion o
dimensional non-divergent flow, in that the ’s and ’s also linked pairs of points
(10.128), the interpolated potential vorticities multiply the mass fluxes  at the four -

points surrounding the -wind point , and similarly in (10.129) they multiply 

mass fluxes  at the four -wind points surrounding the -wind point .

When we form the kinetic energy equation, we have to take the dot product o
vector momentum equation with the mass flux . This means that we have to mu
(10.126) by  and (10.126) by , and add the results. With the forms g

by (10.128) and (10.129), the vorticity terms will sum to 

(10.130)

Inspection of (10.130) makes it clear that cancellation will occur when we sum over the
This means that the vorticity terms will drop out of the finite-difference kinetic ene
equation, just as they drop out of the continuous kinetic energy equation. This cance
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will occur regardless of the expressions that we choose for the mass fluxes, and regar
the expressions that we choose for the ’s, ’s, ’s, and ’s. The cancellation arises 
from the forms of (10.128) and (10.129), and is analogous to the cancellation that m
(10.121) work, i.e.

, (10.131)

regardless of the input quantities  and . This is yet another example of “mim
discretization.”

The above discussion shows that the finite-difference momentum equa
represented by (10.126) and (10.126) with the use of (10.128) and (10.129) will gua
kinetic energy conservation under advection, regardless of the forms chosen for the
fluxes and the interpolated potential vorticities , , , and . From this point, the me
used in the discussion of the one-dimensional purely divergent flow will carry thro
essentially without change to give us conservation of mass, potential energy, and total e

Arakawa and Lamb (1981) went much further, however, showing how the fi
difference momentum equations presented above (or, actually, slightly generalized vers
these equations) allow conservation of both potential vorticity and potential enstrophy
details are rather complicated and will not be presented here. 

10.7 The effects of time differencing on energy conservation 

A family of finite-difference schemes for (10.13) can be written in the generic form

, (10.132)

where  is a finite difference analog to the Jacobian at the point , and different ch

of  give different time-differencing schemes. Examples are given in Table 1

Table 10.1:  Examples of time differencing schemes obtained through various choices of . 
The subscripts  and  have been omitted for simplicity.

Name of Scheme Form of Scheme

Euler (forward)

Backward implicit

Trapezoidal implicit

α β γ δ

AV k V×( )• A ui vj+( ) vi– uj+( )• A uv– uv+( ) 0= = =

A V

α β γ δ

qi j,
n 1+

qi j,
n

–
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-------------------------- Ji j, q
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Ji j, i j,( )

q
*

q
*

i j

q
*

q
n

=

q
*

q
n 1+

=

q
* 1

2
--- q

n
q

n 1+
+( )=
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Multiplying (10.132) by , we get

(10.133)

or, after some algebraic sleight-of-hand,

(10.134)

The left-hand side of (10.134) represents the change of  in one time step. Consid

summation of  over all grid points, divided by the number of grid points, and let this m
be denoted by an overbar. We find that 

(10.135)

which shows that the change of the mean-square of q depends on two terms. The first term

involves the choice of . For , the contribution of this term is positive and so t

to increase , while for , it is negative and so tends to decrease . If w
the trapezoidal scheme, which is absolutely stable and neutral (in the linear case
constant coefficients), there is no contribution from the first term. This means tha

Leapfrog (here the time interval is )

Second-order Adams Bashforth

Heun

Lax-Wendroff 

(here  is a smoothing operator)

Matsuno

Table 10.1:  Examples of time differencing schemes obtained through various choices of . 
The subscripts  and  have been omitted for simplicity.

Name of Scheme Form of Scheme
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trapezoidal scheme is consistent with (allows) exact energy conservation. Of course, th
of the finite-difference Jacobian must also be consistent with energy conservation.

In most cases, time truncation errors that interfere with exact energy conservat
not cause serious problems, provided that the scheme is stable in the linear sense,
indicated by von Neuman’s method. 

 

10.8 Summary

 

We began this chapter by discussing two-dimensional advection. When the adve
current is variable, a new type of instability can occur, which can be called “alia
instability.” In practice, it is often called “non-linear instability.” This type of instability occu
regardless of the time step, and cannot be detected by von Neuman's method. It 
detected by the energy method (see Chapter 2), and it can be controlled by enf
conservation of appropriate quadratic variables, such as energy or enstrophy. It is parti
likely to cause trouble with the momentum equations, which describe how the wi
“advected by itself.” Conservation of potential vorticity is an extremely important dynam
principle, as discussed in courses on atmospheric dynamics. Conservation of po
enstrophy is key to determining the distribution of kinetic energy with scale. Scheme
permit conservation of potential vorticity and potential enstrophy under advection ther
provide major benefits in the simulation of geophysical circulations. 
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1. A wagon wheel rotates at  revolutions per second. It is featureless excep

single dot painted near its outer edge. The wheel is filmed at  frames per se

a) What inequality must  satisfy to avoid aliasing? 

b) What rotation rate does a person watching the film see, for given values o

and ?

c) Under what conditions does the wheel appear to turn “backwards?” 

2. Prove that  gives kinetic energy conservation for the case of two-dimens

nondivergent flow. 

3. Prove that  gives exact vorticity conservation (ignoring time truncation er

Assume periodic boundary conditions.

4. Work out the 

 

continuous

 

 form of the Jacobian for the case of spheric
coordinates (longitude  and latitude ). 

R

r

r

r

R

J3

J2

λ ϕ
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CHAPTER 11 Finite Differences on the Sphere
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11.1 Introduction

There are a number of problems associated with trying to solve differential equa
numerically in spherical geometry. Difficulties can arise from the use of spherical coord
systems, and from trying to discretize the surface of the sphere itself. These diffic
include what is called the “pole problem.”

 Even before any numerical considerations are confronted, we run into difficu
simply in specifying a coordinate system. It is important to distinguish between true sc
valued and vector-valued functions. The value of a scalar function, say temperatu
independent of coordinate system. That is, the temperature at some point in space is th
regardless of how we define the position of the point. On the other hand, the indiv
components of a vector-valued function, such as the wind velocity, obviously differ depe
on the coordinate system. In a spherical coordinate system, the lines of constant lon
converge at the poles, so longitude is multivalued at the poles. This means that the components
of the wind vector are discontinuous at the poles, although the wind vector itself is per
well behaved at the pole. 

As a simple example, consider a jet directed over the North Pole. This is repres
by the shaded arrow in Fig. 11.1. Measured at points along the prime meridian, the win

have a positive  component. Measured along the international date line, however, the

0˚ 

180˚ 

north 
pole 

v > 0 

v < 0 

90˚ 270˚ u > 0 u < 0 

Figure 11.1: For the wind vector shown in 
the sketch, points along the 
prime meridian have a strong 
northward component. There 
is a discontinuity at the pole, 
and points along 
international date line have a 
strong southward 
component. Points near 90° 
longitude have a strong 
positive zonal component, 
while points near 270° 
longitude have a strong 
negative zonal component.

v
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will have a negative  component. A discontinuity occurs at the pole, where “north”
“south” have no meaning. Similarly, the  component of the wind is positive measured
the pole along  longitude, and is negative measured along  longitude. This pro
does not occur in a Cartesian coordinate system centered on the pole. At each point 
great circle which includes the pole, the components measured in Cartesian coordina
well defined and vary continuously.

11.2 Coordinate systems and map projections 

We now express the shallow water equations in the spherical coordinate sy
. In three-dimensional spherical coordinates, the gradient, divergence, and

operators take the following forms:

, (11.1)

, (11.2)

(11.3)

For use with the two-dimensional shallow-water equations, we can simplify these to

, (11.4)

, (11.5)

(11.6)

Here a is the radius of the spherical planet. 

The shallow water equations in spherical coordinates can be expressed as

v
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(11.7)

(11.8)

(11.9)

Here  is the depth of the fluid, and  is the height of the bottom topography. 

An early approach to numerically solving the shallow water equations on the s
was to project the equations from the sphere to a plane, and solve the equations on a
grid using a coordinate system defined in the plane. The surface of a sphere and that of
are not topologically equivalent, however. In other words, there does not exist a one-
mapping  such that for every point on the sphere  there ex

 satisfying . There are mapping
which map almost all of  onto ; examples are given below. Unfortunately, these map
or projections, tend to badly distort distances and areas near the singular points 
transformation. Nevertheless, we can use a projection to map the piece of the sphere wh
transformation is well behaved onto a finite region of the plane. An approach to map the
sphere is the composite mesh method, discussed later.

We can derive the equations of motion in various map projections if we first exp
them in a general orthogonal coordinate system . Define the metric coefficients

 and  so that the distance increment  satisfies 

(11.10)

Note that, as a matter of notation, the metric coefficients  and  are distingu

from depth of the fluid, h, by a subscript. In the  coordinate system, the horizo
velocity components are given by

(11.11)

(11.12)

Williamson (1979) gives the equations of motion for the general velocity component

t∂
∂u u

x∂
∂u v

y∂
∂u f u

a
--- ϕtan+ 
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(11.14)

where 

(11.15)

The continuity equation is given by

(11.16)

For example, if we set 

(11.17)

and correspondingly set the metric coefficients to 

(11.18)

then by (11.11) and (11.12) we have

(11.19)

Substituting (11.18) and (11.19) into (11.13), (11.14) and (11.16) gives (11.7), (
and (11.9), the shallow water equations in spherical coordinates.

Two map projections are commonly used in numerical modeling of the atmosp
circulation -- Polar Stereographic and Mercator. Both are examples of conformal projec
that is, they preserve angles, but not distances. Also, in both of these projections the
coefficients are independent of direction at a given point, i.e., . The effects of 
projections on the outlines of the continents are shown in Fig. 11.2.

The polar stereographic projection can be visualized in terms of a plane tangent
Earth at the North Pole. A line drawn from the South Pole that intersects the Earth wi
intersect the plane. This line establishes a one-to-one correspondence between all po
the plane and all points on the sphere except for the South Pole itself. In the plane, 
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tuting
   

define a Cartesian coordinate system , where the positive  axis is in the direct
the image of  (the Greenwich meridian), and the positive  axis is in the directio
the image of . Obviously, similar mappings can be obtained by placing the p
tangent to the sphere at points other than the North Pole. Haltiner and Williams (1984
the equations relating the projection coordinates  and the spherical coord

:

(11.20)

(11.21)

Note that there is a problem at the South Pole. Taking differentials of (11.20) and (1
gives

(11.22)

Now we determine the metrics of the polar stereographic map projection. Substi

,  and the metrics for spherical coordinates into  gives

(11.23)

Figure 11.2: Map projections of the continents: a.) Mercator projection. b.) North polar 
stereographic projection.

a b
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Solving (11.22) for , and , and substituting the results into (11.23), we obtain

(11.24)

Comparing (11.24) with (11.10), we see that metric coefficient for the p
stereographic projection is given by

(11.25)

We define the map factor, , as the inverse of the metric coefficient, 
. Using (11.13), (11.14) and (11.16), we can write the shal

water equations in north polar stereographic coordinates:

(11.26)

(11.27)

(11.28)

The total derivative is given by (11.15).

As discussed above, a finite region of the plane will only map onto a piece o
sphere, and vice versa. One technique to map the entire sphere is to partition it, for ex
into hemispheres, and project the pieces separately. Each set of projected equations t
its boundary conditions from the solutions of the other projected equations. Phillips (1
divided the sphere into three regions: a tropical belt, and extratropical caps to the nor
south of the tropical belt. On each region, the shallow water equations are mapped to
coordinate system. He used a Mercator coordinate system in the tropics, a polar stereo
coordinate system fixed to the sphere at the North Pole for the northern extratropical ca
similarly, a polar stereographic coordinate system fixed to the sphere at the South Pole
southern extratropical cap. When a computational stencil required data from outsid
region covered by its coordinate system, that piece of information was obtaine
interpolation within the neighboring coordinate system. The model proved to be unsta
the boundaries between the coordinate systems.

More recently, Browning (1989) discussed a different composite mesh mod
which the Northern and Southern Hemispheres are mapped to the plane with a
stereographic projection. The equations used for the northern projection are just (1
(11.27) and (11.28). The equations for the southern projection are the same as those
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northern, except for a few sign differences. This model is different from Phillips’ in tha
regions interior to the coordinate systems overlap a little bit as shown in Fig. 11.3. Valu

dependent variables at grid points not covered by the current coordinate system are o
by interpolation in the other coordinate system. The overlapping of the coordinate sy
makes this scheme more stable than in Phillips’ model, in which the coordinate system
simply butted together at a certain latitude. This model is also easier to write compute
for because the equations are only expressed in the polar stereographic coordinate s
Browning tested the model and reported good results.

11.3 Latitude-longitude grids and the “pole problem”

An obvious way to discretize the shallow water equations expressed in sph
coordinates is to use a regular latitude-longitude grid in which the grid intervals 
constants. A discretization scheme is straight forward except for the row of grid points n
the pole, where special considerations are necessary. 

A portion (one eighth) of a uniform latitude-longitude grid is shown in Fig. 11.4. 
zonal rows of grid points nearest the two poles consist of “pizza slices” which come tog
at a point at each pole. The other zonal rows consist of grid points which are ro

Figure 11.3: Composite grid method grid. Two such grids are used to cover the sphere. 
Points labeled with  are the boundary conditions for the points labeled with +. 
Values at the  points are obtained by interpolation from the other grid. The big 
circle is the image of the Equator. Points labeled * are not used.

∆λ ∆ϕ,( )
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trapezoidal in shape. The are other ways to deal with the polar regions, e.g. by definin
cartesian coordinates at the poles. 

A regular latitude-longitude grid has some drawbacks. The scales of meteorolo
action do not vary dramatically from place to place, nor do the meridional and zonal sca
the circulations of interest differ very much. This suggests that average distance be
neighboring grid points should not depend on location, and also that the distances be
grid points in the zonal direction should not be substantially different from the distanc
the meridional direction. Latitude-longitude grids lack these two desirable properties.

In addition, the convergence of the meridians at the poles demands a short tim
in order to satisfy the Courant-Friedrichs-Lewy (CFL) requirement for computati
stability, as discussed in Chapters 4 (for advection) and 5 (for wave propagation). T
often referred to as “the pole problem.” 

