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Preface

Modern atmospheric science is a field that combines meteorology, physics, mathe-
matics, chemistry, computer sciences, and to a lesser extent geology, biology, micro-
biology, and oceanographic sciences. Until the late 1940s scientific studies of the
atmosphere were limited primarily to studies of the weather. At that time, height-
ened concern about air pollution caused an increase in studies of atmospheric chem-
istry. With the invention of the computer, modeling of weather and air pollution
commenced. Since the late 1940s, the number of meteorological and air-pollution
studies has increased rapidly, and many meteorological and air-pollution models
have merged.

The purposes of this book are to provide (1) a physical understanding of
dynamical meteorology, land- and water-surface processes, radiation, gas chem-
istry, aerosol microphysics and chemistry, and cloud processes, (2) a description of
numerical methods and computational techniques used to simulate these processes,
and (3) a catalog of steps required to construct, apply, and test a numerical model.

The first chapter of this book gives an overview of model processes and time
scales. Chapter 2 describes atmospheric structure, composition, and thermodynam-
ics. In Chapters 3—5, basic equations describing dynamical meteorology are derived.
In Chapter 6, numerical methods of solving partial differential equations are dis-
cussed. A technique of solving dynamical meteorological equations is provided in
Chapter 7. In Chapter 8, boundary-layer and ground processes are described. Chap-
ter 9 introduces radiation. Chapters 10-12 focus on photochemistry and numerical
methods of solving chemical equations. Chapters 13-17 describe aerosol physical
and chemical processes. Chapter 18 discusses cloud thermodynamics and micro-
physics. Chapter 19 discusses aqueous chemistry in aerosol particles and clouds.
Chapter 20 describes sedimentation and dry deposition. Chapter 21 outlines com-
puter model development, application, and testing.

The book is designed as an upper-level undergraduate, graduate, and research
text. The text assumes students have a basic physical science, mathematical, and
computational background. Both Systéme Internationale (SI) and centimeter-gram-
second (CGS) units are used. Dynamical meteorologists often use SI units, and
atmospheric chemists often use CGS units. Thus, both unit systems are retained.
Unit and variable conversions are given in Appendix A.
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Introduction

1.1 BRIEF HISTORY OF METEOROLOGICAL SCIENCES

HE history of atmospheric sciences begins with weather forecasting. Forecast-

ing originally grew out of three needs — for farmers to produce crops, sailors to
survive at sea, and populations to avoid weather-related disasters such as floods.
Every society has forecast wind, rain, and other weather events. Some forecasts
are embodied in platitudes and lore. Virgil stated, “Rain and wind increase after
a thunderclap.” The Zuni Indians had a saying, “If the first thunder is from the
east, winter is over.” Human experiences with the weather have led to more recent
forecast rhymes, such as, “Rainbow in morning, sailors take warning. Rainbow at
night, a sailor’s delight.”

Primitive forecasts have also been made based on animal and insect behavior or
the presence of a human ailment. Bird migration was thought to predict oncoming
winds. This correlation has since proved unreliable. Rheumatism, arthritis, and
gout have been associated with the onset of rain, but such ailments are usually
unrelated to the weather. The presence of locusts has correctly been associated
with rainfall in that locusts fly downwind until they reach an area of converging
winds, where rain is likely to occur.

In the 1870s, forecasting based on observations and experience became a pro-
fession. Many felt that early professional forecasting was more of an art than a
science, since it was not based on scientific theory. Although the amount of data
available to forecasters was large and increasing, the data were not always used.
Data were gathered by observers who used instruments that measured winds, pres-
sure, temperature, humidity, and rainfall. Many of these instruments had been
developed over the previous two centuries, although ideas and crude technologies
existed prior to that time.

The Greeks, around 430 BC, may have been the first to measure winds. Yet,
reliable instruments to measure wind force and direction were not developed until
nearly two millennia later. In 1450, the Italian mathematician Leone Battista Alberti
(1404-72) developed the first known anemometer, a swinging-plate anemometer
that consisted of a disc placed perpendicular to the wind. It was used to mea-
sure wind speed based on the angle between the disc in its original position and its
displaced position. In 1667 Robert Hooke developed a similar device, the pressure-
plate anemometer, which consisted of a sheet of metal hanging vertically. Wind-
mills were used as early as AD 644 in Persia, but the first spinning-cup anemometer,
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which applies the principle of the windmill to measure wind speed, was not devel-
oped until the nineteenth century. In 1846, the Irish physicist John Thomas Romney
Robinson invented a spinning-cup anemometer that consisted of four hemispher-
ical cups mounted on a vertical axis. In 1892, William Henry Dines invented the
pressure-tube (Dines) anemometer, which is a device that measures wind speed
from the pressure difference arising from wind blowing in a tube versus that blow-
ing across the tube. The pressure difference is proportional to the square of the
wind speed.

In 1643, Evangelista Torricelli (1608-47) invented the mercury barometer,
becoming the first to measure air pressure. He filled a glass tube 1.2 m long with
mercury and inverted it onto a dish. He found that only a portion of the mercury
flowed from the tube into the dish, and the resulting space above the mercury in
the tube was devoid of air (a vacuum). Thus, Torricelli was also the first person to
record a sustained vacuum. He suggested that the change in height of the mercury
in the tube each day was caused by a change in atmospheric pressure. Air pressure
balanced the pressure exerted by the column of mercury in the tube, preventing the
mercury from flowing freely from the tube. The aneroid barometer, which repre-
sented an advance over the mercury barometer, was not developed adequately until
1843. The aneroid barometer contains no fluid. Instead, it measures pressure by
gauging the expansion and contraction of a tightly sealed metal cell that contains
no air.

A third important invention for meteorologists was the thermometer. Prior to
1600, Galileo Galilei (1564-1642) devised the thermoscope, which estimated tem-
perature change by measuring the expansion of air. The instrument did not have
a scale and was unreliable. Torricelli’s mercury barometer, which contained fluid,
led to the invention of the liquid-in-glass thermometer in Florence in the mid sev-
enteenth century. In the early eighteenth century, useful thermometer scales were
developed by Gabriel Daniel Fahrenheit of Germany (1686-1736) and Anders
Celsius of Sweden (1701-1744).

A fourth important invention was the hygrometer, which measures humidity.
In 1450, the German cardinal, philosopher, and administrator Nicolas of Cusa
(Nicolas Cryfts) (1401-64) described the first hygrometer with the following:

If someone should hang a good deal of wool, tied together on one end of a
large pair of scales, and should balance it with stones at the other end in a place
where the air is temperate it would be found that the weight of the wool would
increase when the air became more humid, and decrease when the air tended to
dryness.

(Brownawell 2004). In 1481, Leonardo da Vinci (1452-1519) drew Cryfts’
hygrometer in his Codex Atlanticus, using a sponge instead of wool. The purpose
of the hygrometer, according to da Vinci, was

to know the qualities and thickness of the air, and when it is going to rain.

(White 2000). In 1614, Santorio Santorre developed a hygrometer that measured
vapor by the contraction and elongation of cord or lyre strings. Later hygrometers
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were made of wood, seaweed, paper, hair, nylon, and acetate. The hair hygrometer is
still used today, although another instrument, the psychrometer, is more accurate.
A psychrometer consists of two liquid-in-glass thermometers mounted together,
one with a dry bulb and the other with a bulb covered with a moistened cloth.

Following the inventions above, observations of pressure, temperature, humid-
ity, wind force, wind direction, and rainfall became regular. By the nineteenth cen-
tury, weather-station networks and meteorological tables were common. Observers
gathered data and forecasters used the data to predict the weather, but neither
observers nor forecasters applied significant theory in their work. Theoreticians
studied physical laws of nature but did not take advantage of the abundance of
data available.

One of the first weather theoreticians was Aristotle, who wrote Meteorologica
about 340 BC. In that text, Aristotle attempted to explain the cause of winds,
clouds, rain, mist, dew, frost, snow, hail, thunder, lightning, thunderstorms, halos,
rainbows, and mock suns. On the subject of winds, he wrote (Lee 1951),

These, then are the most important different winds and their positions. There are
two reasons for there being more winds from the northerly than from the southerly
regions. First, our inhabited region lies toward the north; second, far more rain and
snow is pushed up into this region because the other lies beneath the sun and its
course. These melt and are absorbed by the Earth and when subsequently heated
by the sun and the Earth’s own heat cause a greater and more extensive exhalation.

On the subject of thunder, he wrote,

Let us now explain lightning and thunder, and then whirlwinds, firewinds and
thunderbolts: for the cause of all of them must be assumed to be the same. As we have
said, there are two kinds of exhalation, moist and dry; and their combination (air)
contains both potentially. It condenses into cloud, as we have explained before, and
the condensation of clouds is thicker toward their farther limit. Heat when radiated
disperses into the upper region. But any of the dry exhalation that gets trapped when
the air is in process of cooling is forcibly ejected as the clouds condense and in its
course strikes the surrounding clouds, and the noise caused by the impact is what
we call thunder.

Aristotle’s monograph established a method of qualitatively explaining meteoro-
logical problems. Since Aristotle was incorrect about nearly all his meteorological
conclusions, Meteorologica was never regarded as a significant work. Aristotle
made observations, as evidenced by diagrams and descriptions in Meteorologica,
but he did not conduct experiments. Lacking experiments, his conclusions, while
rational, were not scientifically based.

Aristotle’s method of rationalizing observations with little or no experiment
governed meteorological theory through the seventeenth century. In 1637, René
Descartes (1596-1650) wrote Les Météores, a series of essays attached to Discours
de la Méthode. In some parts of this work, Descartes improved upon Aristotle’s
treatise by discussing experiments. In other parts, Descartes merely expanded or
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reformulated many of Aristotle’s explanations. On the subject of northerly winds,
Descartes wrote (Olscamp 1965),

We also observe that the north winds blow primarily during the day, that they come
from above to below, and that they are very violent, cold and dry. You can see the
explanation of this by considering that the Earth EBFD [referring to a diagram|]
is covered with many clouds and mists near the poles E and F, where it is hardly
heated by the sun at all; and that at B, where the sun is immediately overhead, it
excites a quantity of vapors which are quite agitated by the action of its light and
rise into the air very quickly, until they have risen so high that the resistance of their
weight makes it easier for them to swerve, . . .

Like Aristotle, Descartes was incorrect about many explanations. Despite some
of the weaknesses of his work, Descartes is credited with being one of the first in
meteorological sciences to form hypotheses and then to conduct experiments.

Between the seventeenth and mid nineteenth centuries, knowledge of basic
physics increased, but mathematics and physics were still not used rigorously to
explain atmospheric behavior. In 1860, William Ferrel published a collection of
papers that were the first to apply mathematical theory to fluid motions on a rotat-
ing Earth. This work was the impetus behind the modern-day field of dynam-
ical meteorology, which uses physics and mathematics to explain atmospheric
motion.

Between 1860 and the early 1900s weather forecasting and theory advanced
along separate paths. In 1903, Vilhelm Bjerknes of Norway (1862-1951) promul-
gated the idea that weather forecasting should be based on the laws of physics. This
idea was not new, but Bjerknes advanced it further than others (Nebeker 1995).
Bjerknes thought that weather could be described by seven primary variables —
pressure, temperature, air density, air water content, and the three components of
wind velocity. He also realized that many of the equations describing the change
in these variables were physical laws already discovered. Such laws included the
continuity equation for air, Newton’s second law of motion, the ideal-gas law, the
hydrostatic equation, and the thermodynamic energy equation.

Bjerknes did not believe that meteorological equations could be solved ana-
lytically. He advocated the use of physical principles to operate on graphical
observations to analyze the weather. For example, from a map of observed wind
barbs, which give horizontal wind speeds and directions, he could draw a map of
streamlines (lines of constant direction) and isolines (lines of constant wind speed),
then use graphical differentiation and graphical algebra to determine vertical wind
speeds, which would be drawn on another map. This technique was called graphical
calculus.

Between 1913 and 1919, Lewis Fry Richardson (1881-1953) developed a differ-
ent method of analyzing the analytical equations describing the weather (Richard-
son 1922). The method involved dividing a region of interest into rectilinear cells
(grid cells), then writing a finite-difference form of the analytical meteorological
equations for each grid cell and solving the equations by hand over all cells. Whereas
Carle Runge and Wilhelm Kutta developed a method of finite-differencing ordinary
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differential equations in the 1890s, Richardson extended finite-differencing (cen-
tral differencing in his case) to partial differential equations and to multiple grid
cells. Richardson was not satisfied with his solution technique, though, because
data available to test his method were sparse, and predictions from his method
were not accurate. Nevertheless, his was the first attempt to predict the weather
numerically in detail.

Until the 1940s, much of Richardson’s work was ignored because of the lack of
a means to carry out the large number of calculations required to implement his
method. In 1946, John von Neumann (1903-57), who was associated with work
to build the world’s first electronic digital computer ENIAC (Electronic Numer-
ical Integrator and Computer), proposed a project to make weather forecasting
its main application. The project was approved, and the first computer model
of the atmosphere was planned. Among the workers on von Neumann’s project
was Jule Charney, who became director of the project in 1948. Charney made
the first numerical forecast on ENIAC with a one-dimensional model (Charney
1949, 1951). Since then, numerical models of weather prediction have become
more elaborate, and computers have become faster.

1.2 BRIEF HISTORY OF AIR-POLLUTION SCIENCE

Meteorological science is an old and established field; air-pollution science has
a shorter history. Natural air pollution has occurred on Earth since the planet’s
formation. Fires, volcanic eruptions, meteorite impacts, and high winds all cause
natural air pollution. Anthropogenic air-pollution problems have existed on urban
scales for centuries and have resulted from burning of wood, vegetation, coal, oil,
natural gas, waste, and chemicals.

In the nineteenth and early twentieth centuries, most air pollution was due
to chimney and smokestack emission of coal and chemical-factory combustion
products. In 1905, Harold Antoine Des Voeux described the combination of smoke
and fog he observed in cities in Great Britain as smog. Smog from coal and chemical
combustion resulted in several air pollution episodes that killed thousands of people
between 1850 and 1960. The worst of these was in December 1952, when smog
resulted in over 4000 deaths in London. Pollution resulting from coal and chemical-
factory combustion in the presence of fog is commonly referred to as London-type
smog.