To derive the stability criterion for the shallow water equations on the sph
following Arakawa and Lamb (1977), we begin by linearizing (11.7), (11.8), and (11.9) a
a state of rest, as follows:

(11.29)

(11.30)

Figure 11.4: One octant of the latitude-longitude grid used by Arakawa and Lamb (1981). 
In the example shown, there are 72 grid points around a latitude circle and 44 
latitude bands from pole to pole. The longitudinal grid spacing is globally 
uniform, and in this example is 5 °. The latitudinal grid spacing is globally 
uniform except for “pizza slices” ringing each pole, which are 1.5 times as 
“tall” as the other grid cells. The reason for this is explained by Arakawa and 
Lamb (1981). In the example shown here, the latitudinal grid spacing is 4° 
except that the pizza slices are 6° tall. 

t∂
∂u g

a ϕcos
---------------
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itude
ence
(11.31)

Here we have neglected rotation and bottom topography, for simplicity, and H denotes the
mean depth of the fluid. We spatially discretize these as follows: 

(11.32)

(11.33)

(11.34)

Note that the C grid has been used here. We look for solutions of the form

, (11.35)

, (11.36)

, (11.37)

where . Note that the zonal wave number, , is defined with respect to long
rather than distance. After substitution of these solutions into our finite-differ
equations, we obtain

, (11.38)

, (11.39)
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where  is a “smoothing parameter” which depends on wave number. 
smoothing parameter appears in the term of (11.38) corresponding to the zonal pr
gradient force, and in the term of (11.40) corresponding to the zonal mass
divergence. These are the key terms for zonally propagating gravity waves. We
introduced  artificially in (11.39) and (11.40); later in this discussion it will be
to values less than unity in order to allow computational stability with a “large” time 
near the pole. For now, just consider it to be equal to one. 

By eliminating  and  in (11.38)-(11.40), we can obtain the “meridional struc

equation” for . It is 

(11.41)

where . By using the boundary condition  at the poles, this equation

be solved as an eigenvalue problem for the frequency, . For high values of the
wave number s, the first term on the left-hand side of (11.41) dominates the second
we obtain

(11.42)

Although we have not introduced a specific time differencing scheme here, we 
that the CFL criterion takes the form

, (11.43)
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where  is a constant of order one. In view of (11.42) and (11.43), the CFL criterion

place more stringent conditions on  as  decreases, i.e. near the poles. In ad

the criterion becomes more stringent as 

 

s

 

 increases, at a given latitude. Puttin
 temporarily, and assuming , we can write the stability condition 

zonal wave number  as

(11.44)

The worst case is , for which (11.44) reduces to 

(11.45)

where we define . For the grid shown in Fig. 11.4, with a longitud

grid spacing of  = 5

 

°

 

 and a latitudinal grid spacing of  = 4

 

°

 

 (which are the values
used to draw the figure), the northernmost row of grid points where the  compon
velocity is defined is at latitude 86 

 

°

 

N. The zonal distance between grid points on t
northernmost row is then  = 39 km. The fast, external gravity wave has a phase
of approximately

 

 

 

300 m s

 

-1

 

. Substituting into (11.45), we find that the largest permiss
time step near the pole is about 70 seconds. This is roughly one tenth of the 
permissible time step at the Equator.

It would be nice if the CFL criterion was the same at all latitudes, permitting 
steps near the pole as large as those near the equator. In order to make this possible
that use latitude-longitude grids typically employ “polar filters” that prevent computati
instability, so that a longer time step can be used. One approach is to longitudinally s
the longitudinal pressure gradient in the zonal momentum equation and the longitu
contribution to the mass flux divergence in the continuity equation. This has the effe
reducing the zonal phase speeds of the gravity waves sufficiently so that the CFL crite
not violated.

Inspection of (11.42) shows that this can be accomplished by choosing the smo
parameter so that

, (11.46)

where  is a suitably chosen length, comparable to the zonal grid spacing at the E
With the use of (11.46), (11.42) reduces to
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 one;
, (11.47)

and the CFL condition reduces to

, (11.48)

so that the time step required is independent of latitude, as desired. If we choose 

, (11.49)

i.e. the distance between grid points in the meridional direction, then, referring ba
(11.46), we see that  must be chosen so that

. (11.50)

Of course, at low latitudes (11.50) can give values of  which are greater than

these should be replaced by one, so that we actually use

. (11.51)
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A plot of (11.51) is given in Fig. 11.5, for the case of the shortest zonal mode. The
shows that some smoothing is needed all the way down into the subtropics. 

11.4 Kurihara’s grid

Many authors have sought alternatives to the latitude-longitude grid, hoping to 
the grid spacing more uniform, still within the “latitude-longitude” framework.

For example, Kurihara (1965) proposed a grid in which the number of grid po
along a latitude circle varies with latitude. By placing fewer points at higher latitudes, he
able to more homogeneously cover the sphere. The grid is constructed by evenly p

 grid points along the  longitude meridian, from the North Pole to the Equator.
point at the North Pole is given the label , the next latitude circle south is give
label , and so on until the Equator is labeled . Along latitude circle  th
are  equally spaced grid points, except at each pole, where there is a single poin
octant of the sphere is shown in Fig. 11.6; compare with Fig. 11.4. For a given , the

number of grid points on the sphere is . The Southern Hemisphere grid is a m
image of the Northern Hemisphere grid.

We can measure the homogeneity of the grid by examining the ratio of the z
distance, , and the meridional distance , for a grid point at latitude . H

 and . At , the Equator, the ratio is one, and near the p

-90 -60 -30 30 60 90

0.5

1

90 60 30 0 -30 -60 -90

Latitude

( )Sj ϕ

Figure 11.5: A plot of the smoothing parameter as given by (11.51), for the “worst case” of 
the shortest zonal mode. The dashed vertical lines demarcate the belt of 
latitude near the Equator for which no smoothing is needed. It has been 
assumed that the longitudinal grid spacing is 5/4 times the latitudinal grid 
spacing, as it is for the grid shown in Fig. 11.4. 
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Kurihara built a model using this grid, based on the shallow water equations
tested the model with the Rossby-Haurwitz wave, with wave number 4 as the 
condition. This set of initial conditions was used by Phillips (1959), and in the suite of s
test cases for shallow water models proposed by Williamson et al. (1992). The model w
with a variety of time-stepping schemes and with varying amounts of viscosity. 
simulation covered 16 simulated days, with . The Rossby-Haurwitz wave sh
move from west to east, without distortion. In several of Kurihara’s runs, however, the 
degenerated to higher wave numbers.

11.5 The Wandering Electron Grid

An approach to constructing a mesh of grid points that homogeneously cov
sphere is to model the equilibrium distribution of a set of electrons confined to the surf
the sphere. Because each electron is repelled by every other electron, it will mo
maximize the distance between it and its closest neighbors. In this way, the electron
distribute themselves as evenly as possible over the sphere. We associate a grid po
each electron. It seems advantageous to constrain the grid so that it is symmetric acr
Equator. An Equator can be defined by restricting the movement of a subset of the ele
to a great circle. The remaining electrons can be paired so that each has a mirror imag
opposite hemisphere. We can also fix an electron at each of the poles. Experience sho
unless we fix the positions of some of the electrons, their positions tend to w
indefinitely. Fig. 11.7 shows a grid constructed using the wandering electron algorithm.
cells have six walls, but some have five or seven walls. While this approach more o
homogeneously covers the sphere, it is not very satisfactory.

11.6 Spherical geodesic grids

Grids based on icosahedra offer an attractive framework for simulation of the g
circulation of the atmosphere; their advantages include almost uniform and quasi-iso
resolution over the sphere. Such grids are termed “geodesic,” because they resem
geodesic domes designed by Buckminster Fuller. Williamson (1968) and Sadourny (
simultaneously introduced a new approach to more homogeneously discretize the s
They constructed grids using spherical triangles which are equilateral and nearly eq

Figure 11.6: Kurihara grid on one octant of the sphere.

π 2⁄ 1.57≅

N 20=
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area. Because the grid points are not regularly spaced and do not lie in orthogonal ro
columns, alternative finite-difference schemes are used to discretize the equations. Initi
using the grid proved encouraging, and further studies were carried out. These were re
by Sadourny et al. (1968), Sadourny and Morel (1969), Sadourny (1969), Williamson (1
and Masuda (1986).

The grids are constructed from an icosahedron (20 faces and 12 vertices), which
of the five Platonic solids. A conceptually simple scheme for constructing a spherical geo
grid is to divide the edges of the icosahedral faces into equal lengths, create new s
equilateral triangles in the plane, and then project onto the sphere. See Fig. 11.8. O

construct a more homogeneous grid by partitioning the spherical equilateral triangles in
Williamson (1968) and Sadourny (1968) use slightly different techniques to construct
grids. However, both begin by partitioning the spherical icosahedral triangle.

On these geodesic grids, all but twelve of the cells are hexagons. Hexagonal gr

Figure 11.7: Wandering electron grid. White cells have five walls, light gray cells have six 
walls, and dark gray cells have seven walls.

Figure 11.8: a.) Icosahedron. b.) Partition each face into 64 smaller triangles. c.) Project 
onto the sphere.
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quasi-isotropic. As is well known, only three regular polygons tile the plane: equila
triangles, squares, and hexagons. Fig. 11.9 shows planar grids made up of each of the

possible polygonal elements. On the triangular grid and the square grid, some 
neighbors of a given cell lie directly across cell walls, while others lie across cell vertice
a result, finite-difference operators constructed on these grids tend to use “wall neig
and “vertex neighbors” in different ways. For example, the simplest second-order fi
difference approximation to the gradient, on a square grid, uses only “wall neighbors;” v
neighbors are ignored. Although it is certainly possible to construct finite-differe
operators on square grids (and triangular grids) in which information from all neighbo
cells is used [e.g. the Arakawa Jacobian, as discussed by Arakawa (1966)], the es
anisotropies of these grids remain, and are unavoidably manifested in the forms of the
difference operators. Hexagonal grids, in contrast, have the property that all neighbo

6 neighbors, 

8 neighbors, 

12 neighbors, 
3 wall neighbors

4 wall neighbors

6 wall neighbors

Figure 11.9: Cells neighboring a given cell (shaded) on triangular, square, and hexagonal 
grids. A “wall neighbor” is a neighbor which lies directly across a cell wall. 
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given cell lie across cell walls; there are no “vertex neighbors.” As a result, finite-differ
operators constructed on hexagonal grids treat all neighboring cells in the same way;
sense, the operators are as symmetrical and isotropic as possible. The twelve pentago
also have only wall neighbors; there are no vertex neighbors anywhere on the sphere. 

Williamson (1968) chose the nondivergent shallow water equations to test the
grid, i.e. he used

(11.52)

where  is relative vorticity,  is absolute vorticity and  is the stream funct
such that

(11.53)

Recall that, for arbitrary functions  and , the Jacobian in differential form has
property that

(11.54)

So, integrating (11.52) over the area , we get

(11.55)

where  is the velocity normal to the boundary . 

Consider  triangles surrounding the grid point  in Fig. 11.10. We approximat

line integral along the polygon defined by the path . Let  be the rela

vorticity defined at the point . First, we make the approximation . Let

and  be the absolute vorticity defined at points  and , respectively.

approximate the absolute vorticity along the edge between  and  by 

Similarly, , where  is the distance from  to . Henc
we can approximate (11.55) by
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To solve equation (11.53), we must discretize the Laplacian operator. Conside
smaller, inner polygon in Fig. 11.10. The walls of the polygon are formed from

perpendicular bisectors of the line segments . For any arbitrary scalar function 
can use Gauss’ Theorem to write

 (11.57)

where  is the area of the small polygon, and  is its boundary. Using (11.53
(11.57), we get

 (11.58)

where  is the circulation around the boundary and  is the counterclock

tangential velocity. We now set . We assume that the tangential vel

 is approximately constant along each wall of , and can be approxim

by , where  is the distance from  to . Defin

, where  is the length of wall . The resulting finite-differen

approximation is 

P0 

P1 

P2 

P3 

P4 

P5 

l1 l2 

l3 

l4 
l5 

Figure 11.10:Configuration of grid triangles for the case K = 5.
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This is a finite-difference approximation to (11.53). It can be solved for the 

relaxation, as discussed in earlier.

Williamson showed that his scheme conserves kinetic energy and enstrophy 
exact equations do. When applied to an equilateral triangular grid on a plane, the sch
second-order accurate. Williamson performed a numerical experiment, using a Ro
Haurwitz wave as the initial condition. A run of 12 simulated days produced good results
later study, Williamson (1971) described a finite-difference scheme that is second
accurate on the spherical geodesic grid, but lacks certain desirable conservation proper

Sadourny (1968) discussed a nondivergent model very similar to Williamson’s. A
Sadourny (1969) developed a geodesic-grid model based on the shallow water equatio

Masuda (1986) developed an elegant algorithm for solving the shallow w
equations on the sphere. He used the Z grid (see Chapter 6). Like Williamson, Masuda
the Rossby-Haurwitz wave with wave number 4 as his initial condition. Fig. 11.11 show

evolution of the velocity potential field in a 96-simulated-day run using Masuda’s model.
initial conditions are nondivergent, so initially the velocity potential is zero. As t
progresses, a wave number 4 pattern develops. As time progresses further, the pattern a
latitudes begins to break down, forming a wave number 1 pattern. Significantly, the 
number 1 pattern is antisymmetric across the Equator, even though the initial condit
symmetric across the Equator. Masuda suggested that this is due to the antisymmetry
grid across the Equator. 

ζ0 ωi ψi ψ0–( ).
i 1=

K

∑=

ψi

Figure 11.11:Masuda’s velocity potential field.
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Heikes and Randall (1995 a, b) extended Masuda’s work, through the use
“twisted icosahedral grid” that has symmetry across the equator. They used a mul
method to compute the stream function and velocity potential from the vorticity 
divergence, respectively. Heikes and Randall (1995 b) also showed that the grid (w
twisted or not) has to be slightly altered to permit consistent finite-difference approxim
to the divergence, Jacobian, and Laplacian operators that are used in the constructio
model. They tested their model using certain standard test cases for shallow water 
sphere (Williamson et al. 1992), and obtained good results. Ringler et al. (1999)
constructed a full-physics global atmospheric model using this approach. 

There have also been recent attempts to use grids based on cubes and octa
(e.g. McGregor, 1996; Purser and Rancic, 1998). 

11.7 Summary

In order to construct a numerical model on the sphere, it is necessary to ma
sphere onto a computational domain. There are various ways of doing this. The
straightforward is to use latitude-longitude coordinates, but this leads to the pole pro
The pole problem can be dealt with by using filters, but these approaches suffer from
problems of their own. Semi-implicit differencing could be used to avoid the need
filtering.