In the early twentieth century, the widespread use of automobiles and the
increase in industrial activity increased the prevalence of another type of air pollu-
tion, called photochemical smog. This pollution was most noticeable and formed
almost daily in Los Angeles, California. It became so serious that an Air Pollution
Control District was formed in Los Angeles in 1947 to combat it. The composition
of photochemical smog was not elucidated until 1951, when Arie Haagen-Smit pro-
duced ozone in a laboratory from oxides of nitrogen and reactive organic gases, in
the presence of sunlight and suggested that these gases were the main constituents
of Los Angeles air pollution. Photochemical smog has since been observed in most
cities of the world.
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Before the twentieth century, air pollution was not treated as a science but as a
regulatory problem (Boubel ez al. 1994). In Great Britain, emission from furnaces
and steam engines led to the Public Health Act of 1848. Emission of hydrogen
chloride from soap making led to the Alkali Act of 1863. In both cases, pollution
abatement was controlled by agencies. In the nineteenth century, pollution abate-
ment in the United States was delegated to municipalities. In most cases, regula-
tion did not reduce pollution much, but in some cases it led to pollution control
technologies, such as the electrostatic precipitator for reducing particle emission
from smokestacks. In one case, the development of a pollutant-control technology,
the scrubber for removing hydrochloric acid gas from chemical factory emission,
provided incentive for the swift passage of a regulation, the Alkali Act of 1863.
Inventions unrelated to air-pollution regulation reduced some pollution problems.
For example, in the early twentieth century, the advent of the electric motor central-
ized sources of combustion at electric utilities, reducing local air pollution caused
by the steam engine.

1.3 THE MERGING OF AIR-POLLUTION AND
METEOROLOGICAL SCIENCES

In the 1950s, laboratory work was undertaken to understand better the formation
of photochemical and London-type smog. Since the computer was already avail-
able, box models simulating atmospheric chemical reactions were readily imple-
mented. In the 1960s and 1970s, air-pollution models, termed air-quality models,
were expanded to two and three dimensions. Such models included treatment of
emission, transport, gas chemistry, and gas deposition to the ground. Most models
used interpolated fields of meteorological data as inputs. Today, many air quality
models use meteorological fields calculated in real time as inputs.

In the 1970s, atmospheric pollution problems, aside from urban air pollution,
were increasingly recognized. Such problems included regional acid deposition,
global ozone reduction, Antarctic ozone depletion, and global climate change.
Initially, ozone reduction and climate change problems were treated separately
by dynamical meteorologists and atmospheric chemists. More recently, computer
models that incorporate atmospheric chemistry and dynamical meteorology have
been used to study these problems.

1.4 WEATHER, CLIMATE, AND AIR POLLUTION

A model is a mathematical representation of a process. An atmospheric computer
model is a computer-coded representation of dynamical, physical, chemical, and
radiative processes in the atmosphere. In atmospheric models, time-dependent pro-
cesses are mathematically described by ordinary differential equations. Space- and
time-dependent processes are described by partial differential equations. Ordi-
nary and partial differential equations are replaced with finite-difference or other
approximations, then computerized and solved.
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Computer models also solve parameterized and empirical equations. A param-
eterized equation is an equation in which one parameter is expressed in terms of
at least two other parameters. The equation of state, which relates pressure to
temperature and air density, is a parameterized equation. An empirical equation
is an equation in which one parameter is expressed as an empirical function (e.g.,
a polynomial fit) of at least one other parameter. Whereas parameterized equa-
tions are derived from insight, empirical equations do not always make physical
sense. Instead, they reproduce observed results under a variety of conditions. In this
text, computer modeling of the atmosphere is discussed. Such modeling requires
solutions to ordinary differential equations, partial differential equations, param-
eterized equations, and empirical equations.

Since the advent of atmospheric computer modeling in 1948, models have been
applied to study weather, climate, and air pollution on urban, regional, and global
scales. Weather is the state of the atmosphere at a given time and place, and climate
is the average of weather events over a long period. Some basic weather variables
include wind speed, wind direction, pressure, temperature, relative humidity, and
rainfall. Standard climate variables include mean annual temperatures and mean
monthly rainfall at a given location or averaged over a region.

Air pollutants are gases, liquids, or solids suspended in the air in high enough
concentration to affect human, animal, or vegetation health, or to erode structures.
Standard air pollution problems include urban smog, acid deposition, Antarctic
ozone depletion, global ozone reduction, and global climate change. Urban smog
is characterized by the local concentration buildup of gases and particles emitted
from automobiles, smokestacks, and other human-made sources. Acid deposition
occurs following long-range transport of sulfur dioxide gas emitted from coal-
fired power plants, conversion of the sulfur dioxide to liquid-phase sulfuric acid,
and deposition of sulfuric-acid-related species to the ground by rain or another
means. Acid deposition also occurs when nitric acid gas, produced chemically from
automobile pollutants, dissolves into fog drops, which deposit to the ground or
lungs. This form of acid deposition is acid fog. Acids harm soils, lakes, and forests
and damage structures.

Antarctic ozone depletion and global ozone reduction are caused, to a large
extent, by chlorine and bromine compounds that are emitted anthropogenically
into the atmosphere and break down only after they have diffused to the upper
atmosphere. Ozone reduction increases the intensity of ultraviolet radiation from
the Sun reaching the ground. Some ultraviolet wavelengths destroy microorgan-
isms on the surface of the Earth and cause skin cancer in humans. Global climate
change is characterized by changes in global temperature and rainfall patterns
due to increases in atmospheric carbon dioxide, methane, nitrous oxide, water
vapor, and other gases that absorb infrared radiation. The addition of particles
to the atmosphere may in some cases warm, and in other cases cool, climate as
well.

Historically, meteorological models have been used to simulate weather, climate,
and climate change. Photochemical models have been used to study urban, regional,
and global air-pollution emission, chemistry, aerosol processes, and transport of
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Table 1.1 Scales of atmospheric motion

Scale name Scale dimension Examples
Molecular scale <2 mm o i )
Molecular diffusion, molecular viscosity
Microscale 2 mm-2 km Eddies, small plumes, car exhaust, cumulus clouds
Mesoscale 2-2000 km Gravity waves, thunderstorms, tornados, cloud
clusters, local winds, urban air pollution
Synoptic scale 500-10000 km High- and low-pressure systems, weather fronts,
tropical storms, hurricanes, Antarctic ozone hole
Planetary scale >10000 km Global wind systems, Rossby (planetary) waves,

stratospheric ozone reduction, global warming

pollutants. Only recently have meteorological models merged with photochemical
models to tackle these problems together.

One purpose of developing a model is to understand better the physical, chemi-
cal, dynamical, and radiative properties of air pollution and meteorology. A second
purpose is to improve the model so that it may be used for forecasting. A third
purpose is to develop a tool that can be used for policy making. With an accurate
model, policy makers can try to mitigate pollution problems.

1.5 SCALES OF MOTION

Atmospheric problems can be simulated over a variety of spatial scales. Molecular-
scale motions occur over distances much smaller than 2 mm. Molecular diffu-
sion is an example of a molecular-scale motion. Microscale motions occur over
distances of 2 mm to 2 km. Eddies, or swirling motions of air, are microscale
events. Mesoscale motions, such as thunderstorms, occur over distances of 2—
2000 km. The synoptic scale covers motions or events on a scale of 500-10 000 km.
High- and low-pressure systems and the Antarctic ozone hole occur over the
synoptic scale. Planetary-scale events are those larger than synoptic-scale events.
Global wind systems are planetary-scale motions. Some phenomena occur on more
than one scale. Acid deposition is a mesoscale and synoptic-scale phenomenon.
Table 1.1 summarizes atmospheric scales and motions or phenomena occurring on
each scale.

1.6 ATMOSPHERIC PROCESSES

Atmospheric models simulate many processes and feedbacks among them.
Figure 1.1 shows a diagram of an air pollution-weather—climate model that simu-
lates gas, aerosol, cloud, radiative, dynamical, transport, and surface processes.

A gas is an individual atom or molecule suspended in the air in its own phase
state. Gas molecules have diameters on the order of 2-5 x 1071 m

An aerosol is an ensemble of solid, liquid, or mixed-phase particles suspended
in air. Each particle consists of an aggregate of atoms and/or molecules bonded
together. An aerosol particle is a single particle within an aerosol. Aerosol particles
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Gas processes Radiative processes
(Emission ) Solar and infrared radiation
Photochemistry Gas, aerosol, cloud absorption
Heterogeneous chemistry Gas, aerosol, cloud scattering
Aerosol nucleation Heating rates
Condensation/evaporation Actinic fluxes
Dissolution/evaporation Visibility
Dry deposition Albedo
KWashout Y,
Aerosol processes Meteorological processes
4 Emission ) ]
Nucleation A}r temp.erature
Aerosol-aerosol coagulation A}r density
Aerosol-hydrometeor coagulation Al.r pressure o
Condensation/evaporation Wind speed and direction
Dissolution/evaporation Turbulence
Equilibrium chemistry Water vapor
Aqueous chemistry
Heterogeneous chemistry Transport processes
Dry deposition/sedimentation — \
. Emission
\_Rainout/washout ) .
Gas, aerosol, cloud transport in air
Cloud processes Gas, aeros.(ﬂ transport in cl.ouds
Dry deposition/sedimentation
Condensation/ice deposition Rainout/washout )
Homogeneous, contact freezing
Melting/evaporation/sublimation Surface processes
Hydrometeor-hydrometcor coag. Soil, water, sea ice, snow, road,
Aerosol-hydrometeor coagulation .
. . . roof, vegetation temperatures
Gas dissolution/aqueous chemistry .
T ) Surface energy, moisture fluxes
Precipitation, rainout, washout t
R . Ocean dynamics )
Lightning

Figure 1.1 Diagram of processes simulated in an air pollution-weather—
climate model.

have diameters that range in size from a few tens of gas molecules to 10 mm and
can contain many components, including liquid water.

A hydrometeor is an ensemble of liquid, solid, or mixed-phase predominantly
water-containing particles suspended in or falling through the air. A hydrometeor
particle is a single particle within a hydrometeor. Examples of hydrometeor parti-
cles are cloud drops, ice crystals, raindrops, snowflakes, and hailstones. The main
difference between an aerosol particle and a hydrometeor particle is that the latter
contains much more water than the former. Hydrometeor particles generally range
in diameter from 10 um to 10 mm. In this text, the term particle used alone may
refer to an aerosol particle or a hydrometeor particle.

Figure 1.1 lists the major processes affecting gases in the atmosphere. Emission
is the addition of a pollutant to the atmosphere. Photochemistry encompasses gas
kinetic chemistry and photolysis. Gas kinetic chemistry is the process by which
reactant gases collide with each other and transform to product gases. Photoly-
sis is the process by which reactant gases are broken down by sunlight to form
products.
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Gases are also affected by gas-to-particle conversion. Conversion processes
include heterogeneous chemistry, nucleation, condensation/evaporation, dissolu-
tion/evaporation, and deposition/sublimation. Gases react chemically on the sur-
faces of particles to form gas, liquid, or solid products during heterogeneous chem-
istry. Nucleation occurs when gas molecules aggregate and change phase to a liquid
or solid to form a new small aerosol particle or a cluster on an existing particle
surface. Condensation occurs when a gas diffuses to and sticks to the surface of a
particle and changes state to a liquid. Evaporation occurs when a liquid molecule
on a particle surface changes state to a gas and diffuses away from the surface.
Dissolution occurs when a gas molecule diffuses to and dissolves into liquid on the
surface of a particle. Evaporation, in this case, is the opposite of dissolution.

Gases are physically removed from the atmosphere by dry deposition and
washout. Gas dry deposition (different from solid deposition) is a removal process
that occurs when a gas (or particle) impinges upon and sticks to a surface, such
as the ground or a house. Gas washout is the dissolution of a gas in precipitation
(rainfall) that falls to the ground.

Figure 1.1 lists major aerosol processes. Some, such as emission, nucleation,
condensation/evaporation, dissolution/evaporation, and heterogeneous chemistry,
affect gases as well. Aerosol-aerosol coagulation occurs when two aerosol parti-
cles collide and coalesce (stick together) to form a third, larger particle. Aerosol-
hydrometeor coagulation occurs when an aerosol particle collides and coalesces
with a hydrometeor particle. Equilibrium chemistry is reversible chemistry between
or among liquids, ions, and/or solids within aerosols and hydrometeors. Aqueous
chemistry is irreversible chemistry important in water-containing aerosols and in
hydrometeors.

Aerosol particles are physically removed by dry deposition, sedimentation, rain-
out, and washout. Sedimentation is the process by which particles fall from one
altitude to another or to the surface due to their weight. This differs from aerosol
dry deposition, which occurs when particles contact a surface and stick to the
surface. Aerosol rainout is the growth of cloud drops on aerosol particles and
the eventual removal of the aerosol particle to the surface by precipitation. This
differs from aerosol washout, which is the coagulation of aerosol particles with
precipitation that subsequently falls to the ground.

Clouds are affected by several of the same processes affected by aerosol pro-
cesses. In addition, clouds are affected by ice deposition, which is the growth
of water vapor onto aerosol particles to form ice crystals. Sublimation is the
conversion of the ice crystals back to vapor. During freezing, liquid water within
a hydrometeor changes state to ice. Melting is the reverse. Hydrometeor particles
may coagulate with themselves or with aerosol particles. Lightning occurs when
ice crystals collide with then bounce off of other ice crystals, creating a charge
separation that eventually leads to a flash of light.

Gases, aerosol particles, and hydrometeor particles scatter (redirect) and absorb
solar radiation (emitted by the Sun) and infrared radiation (emitted by the Earth,
atmosphere, and Sun), affecting heating rates (the rates at which the atmosphere
heats or cools), actinic fluxes (a parameter used to calculate photolysis rate
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coefficients), and visibility (the distance a person can see). Albedo is the reflec-
tivity of a surface. It affects radiation in the atmosphere and, in the case of sea ice,
snow, and clouds, is itself affected by pollutants.

Important meteorological variables determined in a model include air temper-
ature, air density, air pressure, wind speed and direction, turbulence, and water
vapor. Winds and turbulence affect transport of gases, aerosol particles, and
hydrometeor particles. Likewise, gases, aerosol particles, and hydrometeor par-
ticles feed back to temperature, pressure, and winds in several ways.

Finally, meteorology and air pollution are affected by surface temperature and
energy/moisture fluxes. Surface temperature itself is affected by surface type, some
of which include vegetated and bare soil, water, sea ice, roads, rooftops, and snow.

In a model, meteorological variables are simulated by solving a set of partial dif-
ferential equations and parameterized equations, including the momentum equa-
tion, the thermodynamic energy equation, the continuity equation for air, the equa-
tion of state, and the continuity equation for total water. Heating rates and actinic
fluxes are calculated with the radiative-transfer equation. Changes in gas, aerosol
particle, and hydrometeor particle concentration are found by solving the species
continuity equation, which describes transport with partial differential equations
and chemistry/physics with ordinary differential equations.

In sum, weather, climate, and air pollution can be modeled by taking into account
a fairly reasonably well-defined set of physical, chemical, and/or dynamical equa-
tions. In the rest of this book, the processes shown in Fig. 1.1 are examined.
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Atmospheric structure, composition,
and thermodynamics

HE atmosphere contains a few highly concentrated gases, such as nitrogen,

oxygen, and argon, and many trace gases, among them water vapor, carbon
dioxide, methane, and ozone. All such gases are constituents of air. Important char-
acteristics of air are its pressure, density, and temperature. These parameters vary
with altitude, latitude, longitude, and season and are related to each other by the
equation of state. Two other fundamental equations applicable to the atmosphere
are the Clausius—Clapeyron equation and the first law of thermodynamics. The
Clausius—Clapeyron equation relates temperature to the quantity of water vapor
over a surface at saturation. The first law of thermodynamics relates the temper-
ature change of a gas to energy transfer and the change in work. In this chap-
ter, atmospheric variables and gases are discussed, and basic equations describing
atmospheric physics and thermodynamics are introduced.

2.1 PRESSURE, DENSITY, AND COMPOSITION

In the Earth’s atmosphere, air density, pressure, and temperature change with alti-
tude. Air density is the mass of air per unit volume of air, where the mass of air is
summed over all gases, aerosol particles, and hydrometeor particles. Since the mass
concentration of gas in the air is 500 times that of hydrometeor particles in the
thickest cloud and ten million times that of aerosol particles in polluted air (Table
13.1), air density is accurately determined from the mass of gas only. Air density
decreases exponentially with altitude, as shown in Fig. 2.1(a). Air density is the
greatest near the surface since atmospheric mass is concentrated near the surface.

Air pressure is ideally the weight (force) of air above a horizontal plane, divided
by the area of the plane. This type of air pressure is called hydrostatic air pres-
sure, which is the pressure due solely to the weight of air in a column above a
given altitude. The term hydrostatic means “fluid at rest.” Air pressure is hydro-
static only if air is not accelerating vertically, which occurs either if it is at rest
or if it has a constant vertical speed. The assumption that air pressure is hydro-
static is reasonable when air pressure is averaged over a large horizontal area
(>2-3 km in diameter) and outside of a storm system, since vertical accelerations
in such cases are generally small. Over small areas (<2-3 km in diameter) and in
individual clouds, vertical accelerations can be large. When air accelerates verti-
cally, air pressure is nonhydrostatic. Nonhydrostatic air pressure is discussed in
Section 5.1.3.
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Figure 2.1 Variation of (a) air density, (b) air pressure, and (c) gravita-
tional acceleration versus altitude in the Earth’s lower atmosphere. The
pressure diagram shows that 99.9 percent of the atmosphere lies below
an altitude of about 48 km (1 hPa), and 50 percent lies below about
5.5 km (500 hPa).

Hydrostatic air pressure at any altitude z (m) above sea level is found by inte-
grating the product of air density and gravity from the top of the atmosphere to
altitude z with

palz) = / pal2)g(2)dz (2.1)

where p,(z) is air pressure as a function of altitude (pascal, where 1 Pa=1Nm™? =
1kgm™'s72 = 0.01 hPa = 0.01 millibar or mb), p,(z) is air density as a function
of altitude (kg m~3) from Fig. 2.1(a), and g(z) is gravitational acceleration (ms~2).
Alternative units for air pressure are given in Appendix Table A.6. Figures 2.1(b)
and (c) show variations in pressure and gravitational acceleration, respectively,
with altitude in the atmosphere. Tabulated values of these variables are given in
Appendix Table B.1.
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Table 2.1 Average composition of the lowest 100 km in the
Earth’s atmosphere

Volume mixing ratio

Gas (percent) (ppmv)

Fixed gases

Nitrogen (N3) 78.08 780000
Oxygen (O3) 20.95 209500
Argon (Ar) 0.93 9300
Neon (Ne) 0.0015 15
Helium (He) 0.0005 5
Krypton (Kr) 0.0001 1
Xenon (Xe) 0.000005 0.05
Variable gases

Water vapor (H,O) 0.00001-4.0 0.1-40 000
Carbon dioxide (CO;) 0.0375 375
Methane (CHy) 0.00017 1.8
Ozone (O3) 0.000003-0.001 0.03-10

Figure 2.1(b) shows that, as altitude (z) increases, air pressure decreases expo-
nentially. Air pressure decreases with increasing altitude because less air lies above
a higher altitude than a lower altitude. Air pressure decreases exponentially with
increasing altitude because density, used to derive pressure, decreases exponentially
with increasing altitude (Fig. 2.1(a)).

Figure 2.1(b) also shows that 50 percent of atmospheric mass lies between sea
level and 5.5 km. About 99.9 percent of mass lies below about 48 km. The Earth’s
radius is approximately 6370 km. Thus, almost all of Earth’s atmosphere lies in a
layer thinner than 1 percent of the radius of the Earth.

Standard sea-level surface pressure is 1013 hPa (or 1013 mb or 760 mm Hg). The
sea-level pressure at a given location and time typically varies by +10 to —20 hPa
from standard sea-level pressure. In a strong low-pressure system, such as at the cen-
ter of a hurricane, the actual sea-level pressure may be more than 50 hPa lower than
standard sea-level pressure. At the surface of the Earth, which averages 231.4 m
above sea level globally, gravitational acceleration is 9.8060 ms~2. Gravitational
acceleration is discussed further in Section 4.2.3.

2.1.1 Fixed gases

Table 2.1 gives the basic composition of the bottom 100 km of the Earth’s atmo-
sphere, called the homosphere. In this region, the primary gases are molecular
nitrogen (N3) and molecular oxygen (O,), which together make up over 99 per-
cent of all air molecules. Argon (Ar), a chemically inert gas, makes up most of the
remaining 1 percent. Nitrogen, oxygen, and argon are fixed gases in that their vol-
ume mixing ratios (number of molecules of each gas divided by the total number
of molecules of dry air) do not change substantially in time or space. Fixed gases
are well mixed in the homosphere. At any given altitude, oxygen makes up about
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20.95 percent and nitrogen makes up about 78.08 percent of all non-water gas
molecules by volume (23.17 and 75.55 percent, respectively, by mass).

2.1.1.1 Molecular nitrogen

Gas-phase molecular nitrogen (N3) is produced biologically in soils by denitrifica-
tion, a two-step process carried out by denitrifying bacteria in anaerobic (oxygen-
depleted) soils. In the first step, the bacteria reduce the nitrate ion (NO37) to the
nitrite ion (NO; 7). In the second, they reduce the nitrite ion to molecular nitrogen
and some nitrous oxide gas (N,O).

Molecular nitrogen is removed from the air by nitrogen fixation. This process
is carried out by bacteria, such as Rhizobium, Azotobacter, and Beijerinckia, in
aerobic (oxygen-rich) environments, and produces the ammonium ion (NH4").
Ammonium in soils is also produced by the bacterial decomposition of organic
matter during ammonification. Fertilizer application also adds ammonium to soils.

The ammonium ion regenerates the nitrate ion in soils during nitrification, which
is a two-step aerobic process. In the first step, nitrosofying (nitrite-forming) bacteria
produce nitrite from ammonium. In the second step, nitrifying (nitrate-forming)
bacteria produce nitrate from nitrite.

Because N, does not react significantly in the atmosphere and because its removal
by nitrogen fixation is slower than its production by denitrification, its atmospheric
concentration has built up over time.

2.1.1.2 Molecular oxygen

Gas-phase molecular oxygen is produced by green-plant photosynthesis, which
occurs when carbon dioxide gas (CO,) reacts with water (H,O) in the presence
of sunlight and green-pigmented chlorophylls. Chlorophylls exist in plants, trees,
blue-green algae, and certain bacteria. They appear green because they absorb red
and blue wavelengths of visible light and reflect green wavelengths. Products of
photosynthesis reactions are carbohydrates and molecular oxygen gas. One pho-
tosynthetic reaction is

6CO, 4+ 6H,0 + hv — C4H 1204 + 60, (2.2)

where hv is a photon of radiation, and CsH1,Og is glucose. Some bacteria that live
in anaerobic environments photosynthesize carbon dioxide with hydrogen sulfide
(H,S) instead of with water to produce organic material and elemental sulfur (S).
This type of photosynthesis is anoxygenic photosynthesis and predates the onset
of green-plant photosynthesis.

2.1.1.3 Argon and others

Argon is a noble gas that is colorless and odorless. Like other noble gases, argon
is inert and does not react chemically. It forms from the radioactive decay of
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potassium. Other fixed but inert gases present in trace concentrations are neon (Ne),
helium (He), krypton (Kr), and xenon (Xe). The source of helium, krypton, and
xenon is radioactive decay of elements in the Earth’s crust, and the source of neon
is volcanic outgassing. The mixing ratios of these gases are given in Table 2.1.

2.1.2 Variable gases

Gases in the atmosphere whose volume mixing ratios change significantly in time
and space are variable gases. Thousands of variable gases are present in the atmo-
sphere. Several dozen are very important. Four of these, water vapor, carbon diox-
ide, methane (CHjy), and ozone (O3), are discussed below.

2.1.2.1 Water vapor

Major sources of water vapor to the air are evaporation from soils, lakes, streams,
rivers, and oceans, sublimation from glaciers, sea ice, and snow packs, and tran-
spiration from plant leaves. Water vapor is also produced during fuel combustion
and many gas-phase chemical reactions. Approximately 85 percent of water in
the atmosphere originates from ocean surface evaporation. Sinks of water vapor
are condensation to the liquid phase, ice deposition to the solid phase, transfer to
the ocean and other surfaces, and gas-phase chemical reaction. The mixing ratio
of water vapor varies with location. When temperatures are low, water vapor
readily condenses as a liquid or deposits as ice, so its gas-phase mixing ratio
is low. Over the North and South Poles, water vapor mixing ratios are almost
zero. When temperatures are high, liquid water readily evaporates and ice readily
sublimates to the gas phase, so water vapor mixing ratios are high. Over equa-
torial waters, where temperatures are high and evaporation from ocean surfaces
occurs readily, the atmosphere contains up to 4 percent or more water vapor by
volume. Water vapor is not only a greenhouse gas (a gas that readily absorbs
thermal-infrared radiation), but also a chemical reactant and carrier of latent
heat.

2.1.2.2 Carbon dioxide

Carbon dioxide gas is produced by cellular respiration in plants and trees, biolog-
ical decomposition of dead organic matter, evaporation from the oceans, volcanic
outgassing, and fossil-fuel combustion. Cellular respiration occurs when oxygen
reacts with carbohydrates in the presence of enzymes in living cells to produce CO;,
H, O, and energy. The reverse of (2.2) is a cellular respiration reaction. Biological
decomposition occurs when bacteria and other organisms convert dead organic
matter to CO, and H,O.

Like water vapor, CO; is a greenhouse gas. Unlike water vapor, CO, does
not react chemically in the atmosphere. Its lifetime against chemical destruction
is approximately 100-200 years. CO; is removed more readily by green-plant
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Figure 2.2 Yearly and seasonal fluctuations in CO,
mixing ratio since 1958. Data from C. D. Keeling at
the Mauna Loa Observatory, Hawaii.

photosynthesis and dissolution into ocean water and raindrops. These processes
reduce its overall lifetime in the air to 30-95 years.

Average global CO, mixing ratios have increased from approximately 275 parts
per million by volume (ppmv) in the mid 1700s to approximately 375 ppmv in
2004. Figure 2.2 shows how observed CO, mixing ratios have increased steadily
since 1958. The yearly increases are due to increased rates of CO;, emission from
fossil-fuel combustion. The seasonal fluctuation in CO, mixing ratio is due to
photosynthesis and biological decomposition. When annual plants grow in the
spring and summer, they remove CO; from air by photosynthesis. When they die
in the fall and winter, they return CO; by biological decomposition.

2.1.2.3 Methane

Methane, the main component of natural gas, is a variable gas. It is produced in
anaerobic environments, where methane-producing bacteria (methanogens) con-
sume organic material and excrete methane. Ripe anaerobic environments include
rice paddies, landfills, wetlands, and the digestive tracts of cattle, sheep, and ter-
mites. Methane is also produced in the ground from the decomposition of fossilized
carbon. This methane often leaks to the atmosphere or is harnessed and used as a
source of energy. Additional methane is produced from biomass burning and as a
by-product of atmospheric chemical reaction. Sinks of methane include slow chem-
ical reaction and dry deposition. Methane’s mixing ratio in the lower atmosphere
is near 1.8 ppmv, which is an increase from about 0.7 ppmv in the mid 1700s.
Its mixing ratio has increased steadily due to increased farming and landfill usage.
Methane is important because it is a greenhouse gas that absorbs infrared radiation
emitted by the Earth 21 times more efficiently, molecule for molecule, than does
carbon dioxide. Mixing ratios of carbon dioxide, however, are much larger than
are those of methane.
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2.1.2.4 Ogzone

Ozone is a trace gas formed by photochemical reaction and is not emitted into the
atmosphere. In the stratosphere, it is produced following photolysis of molecular
oxygen. Near the surface of Earth, it is produced following photolysis of nitrogen
dioxide (NO,). Photolysis of molecular oxygen does not occur near the surface,
since the wavelengths of radiation required to break apart oxygen are absorbed
by molecular oxygen and ozone in the upper atmosphere. In urban regions, ozone
production is enhanced by organic gases. Typical ozone mixing ratios in urban air,
rural surface air, and stratospheric air are 0.1, 0.04, and 10 ppmv, respectively.
Thus, ozone’s mixing ratios are the highest in the stratosphere, the location of
which is shown in Fig. 2.4 (Section 2.2.2.1).