Another approach is to use a regular grid on the sphere. A perfectly regular g
mathematically impossible, but geodesic grids can come close.

A third approach, discussed in the next chapter, is to use the spectral method
spherical harmonics as the basis functions.
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CHAPTER 12 Spectral Methods
 ,
12.1 Introduction

Assume that  is real and integrable. If the domain is periodic, with period
we can express  exactly by a Fourier series expansion:

. (12.1)

The complex coefficients  can be evaluated using 

. (12.2)

Recall that the proof of (12.1) and (12.2) involves use of the orthogonality condition

, (12.3)

where

(12.4)

is the Kronecker delta. 

From (12.1), we see that the -derivative of  satisfies

u x t,( ) L
u x t,( )

u x t,( ) ûk t( )e
ikx

k ∞–=

∞

∑=

uk t( )

ûk t( ) 1
L
--- u x t,( )e

ikx–   xd
x L 2⁄–

x L 2⁄+

∫=

1
L
--- e

i– kx
e

ilx  xd

x L 2⁄–

x L 2⁄+

∫ δkl=

δkl
1 k, l=

0 k l≠,



≡

x u
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n for

 finite

 sum

 basic
of two
wave

; the

ate the

nd
range
. (12.5)

Inspection of (12.5) shows that  does not have a contribution from ; the reaso

this should be clear. 

A spectral model uses equations similar to (12.1), (12.2), and (12.5), but with a
set of wave numbers, and with x defined on a finite mesh:

, (12.6)

, (12.7)

. (12.8)

Note that we have used “approximately equal signs” in (12.6) - (12.8). In (12.7) we
over a grid with M points. In the following discussion, we assume that the value of n is
chosen by the user. The value of M, corresponding to a given value of n, is discussed
below.

Substitution of (12.6) into (12.7) gives

. (12.9)

This is of course a rather circular substitution, but the result serves to clarify some
ideas. If expanded, each term on the right-hand side of (12.9) involves the product 
wave numbers,  and , each of which lies in the range  to . The range for 

number  is explicitly spelled out in the inner sum on the right-hand side of (12.9)

range for wave number  is understood because, as indicated, we wish to evalu

left-hand side of (12.9) for  in the range -n to n. Because each term on the right-ha
side of (12.9) involves the product of two Fourier modes with wave numbers in the 

u∂
x∂

----- x t,( ) ikûk t( )e
ikx

k ∞–=

∞

∑=

u∂
x∂

----- u0

u xj t,( ) ûk t( )e
ikxj

k n–=

n

∑≅

ûk t( ) 1
M
----- u xj t,( )e

ikxj–

j 1=

M

∑≅ n k n≤ ≤–,

u∂
x∂

----- xj t,( ) ikûk t( )e
ikxj

k n–=

n

∑≅

ûk t( ) 1
M
----- ûl t( )e

ilxj

l n–=

n

∑ e
ikxj–

 
 
 

n k n≤ ≤–,
j 1=

M

∑=

l k n– n

l

k

k
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 to , each term includes wave numbers up to . We therefore need 

complex coefficients, i.e.  values of the .

Because  is real, it must be true that , where the * denotes the conju

To see why this is so, consider the  and  contributions to the sum in (12.6):

(12.10)

where  and , and  and  are real and non-negative

linear independence, our assumption that  for all  is real implies that

imaginary part of  must be zero, for all . It follows that 

 for all . (12.11)

The only way to satisfy this for all  is to set

, which means that , (12.12

and

. (12.13)

Eqs. (12.12) and (12.13) imply that 

, (12.14)

as was to be demonstrated.

Eq. (12.14) implies that  and  together involve only two distinct real numb

In addition, it follows from (12.14) that  is real. Therefore, the  complex value

 embody the equivalent of only  distinct real numbers. The Fourier representati

to wave number n is thus equivalent to representing the real function  on  g
points, in the sense that the information content is the same. We conclude that, in orde
a grid of M points to represent the amplitudes and phases of all waves up to , we

; we can use more than  points, but not fewer.

n– n 2n± 2n 1+

2n 1+ uk t( )

u û k– ûk
*

=

k+ k–

Tk xj( ) ûk t( )e
ikxj û k– t( )e

i– kxj+≡

Rke
iθ

e
ikxj R k– e

iµ
e

i– kxj   . +  ≡

Rke
iθ

ûk t( )≡ R k– e
iµ

û k– t( )≡ Rk R k–

u xj t,( ) xj

Tkxj xj

Rk θ kxj+( )sin R k– µ kxj–( )sin+ 0= xj

xj

θ kxj+ µ kxj–( )– µ– kxj+= = θ µ–=

Rk R k–=

û k– ûk
*

=

uk u k–

u0 2n 1+

uk 2n 1+

u x t,( ) 2n 1+

k n±=
M 2n 1+≥ 2n 1+
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:

As a very simple example, a highly truncated Fourier representation of u including
just wave numbers zero and one is equivalent to a grid-point representation of u using 3 grid
points. The real values of u assigned at the three grid points suffice to compute the coeffic
of wave number zero (the mean value of u) and the phase and amplitude (or “sine and cos
coefficients”) of wave number one. 

Substituting (12.7) into (12.8) gives 

. (12.15)

Reversing the order of summation leads to

(12.16)

where

. (12.17)

The point of this little derivation is that (12.16) can be interpreted as a finite-differ
approximation - a special one involving all grid points in the domain. From this point o
view, spectral models can be regarded as a class of finite-difference models.

Now consider the one-dimensional advection equation with a constant current, 

(12.18)

Substituting (12.6) and (12.8) into (12.18) gives

. (12.19)

By linear independence, we obtain

 for . (12.20)

∂u
∂x
------ xl t,( ) ik

M
----- u xj t,( )e

ikxj–

j 1=

M

∑ e
ikxl

k n–=

n

∑≅

∂u
∂x
------ xl t,( ) α j

l
u xj t,( )  , 

j

 

1

 

=

M

∑≅

α j
l i

M
----- ke

ik xl xj–( )

k n–=

n

∑≡

c

u∂
t∂

----- c u∂
x∂

-----+ 0  . =

dûk

dt
--------e

ikx

k n–=

n

∑ c ikûke
ikx

k n–=

n

∑+ 0=

dûk

dt
-------- ikcûk+ 0= n– k n≤ ≤
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Note that  will be equal to zero; the interpretation of this should be clear. We ca

(12.20) to predict . When we need to know , we can get it from (12.6). 

Compare (12.20) with

, (12.21)

which, as we have seen, is obtained by using centered second-order space differ
The spectral method gives the 

 

exact

 

 advection speed (for each Fourier mode), while 
finite difference method gives a slower value. Similarly, spectral methods give the 

 

exact

 

phase speeds for linear waves, while finite difference methods generally underes
the phase speeds. Keep in mind, however, that the spectral solution is not really
because only a finite number of modes are kept.

To evaluate the horizontal pressure gradient force, it is necessary to take horiz
derivatives of the terrain height. Suppose that we have continents and oceans, as schem
shown in Fig. 12.1. In a spectral model the terrain heights will have to be expande

truncated, like all of the other variables. Truncation leads to “bumpy” oceans. Recently
new approaches have been suggested to alleviate this problem (Boutelou, 1995; Holze
Lindberg and Broccoli, 1996). 

Another strength of spectral methods is that they make it very easy to solve bou
value problems. As an example, consider 

(12.22)

dû0

dt
--------

uk t( ) u x t,( )

dûk

dt
-------- ikc k∆xsin

k∆x
----------------- 

  ûk+ 0=

 

Figure 12.1:

 

The Earth is bumpy.

 
h

 
s

 
0= hs 0=

hs 0≠

∇ 2
u f x y,( )  , =
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as a problem to determine 

 

u

 

 for given . In one dimension, (12.22) becomes

(12.23)

We assume periodic boundary conditions and expand both 

 

u

 

 and 

 

f

 

 as Fourier series in 

 

x

 

,
following (12.1). Then (12.23) becomes

(12.24)

Equating coefficients of , we find that

(12.25)

Eq. (12.25) can be used to obtain , for . Then  can be constructed 
(12.1). This completes the solution of (12.23), apart from the application of an addi
boundary condition to determine . The solution is exact 

 

for the modes that are

included

 

; it is approximate because not all modes are included. 

Now consider a nonlinear problem, such as

, (12.26)

again with a periodic domain. Substitution gives

. (12.27)

Our goal is to predict  for   in the range  to . The right-hand-side of (12
involves products of the form

(12.28)

where  and  are in the range  to . These products can generate “new”

numbers, some of which lie outside the range  to . Those that lie outside this 

f x y,( )

d
2
u

dx
2

-------- f x( )  . =

k
2

–( )ûke
ikx

k n–=

n

∑ f̂ke
ikx

  . 
k n

 

–=

n

∑=

e
ikx

ûk
f̂k–

k
2

-------      for     n – k ≤ n ≤ =      unless  k 0 = ( )  .

ûk k 1 n,= u x( )

u0

u∂
t∂

----- u u∂
x∂

-----–=

dûk

dt
--------e

ilx

k n–=

n

∑ ûle
ilx

l n–=

n

∑ 
 
 

imûme
imx

m n–=

n

∑ 
 
 

–=

uk t( ) k n– n

e
ilx

e
imx  ,

l m n– n

n– n
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 of the

s of 
   

are simply neglected, i.e., they are not included when we evaluate and make use
left-hand side of (12.27).

For a given Fourier mode, (12.27) implies that

(12.29)

Here we must choose  large enough so that we pick up all possible combination

 

l

 

and 

 

m

 

 that lie in the range  to 

 

. 

 

See Fig. 12.2. The circled 

 

X 

 

‘s in the figure denote

excluded triangular regions. The number of points in each region is

. (12.30)

The number of points

 

 retained 

 

is

(12.31)

duk
ˆ

dt
--------  ul

ˆ um
ˆ e

i l m+( )x[ ] e ikx– u k n≤ ≤–,
m α–=

α

∑
l α–=

α

∑=

α
n– n

n

l 0

2n

l + m = n

l + m = -n

0
m

n
-n

-n

0

0

-2n

X 

X 

Figure 12.2: Table of ., showing which  pairs can contribute to wave numbers in 
the range  to . The pairs in the triangular regions marked by X’s do not 
contribute.

l m+ l m,( )
n– n

1 2 3 … n 1–( )+ + + + n n 1–( )
2

--------------------=

2n 1+( )2 2 n n 1–( )
2

--------------------–

4n2 4n 1+ +( ) n2 n–( )–=

3n2 5n 1++=
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This is the number of terms that must be evaluated in (12.27). The number of ter

the product of sums on the right-hand-side of (12.27) is of order , i.e. it grows

rapidly as  increases. The amount of computation grows rapidly as  increases, 
course the problem is “twice as hard” in two dimensions. At first, this poor scaling 
problem size appeared to make spectral methods prohibitively expensive for non
(i.e. realistic) problems. 

A way around this practical difficulty was proposed by Orszag, and independent
Eliassen et al., both in 1970. They suggested a “transform method” in which (12.1) and

are used to evaluate   and  on a grid. Sufficient grid points are use to allow theexact

representation, for wave numbers in the range -n to n, of quadratic nonlinearities like .

Of course, here “exact” means “exact up to wave number n.” Because the solution is exact fo
wave numbers up to n, there is no error for those wave numbers, and in particular, there is no
aliasing error. Therefore, a model of this type is not subject to aliasing instability aris

from quadratic terms like . Aliasing can still arise, however, from “cubic” or high

order nonlinearities.

To investigate the transform method, we proceed as follows. By analogy with (1
we can write

. (12.32)

Here the hat on  indicates that the entire quantity is represented in wave-nu

space rather than grid space. Now use (12.6) and (12.8) to express 

in terms of Fourier series:

. (12.33)

Eq. (12.33) is analogous to (12.9). When expanded, each term on the right-hand 
(12.33) involves the product of three Fourier modes (k, l and m), and therefore includes
zonal wave numbers up to . We need  complex coefficients to encom

n
2

n n

u ∂u
∂x
------

u u∂
x∂

-----

u u∂
x∂

-----

u u∂
x∂

----- 
 

k

ˆ 1
M
----- u xj( )∂u

∂x
------ xj( )e

ikxj–

j 1=

M

∑= n k n≤ ≤–,

u u∂
x∂

----- 
 

k

ˆ

u xj( )   and   u ∂ 
x
 

∂
 -----  x j ( )

u u∂
x∂

----- 
 

k

ˆ 1
M
----- ûle

ilxj

l n–=

n

∑ 
 
 

imûme
imxj

m n–=

n

∑ 
 
 

e
ikxj–

j 1=

M

∑= n k n≤ ≤–,

3n± 3n 1+
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wave numbers up to , and because  is real these  complex coeffic

actually correspond to  independent real numbers. We therefore need

(12.34)

grid points to represent  exactly, up to wave number n.

In summary, the transform method to solve (12.26) works as follows:

1) Initialize the spectral coefficients , for .

2) Evaluate both u and  on a grid with M points, where . Here 

is computed using the spectral method, i.e. Eq. (12.8).

3) Form  on the grid, by multiplication.

4) Transform  back into wave- number space, for .

5) Predict new values of the , using

. 

1) Return to step 2, and repeat this cycle as many times as desired.

Note that the grid-point representation of  contains more informa
 than the spectral representation . For this on

dimensional problem the ratio is approximately 3/2. The additional information embodi
the grid-point representation is thrown away in step 4 above, when we transform from th
back into wave-number space. It is not “remembered” from one time step to the next. In 
we throw away about 1/3 of the information that is represented on the grid. This is the
that we pay to avoid aliasing due to quadratic nonlinearities. 

12.2 Spectral methods on the sphere 

Spectral methods on the sphere were first advocated by Silberman (1954). A fu
 that is defined on the sphere can be represented by

3n± u u∂
x∂

----- 3n 1+

3n 1+

M 3n≥ 1+

u u∂
x∂

-----

uk n– k≤ n≤

u∂
x∂

----- M 3n≥ 1+ u∂
x∂

-----

u u∂
x∂

-----

u u∂
x∂

----- n– k≤ n≤

uk

dûk

dt
-------- u u∂

x∂
----- 

 
k

ˆ
–=

u
3n 1  real  values +  ( ) 2n 1   real values +  ( )

F
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(12.35)

where the

(12.36)

are spherical harmonics, and the  are the associated Legendre functions
first kind, which happen to be polynomials, satisfying

(12.37)

Here  is the zonal wave number and  is the “meridional nodal number.” As disc

in the Appendix on spherical harmonics, we must require that . The sphe

harmonics  are the eigenfunctions of the Laplacian on the sphere:

. (12.38)

Here  is the radius of the sphere. See the Appendix for further discussion.

We can approximate  by a truncated sum:

. (12.39)

Here the overbar indicates that  is an approximation to 

 

F

 

. In (12.39), the sum over 

 

m

 

from  to  ensures that  is real. The choice of  is discussed below

smooth ,  converges to  very quickly. Only a few terms are needed to obtain a
representation.
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Why should we expand our variables in terms of the eigenfunctions of the Lapl
on the sphere? The Fourier representation discussed earlier is also based on the eigenf
of the Laplacian, in just one dimension, i.e. sines and cosines. What is so special ab
Laplacian operator? There are infinitely many differential operators, so why choos
Laplacian? A justification is that: 

• the Laplacian consumes scalars and returns scalars, unlike, for example,

gradient, the curl, or the divergence;

• the Laplacian can be defined without reference to any coordinate system;

• the Laplacian is isotropic, i.e. it does not favor any particular direction on t

sphere;

• the Laplacian is simple. 

How should we choose ? This is the problem of truncation. The two b
known possibilities are 

 

triangular truncation

 

 and 

 

rhomboidal truncation

 

:

Rhomboidal: (12.40)

Triangular:  or . (12.41)

These are illustrated in Fig. 12.3. As shown in Fig. 12.4, triangular truncation repre
the 

 

observed

 

 kinetic energy spectrum more accurately, with a small number of te
than does rhomboidal truncation (Baer, 1972). The thin lines in Fig. 12.4 show the m
kept with triangular truncation. With rhomboidal truncation the thin lines would
horizontal. The thick lines show the observed kinetic energy percentage in 
component. For example, we might want to truncate so that we keep all modes

% of the kinetic energy, and discard all others. Triangular truncation can do 

In addition, triangular truncation has the beautiful property that it is not tied 
coordinate system. Here is what this means: In order to actually perform a spherical ha
transform, it is necessary to adopt a spherical coordinate system . There are of 
infinitely many such systems, which differ in the orientations of their poles. There is no re
in principle that the coordinates have to be chosen in the conventional way, so that the p
the coordinate system coincide with the Earth’s poles of rotation. The choice of a par
spherical coordinate system is, therefore, somewhat arbitrary. Suppose that we choo
different spherical coordinate systems (tilted with respect to one another in an arbitrary
perform a triangularly truncated expansion in both, then plot the results. It can be show
the two maps will be identical, i.e. 

(12.42)

N m( )

N m– M constant= =

N M constant  , = = N m– M m–=

0.01≥

λ ϕ,( )

F λ1 ϕ1,( ) F λ2 ϕ2,( )   , =
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where the subscripts indicate alternative spherical coordinate systems. This mea
the arbitrary orientations of the spherical coordinate systems used have no 

Figure 12.3: Rhomboidal and triangular truncation. From Jarraud and Simmons (1983).

Figure 12.4: Percentage of total kinetic energy in each spectral component. From Jarraud 
and Simmons (1983) based on Baer (1972).
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whatsoever on the results obtained. The coordinate system used “disappears” at t
Triangular truncation is very widely used today, in part because of this nice property

In order to use (12.39), we need a “spherical harmonic transform,” analogous
Fourier transform. From (12.36), we see that a spherical harmonic transform is equiva
the combination of a Fourier transform and a Legendre transform. The Legendre transf
formulated using a method called “Gaussian quadrature.” The idea is as follows. Suppo
we are given a function  defined on the interval , and we wish to evaluate

(12.43)

by a numerical method. If 

 

f

 

 is defined at a finite number of 

 

x

 

, denoted by , then

(12.44)

where the  are “weights.” Now suppose that  is a weighted sum of Lege
polynomials. Gauss showed that in that case (12.44) gives the 

 

exact

 

 value of 

 

I

 

, provided
that the  are chosen to be the roots of the highest Legendre polynomial used. In
words, we can use (12.44) to evaluate the integral (12.43) exactly, provided th
choose the latitudes so that they are the roots of the highest Legendre polynomia
These latitudes can be found by a variety of iterative methods. The Gaussian qua
algorithm is used to perform the Legendre transform. 

With 

 

either

 

 triangular 

 

or

 

 rhomboidal truncation, choosing 

 

M

 

 fixes the expansion;
hence the expressions “R15” or “T106.” The numeral is the value of 

 

M

 

. The numbers of
complex coefficients needed are

(12.45)

and

, (12.46)

respectively. 

With the transform method described earlier, the number of grid points need
avoid aliasing of quadratic nonlinearities exceeds the number of degrees of freedom 
spectral representation. The number of grid points around a latitude circle mu

f x( ) 1– x≤ 1≤

I f x( )dx  , 

1

 

–

1

∫=

xi

I f xi( )wi  , 
i

 

1=

N

∑≅

wi f x( )

xi

fR M 1+( )2
= M

2
M   , + +

fT M 1+( )2
=
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. The number of latitude circles must be  for triangular truncati

and so the total number of grid points needed is . Referring back to (12

we see that for large 

 

M

 

 the grid representation uses about 2.25 times as many equivalen
numbers as the triangularly truncated spectral representation. A similar conclusion ho
rhomboidal truncation. Computing the physics on the fine grid is standard procedur
wasteful.

In summary, the spectral transform method as it is applied to global models wo
follows.

First, we choose a spectral truncation, e.g. T42. Then we identify the number o
points needed in the longitudinal and latitudinal directions, perhaps with a view to avo
aliasing due to quadratic nonlinearities. Next, we identify the highest degree Leg
polynomial needed with the chosen spectral truncation, and find the latitudes where th
of that polynomial occur. These are called the “Gaussian latitudes.” At this point, we c
up our “Gaussian grid.” 

The horizontal derivatives are evaluated in the spectral domain, essentially th
“multiplication by wave number.” When we transform from the spectral domain to the 
we combine an inverse fast Fourier transform with an inverse Legendre transform
nonlinear terms and the model physics are computed on the grid. Then we use the Le
and Fourier transforms to return to the spectral domain. 

The basic logic of this procedure is the same as that described earlier for the s
one-dimensional case. 

We have a fast Fourier transform, but no one has yet discovered a “fast Leg
transform,” although some recent work points towards one. Lacking a fast Leg

transform, the operation count for a spectral model is of , where 

 

N

 

 is the number of

spherical harmonics used. Finite difference methods are, in effect, of . This m
that spectral models become increasingly expensive, relative to grid-point models, a
resolution. 

 
12.3 The “equivalent grid resolution” of spectral models

 
Laprise (1992) distinguishes four possible ways to answer the following obv

question: “What is the equivalent grid-spacing of a spectral model?”

1) One might argue that the effective grid spacing of a spectral model is 

 

the 
average distance between latitudes on the Gaussian grid.

 

 With triangular 
truncation, this is the same as the spacing between longitudes at the Equato

which is . Given the radius of the Earth, and using units of 

thousands of kilometers, this is equivalent to 13.5/

 

M

 

. For a T31 model (with 

), we get . An objection to this measure is that, as 

3M 1+≥ 3M 1+( )
2

----------------------≥

3M 1+( )2

2
-------------------------≥

O N
3( )

O N
2( )

L1
2πa

3M 1+
-----------------=

M 31= L1 425km≅
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discussed above, much of the information on the Gaussian grid is thrown 
away when we transform back into spectral space. 

2) A second possible measure of resolution is half the wavelength of the shortest 

resolved zonal wave at the Equator, which is , or about 20/M in units 

of thousands of kilometers. For a T31 model, . 

3) A third method is based on the idea that the spectral coefficients, which are 
the prognostic variables of the spectral model, can be thought of as a certain 
number of real variables per unit area, distributed over the Earth. A 

triangularly truncated model has the equivalent of  real coefficients.

The corresponding resolution is then , which 

works out to about 725 km for a T31 model.

4) A fourth measure of resolution is based on the equivalent total wave number 
associated with the Laplacian operator, for the highest mode. The square of 

this total wave number is . Suppose that we equate this to 

the square of the equivalent total wave number on a square grid, i.e. 

, and let  for simplicity. One half of the 

corresponding wavelength is , which is equivalent to 28.3/M 

in units of thousands of kilometers. For a T31 model this gives about 900 km

These four measures of spectral resolution range over more than a factor of tw
measure that makes a spectral model “look good” is , and so it is not surprisin

this is the measure that spectral modelers almost always use when specifyin
equivalent grid spacing of their models. 

12.4 Semi-implicit time differencing

As we have already discussed in Chapters 5 and 8, gravity waves limit the tim
that can be used in a primitive-equation (or shallow water) model. A way to get around 
to use semi-implicit time differencing, in which the “gravity wave terms” of the equations
treated implicitly, while the other terms are treated explicitly. This can be accomplished 
more easily in a spectral model than in a finite-difference model. 

L2
πa
M
------=

L2 650km≅

M 1+( )2

L3
4πa

2

M 1+( )2
--------------------- 2 πa

M 1+
--------------==

K
2 M M 1+( )

2a
2

------------------------=

K
2

kx
2

ky
2

+= kx ky k= =

L4
π
k
--- 2πa

M
--------------==

L1
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A detailed discussion of this approach will not be given here, but the basic idea
as follows. The relevant terms are the pressure-gradient terms of the horizontal equat
motion, and the mass convergence term of the continuity equation. These are the sam
that we focused on in the discussion of the pole problem, in Chapter 8. The terms in
horizontal derivatives of the “height field” and the winds, respectively. Typically the Cor
terms are also included, so that the waves in question are inertia-gravity waves. 

Consider a finite-difference model. If we implicitly difference the gravity-wa
terms, the resulting equations will involve the “n+1” time-level values of the heights and th
winds at multiple grid points in the horizontal. This means that we must solve simultane
for the “new” values of the heights and winds. Such problems can be solved, of cours
they can be computationally expensive. For this reason, most finite-difference models 
use semi-implicit time differencing.

In spectral models, on the other hand, we prognose the spectral coefficients 
heights and winds, and so we can apply the gradient and divergence operators sim
multiplying by wave number (roughly speaking). This is a “local” operation in wave-num
space, so it is not necessary to solve a system of simultaneous equations. 

The use of semi-implicit time differencing allows spectral models to take time s
several times longer than those of (explicit) grid-point models. This is a major advanta
terms of computational speed, which compensates, to some extent, for the expense
spectral transform.

12.5 Conservation properties and computational stability

Because the spectral transform method prevents aliasing for quadratic nonlinea
but not cubic nonlinearities, spectral models are formulated so that the highest nonline
that appear in the equations (other than in the physical parameterizations) are quadrat
means that the equations must be written in advective form, rather than flux form. As a 
the models do not exactly conserve anything -- even mass -- for a general, divergent fl

It can be shown, however, that in the limit of two-dimensional non-divergent fl
spectral models do conserve kinetic energy and enstrophy. Because of this property, t
well behaved computationally. Nevertheless, all spectral models need some artificial dif
damping to avoid computational instability. In contrast, it is possible to formulate fi
difference models that are very highly conservative and can run indefinitely with no art
damping at all. 

12.6 Moisture advection

The mixing ratio of water vapor is non-negative. We have already discusse
possibility of spurious negative mixing ratios caused by dispersion errors in finite-differ
schemes, and we have also discussed the families of finite-difference advection schem
are “sign-preserving” and do not suffer from this problem.

Spectral models have a very strong tendency to produce negative water vapor m
ratios (e.g. Williamson and Rasch, 1994). In the global mean, the rate at which “ne
water” is produced can be a significant fraction of the globally averaged precipitation
Negative water vapor mixing ratios occur not only locally on individual time steps, but 
in zonal averages that have been time-averaged over a month. 

Because of this disastrous situation, many spectral models are now using non-s
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methods for advection (e.g. Williamson and Olson, 1994). This means that they are
“partly spectral.” When non-spectral methods are used to evaluate the nonlinear adv
terms, the motivation for using the high-resolution, non-aliasing grid disappears. Such m
can then use a coarser “linear grid,” with the same number of grid points as the number
independent real coefficients in the spectral representation. This leads to a major sav
computational cost. 

12.7 Physical parameterizations

Because most physical parameterizations are highly nonlinear, spectral m
evaluate such things as convective heating rates, turbulent exchanges with the Earth’s s
and radiative transfer on their Gaussian grids. The tendencies due to these parameter
are then applied to the prognostic variables, which are promptly transformed into w
number space. 

Recall that when this transform is done, the spectral representation contain
information than is present on the grid, due to the spectral truncation to avoid aliasing 
quadratic nonlinearities. This means that if the fields were immediately transformed bac
the grid (without any changes due, e.g., to advection), the physics would not “see” the
that it had just finished with. Instead, it would see spectrally truncated versions of these 

For example, suppose that the physics package includes a convective adjustme
is supposed to adjust convectively unstable columns so as to remove the instability. S
that on a certain time step this parameterization has done its work, removing all instab
seen on the Gaussian grid. After spectral truncation, some convective instability m
appear, even though “physically” nothing has happened!

In effect, the spectral truncation that is inserted between the grid domain an
spectral domain prevents the physical parameterizations from doing their work properly
is a problem for all spectral models. It can be solved by doing the physics on a “linear
that has the same number of degrees of freedom as the spectral representation.

12.8 Summary

In summary, the spectral method has both strengths and weaknesses:

Strengths:

• Especially with triangular truncation, it eliminates the “pole problem.”

• It gives the exact phase speeds for linear waves and advection by a cons

current such as solid-body rotation.

• It converges very rapidly, and gives good results with just a few modes.

• Semi-implicit time-differencing schemes are easily implemented in spectr

models.
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Weaknesses:

• Spectral models do not exactly conserve anything -- not even mass.

• Partly because of failure to conserve the mass-weighted total energy, arti

cial damping is needed to maintain computational stability.

• Spectral models have bumpy oceans.

• Because of truncation in the transform method, physical parameterization

not always have the intended effect. 

• Moisture advection does not work well in the spectral domain.