2.2 TEMPERATURE STRUCTURE

Temperature is a measure of the kinetic energy of an air molecule. At a given
temperature, the speeds at which air molecules travel are distributed statistically
about a Maxwellian distribution. From this distribution, one can define an average
thermal speed (7,), a root-mean-square speed (v;s), and a most probable speed
(vp) of an air molecule (m s~!). These speeds are related to absolute temperature

(T, K) by
U, = 8k Vrms = ks T vy = 2k (2.3)
\ M V M \ M

respectively, where kg is Boltzmann’s constant (1.380658 x 1023 kg m? s~ K~!
molec.™!; alternative units are given in Appendix A) and M is the average mass of
one air molecule (4.8096 x 1072¢ kg molec.”!). Equation (2.3) can be rewritten
as

4 _ 1. 1
;@TzzMﬁ E@TzzMﬁm @T:zMﬁ (2.4)

The right side of each equation in (2.4) is kinetic energy. When defined in terms of
U,, temperature is proportional to the kinetic energy of an air molecule traveling at
its average speed. When defined in terms of v, temperature is proportional to the
average kinetic energy among all air molecules since v2,  is determined by summing
the squares of all individual speeds then dividing by the total number of speeds.
When defined in terms of v}, temperature is proportional to the kinetic energy of
an air molecule traveling at its most probable speed. In this text, temperature is

defined in terms of 7,.
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Example 2.1

What is the average thermal speed, the root-mean-square speed, and the
most probable speed of an air molecule when T = 300 K? What about at
200 K? Although these speeds are faster than those of an airplane, why do air
molecules hardly move relative to airplanes over the same time increment?

SOLUTION

At 300 K, 9, = 468.3 ms~! (1685 kmhr'), vyms = 508.3 ms™', and v, =
415.0 ms~'. At 200 K, 9, = 382.4 ms~! (1376 kmhr '), vyms = 415.0 ms™?,
and v, =338.9ms™'. Although air molecules move quickly, they continuously
collide with and are redirected by other air molecules, so their net migration
rate is slow, particularly in the lower atmosphere. Airplanes, on the other hand
are not redirected when they collide with air molecules.

The bottom 100 km of Earth’s atmosphere, the homosphere, is the lower atmo-
sphere and is divided into four major regions in which temperature changes with
altitude. These are, from bottom to top, the troposphere, stratosphere, mesosphere,
and thermosphere. The troposphere is divided into the boundary layer, which is the
region from the surface to about 500-3000-m altitude, and the free troposphere,
which is the rest of the troposphere.

2.2.1 Boundary layer

The boundary layer is the portion of the troposphere influenced by the Earth’s
surface and that responds to surface forcing with a time scale of about an hour or
less (Stull 1988). The free troposphere is influenced by the boundary layer, but on
a longer time scale. Temperature varies significantly in the boundary layer during
the day and between day and night. Variations are weaker in the free troposphere.
Temperatures in the boundary are affected by the specific heats of soil and air and
by energy transfer processes, such as conduction, radiation, mechanical turbulence,
thermal turbulence, and advection. These factors are described below.

2.2.1.1 Specific heat

Specific heat capacity (specific heat, for short) is the energy required to increase
the temperature of 1 gram of a substance 1 degree Celsius (°C). Soil has a lower
specific heat than has liquid water. During the day, the addition of a fixed amount
of sunlight increases soil temperature more than it increases water temperature.
At night, emission of a fixed amount of infrared radiation decreases soil tempera-
ture more than it decreases water temperature. Thus, between day and night, soil
temperature varies more than does water temperature.
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Table 2.2 Specific heats and thermal conductivities of four media

Specific heat  Thermal conductivity at

Substance Jkg' K1) 298K (Jm's 'K
Dry air at constant pressure 1004.67 0.0256

Liquid water 4185.5 0.6

Clay 1360 0.920

Dry sand 827 0.298

Specific heat varies not only between land and water, but also among soil types.
Table 2.2 shows that the specific heat of clay is greater than is that of sand, and
the specific heat of liquid water is greater than is that of clay or sand. If all else is
the same, sandy soil heats to a higher temperature than does clay soil, and dry soil
heats to a higher temperature than does wet soil during the day. Dry, sandy soils
cool to a greater extent than do wet, clayey soils at night.

2.2.1.2 Conduction

Specific heat is a property of a material that affects its temperature change. Temper-
ature is also affected by processes that transfer energy within or between materials.
One such process is conduction. Conduction is the passage of energy from one
molecule to the next in a medium (the conductor). The medium, as a whole, expe-
riences no molecular movement. Conduction occurs through soil, air, and particles.
Conduction affects ground temperature by transferring energy between the soil sur-
face and bottom molecular layers of the atmosphere, and between the soil surface
and molecules of soil just below the surface. The rate of a material’s conduction is
determined by its thermal conductivity, which quantifies the rate of flow of ther-
mal energy through a material in the presence of a temperature gradient. Empirical
expressions for the thermal conductivities of dry air and water vapor (] m~! s7!
K1) are

kg A~ 0.023807 + 7.1128 x 1073(T — 273.15) (2.5)
Ky 2 0.015606 + 8.3680 x 1075 (T — 273.15) (2.6)

respectively, which are used in an interpolation equation to give the thermal con-
ductivity of moist air (dry air plus water vapor)

s A Ky [1 - (1.17 - 1.02ﬁ) i } (2.7)

Kq) ny +nyq

(Pruppacher and Klett 1997). Here, n, and 7y are the number of moles of water
vapor and dry air, respectively, and T is temperature (K). Under atmospheric con-
ditions, the thermal conductivity of moist air is not much different from that of dry
air. Table 2.2 shows that liquid water, clay, and dry sand are more conductive than
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is dry air. Clay is more conductive and dry sand is less conductive than is liquid
water.

The flux of energy through the atmosphere due to conduction can be estimated
with the conductive heat flux equation,

AT

H = _KaA—z (2.8)

(W m~2), where AT (K) is the change in temperature over an incremental height
Az (m). Adjacent to the ground, molecules of soil, water, and other surface elements
transfer energy by conduction to molecules of air overlying the surface. Since the
temperature gradient (AT/Az) between the surface and a thin (e.g., 1 mm) layer of
air just above the surface is large, the conductive heat flux at the ground is large.
Above the ground, temperature gradients are small, and the conductive heat flux
is much smaller than at the ground.

Example 2.2

Find the conductive heat flux through a 1-mm thin layer of air touching
the surface if T = 298 K, AT = —12 K, and assuming the air is dry. Do a
similar calculation for the free troposphere, where T = 273 K and AT/Az =
—6.5 Kkm™".

SOLUTION

Near the surface, «, & kg = 0.0256 Jm~! s71 K1, giving a conductive heat flux
of H; =307 W m™2. In the free troposphere, «, ~ kg = 0.0238 ] m~* s~ K™,
giving H, = 1.5 x 10~* W m~2. Thus, heat conduction through the air is impor-
tant only at the ground.

2.2.1.3 Radiation

Radiation is the transfer of energy by electromagnetic waves, which do not require
a medium, such as air, for their transmission. Solar radiation is relatively short-
wavelength radiation emitted by the Sun. Thermal-infrared radiation is relatively
long-wavelength radiation emitted by the Earth, atmosphere, and clouds. The
Earth’s surface receives solar radiation during the day only, but its surface and
atmosphere emit thermal-infrared radiation during day and night. Radiation is an
important energy transfer process and is discussed in Chapter 9.

2.2.1.4 Mechanical turbulence and forced convection

Convection is a predominantly vertical motion that results in the transport and
mixing of atmospheric properties. Forced convection is vertical motion produced
by mechanical means, such as mechanical turbulence. Mechanical turbulence arises
when winds travel over objects protruding from a surface, producing swirling
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motions of air, or eddies. Turbulence is the effect of groups of eddies of dif-
ferent size. Turbulence mixes energy and other variables vertically and horizon-
tally. Strong winds produce strong eddies and turbulence. Turbulence from wind-
generated eddies is mechanical turbulence.

When mechanical turbulence is the dominant process of vertical motion in the
boundary layer, the boundary layer is in a state of forced convection. Mechanical
turbulence is only one type of forced convection; forced convection also occurs
when air rises along a topographical barrier or weather front, or when horizontal
winds converge and rise.

2.2.1.5 Thermal turbulence and free convection

Free convection is a predominantly vertical motion produced by buoyancy. The
boundary layer is in a state of free convection when thermal turbulence is the dom-
inant process of vertical motion. Thermal turbulence occurs when the Sun heats the
ground differentially, creating thermals. Differential heating occurs because clouds
or hills block the sun in some areas but not in others or because different surfaces
lie at different angles. Thermals are parcels of air that rise buoyantly, generally over
land during the day. When the Sun heats the ground, conduction transfers energy
from the ground to molecules of air adjacent to the ground. The warmed air above
the ground rises buoyantly and expands. Cooler air from nearby is drawn in near
the surface to replace the rising air. The cooler air heats by conduction and rises.

Free convection differs from conduction in that free convection is the mass move-
ment of air molecules containing energy due to density difference, and conduction
is the transfer of energy from molecule to molecule. Free convection occurs most
readily over land when the sky is cloud-free and winds are light.

2.2.1.6 Advection and other factors

Advection is the horizontal propagation of the mean wind. Horizontal winds advect
energy spatially just as they advect gases and particles. Advection is responsible for
transferring energy on small and large scales. Other processes that affect tempera-
ture in the boundary layer are emissivity, albedo, pressure systems, and length of
day.

Emissivity is the ratio of the radiation emitted by an object to the radiation
emitted by a perfect emitter. Sand has an emissivity of 0.84-0.91, and clay has an
emissivity of 0.9-0.98. The higher its emissivity, the faster a surface, such as soil,
cools at night. Albedo (or reflectivity) is the ratio of reflected radiation to incident
radiation. For dry sand, the albedo varies from 20 to 40 percent. For clay, it varies
from 5 to 20 percent. Thus, sand reflects more solar radiation during the day and
emits less infrared radiation at night than does clay, counteracting some of the
effects of the low specific heat and thermal conductivity of sand.

Large-scale pressure systems also affect temperatures in the boundary layer.
Within a large-scale high-pressure system, air descends and warms, often on top of
cooler surface air, creating an inversion, which is an increase in temperature with
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Figure 2.3 Variation of temperature with height during the (a) day and (b)
night in the atmospheric boundary layer over land under a high-pressure sys-
tem. Adapted from Stull (1988).

increasing height. An inversion associated with a large-scale pressure system is a
large-scale subsidence inversion. As air warms when it sinks in a subsidence inver-
sion, it evaporates clouds, increasing the sunlight reaching the ground, increasing
ground temperature. Within a large-scale low-pressure system, air rises and cools,
often creating clouds and decreasing sunlight reaching the surface.

Temperature is also affected by length of day. Longer days produce longer peri-
ods of surface heating by sunlight, and longer nights produce longer periods of
cooling due to lack of sunlight and continuous thermal-infrared emission.

2.2.1.7 Boundary-layer characteristics

Figures 2.3(a) and (b) show idealized temperature variations in the boundary layer
over land during the day and night, respectively, under a high-pressure system.
During the day, the boundary layer consists of a surface layer, a convective mixed
layer, and an entrainment zone. The surface layer is a region of strong wind shear
that comprises the bottom 10 percent of the boundary layer. Since the boundary-
layer depth ranges from 500 to 3000 m, the surface layer is about 50-300 m
thick.

Over land during the day, temperature decreases rapidly with increasing altitude
in the surface layer but less so in the mixed layer. In the surface layer, the strong
temperature gradient is caused by rapid solar heating of the ground. The temper-
ature gradient is usually so strong that air adjacent to the ground buoyantly rises
and accelerates into the mixed layer. The atmosphere is called unstably stratified
when it exhibits the strong decrease in temperature with increasing height required
for air parcels to rise and accelerate buoyantly.

In the mixed layer, the temperature gradient is not strong enough to allow unre-
strained convection but not weak enough to prevent some convection. Under such
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a condition, the atmosphere is neutrally stratified, and parcels of air can mix up or
down but do not accelerate in either direction.

When a high-pressure system is present, a large-scale subsidence inversion resides
above the mixed layer. Environments in which temperatures increase with increas-
ing height (an inversion) or slightly decrease with increasing height are stably strati-
fied. Thermals originating in the surface layer or mixed layer cannot easily penetrate
buoyantly through an inversion. Some mixing (entrainment) between an inversion
layer and mixed layer always occurs; thus, the inversion layer is also called an
entrainment zone.

Other features of the daytime boundary layer are the cloud layer and subcloud
layer. A region in which clouds appear in the boundary layer is the cloud layer,
and the region underneath is the subcloud layer. A cloud forms if rising air in a
thermal cools sufficiently. An inversion may prevent a cloud from rising past the
mixed layer.

During the night, the surface cools radiatively, causing temperature to increase
with increasing height from the ground, creating a surface inversion. Eventual cool-
ing at the top of the surface layer cools the bottom of the mixed layer, increasing the
stability of the mixed layer at its base. The portion of the daytime mixed layer that
is stable at night is the stable (nocturnal) boundary layer. The remaining portion of
the mixed layer, which stays neutrally stratified, is the residual layer. Because ther-
mals do not form at night, the residual layer does not undergo significant change,
except at its base. At night, the nocturnal boundary layer grows, eroding the base
of the residual layer. The top of the residual layer is not affected by this growth.

Over the ocean, the boundary layer is influenced more by large-scale pressure
systems than by thermal or mechanical turbulence. Since water temperature does
not change significantly during the day, thermal turbulence over the ocean is not
so important as over land. Since the ocean surface is relatively smooth, mechanical
turbulence is also weaker than over land. Large-scale high-pressure systems still
cause subsidence inversions to form over the ocean.

2.2.2 Free atmosphere
2.2.2.1 Troposphere

The free troposphere lies above the boundary layer. Figure 2.4 shows a standard
profile of the temperature structure of the lower atmosphere, ignoring the bound-
ary layer. The troposphere, which is the bottom layer of the lower atmosphere,
is the region extending from the surface in which the temperature, on average,
decreases with increasing altitude. The average rate of temperature decrease in the
free troposphere (above the boundary layer) is about 6.5 K km~".