• At high resolution, spectral methods are computationally expensive com-

pared to grid point models.
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Problems

1. Write subroutines to compute Fourier transforms and inverse transforms
arbitrary complex . The number of waves to be included in the transform

the number of grid points to be used in the inverse transform should be set th
the argument lists of subroutines. 

a) Let

(12.47)

where

(12.48)

Compute the Fourier coefficients starting from values of  on a grid of M points,

for each value of M in the angle.

(12.49)

Tabulate  for , and . Discuss your results.

b) Repeat for

. (12.50)

Use the same values of  as given above.

u xj( )

u xj( ) 14 k0xj( )cos 6i k1xj( )cos 5+ +=

k0
2π
Lo
------   Lo, X

4
---   , = =

k1
2π
L1
------   L1, X

8
---   . = =

xj

2 M 20≤ ≤

uk 0 M 8≤ ≤ 2 M 20≤ ≤

u xj( ) 5 k0xjcos 7 k1xj 2+sin+=

k0 and k1
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13.1 Introduction

 

Boundary conditions can be real or fictitious. At a real wall, the normal compone
the velocity vanishes, which implies that no mass crosses the wall. 

The Earth’s surface is a “real wall” at the lower boundary of the atmosphere. M
models also have “ficititious walls” at their tops.

With some vertical coordinate systems (such as height), topography imposes a 
boundary condition in an atmospheric model. Ocean models describe flows in basins, 
(depending again on the vertical coordinate system used) have “real” lateral bou
conditions. 

Limited area models have artificial lateral boundaries. Even global models are lim
domain models in the sense that they have physical lower boundaries and artificial “lids

Models in which the grid spacing changes rapidly (e.g. nested grid models) effec
apply boundary conditions where the dissimilar grids meet. 

This chapter deals with the effects of boundary conditions, with emphasis on wha
go wrong. 

 

13.2 Inflow Boundaries

 

Consider advection in an artificially bounded domain. Instead of prescribing in
values of the advected quantity  for all , 

 

we

 

 

 

prescribe u at  for all time

 

. In particular,
we assume  at  as a simple harmonic function, with frequency . Note tha
can choose  as we please. Referring again to the advection equation, i.e.

(13.1)

we assume  and write

(13.2)

u x x 0=
u t( ) x 0= ω
ω

u∂
t∂

----- c u∂
x∂

-----+ 0  , =

c 0>

u x t,( ) Re U x( )e
iωt–[ ]       ω 0  . ≠,=  
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We prescribe  as a real constant. Then

(13.3)

Since , we have effectively prescribed an “inflow” or “upstream” boundary conditio

Use of (13.3) in (13.1) gives

(13.4)

which has the solution

. (13.5)

The dispersion equation is obtained by substituting (13.5) into (13.4):

. (13.6)

The full solution is thus

(13.7)

Now consider the same problem again, this time as represented throug
differential-difference equation 

(13.8)

We assume a solution of the form

(13.9)

we obtain the now-familiar dispersion relation

(13.10)

This should be compared with (13.6). Fig. 13.1 gives a schematic plot, with 

 

ω∆

 

x

 

/

 

c

 

 and 

 

k

 

∆

 

x

 

 as
coordinates, for the true dispersion equation (13.6) and the approximate dispersion eq
(13.10). The results are plotted only out to , which corresponds to 
shortest resolvable wave.   For a given  ω   we have one  k   in the exact solution. In the numerica
solution, however, we have two 

 
k

 
's, which we are going to call 

 
k

 

1

 
 and 

 
k

 

2

 
. As discussed below,

U 0( )

u 0 t,( ) U 0( )Re e
iωt–( ) U 0( ) ωt   .cos  = =

c 0>

iωU– cdU
dx
-------+ 0  , =

U x( ) U 0( )e
ikx

=

ω ck=

u x t,( ) U0Re exp i kx ωt–( )[ ]{ }=

U0Re exp ik x ct–( )[ ]{ }   . =

duj

dt
------- c

uj 1+ uj 1––

2∆x
---------------------------- 

 + 0  . =

uj Re Uje
iωt–[ ]   , =

ω ck k∆x( )sin
k∆x

----------------------  . =

k∆x π= L 2∆x=
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for 

 

ω

 

 > 0, 

 

k

 

1

 

 corresponds to the exact solution. Note that 

. (13.11)

Also note that the group velocity is positive for , and negative for .

When we studied the leapfrog time-differencing scheme in Chapter 3, we h
somewhat similar result. In Chapter 3 we had two solutions with different frequencies
given wavelength. Here we have a single given frequency but two solutions of diff
wavelength associated with that frequency. We can call the solution corresponding to

 

k

 

1

 

 a
“physical mode” in space, and the solution corresponding to 

 

k

 

2

 

 a “computational” mode in
space. Notice that the wavelength that corresponds to 

 

k

 

2

 

, i.e. the wavelength of the
computational mode, will always be between  (which corresponds to )

 (which corresponds to ). For , there really is no physical mode

other words, 
 

the physical mode exists only for

 
 . In view of (13.12), , which

is the requirement that a physical mode exists, corresponds to . 

condition can be satisfied by choosing  small enough, for given values of 

 

ω 

 

and 

 

c.

 

Referring back to (13.10), we see that the two modes can be written as

k2∆x π k1∆x–=

k∆x π 2⁄< k∆x π 2⁄>

0.5 1 1.5 2 2.5 3

0.5

1

1.5

2

2.5

3

Figure 13.1: A schematic plot, with  and  as coordinates, for the true solution 

(13.3) and the approximate solution (13.10). The dashed line illustrates that for 
a given  the approximate solution allows two different wave numbers.

ω∆x
c

----------- k∆x

ω

k1∆x k2∆x

k∆x

ω∆x
c

-----------

ω∆x
c

----------- k∆x=

ω∆x
c

----------- ksin ∆x=

2∆x k∆x π=

4∆x k∆x π
2
---= k1∆x π

2
--->

L 4∆x≥ k1∆x π
2
---<

sin 1– ω∆x
c

----------- 
  π

2
---<

∆x
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(13.13)

where  and  have been used, note that the two modes
have different amplitudes. The phase velocity of the computational mode is opposite 
of the physical mode, and it oscillates in space with wave length 2∆x, due to the factor of

. 

In general, the solution is a superposition of the physical and computational m
In case  and the point  is the “source of influence,” like a smoke stack, o
physical mode appears for  and only a computational mode appears for . Fig
shows this schematically for some arbitrary time. The dashed line for  repre

physical  mode:     u j Re exp ik 1 j ∆ x ω 
k

 
1

 ----- t –  
 

 
 
 

∼

computational  mode:    u j Re exp ik 2 j ∆ x ω 
k

 
2

 ----- t –  
 

 
 
 

∼  

Re

 

exp

 

i j

 

π

 

k

 

1

 

j

 

∆

 

x

 

–

 

ω

 

t

 

–

 

( )[ ]{ }

 

=

 

1

 

–

 

( )

 

j

 

Re

 

exp

 

ik

 

1

 

j

 

∆

 

x

 

ω

 

k

 

1

 

-----

 

t

 

+

 

 
 

 

–

 

 
 
 

 

  ,

 

=

k2∆x π k1∆x–= e
ijπ 1–( )j

=

1–( )j

c 0> j 0=
j 0> j 0<

-1-2-3-4
j

u            c�       

Figure 13.2: Schematic illustration of a computational mode that is restricted to the domain 
, and a physical mode that is restricted to the domain .j 0< j 0>

j 0<
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(13.13), without the factor ; the solid line represents the entire expression. The infl
of the computational mode propagates to the left. If the wave length of the physical m
very large (compared to ), the computational mode will appear as an oscillation from
to point, i.e. a wave of length .

According to (13.10), the apparent phase change per grid interval, , is related
wave number by

 for . (13.14)

With the exact equations, . Since we control , , and , we effectively co
. Suppose that we give , by choosing a large value of . In that case, in or

satisfy (13.14), 

 

k

 

 must be complex:

. (13.15)

To see what this means, we write

(13.16)

Substituting back into (13.14), and equating real and imaginary parts, we conclude that

(13.17)

We cannot have , because this would imply . Hence

. (13.18)

This is the 4 - 

 

∆

 

x

 

 wave, for which 

, (13.19)

1–( )j

∆x
2∆x

Ω

Ω ω∆x
c

-----------≡ k∆x( )sin= k∆x≅ k∆x 1«

Ω k∆x= ω ∆x c
Ω Ω 1> ∆x

k kr iki+=

k∆x( )sin i
2
---– e

ik∆x
e

ik∆x–
–( )=

i
2
---– eikr∆x ki∆x– e ikr∆x ki∆x+––[ ]=

i
2
---– e ki∆x– kr∆x( )cos i kr∆x( )sin+[ ] eki∆x kr∆x( ) i kr∆x( )sin–cos[ ]–=

1
2
--- e ki∆x– kr∆x( ) eki∆x kr∆x( )sin+sin[ ] i e– ki∆x– kr∆x( ) eki∆x kr∆x( )cos+cos[ ]+{ }=

kr∆x( ) ki∆x( ) i kr∆x( ) ki∆x( )  .sinhcos  +  coshsin  =

Ω kr∆x( ) ki∆x( ),coshsin=

0 kr∆x( ) ki∆x( ).sinhcos=

ki∆x( )sinh 0= ki∆x 0=

kr∆x( )cos 0,  which implies that kr∆x π
2
---= =

kr∆x( )sin 1=
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and so from (13.17) we find that 

. (13.20)

The inequality follows because  by hypothesis. We can now write (13.9) as 

. (13.21)

Since ,  damps as .

Suppose that we use an uncentered scheme in place of (13.8), e.g.

, (13.22)

with . we will show that the uncentered scheme damps regardless of the valu
, and c. Let

, (13.23)

. (13.24)

Then we obtain

(13.25)

First, suppose that k is real. Setting the real and imaginary parts of (13.25) to zero gives

(13.26)

Since  implies that , this solution is not acceptable. We concl
that k must be complex. 

Accordingly, use (13.15) to obtain

. (13.27)

Then we obtain

ki∆x Ω( )cosh 1– 0>=

Ω 1>

uj U0e iωt– eikrj∆xe kij∆x–=

ki 0> uj j ∞→

∂uj

∂t
------- c

∆x
------ uj uj 1––( )+ 0=

c 0>
w ∆x,

uj Ue iωt– eikj∆x=

uj 1– Ue iωt– eik j 1–( )∆x=

iω– c
∆x
------ 1 e ik∆x––( )+ 0.=

k∆xcos 1 ,=

ω– ck k∆x( )sin
k∆x

----------------------+ 0 .=

k∆xcos 1=  k∆x 0=

k kr iki+=
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. 
. (13.28)

Setting the real part to zero gives:

. (13.29)

Setting the imaginary part to zero gives:

. (13.30)

These two equations can be solved for the two unknowns  and . Let

(13.31)

Then

(13.32)

which implies that

(13.33)

from which it follows that 

. (13.34)

From (13.34) and (13.31), we see that  Substituting back, we obtain

. (13.35)

This shows that, as , the signal weakens.

Exercise: Repeat the analysis above, starting from 

iω– c
∆x
------ 1 e ikr∆x– eki∆x–( )+ 0=

1 eki∆x kr∆x( )cos– 0=

Ω eki∆x kr∆x( )sin+ 0=

kr ki

X eki∆x≡  ,

Y kr∆x≡  ,

1 X Y( )cos– 0 ,=

Ω– X Y( )sin 0 ,= =

X Ysec   ,=

Ytan Ω  ,=

X Ω( )1–
tan[ ]sec 1>=

ki 0.>

uj Ue iωt– eikrj∆xe kij∆x–=

j ∞→

uj
n 1+

uj
n 1–

–

2∆t
------------------------------ c

uj 1+ uj 1––

2∆x
---------------------------- 

 + 0=
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13.3 Outflow boundaries

So far we have assumed that the initial condition is given everywhere on the 
axis, but now we consider a case in which it is given only in a certain limited domai
illustrate, in Fig. 13.3, lines of constant  are shown. If the initial condition is spec

at , between the points A ( , ), and B ( , ), then  is

determined in the triangular domain ABC. To determine  above the line AC, we need a
boundary condition for  at . When this boundary condition and the in

condition at  between the points A and B are specified, we can obtain the solutio
within the entire domain . If the subsidiary conditions are given so that
solution exists and is determined uniquely, we have a well-posed problem. Note 
boundary condition at  is of no use. 

Suppose that we are carrying out our numerical solution of (13.1) over the re
between  and , as shown in Fig. 13.4, using leapfrog time-differencing a
centered space-differencing, i.e.

, (13.36)

x ct–

x
BA

x0 x1

C

t

x - ct = constant

Figure 13.3: An initial condition that is specified between x = x0 and x = x1 determines the 
solution only along the characteristics shown.

t 0= x x0= t 0= x x1= t 0= u x t,( )
u x t,( )

t 0> x x0=

t 0=
x0 x x1≤ ≤( )

x x1=

j 0= j J=

uj
n 1+

uj
n 1–

–

2∆t
------------------------------ c

uj 1+ uj 1––

2∆x
---------------------------- 

 + 0=
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and that we are given  at  as a function of time. At  we can write, using
centered space differencing,

(13.37)

At  we have

(13.38)

Eq. (13.38) shows that in order to predict , we need to know . We need to g
condition on uJ as a function of time, or in other words, a “computational boundary
condition.” Unless we are integrating over the entire globe or are dealing with some 
specific problem in which spatial periodicity of the solution can be assumed, we must s
an artificial boundary condition at the point ; see Fig. 13.4. Ideally, this artificial boun
condition should not affect the interior in any way, since its only purpose is to limit 
computational purposes) the size of the domain. 

For the case of the continuous advection equation, we can give boundary cond
only at the inflow point, but for the finite-difference equation we also need a computa
boundary condition at the outflow point.

With the leapfrog scheme, we needed two initial conditions. The current situati
somewhat analogous. Essentially, both problems arise because of the three-level diffe
(one in time, the other in space) used in the respective schemes. If the computational bo
condition is not given properly, there is a possibility of exciting a strong computational m

Nitta (1964) presented some results of integrating the advection equation 
leapfrog time differencing, using various methods of specifying the computational boun
condition. Nitta’s paper deals mainly with space differencing, but as discussed late
conclusions are influenced by his choice of leapfrog time differencing. Table 13.1 summ
the boundary conditions or “Methods” that Nitta considered. The results that he obtain

u j 0= j 1=

u1∂
t∂

-------- c
u2 u0–

2∆x
---------------- 

 + 0  , =

j J 1–=

uJ 1–∂
t∂

-------------- c
uJ uJ 2––

2∆x
----------------------- 

 + 0  . =

uJ 1– uJ

J

1 2 3j=0 J-2 J-1 J

Figure 13.4: An outflow boundary condition must be specified at j = J, in this finite and non-
periodic domain.
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shown in Fig. 13.5. 

With Method 1,  is constant in time. With Method 2, , i.e. the fi

derivative of 

 

u

 

 vanishes at the wall.   With Method 4, , which is similar 

Method 2. Method 5, on the other hand, sets , a linear extrapolatio

the two interior points to . This is equivalent to setting the second derivative to zero 

wall.    Method 7 predicts  by means of

(13.39)

which uses uncentered differencing in space. This is equivalent to using 
which is very similar to Method 5. For this reason, Methods 5 and 7 give very similar re
Method 8 is similar to Method 7, but has higher-order accuracy.

 

Table 13.1:  A summary of the computational boundary conditions studied by Nitta. 

 

Method 1

Method 2

Method 3

Method 4

Method 5

Method 6

Method 7

Method 8

uJ constant  in  time =

uJ
n

uJ 1–
n

=

du
t∂

------ 
 

J

du
t∂

------ 
 

J 1–
=

uJ
n

uJ 2–
n

=

uJ
n 2uJ 1–

n
uJ 2–

n
–=

du
t∂

------ 
 

J
2 du

t∂
------ 

 
J 1–

du
t∂

------ 
 

J 2–
–=

du
dt
------ 

 
J

c–
uJ

n
uJ 1–

n
–

∆x
-----------------------

 
 
 

=

du
dt
------ 

 
J

c
2∆x
---------- 3uJ 4uJ 1– uJ 2–+–( )–=

uJ uJ
n( )

uJ 1–
n( )

=

uJ
n( )

uJ 2–
n( )

=

uJ
n( ) 2uJ 1–

n( )
uJ 2–

n( )
–=

uJ
n( )

uJ

uJ
n 1+( )

uJ
n 1–( )

–

2∆t
--------------------------------------

uJ
n( )

uJ 1–
n

–

∆x
---------------------------+ 0  , =

uJ 1+ 2uJ 1–=
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Recall that, with respect to the spatial dimension, the “physical” mode is give

 and the “computational” mode is given b

. Since the computational mode propagates “upstrea

we wish to examine the solution at the outflow boundary in order to determine the “in
amplitude of the computational mode excited there. We assume that the domain exte
upstream towards decreasing . In general, our solution can be expressed as a
combination of the two modes. Referring to (13.12) and (13.13), we can write

(13.40)

where 

 

k

 

 is the wave number of the physical mode and 

 

 

 

is the virtual reflection rate at the
boundary for the computational mode, so that  is the ratio of the amplitude o
computational mode to that of the physical mode. We would like to make . 

We now do an analysis to try to understand why Nitta obtained these results. 

In Method 1, 

 

u

 

J

 

 is kept constant. Assume , for simplicity, and let  be ev
(“without loss of generality”). We then can write from (13.40)

(13.41)

or, since , we conclude that

(13.42)

which implies that . 

 

This means that the incident wave is totally reflected

 

. The
computational mode's amplitude is equal to that of the physical mode - a very unsatisf
situation, as can be seen from Fig. 13.5.

With Method 2, and still assuming that  is even, we put . Then we ob

(13.43)

which reduces to . For , we get . Recall that  ne

not be considered. For large 

 

L

 

, we get , i.e. very long waves are not falsely reflect
In Fig. 13.5, the incident mode is relatively long.

uj exp ik1 j∆x ω
k1
-----t– 

 ∝

uj 1–( )jexp ik1 j∆x ω
k1
-----+ 

  t–∝

j

uj U0Re exp ik j∆x ω
k
----t– 

  r 1–( )j
+ exp ik j∆x ω

k
----t+ 

 –
 
 
 

  , =

r
r

r 0=

uJ 0= J

uJ U0 exp ikJ∆x[ ] rexp ikJ∆x–[ ]+{ } exp iωt–[ ] 0  , = =

e
iωt– 0≠

r exp ikJ∆x[ ]–
exp ikJ∆x–[ ]
-------------------------------- e– xp 2ikJ∆x[ ]   , = =

r 1=

J uJ uJ 1–=

exp ikJ∆x[ ] rexp ikJ∆x–[ ]+ exp ik J 1–( )∆x[ ] rexp ik J 1–( )∆x–[ ]   , –=

r
k∆x

2
---------tan= L 4∆x= r 1= L 4∆x<

r 0→
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With Method 5, it turns out that . Fig. 13.6 is a graph of  ver

 for Methods 1, 2, and 5. Because k is the wave number of the physical mode, we on

Figure 13.5:  A summary of Nitta’s numerical results, with various computational boundary 
conditions. Here leapfrog time differencing was used.

r k∆x
2

--------- 
 2

tan= r

k∆x
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 and 7
consider  between 0 and ; it is only in this region that we have a “physical” m

corresponding to the real solution. Higher-order extrapolations give even better results 
lower wave numbers, but there is little motivation for doing this.

In actual computations one must also have an inflow boundary, and this will then act
as an outflow boundary for the computational mode which has propagated back upstre. A
secondary mode will then be reflected from the inflow boundary and will propa
downstream, and so on. There exists the possibility of multiple reflections back and
between the boundaries. Can this process amplify in time, as in a laser? Platzman’s 
conclusion, for the leapfrog scheme, was that specification of uj constant on the outflow
boundary - and not an extrapolation from nearby points - is necessary for stability. 

Therefore, we have a rather paradoxical situation, at least with the leapfrog sche
we use Method 1, the domain is quickly filled with small scale “noise,” but this “no
remains stable. If we use Methods 5 or 7, the domain will only be littered with “noise” af
considerable length of time (depending on the width of the domain and the velocity c), but
once the noise becomes noticeable, it will continue to grow and the model will blow up. 

This situation is analogous to using the leapfrog scheme with a friction term spe
at the central time level. There is an energy loss in the solution domain through the boun
when using Method 5 or 7. In Method 1, all of the energy is held, whereas in Methods 5
some of it is lost due to incomplete reflection at the outflow boundary. 

k∆x π
2
---

Figure 13.6:  A graph of  versus k∆x for Methods 1, 2, and 5. From Matsuno (1966).r
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A more complete model with a larger domain would in fact permit energy to pas
through the artificial boundaries of the smaller domain considered here. The schem
permit such loss, namely 5 and 7, are therefore more realistic, but nevertheless they ca
an instability. This could be avoided by use of a different time differencing scheme.

13.4 Advection on nested grids

If we use an inhomogeneous grid (one in which the grid size varies), we
encounter a problem similar to the one met at the boundaries; a reflection occurs beca
fine portion of the grid permits short waves that cannot be represented on the coarse 
of the grid. This is a serious difficulty with all models that use nested grids. The problem
be minimized by various techniques, but it cannot be eliminated.

Consider the one-dimensional advection equation

, . (13.44)

We wish to solve this equation on a grid in which the grid size changes suddenly at 
from  to , as shown below: 

The sketch shows , but we will also consider the opposite case. We use the foll
differential-difference equations:

(13.45)

Let  without loss of generality. Define 

, (13.46)

u∂
t∂

----- c u∂
x∂

-----+ 0= c 0>

j 0=
d1 d2

j=0

d1
d2{ {

d2 d1>

duj

dt
------- c

uj 1+ uj 1––

2d1
---------------------------- 

 + 0,       for    j 0 < =  

du

 

0

 

dt

 

--------

 

c

 

α

 

u

 

0

 

u

 

1

 

–

 

–

 

d

 

1

 

-------------------

 

 
  β

 

u

 

1

 

u

 

0

 

–

 

d

 

2
---------------- 

 ++ 0,       α β + 1 = = 

du

 

j

 

dt

 

-------

 

c
u

 

j

 

1

 

+

 

u

 

j

 

1

 

–

 

–

 

2

 

d

 

2

 

----------------------------

 

 
 

 

+ 0,       for    j 0 > =

J 0=

p1 k0d1  ,  p 2 kd 2 = =
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where  is the incident wave number, and  is the wave number for . The solutio

 is given by:

, (13.47)

where

. (13.48)

The solution for  is

, (13.49)

where

. (13.50)

The frequency, 

 

, 

 

must be the same in both parts of the domain. Equating (13.48) and (1
gives

. (13.51)

This relates  to , or 

 

 

 

to .

Since the incident wave must have  (this is what is meant by “incident”)
know that

(13.52)

It follows that the

 

 

 

wavelength of the incident wave is longer than .

Now consider several cases:

1. . This means that the wave travels from a relatively fine grid to a relativ

coarse grid. Let

k0 k j 0≥
j 0≤

uj ei jp1 ωt–( )= r 1–( )je i jp1 ωt+( )–+

ω c
p1sin

d1
-------------=

j 0≥

uj Rei jp2 ωt–( )=

ω
c p2sin

d2
----------------=

ω

p2sin
d2

d1
----- p1sin=

p2 p1 k k0

cg
∗ 0>

0 k0d1
π
2
--- .< <

4d1

d2 d1⁄ 1>
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. (13.53)

This implies that

. (13.54)

Since we can choose , , and  any way we want, it is possible to ma

. We consider these two possibilities separately. 

a) . In this case,  has to be complex. From (13.54),

. (13.55)

Here we have used . The solution for  is then

. (13.56)

Since  by assumption, it is clear that  and . To ens
that  remains bounded as , we must choose the minus sign. Then

 (13.57)

The wavelength is , and the amplitude decays as j increases, as shown in the sketch.

b) . In this case  is real. Since , we see that 

p2sin
d2

d1
----- p1 a≡sin=

eip2 1 a2– ia+±=

d1 d2 k0

p2sin 1  or  1 ≤>

a p2sin 1>≡ p2

eip2 i a a2 1–±( ) e
iπ
2
---

a a2 1–±( )= =

i ei  π 2 ⁄ = j 0≥

uj R a a2 1–±( )je
i π

2
---j ωt– 

 

=

a 1> a a2 1–+ 1> a a2 1– 1<–
uj j ∞→

uj R a a2 1––( )je
i π

2
---j ωt– 

 

=

4d2

j

a p2sin 1≤≡ p2 p2sin a 1<≡
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(13.58)

This implies that . The solution is

. (13.59)

From (13.51), since we are presently considering , we see that . We
have from (13.51) that

. (13.60)

We know that  is a decreasing function of 

 

x

 

 for . We conclude, then, tha

 

.

 

 This means that the wavelength of the transmitted wave is less than that 
incident wave.

2. . This means that the wave travels from a relatively coarse grid to a rel

tively fine grid. In this case,  is always real. The analysis is similar to (I, b) abov

turns out that the wavelength of the transmitted wave is longer than that of the inc

wave. Since , we can show that the maximum wavelength of th
transmitted wave is

. (13.61)

When 

 

, 

 

the maximum wavelength is .

Next, we find  and . At 

 

, 

 

(13.47) and (13.49) must agree. Then

. (13.62)

We are also given that

p2
π
2
--- .<

L 2π
k

------ 4d2>=

uj Rei j a ωt–sin 1–( )=

d2 d1⁄ 1> p2 p1>

k
k0
-----

p1sin

p1
------------- 

 

p2sin

p2
------------- 

 
-------------------=

x x⁄sin 0 x π 2⁄< <
k k0⁄ 1>

d2 d1⁄ 1<

p2

p2 d2 d1⁄( )1–
sin≤

Lmax
2πd2

d2 d1⁄( )1–
sin
--------------------------------=

d2 d1⁄ 1 2⁄= 12d2

R r j 0=

1 r+ R=
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. (13.63)

We can substitute (13.47) and (13.49) into (13.63):

. (13.64)

Use (13.62) to eliminate  in (13.64), and solve for :

. (13.65)

Now use (13.48) to eliminate . Also use . The result is

, (13.66)

where we have defined

. (13.67)

Substituting (13.66) back into (13.62) gives the reflection coefficient as 

. (13.68)

This is the basic result sought.

As a check, suppose that  and . Then  is “just anot

point,” and so there should not be any computational reflection, and the transmitted
should be identical to the incident wave. From (13.51), we see that for this case 

. Then (13.66) and (13.68) give , , i.e. complete transmission and n
reflection, as expected. 

∂u0

∂t
-------- c α

u0 u1–

d1
---------------- 

  β
u1 u0–

d2
---------------- 

 ++ 0=

iωR– c α
d1
----- 1 e ip1– r 1 eip1+( )+–[ ] β

d2
-----R eip2 1–( )+

 
 
 

+ 0=

r R

R

c α
d1
----- 1 e ip1–– 1– e ip1––( )–

iω– c α
d1
----- 1 eip1+( ) β

d2
----- eip2 1–( )++

--------------------------------------------------------------------------------------=

ω α β+ 1=

R
2 p1cos

1 p1cos γ 1 p2cos–( )–+
-------------------------------------------------------------=

γ β
α
--- 

  d1

d2
----- 

 ≡

r
1 p1cos γ 1 p2cos–( )––

1 p1cos γ 1 p2cos–( )–+
-------------------------------------------------------------–=

d1 d2= α β 1
2
---= = j 0=

k k0=

p1 p2= R 1= r 0=
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s

a’s
For  with finite , we get , , and , unles

, which is the case of an infinitely long wave, i.e. . This is like Nitt
“Method 1.” 

For  with finite ,  so that

(13.69)

This is the result obtained with Nitta’s “Method 5.” 

As ,  and , regardless of the value of . When  and  are
small but not zero,

, (13.70)

, (13.71)

and

. (13.72)

Then we find that 

(13.73)

α 0→ d1 d2⁄ γ ∞→ R 0→ r 1→
p2cos 1= p2 0=

β 0→ d1 d2⁄ γ 0→

R
2 p1cos

1 p1cos+
-----------------------→ 1

p1

2
----- 

    , 
2

 tan  –=

r
1 p1cos–

1 p1cos+
----------------------- 

 –→
p1

2
----- 

    . 
2

 tan–=

p1 p2 0→, R 1→ r 0→ γ p1 p2

p1 1
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2

2
-----–≅cos

p2 1
p2

2

2
-----–≅cos

p2
d2

d1
----- 

  p1≅

R
2 1

p1
2

2
-----– 

 

2
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2

2
----- γ
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2

2
-----––

------------------------------ 1
p1

2

2
-----– 

  1
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4
----- γ
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2

4
-----+ + 

 ≅ ≅

1≅
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2

4
----- γ
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-----+–
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----- 1 γ
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----- 
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Choosing 

 (13.74)

gives . Referring back to (13.67), we see that this choice of  corresp

to

. (13.75)

This is a good choice of , because it gives  close to one and  close to zero. W
re-write (13.75) as

(13.76)

It can be shown that (13.76) is the requirement for second-order accuracy at the “
between the two grids. Since the given equations have second-order accuracy else
(13.75) [and (13.76)] essentially express the requirement that the order of accura
spatially homogeneous. 