The temperature decreases with increasing altitude in the free troposphere for
the following simplified reason: Earth’s surface receives energy from the Sun daily,
heating the ground. Simultaneously, the top of the troposphere continuously radi-
ates energy upward, cooling the upper troposphere. The troposphere, itself, has rel-
atively little capacity to absorb solar energy; thus, it relies on radiative, turbulent,
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Figure 2.4 Temperature structure of the Earth’s lower atmo-
sphere, ignoring the boundary layer.

and conductive energy transfer from the ground to maintain its temperature. The
most important of these transfer processes is (thermal-infrared) radiation transfer,
followed by turbulence, then conduction. The last two processes transfer energy
to the boundary layer only. Thermal-infrared radiation emitted by the ground is
absorbed by selective gases in the air, including water vapor and carbon dioxide.
These and other gases are most concentrated near the surface, thus they have the
first opportunity to absorb the radiation. Once they absorb the radiation, they
reemit half of it upward and the other half downward, but their emission is at a
lower temperature than is the emission of the radiation they absorbed. The lower
the temperature of radiant emission, the less intense the emission. Thus, not only
does less thermal-infrared radiation penetrate to higher than to lower altitudes, but
the radiation that does penetrate is less intense than at lower altitudes. Because less
radiation is available for absorption with increasing altitude, temperatures decrease
with increasing altitude in the troposphere.

Figures 2.5(a) and (b) show global latitude-altitude contour plots of zonally
averaged temperatures for a generic January and July, respectively. A zonally aver-
aged temperature is found from a set of temperatures, averaged over all longitudes
at a given latitude and altitude. The figures indicate that near-surface tropospheric
temperatures decrease from the Equator to high latitudes, which is expected, since
the Earth receives the greatest quantity of incident solar radiation near the Equator.

The tropopause is the upper boundary of the troposphere. It is defined by the
World Meteorological Organization (WMO) as the lowest altitude at which the
lapse rate (rate of decrease of temperature with increasing height) decreases to
2 K km~" or less, and at which the lapse rate, averaged between this altitude and
any altitude within the next 2 km, does not exceed 2 K km~!. Above the tropopause
base, the temperature is relatively constant with increasing altitude (isothermal)
before it increases with increasing height in the stratosphere.

Figures 2.5(a) and (b) indicate that the tropopause height decreases from 15—
18 km near the Equator to 8 km near the poles. Because temperature decreases
with increasing height in the troposphere, and because tropopause height is higher
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Figure 2.5 Zonally and monthly averaged temperatures for (a) January and
(b) July. Data for the plots were compiled by Fleming et al. (1988).

over the Equator than over the poles, temperature decreases to a lower value over
the Equator than over the poles. As a result, minimum tropopause temperatures
occur over equatorial regions, as shown in Figs. 2.5(a) and (b). Tropopause heights
are the highest over the Equator because strong vertical motions over the Equator
raise the base of the ozone layer and force ozone to spread horizontally to higher
latitudes. Since ozone is responsible for warming above the tropopause, pushing
ozone to a greater height increases the altitude at which warming begins. Near
the poles, downward motion pushes ozone downward. The resulting latitudinal
gradient of the ozone-layer base decreases the tropopause height from the Equator
to the poles.

Tropopause temperature is also affected by water vapor. Water vapor absorbs
the Earth’s thermal-infrared radiation, preventing some of it from reaching the
tropopause. Water-vapor mixing ratios are much higher over the Equator than
over the poles. The high mixing ratios near the surface over the Equator enhance
cooling of the tropopause above.

2.2.2.2 Stratosphere

The stratosphere is a region of the atmosphere above the troposphere that contains
90 percent of the Earth’s ozone and in which temperature increases with increasing
height. The temperature profile in the stratosphere is caused by ozone interactions
with radiation, discussed below.

Ozone is produced when molecular oxygen absorbs ultraviolet radiation and
photodissociates by the reactions,

Or+hv— O-('D)+0O. A <175nm (2.9)
0, +hv — O+ + O. 175 < A < 245nm (2.10)

where hv is a photon of radiation, O(!D) is excited atomic oxygen, O [=O(3P)] is
ground state atomic oxygen, the dots identify the valence of an atom (Chapter 10),
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and A is a wavelength of radiation affecting the reaction. O(!D) produced from
(2.9) rapidly converts to O via

O(D)+ M - .0+M (2.11)

where M provides collisional energy for the reaction, but is not created or destroyed
by it. Because N, and O, are the most abundant gases in the air, M is most likely
N, or Oy, although it can be another gas. The most important reaction creating
ozone is

O-+0,+M— 0;+M (2.12)

where M, in this case, carries away energy released by the reaction.
Ozone in the stratosphere is destroyed naturally by the photolysis reactions,

O3+4+hv— 0+ -0(!D) 1 <310nm (2.13)
05 +hv — 0, +0O- A > 310nm (2.14)

and the two-body reaction
O- + 03 - 20, (2.15)

Chapman (1930) postulated that the reactions (2.10), (2.12), (2.14), and (2.15),
together with

0. +0.-+ M= 0, +M (2.16)

describe the natural formation and destruction of ozone in the stratosphere. These
reactions make up the Chapman cycle, and they simulate the process fairly well.
Some Chapman reactions are more important than others. The reactions (2.10),
(2.12), and (2.14) affect ozone most significantly. The non-Chapman reaction,
(2.13), is also important.

The peak ozone density in the atmosphere occurs at about 25-32 km
(Chapter 11, Fig. 11.3). The reason is that ozone forms most readily when sufficient
oxygen and ultraviolet radiation are present to produce atomic oxygen through
reactions (2.9) and (2.10). Since oxygen density, like air density, decreases expo-
nentially with increasing altitude, and since ultraviolet radiation intensity increases
with increasing altitude (because radiation attenuates as it passes through the atmo-
sphere), an altitude exists at which the quantities of radiation and oxygen are opti-
mal for producing an ozone maximum. This altitude is between 25 and 32 km. At
higher altitudes, the oxygen density is too low to produce peak ozone, and at lower
altitudes, the radiation is not intense enough to photodissociate enough oxygen to
produce peak ozone.

Peak stratospheric temperatures occur at the top of the stratosphere, because this
is the altitude at which ozone absorbs the shortest ultraviolet wavelengths reaching
the stratosphere (about 0.175 um). Although the concentration of ozone at the
top of the stratosphere is small, each molecule there can absorb short wavelengths,
increasing the average kinetic energy and temperature of all molecules. In the lower
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stratosphere, short wavelengths do not penetrate, and temperatures are lower than
in the upper stratosphere.

2.2.2.3 Mesosphere

In the mesosphere, ozone densities are too low for ozone to absorb radiation and
affect temperatures. As such, temperatures decrease with increasing altitude in a
manner similar to in the upper troposphere.

2.2.2.4 Thermosphere

In the thermosphere, temperatures increase with increasing altitude because molec-
ular oxygen and nitrogen there absorb very short wavelengths of solar radiation.
Air in the thermosphere does not feel hot to the skin, because the thermosphere
contains so few gas molecules. But each gas molecule in the thermosphere is highly
energized, so the average temperature is high. Direct sunlight in the thermosphere
is more intense and damaging than at the surface. Because oxygen and nitrogen
absorb the shortest wavelengths of radiation in the thermosphere, such wavelengths
do not penetrate to the mesopause.

2.3 EQUATION OF STATE

The equation of state describes the relationship among pressure, volume, and abso-
lute temperature of a real gas. The ideal gas law describes this relationship for an
ideal gas. An ideal gas is a gas for which the product of the pressure and volume
is proportional to the absolute temperature. A real gas is ideal only to the extent
that intermolecular forces are small, which occurs when pressures are low enough
or temperatures are high enough for the gas to be sufficiently dilute. Under typ-
ical atmospheric temperature and pressure conditions, the ideal gas law gives an
error of less than 0.2 percent for dry air and water vapor in comparison with an
expanded equation of state (Pruppacher and Klett 1997). Thus, the ideal gas law
can reasonably approximate the equation of state.

The ideal gas law is expressed as a combination of Boyle’s law, Charles’ law,
and Avogadro’s law. In 1661, Robert Boyle (1627-1691) found that doubling the
pressure exerted on a gas at constant temperature reduced the volume of the gas
by one-half. This relationship is embodied in Boyle’s law,

1
D x v atconstant temperature (2.17)

where p is the pressure exerted on the gas (hPa), and V is the volume enclosed by
the gas (m? or cm?). Boyle’s law describes the compressibility of a gas. When high
pressure is exerted on a gas, as in the lower atmosphere, the gas compresses (its
volume decreases) until it exerts an equal pressure on its surroundings. When low
pressure is exerted on a gas, as in the upper atmosphere, the gas expands until it

exerts an equal pressure on its surroundings.
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In 1787, Jacques Charles (1746-1823) found that increasing the absolute tem-
perature of a gas at constant pressure increased the volume of the gas. This rela-
tionship is embodied in Charles’ law,

V o« T at constant pressure (2.18)

where T is the temperature of the gas (K). Charles’ law states that, at constant pres-
sure, the volume of a gas must decrease when its temperature decreases. Since gases
change phase to liquids or solids before 0 K, Charles’ law cannot be extrapolated
to 0 K.

Amedeo Avogadro (1776-1856) hypothesized that equal volumes of different
gases under the same conditions of temperature and pressure contain the same
number of molecules. In other words, the volume of a gas is proportional to the
number of molecules of gas present and independent of the type of gas. This rela-
tionship is embodied in Avogadro’s law,

V ocn  at constant pressure and temperature (2.19)

where 7 is the number of gas moles. The number of molecules in a mole is
constant for all gases and given by Avogadro’s number, A= 6.0221367 x
10%3 molec. mol~!.

Combining Boyle’s law, Charles’ law, and Avogadro’s law gives the ideal gas law
or simplified equation of state as

_nRT _nA(R
b= - A

v v )T = NkgT (2.20)

where R* is the universal gas constant (0.0831451 m?® hPa mol~! K=! or 8.31451 x
10* cm? hPa mol~! K='), N = nA/ V is the number concentration of gas molecules
(molecules of gas per cubic meter or cubic centimeter of air), and kg = R*/A
is Boltzmann’s constant in units of 1.380658 x 107%° m? hPa K~! molec.”! or
1.380658 x 107" cm? hPa K~! molec.”!. Appendix A contains alternative units
for R* and kp.

Example 2.3
Calculate the number concentration of air molecules in the atmosphere at
standard sea-level pressure and temperature and at a pressure of 1 hPa.

SOLUTION

At standard sea level, p = 1013 hPa and T = 288 K. Thus, from (2.20), N =
2.55x 10*° molec. cm~2. From Fig. 2.1(b), p = 1 hPa occurs at 48 km. At this
altitude and pressure, T'= 270 K, as shown in Fig. 2.4. Under such conditions,
N = 2.68 x 10'® molec. cm~2.
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Equation (2.20) can be used to relate the partial pressure exerted by a gas to
its number concentration. In 1803, John Dalton (1766-1844) stated that total
atmospheric pressure equals the sum of the partial pressures of the individual gases
in a mixture. This is Dalton’s law of partial pressure. The partial pressure exerted
by a gas in a mixture is the pressure the gas exerts if it alone occupies the same
volume as the mixture. Mathematically, the partial pressure of gas ¢ is

pg = NyksT (2.21)

where N is the number concentration of the gas (molec. cm~2). Total atmospheric
pressure is

pa=Y pg=kTY Ny=NksT (2.22)
q q

where N, is the number concentration of the air, determined as the sum of the
number concentrations of individual gases.

Total atmospheric pressure can also be written as p, = pq + py, where py is
the partial pressure exerted by dry air, and py is the partial pressure exerted by
water vapor. Similarly, the number concentration of air molecules can be written
as N, = Nj + N,, where Ny is the number concentration of dry air, and Ny is the
number concentration of water vapor.

Dry air consists of all gases in the atmosphere, except water vapor. Table 2.1
shows that together, Ny, O;, Ar, and CO; constitute 99.996 percent of dry air
by volume. The concentrations of all gases aside from these four can be ignored,
without much loss in accuracy, when dry-air pressure is calculated. This assumption
is convenient in that the concentrations of most trace gases vary in time and space.

Partial pressure is related to the mass density and number concentration of dry
air through the equation of state for dry air,

nq R*T nqmiy R* nyq A(R*
bd v v <md) pd v (A) Nykg T (2.23)

where py is dry-air partial pressure (hPa), 74 is the number of moles of dry air,
my is the molecular weight of dry air, pq is the mass density of dry air (kg m~3 or
g cm™3), and R’ is the gas constant for dry air. The molecular weight of dry air
is a volume-weighted average of the molecular weights of N, O, Ar, and COs.
The standard value of mz4 is 28.966 g mol~!. The dry-air mass density, number
concentration, and gas constant are, respectively,
nqmy ndA

= = — R,
£d v Ny v

R*
= Md

(2.24)

where R’ has a value of 2.8704 m? hPa kg=' K~! or 2870.3 cm?® hPa g~! K~!.
Alternative units for R’ are given in Appendix A.
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Example 2.4

When pg = 1013 hPa and T = 288 K, the density of dry air from (2.23) is pq =
1.23 kg m~3.

The equation of state for water vapor is

nyR*T  nymy, (R
="y v

A/ R*
my

- K)T:NJ@T (2.25)

where py is the partial pressure exerted by water vapor (hPa), 7, is the number of
moles of water vapor, m, is the molecular weight of water vapor, py is the mass
density of water vapor (kg m™3 or g cm™3), and R, is the gas constant for water
vapor (4.6140 m® hPa kg=! K=! or 4614.0 cm 3 hPa g~! K~!). Alternative units for
R, are given in Appendix A. The water-vapor mass density, number concentration,
and gas constant are, respectively,

nymy, ny, A R*
N, = Ry = —
\% \% my,

py = (2.26)

Example 2.5

When p, = 10 hPa and T = 298 K, water vapor density from (2.21) is
py =7.27 x 1073 kg m~3.

The equation of state for water vapor can be rewritten in terms of the dry-air
gas constant as

R R'T
py = pVRVT=pV(—V)R/T= P (2.27)
R £
where
R R* /m, my
=—=—|—)=—=0.622 2.28
¢ R, my ( R*) my ( )

The number concentration of a gas (molecules per unit volume of air) is an
absolute quantity. The abundance of a gas may also be expressed in terms of a
relative quantity, volume mixing ratio, defined as the number of gas molecules per
molecule of dry air, and expressed for gas g as

Ny _Pg_"a (2.29)

Xq:l\h pa ng

where Nj, pg, and 7, are the number concentration, partial pressure, and number
of moles of gas g, respectively. Another relative quantity, mass mixing ratio, is the
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mass of gas per mass of dry air. The mass mixing ratio of gas g (kilograms of gas
per kilogram of dry air) is
Pqg _ MgNg _ mgpg  mgng _ my

w, = — = = = = 2.30
T pa - mgNy  mgpa mang  my Xq ( )

where p, is the mass density (kg m~3) and s, is the molecular weight of gas ¢
(g mol~!). Volume and mass mixing ratios may be multiplied by 10® and expressed
in parts per million by volume (ppmv) or parts per million by mass (ppmm),
respectively.

Example 2.6

Find the mass mixing ratio, number concentration, and partial pressure of
ozone if its volume mixing ratio in an urban air parcel is x4 = 0.10 ppmv.
Assume T = 288 K and pg = 1013 hPa.

SOLUTION

The molecular weight of ozone is my; = 48.0 g mol™*, and the molecular
weight of dry air is mgq = 28.966 g mol~'. From (2.30), the mass mixing ratio
of ozone is w; = 48.0 g mol™" x 0.10 ppmv/28.966 g mol~' = 0.17 ppmm.
From Example 2.3, Ng = 2.55 x 10'® molec. cm™3. Thus, from (2.29), the num-
ber concentration of ozone is N; = 0.10 ppmv x 107°% x 2.55 x 10" molec.
cm~3 = 2.55 x 102 molec. cm~2. From (2.21), the partial pressure exerted by
ozone is p; = 0.000101 hPa.

Combining (2.28) and (2.30) gives the mass mixing ratio of water vapor
(kilograms of water vapor per kilogram of dry air) as

_ P _mbe _ Py ebs

wy = R
Pd mMy4pd Pa DPa— Dv

= ey (2.31)

Example 2.7

If the partial pressure exerted by water vapor is p, = 10 hPa, and the total air
pressure is p, = 1010 hPa, the mass mixing ratio of water vapor from (2.31) is
wy = 0.00622 kg kg~ 1.

Water vapor can also be expressed in terms of relative humidity, discussed in
Section 2.5, or specific humidity. The mass of any substance per unit mass of
moist air (dry air plus water vapor) is the moist-air mass mixing ratio (q). Specific
humidity is the moist-air mass mixing ratio of water vapor (mass of water vapor
per unit mass of moist air). An expression for specific humidity (kilograms of water
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2.3 Equation of state

vapor per kilogram of moist air) is

by R b
Py Py R,T R EDv
Pa Pd+ Py + B Pa+ by

R/
RT " RT Pat b

where p, = pg + py is the mass density of moist air. Specific humidity is related to
the mass mixing ratio of water vapor by

pi_ o
Pa 1+ Wy

JqQv = wy (233)

Example 2.8

If py = 10 hPa and p, = 1010 hPa, p, = ps + py gives pq = 1000 hPa. Under
such conditions, (2.32) gives the specific humidity as q, = 0.00618 kg kg~?.

The equation of state for moist air is the sum of the equations of state for dry
air and water vapor. Thus,

pd + pyRy/R

Pa

Pa=pa+ py=paRT+ pRT = p, R'T (2.34)

Substituting ¢ = R’/ Ry, p, = pq + py, and wy, = py/pq into (2.34) yields the equa-
tion of state for moist air as

1 1
Do = paR’TM — paR/TM — paR’TM (2.35)
Pd + Py 1T+ pv/pd 1+ oy
This equation can be simplified to
Pa = paRmT = paRl’R (236)
where
1+, 1—
_pliteve _p (1 + qu) — R'(1+0.608qy) (2.37)
1+ wy

is the gas constant for moist air and

R:T& =T1 + wye
R 1+ w,

1—
=T (1 + —8qv> =T(1+0.608qy) (2.38)
€

is virtual temperature. This quantity is the temperature of a sample of dry air at the
same density and pressure as a sample of moist air. Since the gas constant for moist
air is larger than that for dry air, moist air has a lower density than does dry air at
the same temperature and pressure. For the dry-air density to equal the moist-air
density at the same pressure, the temperature of the dry air must be higher than
that of the moist air by the factor R,/ R’. The resulting temperature is the virtual
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temperature, which is always larger than the actual temperature. In (2.38), the
liquid water content is assumed to equal zero.
Equating R,, = R*/m, with R, from (2.37) and noting that R' = R*/my give
the molecular weight of moist air (g mol~!) as
my
~ 171 0.608q,

my

(2.39)

The molecular weight of moist air is less than that of dry air.

Example 2.9

If pa = 1013 hPa, p, = 10 hPa, and T = 298 K, calculate qy, m,, Ry, Ty, and
Pa-

SOLUTION

From (2.32), gy = 0.622 x 10/(1013 + 0.622 x 10) = 0.0061 kg kg*.

From (2.39), m, = 28.966/(1 + 0.608 x 0.0061) = 28.86 g mol~!.

From (2.37), B, = 2.8704 x (1 + 0.608 x 0.0061) = 2.8811 m® hPa kg~ K.
From (2.38), T, = 298 x (1 + 0.608 x 0.0061) = 299.1 K.

From (2.36), pa = pa/(BmT) = 1023/(2.8811 x 298) = 1.19 kg m 3.

2.4 CHANGES OF PRESSURE WITH ALTITUDE

The variation of pressure with altitude in the atmosphere can be estimated several
ways. The first is by considering the equation for hydrostatic air pressure given in
(2.1). The differential form of the equation, called the hydrostatic equation, is

dpa = —Pa& dz (240)

where air pressure, air density and gravity are functions of altitude (z), but paren-
theses have been removed. The negative sign arises because pressure decreases with
increasing altitude. The hydrostatic equation assumes that the downward force of
gravity per unit volume of air (—p,g) exactly balances an upward pressure gra-
dient force per unit volume (dp,/dz). Figure 2.1(b) shows that pressure decreases
exponentially with increasing altitude, giving rise to an upward pressure gradient
force (a force that moves air from high to low pressure — Section 4.2.4). If gravity
did not exist, the upward pressure gradient would accelerate air to space.
Pressure at a given altitude can be estimated from the hydrostatic equation with

Dak R Da k1 — Pak+18k+1(2k — tet1) (2.41)

where p, is the pressure at any upper altitude zg, and pa g1, Pa ki1, and gri1
are pressure, density, and gravity, respectively, at any lower altitude, z;,1. If the
pressure is known at the surface, and a vertical density and gravity profile are
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2.4 Changes of pressure with altitude

known, (2.41) can be used to estimate the pressure at each altitude above the
surface, as illustrated in Example 2.10. Appendix Table B.1 gives vertical profiles
of density and gravity in the atmosphere.

Example 2.10

If pressure, density, and gravity at sea level are py k1 = 1013.25 hPa, pa k11 =
1.225 kg m~2, and g1 = 9.8072 ms~2, respectively, estimate the pressure at
100-m altitude.

SOLUTION

From (2.41), Py 100m = 1013.25 hPa — 1.225 %% (9.8072 2) (100 — 0 m) tans” —
1001.24 hPa, which compares well with the standard atmosphere pressure at
100 m given in Appendix Table B.1. This result also suggests that, near the
surface, pressure decreases approximately 1 hPa for every 10 m increase in

altitude.

Altitude versus pressure can also be determined from a pressure altimeter,
which measures the pressure at an unknown altitude with an aneroid barometer
(Section 1.1). From the barometric pressure, altitude is calculated under standard
atmospheric conditions. Under such conditions, sea-level air pressure, sea-level air
temperature, and the environmental lapse rate (average negative change in air tem-
perature with altitude in the free troposphere) are p, s = 1013.25 hPa, T, , = 288 K,
and I'y = —8T/3dz = +6.5 K km™!, respectively (List 1984).

The equation for altitude in a standard atmosphere is derived by substituting
P2 = pa R T into the hydrostatic equation from (2.40). The result is

b
0z R,.T

(2.42)

Substituting T = T, s — sz, where z = 0 km corresponds to sea level, into (2.42),
rearranging, then integrating from p, ; to p, and O to z yields

pa _ 8 ’1—2‘1,5 - Fsz
ln(l?a,s) = TR, ln( . ) (2.43)

Rearranging again gives altitude as a function of pressure in a standard troposphere

as
= [1— (pa,s) } (2.44)

Temperature variations with altitude and sea-level pressure in the real atmosphere
usually differ from those in the standard atmosphere. Empirical and tabulated
expressions correcting for the differences are available (List 1984). Since the
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corrections are not always accurate, airplanes rarely use pressure altimeters to
measure altitude. Instead, they use radar altimeters, which measure altitude with
radio waves.

Example 2.11

If a pressure altimeter reads p, = 850 hPa and the air is dry, find the standard-
atmosphere altitude.

SOLUTION

Because the air is dry, R, = R’ = 287.04 m? s~2 K=, Thus, I';R,,/g = 0.1902,
and from (2.44), z = 1.45 km.

A third way to estimate pressure versus altitude is with the scale-height equation.
From the equation of state for moist air, air density is

Pa my Pa paf A\ my paf 1 - PaM
. = = - = — — ) — & — — M = 2.4
PERT TR, T(R) A Tv<kB> WT, )

where M ~ m,/ A was previously defined as the average mass of one air molecule.
Equation (2.45) can be combined with the hydrostatic equation to give

dp. Mg _dz
b kT, H (2:46)
where
Ho kT (2.47)
Mg

is the scale height of the atmosphere at a given virtual temperature. The scale height
is the height above a reference height at which pressure decreases to 1/e of its value
at the reference height. Since temperature varies with altitude in the atmosphere,
scale height also varies with altitude.

Example 2.12

Determine the scale height at T, = 298 K and p, = 1013.25 hPa. Assume dry
air.

SOLUTION

From Appendix A and Appendix Table B.1, M = 4.8096 x 107%¢ kg, g =
9.8072 ms~2, and kg = 1.380658 x 10~2% kg m? s72 K~! molec.™! at the given
pressure. Thus, from (2.47), the scale height is H = 8.72 km.
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2.5 Water in the atmosphere

Integrating (2.46) at constant temperature gives pressure as a function of
altitude as

Pa= pa,refe_<z_zref)/H (2.48)

where p, . is pressure at a reference level, 2 = 2. In a model with several vertically
stacked layers, each with a known average temperature, pressure at the top of each
layer can be calculated from (2.48) assuming that the reference pressure at the base
of the layer is the pressure calculated for the top of the next-lowest layer. At the
ground, the pressure is the surface pressure, which must be known.

2.5 WATER IN THE ATMOSPHERE

Water appears in three states — gas, liquid, and solid. Sources and sinks of water
vapor in the atmosphere were discussed in Section 2.1.2.1. Sources of liquid water
include sea spray emission, volcanos, combustion, condensation of water vapor,
and melting of ice crystals. Sinks of liquid water include evaporation, freezing, and
sedimentation to the surface of aerosol particles, fog drops, drizzle, and raindrops.
Ice in the atmosphere forms from freezing of liquid water and solid deposition of
water vapor. Losses of ice occur by sublimation to the gas phase, melting to the
liquid phase, and sedimentation to the surface.

2.5.1 Types of energy

When water changes state, it releases or absorbs energy. Energy is the capacity of a
physical system to do work on matter. Matter is mass that exists as a solid, liquid,
or gas. Energy takes many forms.

Kinetic energy is the energy within a body due to its motion and equals one-half
the mass of the body multiplied by its speed squared. The faster a body moves,
the greater its kinetic energy. To change the speed and kinetic energy of a body in
motion, mechanical work must be done.

Potential energy is the energy of matter that arises due to its position, rather than
its motion. Potential energy represents the amount of work that a body can do. A
coiled spring, charged battery, and chemical reactant have potential energy. When
an object is raised vertically, it possesses gravitational potential energy because it
can potentially do work by sinking.

Internal energy is the kinetic and/or potential energy of molecules within an
object, but does not include the kinetic and/or potential energy of the object as a
whole.

Work is the energy added to a body by the application of a force that moves the
body in the direction of the force.

Electromagnetic (radiant) energy is the energy transferred by electromagnetic
waves that originate from bodies with temperatures above 0 K.
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Figure 2.6 Phase changes of water. Freezing (melting) at 0 °C releases (absorbs)
333.5 ] ¢!, deposition (sublimation) at 0 °C releases (absorbs) 2835 J g1,
and condensation (evaporation) releases (absorbs) 2510 J g~! at 0 °C and
2259 J g~'at 100 °C.

Heat, itself, is not a form of energy. However, heat transfer is a term used to
describe the energy transfer between two bodies that occurs, for example, when
their internal energies (or temperatures) differ. Heat capacity (e.g., specific heat
capacity) is the energy required to change the temperature of a given quantity of a
substance 1 °C. Finally, heat release (absorption) occurs when a substance releases
(absorbs) energy to (from) the surrounding environment upon a change of state.
Below, heat release/absorption is discussed.

2.5.2 Latent heat

During condensation, freezing, and solid deposition of a substance, energy is
released. During evaporation, melting, and sublimation, energy is absorbed. The
stored energy released or the energy absorbed during such processes is called latent
heat. Latent heat absorbed (released) during evaporation (condensation) is latent
heat of evaporation. It varies with temperature as

dL.

d—T = CP»V — Cw (249)

where ¢, v is the specific heat of water vapor at constant pressure, and cw is the
specific heat of liquid water. The latent heat absorbed (released) during sublimation
(deposition) is the latent heat of sublimation. The latent heat absorbed (released)
during melting (freezing) is the latent heat of melting. The latent heats of sublima-
tion and melting vary with temperature according to

dL; dLn
d—T ICP’\/—C[ d—T =Cyw — (] (2.50)

respectively, where ¢ is the specific heat of ice. Figure 2.6 gives the quantity of
energy absorbed or released during phase changes of water.
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Figure 2.7 Variation of specific heat of
liquid water with temperature, from
(2.51).