13.5 Analysis of boundary conditions for the advection equation using the energy
method

Consider the one-dimensional advection equation:

(13.77)

Multiplying (13.77) by , we obtain

(13.78)

This shows that  is also advected by the current. Defining  as the “energy”, we se

 is the energy flux and  is the energy flux divergence.

Suppose that (13.77) is approximated by the differential difference equation:

(13.79)

Multiplying (13.79) by , we obtain

γ d1 d2⁄( )2=

R 1 O p2
4( )+= γ

β
α
---

d1

d2
-----=

β α⁄ R r

αd1 β d2⁄+– 0.=

u∂
t∂

----- c u∂
x∂

-----+ 0  . =

2u

∂
t∂

----u
2 ∂

x∂
-----cu

2
+ 0  . =

u
2

u
2

cu
2 ∂

x∂
-----cu

2

uj∂
t∂

------- c
uj 1+ uj 1––

2∆x
----------------------------+ 0  . =

2uj
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(13.80)

Comparing (13.80) with (13.78), we see that  and  are the energy fl

from grid point  to grid point

 

 

 

1, and from grid point  to grid point , respectivel
Applying (13.80) to the grid point 

 

 

 

gives

(13.81)

By comparing (13.80) and (13.81), we see that  represents the energy trans
from the grid point 

 

j

 

 to grid point 

 

j

 

+1. This is illustrated in Fig. 13.7

In the differential case, the sign of the energy flux is the same as the sign of 

 

c

 

. This is
not necessarily true for the differential-difference equation, however, because  

necessarily positive. When  is negative, as when 

 

u

 

 oscillates from one grid point to the

next, the direction of energy flow is opposite to the direction of 

 

c

 

. This implies negative  for

 

.

 

 The implication is that for short waves, for which , energy flows

the  direction, i.e. “backward.” This is consistent with our earlier analysis of the g
speed. 

When we put an 

 

artificial

 

 boundary at , and if we let  as in Nitta’

Method 1, the energy flux from the point  to the point 

 

J

 

 is zero. This is possible only
when a computational mode, which transfers energy in the upstream direction, is super
This is a tip-off that Nitta’s Method 1 is bad. 

For Nitta’s Method 2, . This gives

(13.82)

Since energy can leave the domain, there is less reflection. Of course, using the 
approach, the actual energy flux cannot be determined, because we do not know the v

∂
t∂

----uj
2 cujuj 1+ cuj 1– uj–

∆x
--------------------------------------------+ 0  , =

cujuj 1+ cuj 1– uj

j j 1+ j 1– j
j 1+

∂
t∂

----uj 1+
2 cuj 1+ uj 2+ cujuj 1+–

∆x
---------------------------------------------------+ 0  . =

cujuj 1+

j-1 j+1j

cuj-1uj cujuj+1

Figure 13.7: Sketch illustrating the energy fluxes that appear in (13.80). 

ujuj 1+

ujuj 1+

cg
*

π
2
--- k∆x π<< ujuj 1– 0<

x–

j J= uJ 0=

J 1–

uJ uJ 1–=

cuJuJ 1– cuJ
2 0  . >=
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For Nitta’s Method 4, . Then for short waves

. (13.83)

This is bad. 

For Nitta’s Method 5,

(13.84)

so

(13.85)

For very short waves,

(13.86)

so that the flux given by (13.85) is positive, as it should be.For very long waves,

, (13.87)

so the flux is approximately

(13.88)

For Nitta’s Method 7,

(13.89)

so we find that

(13.90)

The energy flux “into

 

 

 

” is , while that “out of ” is . Applying (13.80) at 

 

J

 

,

(13.91)

uJ

uJ uJ 2–=

cuJ 1– uJ cuJ 1– uJ 2– 0<=

uJ 2uJ 1– uJ 2–   , –=

cuJuJ 1– cuJ 1– 2uJ 1– uJ 2––( ) c 2uJ 1–
2

uJ 1– uJ 2––( )  . = =

uJ 1– uJ 2– 0  , <

uJ 1– uJ 2– uJ 1– uJ 1–≅

cuJuJ 1– cuJ 1–
2 0  . >≅

uJ∂
t∂

-------- c
uJ uJ 1––

∆x
-----------------------+ 0  , =

t∂
∂uJ

2

2c
uJ

2
uJuJ 1––

∆x
-----------------------------+ 0  . =

J uJuJ 1– J uJ
2 0>

∂
t∂

---- uJ 1–
2( ) c

uJ 1– uJ uJ 2– uJ 1––

∆x
-----------------------------------------------+ 0  . =
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This shows that the energy flux out of  is the same as the flux into , which is good

 

13.6 Physical and computational reflection of gravity waves at a wall

 

Now we discuss

(13.92)

(13.93)

which are, of course, differential-difference analogs of the one-dimensional shallow 
equations. Consider a distribution of the dependent variables on the grid as shown in Fig

The wave solutions of (13.92) and (13.93) are

(13.94)

giving

(13.95)

Since 

 

u

 

j

 

 and 

 

h

 

j

 

 are not both identically zero, we obtain the familiar dispersion relation

(13.96)

As discussed in Chapter 5, there are four solutions for a given value of 

 

ω

 

, i.e. ,

,  and . In general, for a given 

 

ω

 

, the solution for 

 

u

 

j

 

 is a
linear combination of the four modes, and can be written as

(13.97)

By substituting (13.97) into (13.93), we find that  satisfies

(13.98)

J 1– J

uj∂
t∂

------- g
hj 1+ hj 1––

2∆x
----------------------------+ 0  , =

hj∂
t∂

------- H
uj 1+ uj 1––

2∆x
----------------------------+ 0  , =

uj hj,( ) e
i kj∆x ωt–( )   , ∝

ωuj ghj
k∆x( )sin

∆x
----------------------– 0  , =  

ω

 

hj Huj
k∆x( )sin

∆x
----------------------– 0  . =

ω2
k2gH psin

p
---------- 

  2
  where  p k ∆ x  . ≡  =

p p0=

p p0–= p π p0–= p π p0–( )–=

uj Ae
ip0j

Be
ip0j–

Ce
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+ + +[ ] e
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H p0sin
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------------------ Ae

ip0j
Be

ip0j–
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–+–[ ] e
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An Introduction to Atmospheric Modeling



  324      Boundary conditions and nested grids 

r ,

ch a

e that
with

re is
ary

ssure

s for

  
   

If we assume 

 

ω

 

>0, so that  [see (13.96)], then (13.98) reduces to

(13.99)

Consider an incident wave traveling toward the right with a certain wave numbe

such that . Since we are assuming ,  represents su
wave. 

Two additional waves can be produced by reflection at the boundary. We assum
the amplitude of the incident wave with  is 1, and that of the reflected wave 

 is 

 

R

 

, and that of the reflected wave with  is 

 

r

 

. In other words, we take

, , , and . Then (13.97) and (13.99) can be written as

(13.100)

. (13.101)

Now suppose that at  we have a rigid wall (a real, physical wall). Since the
no flow through the wall, we know that , for all time. This is a physical bound

condition. Also,  is required, because otherwise there would be a pre

gradient which would cause  to change with time. Consider two possible method
approximating this:

(13.102)

(13.103)

Method II essentially corresponds to placing the wall at  rather than at

 

 J

 

. Then 

 

u

 

 is
assumed to be antisymmetric and 

 

h

 

 is assumed to be symmetric about the wall.

A third method is to predict 

 

h

 

j

 

 using uncentered differencing:

(13.104)

This is equivalent to assuming , and then applying (13.93) to the point J.
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x

 --------------------  
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ds
 13.8
   

In a straightforward manner, the 

 

R

 

's and the 

 

r

 

's can be determined for each of Metho
I, II, and III. Table 5.1 gives the expressions for  and  for each method, and Fig.R r
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lower panel shows the corresponding results for . 
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shows  and  plotted as functions of .  Method I is obviously bad. False ener

produced when  is close to 

 

π

 

. Even when  is small, part of the incident energy

reflected back with , and the solution will become “noisy”. Methods II and
are better. Method III is best.

A way to bypass most of the problems associated with the existence of too 
modes is to use a grid with a “staggered” spatial distribution of the dependent variab
shown in Fig. 13.9. Note that 

 

u

 

 is defined “at the wall,” where . If we are dealing wit
a rigid wall, the boundary condition  is sufficient because 

 

h

 

 is not defined at the
boundary. Use of this staggered grid means use of either only circled or only boxed qua
in Fig. 13.8.

 

13.7 Boundary conditions for the gravity wave equations with an advection term

 

We now generalize our system of equations to include advection by a mean flow

 

U

 

, in
the following manner:

(13.105)

Table 13.2: Expressions for  and , for Methods I, II, and III.

Method I Method II Method III

-1

0 0

R r p0

R r

R   p 0 cos  –   p 0 i   p 0 sin  +  cos  –

R 1=( )

r 1–   p 0 cos  +

p0 p0

p π p0–=

j J=
uJ 0=

Figure 13.9: A one-dimensional staggered grid for solution of the shallow water equations, 
near a wall where .j J=

uu u u

hhh h J

∂
t∂

---- U ∂
x∂

-----+ 
  u g h∂

x∂
-----+ 0  , =
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(13.106)

(13.107)

We have also added a velocity component, 

 

v

 

, in the 

 

y

 

-direction. The system is still linear, but i
is getting more realistic! The dependent perturbation quantities 

 

u

 

, 

 

v

 

, and 

 

h

 

 are assumed to be
constant in 

 

y

 

. In this sense the problem is one-dimensional, even though  is allowed

Since (13.105) through (13.107) are hyperbolic, we can write them in normal for

(13.108)

(13.109)

(13.110)

Here 

 

. 

 

We assume

 

 

 

, which is often true in the atmosphere. For (13.108) a
(13.109), the lines  and  are th
characteristics, and are shown as the solid lines in Fig. 13.10. Everything is similar to th
without advection, except that now the slopes of the two characteristics which involve 

 

c

 

 differ
not only in sign but also in magnitude. 

We also have an additional equation, namely (13.109). This, of course, is an adv
equation, and so 

 

v

 

 is a constant along the lines , which are sho
schematically by the broken lines in Fig. 13.10. We should then specify 

 

v

 

 only on the inflow

boundary. The divergence is given by , and the vorticity by . We conclude that fo

one-dimensional case the normal or divergent component of the wind (

 

u

 

) can be specified at
both boundaries, but the tangential or rotational component (

 

v

 

) can be specified only at the
inflow boundary.

 

13.8 The energy method as a guide in choosing boundary conditions for gravity waves

 

From the gravity wave equations we can derive the total energy equation

(13.111)

Suppose that the gravity-wave equations are approximated by

∂
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ificial
   

(13.112)

(13.113)

The corresponding discretized total energy equation is

(13.114)

Earlier,  was recommended as a computational boundary condition at the art

boundary BB'. Correspondingly, if we let

(13.115)

then the energy flux from the point  to the point  becomes

x 

t 

x-(U+c)t=constant 

x-(U-c)t=constant 

x-Ut=constant 

Figure 13.10: Characteristics for the case of shallow water wave propagation with an 
advecting current U. 
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(13.116)

which is guaranteed to be positive (outward energy flow).

When the boundary is a real, rigid wall, we may put it between the points  an
and let  and  (Method II). Then the energy flux 

. Alternatively, we may put the wall at the point  

and let

(13.117)

The total energy equation at the point  is then

(13.118)

There is no kinetic energy term since . In (13.118),  is the energy flux f

the point  to the point . Note, however, that . There is no energy 

beyond the point .

For the total energy equation (13.111), the boundary condition  giv

(13.119)

so that there will be 

 

outward

 

 energy flux at the right boundary. From (13.114), we see 

with a rigid wall, the energy flux at  is . We have already discus

three methods for giving boundary conditions on the wave equations. 

For Method I, we find that

, (13.120)

the energy flux is

(13.121)

which is generally different from zero. This means that total reflection does not occur.
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Method II is

. (13.122)

The energy flux is then

(13.123)

so we have 

 

complete reflection

 

.

 

13.9 Summary

 

Computational modes in space can be generated at real and / or artificial wall
arise from space differencing schemes. In problems with boundaries, these mode
necessitate the introduction of “computational boundary conditions” at outflow bound
The computational modes have short wavelengths and move “backwards.” Various m
can be used to minimize problems at boundaries, as discussed in the paper by Matsun
of these methods completely eliminates the problems caused by artificial bound
however. 