The specific heats of liquid water, ice, and water vapor vary with tempera-
ture. Polynomial expressions for the specific heat of liquid water (J kg~ K1)
are

B {4187.9 —11.319T, — 0.097215T2 4+ 0.018317T° + 0.0011354T*  —37<T. <0
41752+ 0.01297 (T, — 35)* + 1.5899 x 10-5(T, = 35)* 0 < T, <35
(2.51)

(Osborne et al. 1939; Angell et al. 1982; Pruppacher and Klett 1997), where T¢
is temperature in degrees Celsius. Figure 2.7 shows cy versus temperature from
(2.51). The variation of cy below 0 °C is large, but that above 0 °C is small. An
expression for the specific heat of ice is

¢ =2104.6 +7.322T; —-40<T. <0°C (2.52)

(Giauque and Stout 19365 Flubacher et al. 1960; Pruppacher and Klett 1997).
The specific heat of water vapor at constant pressure also varies slightly with
temperature. At 298.15 K, ¢, v =~ 1865.1 (Lide 1993). At 303.15 K, it is 2 percent
larger than at 243.15 K (Rogers and Yau 1989).

Because changes in cw and ¢, v are small for temperatures above 0 °C, these
parameters may be held constant when the variation of the latent heat of evapora-
tion with temperature is calculated. Integrating (2.49) with constant specific heat
gives

Le = Leo — (ew — ¢p,v) (T — To) (2.53)
where L. is the latent heat of evaporation at temperature Ty (K). An empiri-
cal expression for the latent heat of evaporation (J kg™!) is (Bolton 1980; List

1984)

L.~ 2.501 x 10° — 2370T, (2.54)
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Example 2.13

Equation (2.54) predicts that, at 0 °C, 2501 J (about 600 cal) is required to
evaporate 1 g of liquid water. At 100 °C, 2264 ] (about 540 cal) is required to
evaporate 1 g of liquid water.

An empirical expression for the latent heat of melting (J kg™!), valid for temper-
atures below 0 °C, is

L & 3.3358 x 10° 4+ T.(2030 — 10.46T,) (2.55)

(List 1984). While pure water at standard pressure always melts at temperatures
above 0 °C, it may or may not freeze at temperatures below 0 °C. Water that
remains liquid below 0 °C is supercooled liquid water.

Example 2.14

Equation (2.55) predicts that, when 1 g of liquid water freezes, 333.5 J (about
80 cal) is released at 0 °C and 312.2 J (74.6 cal) is released at —10 °C.

The latent heat of sublimation (] kg™!) is the sum of the latent heats of evapo-
ration and melting. Thus,

Ly=Le+ Ly~ 2.83458 x 10° — T.(340 4+ 10.46T;) (2.56)

2.5.3 Clausius-Clapeyron equation

The rates of formation and growth of liquid water drops and ice crystals depend
on several factors, described in Chapters 16 and 18. One important parameter,
derived here, is the saturation vapor pressure (SVP, also called the equilibrium
vapor pressure or surface vapor pressure). This parameter is the partial pressure of
a gas over a particle surface at a specific temperature when the gas is in equilibrium
with its liquid or solid phase on the surface.

A simplistic way of looking as SVP is to view it as the maximum amount of vapor
the air can sustain without the vapor condensing as a liquid or depositing as ice on
a surface. When the air is cold, SVPs are lower than when the air is warm. At low
temperatures, liquid-water molecules on a particle surface have little kinetic energy
and cannot easily break free (evaporate) from the surface. Thus, in equilibrium, air
just above a surface contains few vapor molecules and exerts a low SVP. When the
air is warm, liquid-water molecules have higher kinetic energies, are more agitated,
and break loose more readily from a surface. The resulting evaporation increases
the vapor content of the air, and thus the SVP over the particle surface.
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2.5 Water in the atmosphere

The temperature variation of the saturation vapor pressure of water over a liquid
surface (py.s, hPa) is approximated with the Clausius—Clapeyron equation,

dpvs _ pvs
ar — T °©

(2.57)

where L. is the latent heat of evaporation of water (J kg™'), and p, , is the saturation
mass density of water vapor (kg m~3). Combining p, s = py.s/R, T from (2.25) with
(2.57) gives

dpys _ Lepus
== : 2.
dT R,T? (2.58)
Substituting L. from (2.54) into (2.58) and rearranging give
dpv s 1 Ah Bh
S o (Zh b T 2.59
= (w7 27

where Ay, = 3.14839 x 10° J kg~!' and By, = 2370 J kg~! K~'. Integrating (2.59)
from pys0 to pys and Ty to T, where pyo is a known saturation vapor pressure
at Ty, gives the saturation vapor pressure of water over a liquid surface as

_ Ay 1 1 By Ty
Pvs = Dvis.0 eXp[g(% - T) + E IH<T)1| (2.60)

At T =Ty = 27315 K, pyso = 6.112 hPa. Substituting these values, R, =
461.91 J kg=! K=!, Ay, and By, into (2.60) gives

1 273.15
m - ?) + 5.1309 ll’l( T >:| (2.61)

Pvs = 6.112 exp|:6816<

where T is in kelvin and py s is in hPa.

Example 2.15

From (2.60), pys = 1.26 hPa at T = 253.15 K (—20 °C) and p, s = 31.60 hPa at
T = 298.15 K (25 °C).

An empirical parameterization of the saturation vapor pressure of water over a
liquid surface is

(2.62)

17.67T.
Pvs = 6.112exp< )

T +243.5

(Bolton 1980), where T. is in degrees Celsius and py is in hPa. The fit is valid
for =35 < T, < 35 °C. Equations (2.61) and (2.62) are saturation vapor pressures
over flat, dilute liquid surfaces. Saturation vapor pressures are affected by surface
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Figure 2.8 Saturation vapor pressure over (a) liquid water and (b) liquid
water and ice, versus temperature.

curvature, the presence of solutes in water, and the rate of drop heating or cooling.
These effects are discussed in Chapter 16.

Example 2.16

At T = 253.15 K (—20 °C), the saturation vapor pressure from (2.62) is pys =
1.26 hPa. At T = 298.15 K (25 °C), py.s = 31.67 hPa. A comparison of these
results with those from the previous examples shows that (2.61) and (2.62)
give almost identical estimates for py s.

Figure 2.8(a) shows saturation vapor pressure of water over a liquid surface ver-
sus temperature, obtained from (2.62). The figure indicates that saturation vapor
pressure increases with increasing temperature. At 0 °C, py s = 6.1 hPa, which is
equivalent to 0.6 percent of the total sea-level air pressure (1013 hPa). At 30 °C,
py.s =42.5 hPa (4.2 percent of the total sea-level air pressure). Since the partial pres-
sure of water vapor can rarely exceed its saturation vapor pressure, the maximum
partial pressure of air varies from <1 percent to ~4 percent of total atmospheric air
pressure. Near the poles, where temperatures are low, saturation vapor pressures
and partial pressures approach zero. Near the Equator, where temperatures are
high, saturation vapor pressures and partial pressures can increase to 4 percent or
more of the total air pressure.

The saturation vapor pressure of water over an ice surface is lower than that
over a liquid surface at the same subfreezing temperature because ice molecules
require more energy to sublimate than liquid molecules require to evaporate at
the same temperature. The Clausius—Clapeyron equation for the saturation vapor
pressure of water over ice (py 1, hPa) is rewritten from (2.58) as

d—pv,I _ LSPV,I
dT R, T?

(2.63)
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2.5 Water in the atmosphere

Substituting the latent heat of sublimation from (2.56) into (2.63) and integrating
give the saturation vapor pressure of water over ice as

1 1
por = 6.112 exp[4648(273.15 _ ?)
273.15
—1l.64 ln( ) + 0.02265(273.15 — T)} (2.64)

where T < 273.15 K is in kelvin and py is in hPa. At T = 273.15 K, the sat-
uration vapor pressure over ice equals that over liquid water (py10 = 6.112
hPa). Figure 2.8(b) shows that, at subfreezing temperatures, py1 < pys. Above

273.15 K (0 °C), ice surfaces do not exist. An alternative parameterization, valid
from 223.15 K t0 273.15K is

(2.65)

21.88(T —273.15
pvi= 6.1064exp|: ( )]

T—7.65
(Pruppacher and Klett 1997), where T < 273.15 K is in kelvin and py 1 is in hPa.

Example 2.17

At T = 253.15 K (—20 °C), (2.64) gives py1 = 1.034 hPa, which is less than
DPv.s = 1.26 hPa at the same temperature. Thus, the saturation vapor pressure
of water over liquid is greater than that over ice.

2.5.4 Condensation and deposition

Saturation vapor pressures are critical for determining the extent of liquid drop
and ice crystal formation. When the air temperature is above the freezing tem-
perature of water (273.15 K) and the partial pressure of water vapor is greater
than the saturation vapor pressure of water over a liquid surface (py > py.s), water
vapor generally condenses as a liquid. Liquid water evaporates when py, < py.s.
Figures 2.9(a) and (b) illustrate growth and evaporation.

If the air temperature falls below freezing and p, > py.1, water vapor deposits
as ice. When p, < py1, ice sublimates to water vapor. If liquid water and ice coex-
ist in the same parcel of air and py1 < pvs < Py, deposition onto ice particles
is favored over condensation onto liquid water drops because growth is driven
by the difference between partial pressure and saturation vapor pressure, and
Pv— Dvi > Pv— Pvs-

When py1 < py < pyv.s, wWater evaporates from liquid surfaces and deposits onto
ice surfaces, as shown in Fig. 2.10. This is the central assumption behind the
Wegener—Bergeron-Findeisen (Bergeron) process of ice crystal growth in cold
clouds. In such clouds, supercooled liquid water cloud droplets coexist with ice
crystals. When the ratio of liquid cloud drops to ice crystals is less than 100 000:1,
each ice crystal receives water that evaporates from less than 100 000 cloud drops,
and ice crystals do not grow large or heavy enough to fall from their cloud. When
the ratio is greater than 1 000 000:1, the relatively few ice crystals present grow
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(@) Condensation (b) Evaporation

Figure 2.9 (a) Condensation occurs when the partial pressure of
a gas exceeds its saturation vapor pressure over a particle surface.
(b) Evaporation occurs when the saturation vapor pressure exceeds
the partial pressure of the gas. The schematics are not to scale.

Figure 2.10 Bergeron process. When p,1 < py < pys at a subfreezing
temperature, liquid evaporates, and the resulting gas diffuses to and
deposits onto ice crystals.

large and fall quickly from their cloud before much liquid water evaporates, leav-
ing the cloud with lots of liquid drops too small to fall from the cloud. When the
ratio is between 100 000:1 and 1 000 000:1, each ice crystal receives the liquid
water from 100 000 to 1 000 000 droplets. These ice crystals fall from the cloud,
maximizing precipitation.

Figure 2.8(b) shows that the greatest difference between the saturation vapor
pressures over liquid water and ice occurs at T, = —15 °C. This is the temperature at
which ice crystals grow the fastest. Dendrites, which are snowflake-shaped crystals,
form most favorably at this temperature.

The ratio of the water vapor partial pressure to its saturation vapor pressure over
a liquid surface determines whether the vapor condenses. This ratio is embodied
in the relative humidity, defined as

Wy

—100% x PPa=Pvs) 1000, 5 P

wv,s pv.s(pa - V) v,S

fr = 100% x (2.66)
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2.5 Water in the atmosphere

by the World Meteorological Organization (WMO), where w, is the mass mixing
ratio of water vapor in the air from (2.31), and

EPv,s - EDv.s

Pa — Pus 22|

is the saturation mass mixing ratio of water vapor over a liquid surface, found
by substituting py s for p, and wy for w, in (2.31). The saturation mass mixing
ratio in the equation for the relative humidity is always taken with respect to liquid
water, even if T < 273.15 K (List 1984). Prior to the WMO definition, the relative
humidity was defined exactly as f; = 100% x py/py.s.

(2.67)

Wy s =

Example 2.18
If T= 288 K and py = 12 hPa, what is the relative humidity?

SOLUTION

From (2.62), pys = 17.04 hPa. From (2.66), f; = 100 percent x 12 hPa / 17.04
hPa = 70.4 percent.

Equation (2.66) implies that, if the relative humidity exceeds 100 percent and
T > 273.15 K, water vapor condenses. If the relative humidity exceeds 100 percent
and T < 273.15 K, water vapor may condense as a liquid or deposit as ice.

Another parameter used to predict when bulk condensation occurs is the dew
point (Tp), which is the temperature to which air must be cooled, at constant
water vapor partial pressure and air pressure, to reach saturation with respect
to liquid water. Similarly, the frost point is the temperature to which air must
be cooled, at constant water vapor partial pressure and air pressure, to reach
saturation with respect to ice. If the air temperature drops below the dew point,
the relative humidity increases above 100 percent and condensation occurs. If the
dew point is known, the partial pressure of water can be obtained from Fig. 2.8. If
the ambient temperature is known, the saturation vapor pressure can be obtained
from the same figure.

Example 2.19
If Tn =20°Cand T=30°C, estimate the partial pressure of water, the saturation

vapor pressure of water, and the relative humidity from Fig. 2.8.

SOLUTION
From the figure, py ~ 23.4 hPa and p, s ~ 42.5 hPa. Thus, f; ~ 55 percent.

An equation for the dew point can be derived from any equation for saturation
vapor pressure by substituting p, for p, s and solving for the temperature. Applying
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Figure 2.11 Observed vertical profiles of temperature and dew point at (a) 3:30
a.m. and (b) 3:30 p.m. on August 27, 1987 at Riverside, California. The air was
nearly saturated near the surface in the morning.

this technique to (2.62) and converting the result to absolute temperature give the

dew point as

T — 4880.357 — 29.661n py _ 4880.357 —29.66 In(wy pg/e)
b 19.48 —In p, - 19.48 — In(wy py/e)

(2.68)

where wy, = epy/pg from (2.31), T is in kelvin, and p, is in hPa.

Example 2.20

Calculate the dew point when p, = 12 hPa.

SOLUTION

From (2.68), Tp = 282.8 K. Thus, if unsaturated air at 288 K cools to 282.8 K
when p, = 12 hPa, condensation occurs.

When the ambient temperature is close to the dew point (T ~ Tp), the relative
humidity is high. When the ambient temperature and dew point are far apart, the
relative humidity is low. Figures 2.11(a) and (b) show observed vertical profiles of
temperature and dew point at Riverside, California, in the morning and afternoon,
respectively, of August 27, 1987. In the morning, near the ground, the dew point
and air temperature were close to each other, indicating the air was nearly saturated,
the relative humidity was high, and a fog was almost present. Above 950 hPa (about
500 m above sea level) in the morning, the dew point and air temperature were far
apart, indicating the relative humidity was low and the air was unsaturated. In the
afternoon, when air near the surface was warm, the dew point and air temperature
were also far apart, and the relative humidity was low.
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2.6 First law of thermodynamics

2.6 FIRST LAW OF THERMODYNAMICS

As applied to the atmosphere, the first law of thermodynamics relates the change
in temperature of a parcel of air to energy transfer between the parcel and its envi-
ronment and work done by or on the parcel. The first law is used to derive the
thermodynamic energy equation, which gives the time-rate-of-change of tempera-
ture in the atmosphere due to energy transfer and work. The first law is also used
to derive analytical expressions for atmospheric stability.