 

Problem

 

1. Derive the form of  for Nitta’s Method 7. Assume that  is even.

uJ uJ 1–+ 0         h J h J 1 – – ,  0 = =

uJ 1– hJ uJhJ 1–+ uJ 1– hJ 1– uJ 1––( )hJ 1–+ 0  , = =

r J
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Table 3.2 Adams-Moulton schemes
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Table 3.3 List of time differencing schemes surveyed by Baer and Simons (1970)
Schemes whose names begin with “E” are explicit, while those whose
names begin with “I” are implicit. The numerical indices in the names are
“m,” which is the number of “time intervals” over which the scheme steps,
as defined in Eq. (3.3) and Fig. 3.1; and l, which controls the number of
values of f    used, again as defined in (3.3). ........................................ ..68

Table 3.4 Schemes for the nonlinear decay equation, as studied by Kalnay an
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Table 5.1 Well known methods for solving boundary value problems, and the
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FIG. 2.1: 

 

An example of a grid, with uniform grid spacing Dx. The grid points are
denoted by the integer index j. Half-integer points can also be defined. - - - - 17

 

FIG. 2.2: 

 

Schematic illustrating the interpretation of the fourth-order difference in
terms of the extrapolation of the second-order difference based on a spacing 
4

 
∆

 
x, and that based on a spacing of 2

 
∆

 
x. The extrapolation reduces the effective

grid size to (2/3)2  ∆  x.  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 12 

FIG. 2.3: 

 

 Figure used in the derivation of the first line of (2.72).  - - - - - - - - - -  22

 

FIG. 2.4: 

 

A grid for the solution of the one-dimensional advection equation.  - -  24

 

FIG. 2.5: 

 

The shaded area represents the “domain of dependence” of the solution o
the upstream scheme at the point , . - - - - - - - - - - - - - - - - - - - - - - - - - - - - 26

 

FIG. 2.6: 

 

Diagram illustrating the concepts of interpolation and extrapolation. See tex
for details. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 29

 

FIG. 2.7: 

 

The amplification factor for the upstream scheme, plotted for three different
wave lengths. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 35

 

FIG. 2.8: 

 

“Total” damping experienced by a disturbance crossing the domain, as a
function J, the number of grid points across the domain. Here we have assume
that . - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 40

 

FIG. 3.1: 

 

In Eq. (3.3), we use a weighted combination of  to compute an 

 

“

 

average

 

” 

 

value
of  over the time interval .  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 44

 

FIG. 3.2: 

 

A simple fortran example to illustrate how the fourth-order Runge-Kutta
scheme works. Note the four calls to subroutine “dot.” This makes the schem
expensive. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 53

 

FIG. 3.3: 

 

Schematic illustration of the solution of the oscillation equation for the case
in which 

 

λ

 

 is pure imaginary and the phase changes by  on each time step.  - 55

 

FIG. 3.4: 

 

This figure shows the magnitude of the amplification factor as a function o
for various difference schemes. The Euler, backward, trapezoidal, Euler-backwar
and Heun schemes are shown by curves I, II, III, IV, and V respectively. Th
magnitude of the amplification factor for the trapezoidal scheme coincides with tha
of the true solution for all values of ω∆t. Caution: This does not mean that the
trapezoidal scheme gives the exact solution! - - - - - - - - - - - - - - - - - - - - - -  58

FIG. 3.5: This figure shows the behavior of the imaginary (λi) and real (λr) components
of the amplitude, as Ω varies. Recall that tan θ is given by  for each scheme. From
this plot we can also see the behavior of  as θ varies, for each scheme.  - - - -  59

FIG. 3.6: The leapfrog scheme. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 60
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FIG. 3.7: An oscillatory solution that arises with the leapfrog scheme for , for the cas
in which the two initial values of  are not the same. - - - - - - - - - - - - - - - - -  61

FIG. 3.8: Panels a and b: Amplification factors for the leapfrog scheme as applied t
the oscillation equation with . Panels c and d: Solutions of the oscillation equatio
as obtained with the leapfrog scheme for . In making these figures it has be
assumed that . - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 63

FIG. 3.9: Graphs of the real and imaginary parts of the physical and computationa
modes of the solution of the oscillation equation as obtained with the leapfro
scheme for .  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 64

FIG. 3.10: Panel a shows the amplification factors for the leapfrog scheme as applie
to the oscillation equation with . Panel b shows the real and imaginary parts of th
corresponding solution, for n=0, 1, 2, and 3.  - - - - - - - - - - - - - - - - - - - - - 65

FIG. 3.11: Panels a and b show the amplification factors for the oscillation equatio
with the leapfrog scheme, with . Panel c shows the corresponding solution. Th
solid curve shows the unstable mode, which is actually defined only at the blac
dots. The dashed curve shows the damped mode, which is actually defined only
the grey dots. Panel d is a schematic illustration of the amplification of the unstab
mode. Note the period of , which is characteristic of this type of instability.  -66

FIG. 3.12: Amplification factor of various schemes for the oscillation equation (from
Baer and Simons, 1970). The horizontal axis in each panel is Ω.
See Table 3.3. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 70

FIG. 3.13:  and  (for the physical mode), plotted as functions of Ω, for the oscillation
equation (from Baer and Simons, 1970). See Table 3.3. - - - - - - - - - - - - - - 71

FIG. 3.14: An example illustrating how the leapfrog scheme leads to instability with
the decay equation. The solution shown here represents the computational mo
only and would be superimposed on the physical mode.  - - - - - - - - - - - - - 73

FIG. 4.1: The staggered grid used in (4.13) and (4.14).  - - - - - - - - - - - - - - - - -89

FIG. 4.2: Four interpolations as functions of the input values. a) arithmetic mean, 
geometric mean, c) harmonic mean, d) Eq. (4.36), which makes the interpola
value close to the larger of the two input values. In all plots, black is close to ze
and white is close to one.  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -94

FIG. 4.3: The amplification factor for the Lax-Wendroff scheme, for two different
wavelengths, plotted as a function of . Compare with Fig. 2.4.  - - - - - - - - - -100

FIG. 4.4: The ratio of the computational phase speed to the true phase speed, and
the ratio of the computational group speed to the true group speed, both plotted
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functions of wave number. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 101

FIG. 4.5: Sketch defining notation used in the discussion of the group velocity.  102

FIG. 4.6: Sketch used to illustrate the concept of group velocity. The short waves a
modulated by longer waves. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 103

FIG. 4.7: Yet another sketch used to illustrate the concept of group velocity. The sh
wave has wavelength 2∆x. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 104

FIG. 4.8: The time evolution of the solution of (4.75) at grid points j = 0, 1, and 2. 10

FIG. 4.9: The solution of (4.75) for t = 5 and t = 10 for j in the range -15 to 15, with
“spike” initial conditions. From Matsuno (1966).  - - - - - - - - - - - - - - - - - - 106

FIG. 4.10: The solution of (4.72) with “box” initial conditions. From Wurtele (1961).       
 - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 107

FIG. 4.11: The ratio of the computational phase speed, , to the true phase speed, , plo
as a function of , for the second-order and fourth-order schemes. - - - - - - - - 10

FIG. 4.12: The domain of influence for explicit non-iterative space-centered schem
expands in time, as is shown by the union of Regions I and II. - - - - - - - - - - 109

FIG. 4.13: Sketch illustrating the angle αm on a rectangular grid. - - - - - - - - - - 122

FIG. 7.1: A grid for solution of the one-dimensional shallow water equations.  - 153

FIG. 7.2: Grids, dispersion equations, and plots of dispersion equations for grids A
and Z. The continuous dispersion equation and its plot are also shown 
comparison. For plotting, it has been assumed that . - - - - - - - - - - - - - - - - - 156

FIG. 7.3: Dispersion relations for the continuous shallow water equations, and for finit
difference approximations based on the B, C, and Z grids. The horizontal coordina
in the plots are and l, respectively, except for the E grid, for which  and  are used. The
vertical coordinate is the normalized frequency, . For the E grid, the results a
meaningful only in the triangular region for which . The left column shows resul
for , and the right column for .  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 159

FIG. 7.4: A plot of  as a function of , for . - - - - - - - - - - - - - - - - - - - - - - - - - - 162

FIG. 8.1: The staggered grid used in the one-dimensional case.  - - - - - - - - - - - 171

FIG. 9.1: A mountain. As we move uphill in the  direction, the surface pressure
decreases and the surface geopotential increases. - - - - - - - - - - - - - - - - - - - 20

FIG. 9.2: Evaluating the horizontal pressure gradient force. - - - - - - - - - - - - - - 201
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FIG. 9.3: A schematic picture of the representation of mountains using the h
coordinate. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -203

FIG. 9.4: Four possible vertical coordinate systems.  - - - - - - - - - - - - - - - - - - -206

FIG. 9.5: Schematic illustration of the Charney - Phillips grid and the Lorenz grid. 209

FIG. 10.1:  An example of aliasing error. Distance along the horizontal axis is
measured in units of . The wave given by the solid line has a wave length of . Th
is shorter than , and so the wave cannot be represented on the grid. Instead, the
“sees” a wave of wavelength , as indicated by the dashed line. Note that the  -w
is “upside-down.”  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -223

FIG. 10.2: An example of aliasing in the analysis of observations. The blue curv
shows the precipitation rate, averaged over the global tropics (20 S to 20 N), a
the red curve shows a the thermal radiation in the 10.8 mm band, averaged over
same region. The horizontal axis is time, and the period covered is slightly mo
than two years. The data were obtained from the TRMM (Tropical Rain Mappin
Mission) satellite. The obvious oscillation in both curves, with a period close to 2
days, is an artifact due to aliasing. See text for further explanation.  - - - - - - -22

FIG. 10.3: The red line is a plot of  versus . The dashed black line connects  with
corresponding to the example of Fig. 10.1.  - - - - - - - - - - - - - - - - - - - - - - -226

FIG. 10.4: The phase change per grid point for: a) , and b) .  - - - - - - - - - - - - - -  22

FIG. 10.5:  Plots of the functions  and  given by (10.27) and (10.28), respectively. Fo
plotting purposes, we have used . The functions have been evaluated only 
integer values of  and , which gives them a jagged appearance. Nevertheless 
fair to say that they are rather ugly. This is the sort of thing that can appear in yo
simulations as a result of aliasing instability.  - - - - - - - - - - - - - - - - - - - - - -  231

FIG. 10.6: Schematic illustration of the mechanism of aliasing instability. Nonlinea
interactions feed energy into scales too small to be represented on the grid, and
energy folds back through aliasing into scales that can be represented. The pro
feeds on itself. This can cause the total amount of energy to increase, unless
scheme is energy conserving. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  233

FIG. 10.7:  Sketch illustrating the mechanism of aliasing instability.- - - - - - - - -  235

FIG. 10.8:  Diagram used in the explanation of Fjortoft’s (1953) analysis of the
exchanges of energy and enstrophy among differing scales in two-dimension
motion.  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -238

FIG. 10.9: Stencil used in the discussion of vorticity conservation for . See text fo
details. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -244
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FIG. 10.10: The central point in each figure is . Stream function and vorticity are bot
defined at each of the mesh points indicated by the black dots. The colored lin
represent contributions to  from , , or both, from the various neighboring points. 24

FIG. 10.11:  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 
Results of tests with the various finite-difference Jacobians. Panel c shows the ini
kinetic energy is at a low wave number. - - - - - - - - - - - - - - - - - - - - - - - - - 250

FIG. 10.12: The arrangement of the mass, zonal wind, and meridional wind on the 
grid. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 254

FIG. 11.1: For the wind vector shown in the sketch, points along the prime meridia
have a strong northward component. There is a discontinuity at the pole, and poi
along international date line have a strong southward component. Points near 9∞
longitude have a strong positive zonal component, while points near 270∞
longitude have a strong negative zonal component.  - - - - - - - - - - - - - - - - - 261

FIG. 11.2: Map projections of the continents: a.) Mercator projection. b.) North pola
stereographic projection.  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 265

FIG. 11.3: Composite grid method grid. Two such grids are used to cover the spher
Points labeled with  are the boundary conditions for the points labeled with +
Values at the  points are obtained by interpolation from the other grid. The big circ
is the image of the Equator. Points labeled * are not used. - - - - - - - - - - - - - 267

FIG. 11.4: One octant of the latitude-longitude grid used by Arakawa and Lamb
(1981). In the example shown, there are 72 grid points around a latitude circle a
44 latitude bands from pole to pole. The longitudinal grid spacing is globally
uniform, and in this example is 5 ∞. The latitudinal grid spacing is globally uniform
except for “pizza slices” ringing each pole, which are 1.5 times as “tall” as the othe
grid cells. The reason for this is explained by Arakawa and Lamb (1981). In th
example shown here, the latitudinal grid spacing is 4∞ except that the pizza slices
are 6∞ tall.  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 268

FIG. 11.5: A plot of the smoothing parameter as given by (11.51), for the “worst case
of the shortest zonal mode. The dashed vertical lines demarcate the belt of latitu
near the Equator for which no smoothing is needed. It has been assumed that
longitudinal grid spacing is 5/4 times the latitudinal grid spacing, as it is for the gri
shown in Fig. 11.4. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 273

FIG. 11.6: Kurihara grid on one octant of the sphere.  - - - - - - - - - - - - - - - - - - 274

FIG. 11.7: Wandering electron grid. White cells have five walls, light gray cells have
six walls, and dark gray cells have seven walls. - - - - - - - - - - - - - - - - - - - - 275

FIG. 11.8: a.) Icosahedron. b.) Partition each face into 64 smaller triangles. c.) Proje
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onto the sphere. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  275

FIG. 11.9: Cells neighboring a given cell (shaded) on triangular, square, an
hexagonal grids. A “wall neighbor” is a neighbor which lies directly across a cel
wall. 276

FIG. 11.10: Configuration of grid triangles for the case K = 5.  - - - - - - - - - - - -278

FIG. 11.11: Masuda’s velocity potential field. 279

FIG. 12.1: The Earth is bumpy.- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  285

FIG. 12.2: Table of ., showing which  pairs can contribute to wave numbers in the
range  to . The pairs in the triangular regions marked by X’s do not contribute. 28

FIG. 12.3: Rhomboidal and triangular truncation. From Jarraud and  Simmons (1983)
 - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 292

FIG. 12.4: Percentage of total kinetic energy in each spectral component. From
Jarraud and Simmons (1983) based on Baer (1972).  - - - - - - - - - - - - - - - - 29

FIG. 13.1: A schematic plot, with  and  as coordinates, for the true solution (13.3) an
the approximate solution (13.10). The dashed line illustrates that for a given  th
approximate solution allows two different wave numbers.  - - - - - - - - - - - - 303

FIG. 13.2: Schematic illustration of a computational mode that is restricted to the
domain , and a physical mode that is restricted to the domain.  - - - - - - - - - 30

FIG. 13.3: An initial condition that is specified between x = x0 and x = x1 determines
the solution only along the characteristics shown. - - - - - - - - - - - - - - - - - - 308

FIG. 13.4: An outflow boundary condition must be specified at j = J, in this finite and
non-periodic domain. - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 309

FIG. 13.5:  A summary of Nitta’s numerical results, with various computational
boundary conditions. Here leapfrog time differencing was used. 312

FIG. 13.6:  A graph of  versus k∆x for Methods 1, 2, and 5. From Matsuno (1966). 313

FIG. 13.7: Sketch illustrating the energy fluxes that appear in (13.80). - - - - - - 321

FIG. 13.8: The upper panel shows the variation of  with p0 for Methods I, II, and III.
The lower panel shows the corresponding results for . - - - - - - - - - - - - - - - 325

FIG. 13.9: A one-dimensional staggered grid for solution of the shallow water
equations, near a wall where .  - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 326

FIG. 13.10: Characteristics for the case of shallow water wave propagation with a
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