The first law of thermodynamics as applied to the atmosphere is

dQ* = dU" + dW* (2.69)

where dQ" is called the diabatic heating term, which is the energy (J) trans-
ferred between an air parcel and its environment, dU" is the change in internal
energy (J) of the parcel, and dW* is the work (]) done by or on the parcel. When
dQ* > 0, energy is transferred to the parcel from the environment, and the process
is endothermic. When dQ* < 0, energy is transferred to the environment from the
parcel, and the process is exothermic. When dW* > 0, work is done by the parcel.
When dW* < 0, work is done on the parcel. Equation (2.69) states that if energy
is added to an air parcel, some of it is used to change the internal energy (and
temperature) of the parcel, and the rest is used by the parcel to do work. The equa-
tion also states that changes in the internal energy (temperature) of a parcel result
from energy transfer or work. Internal energy changes resulting from energy trans-
fer are diabatic while those resulting from work are adiabatic. Diabatic sources
or sinks of energy include conduction, radiative cooling/heating, and latent heat
release/absorption. Substituting
* % >k
dQ = dQ du dwW

M, dU = M, dW = M

(2.70)

where M, = My + M, is the mass of a parcel of air (kg) consisting of dry air mass
My and water vapor mass M,, into (2.69) gives the first law in terms of energy per
unit mass of air (J kg™!) as

dQ = dU + dwW (2.71)

Terms in this equation are discussed below.
When a gas expands, work is done by the gas. When air expands, work done

by the air is dW* = p, dV, and work done per unit mass of air is

dW*  p, dV

M, M,

dw = = p da, (2.72)

In this equation, dV is the change in volume of the air, and
|4 1

Uy = —

= — 2.73
M, pa ( )

is the specific volume of air. Air expands when it rises to lower pressure. In such
cases, work is done by the air, and dV > 0. When a parcel of air sinks to higher
pressure, the parcel compresses, work is done on the air in the parcel, and dV < 0.
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Energy transfer between a parcel and its environment occurs when dQ # 0. In the
atmosphere, major sources (sinks) of external energy are radiative heating (cooling),
condensation (evaporation), deposition (sublimation), and freezing (melting).

The change in internal energy of the air is its change in temperature multiplied
by the energy required to change its temperature one degree Celsius (1 K) without
affecting the volume or work done by or on the air. In other words,

Q
du = (8—T>%dT = Cym dT (2.74)

where ¢, m = (0Q/dT),_ is the specific heat of moist air at constant volume. It is the
energy required to raise the temperature of 1 g of air 1 K at constant volume and
varies with water-vapor mass mixing ratio. An expression for ¢, , can be derived
by noting that, at constant volume,

(Mg + My)dQ =(Mycy,a + Mycy v)dT (2.75)

where ¢, 4 = 717.63 J kg=! K~1 at 298 K is the specific heat of dry air at constant
volume and ¢, v = 1403.2 J kg~! K~ is the specific heat of water vapor at constant
volume. The specific heat of dry air at constant volume decreases by less than 0.2
percent down to 200 K. Dividing (2.75) through by (My + M,) dT gives

0 v MV v v v v
- (a_(;) - Micoat Meeoy _ Guataoven g0 0955q)  (2.76)

o  Mi+ M, 1+ oy

where qy = wy/(1 + wy) from (2.33) and ¢, v/c, g — 1 = 0.955.
Substituting (2.74) and (2.72) into (2.71) gives the first law of thermodynamics
for the atmosphere as

dQ =c,mdT + p.da, (2.77)

Combining the equation of state, p, = p, R T, with @, = 1/p, gives paa, = Ry, T,
which can be differentiated to give

padoy + @z dps = RndT (2.78)

Combining (2.78) with (2.77) yields another form of the first law as

dQ = cpmdT — 0, dp, (2.79)

where

o <d_Q> _ Mycpd + Mycpv _ pd +cpvoy
pom T/, Mg+ M, 14w,
= ¢pa(l +0.856q,)
~ cpd(l+0.85%y) (2.80)
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2.6 First law of thermodynamics

is the specific heat of moist air at constant pressure. In this equation, ¢, v/c,q — 1
= 0.856, where ¢, g = 1004.67 ] kg~' K~! at 298 K is the specific heat of dry air
at constant pressure, and ¢, v = 1865.1 J kg=! K~ is the specific heat of water
vapor at constant pressure. Like ¢, 4, ¢, 4 and ¢, v vary slightly with temperature.
The specific heat of moist air at constant pressure is the energy required to increase
the temperature of 1 g of air 1 K without affecting air pressure.

Differentiating (2.77) at constant pressure gives another expression for ¢, as

_ d_Q — + % — + i RnT — + R
Cpm = dT . = Cy,m Pa dT . = Cy,m Pa dT Da N = Cy,m m

(2.81)
When the air is dry, this expression simplifies to ¢, ¢ = ¢, 4 + R'. Substituting ¢, , =
¢y.d(1+0.955qy) from (2.76) and Ry, = R'(1 + 0.608qy) from (2.37) into (2.81)
gives the empirical expressions in (2.80).
The first law of thermodynamics can be approximated in terms of virtual tem-
perature instead of temperature with

_ 1+0.856q,

dO = - OO0y
Q=17 0.608q,

cpddTy —aydpy = ¢y gdT, —aadpa (2.82)

which was derived by substituting ¢, m = ¢, 4(1 + 0.856q,) from (2.80) and T =
T,/(1 + 0.608qy) from (2.38) into (2.79). An advantage of (2.82) is that the specific
heat is in terms of dry instead of moist air. The maximum energy error in (2.82)
due to neglecting the empirical water vapor terms is 1 percent. The average error
is 0.2 percent.

2.6.1 Applications of the first law of thermodynamics

Here, the first law of thermodynamics is modified for four special cases. First, for
an isobaric process (dp, = 0), the first law simplifies from (2.79) to

dQ = ¢pm dT = 24U (2.83)

Cy,m

Second, for an isothermal process (dT = 0), (2.79) becomes
dQ = —a, dp, = pada, = dW (2.84)
Third, for an isochoric process (da, = 0), the first law simplifies from (2.77) to
dQ =c¢,mdT =dU (2.85)

A fourth case is for an adiabatic process. Under adiabatic conditions, no energy
is transferred to or from a parcel of air (dQ = 0). Instead, a parcel’s temperature
changes only when the parcel expands or contracts as it ascends or descends,
respectively. When a parcel rises, it encounters lower pressure and expands. As
it expands, the kinetic energy of the air molecules within the parcel is converted
to work used to expand the air. Since temperature decreases proportionally to
kinetic energy from (2.4), a rising, expanding parcel of air cools under adiabatic
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conditions. The expansion of an air parcel in the absence of diabatic sources or
sinks of energy is called an adiabatic expansion.

When a parcel sinks, it compresses and warms. When no energy transfer is
considered, the compression is called an adiabatic compression. Under adiabatic
conditions, the first law can be rewritten from (2.77), (2.79), and (2.82), respec-
tively, to

ComdT = —p, day (2.86)
cpmdT = o, dp, (2.87)
Cp.d dTl', ~ o, dpa (2.88)

2.6.1.1 Dry adiabatic lapse rate

When an air parcel rises and cools, and no condensation occurs, the parcel’s rate of
cooling with height is approximately 9.8 K km~!, which is the dry (unsaturated)
adiabatic lapse rate. A lapse rate is the negative change in temperature with height.
A positive lapse rate indicates that temperature decreases with increasing height.

The dry adiabatic lapse rate can be derived from the hydrostatic equation and the
adiabatic form of the first law of thermodynamics. Taking the negative differential
of (2.88) with respect to altitude, substituting the hydrostatic equation from (2.40),
and substituting o, = 1/p, give the dry adiabatic lapse rate in terms of virtual
temperature as

Fa=- <8T> ~T ( ., )apa B ( - )pag= £ — 498Kkm™ (2.89)
d

02 Cp,d 02 B Cp’d Cpﬁd

where the subscript d indicates that the change is dry (unsaturated) adiabatic.
Equation (2.89) states that the virtual temperature of an unsaturated air parcel
cools 9.8 K for every kilometer it ascends in the atmosphere under dry adiabatic
conditions. From (2.87), the dry adiabatic lapse rate in terms of actual temperature
can be written as

Tim=— (3T> =£ -2 <1+—‘”) (2.90)

02 /)4 ¢pm  cpd\l+cpvor/cpd

where ¢, m, obtained from (2.80), varies with water vapor content. The advantage
of (2.89) is that the right side of the equation does not depend on water vapor
content.

2.6.1.2 Potential temperature

A parameter used regularly in atmospheric analysis and modeling is potential tem-

perature. Potential temperature is the temperature an unsaturated air parcel attains

if it is brought adiabatically from its altitude down to a pressure of 1000 hPa.
Potential temperature is derived by first substituting @, = Ry, T/ p, into (2.87),

giving
dT _ (&) dpa (2.91)
T Cpm/) Pa
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Integrating (2.91) from Tj to T and p, o to p, yields Poisson’s equation,

Rm R/(140.608qy)
cpm ¢, q(1+0.856qy) k(1-0.251qy)
T:TO(pa>” :T(')<pa)/d a %Tb(pa> (2.92)
Pa,O Pa,O pa,O
where
R —c,
o= = AT 986 (2.93)

Cp.d Cp.d

When p, o = 1000 hPa, Ty is called the potential temperature of moist air (6 1),
and (2.92) becomes

1000 hPa <1~ 02514,
Opm =T <Ta> (2.94)

In the absence of water vapor, qy = 0 and p, = pqg. In such a case, (2.94) simplifies

to
6, =T (M) (2.95)
Pd

where 6, is the potential temperature of dry air. Since qy is usually smaller than
0.03 kg kg~!, neglecting qy in (2.94) causes an error in k of less than 0.75 percent.
Thus, for simplicity, (2.95) is usually used instead of (2.94) for defining potential
temperature, even when water vapor is present. Potential temperature is conserved
(stays constant) if an unsaturated air parcel is displaced adiabatically.

Figure 2.12 shows vertical profiles of potential temperature in the morning and
afternoon at Riverside, California on August 27, 1987.

Example 2.21

If the temperature of a dry air parcel at py = 800 hPais T'= 270 K, then 6, =
287.8 K from (2.95).

A parameter related to potential temperature is potential virtual temperature
(6y), which is found by converting all the moisture in a parcel to dry air, then
bringing the parcel to a pressure of 1000 hPa and determining its temperature. 6, is
the potential temperature of a sample of moist air as if it were dry and at the same
density and pressure as the moist air. It is derived by substituting o, = R'T;/p, into
(2.88), then integrating from Ty = 6, to T and p,.0 = 1000 hPa to p,. The result is

0, =T (1+ o.w&m(w) - n(%hpa) (2.96)
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Figure 2.12 Observed vertical pro-
files of potential temperature at
3:30 a.m. and 3:30 p.m. on August
27, 1987 at Riverside, California.
Potential temperatures correspond
to actual temperatures shown in
Fig. 2.11(a) and (b), respectively.

The change in entropy of an air parcel per unit mass (J kg~! K') due to
energy transfer between the parcel and its environment is dS = dQ/ T. During adi-
abatic expansion and compression, dQ = 0 and no change in entropy occurs. Since
dQ = 0 along surfaces of constant potential virtual temperature, dS = 0 along such
surfaces as well, and the surfaces are called isentropic. Figure 2.13 illustrates that
potential virtual temperatures increase monotonically with height in the Northern-
Hemisphere troposphere, causing isentropic surfaces to slant toward the North
Pole.

A parameter related to potential virtual temperature is virtual potential tem-
perature, which is found by bringing a moist parcel to a pressure of 1000 hPa,
then converting all moisture in the parcel to dry air and determining the parcel’s
temperature. It is the virtual temperature of air that has been brought adiabatically
to 1000 hPa. It is obtained by applying the virtual temperature correction from
(2.38) to the potential temperature of moist air. The result is

«(1-0.251qy)
R(lOOOhPa) (2.97)

Opv = Op.m (14 0.608q,) = ;

The difference between potential virtual temperature and virtual potential temper-
ature is relatively small (Brutsaert 1991).
The Exner function, which is used in future chapters, is defined as ¢, 4 P, where

b= (mogﬁy (2.98)
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Figure 2.13 Isentropic surfaces (surfaces of constant
potential virtual temperature) between the Equator
and the North Pole. Sea-level temperature and, there-
fore, 0, decrease from the Equator to the pole. Since
the free troposphere is stably stratified with respect to
unsaturated air, , increases with altitude, and lines of
constant 6, slant toward the poles in the vertical.

Substituting P into (2.95) and (2.96) gives
T, =6,P (2.99)

2.6.2 Stability criteria for unsaturated air

The concepts derived above from the first law of thermodynamics are useful for
analyzing atmospheric stability. The atmosphere is stable (stably stratified) when
a parcel of air, displaced vertically, decelerates and returns to its original position.
The atmosphere is unstable when a displaced parcel accelerates in the direction in
which it is displaced. The atmosphere is neutral when a parcel does not accelerate
or decelerate after being displaced.

When the atmosphere is stable near the surface, pollution builds up, since air
parcels cannot accelerate out of the stable layer to disperse the pollution. Stability
also inhibits clouds of vertical development from forming. When the atmosphere
is unstable, emitted pollutants accelerate vertically, decreasing their concentration
near the surface. Clouds of vertical development can form in unstable air.

2.6.2.1 Determining stability from the dry adiabatic lapse rate

When the air is unsaturated with water vapor (i.e., the relative humidity is less
than 100 percent), stability can be determined by comparing the environmental
lapse rate with the dry adiabatic lapse rate (I'g ,, from (2.90)). The environmental
lapse rate, I'. = —9T/dz, is the negative change of actual temperature with altitude.
When temperature decreases with increasing altitude, I, > 0. In terms of I'. and
I"4.m, the stability criteria for unsaturated air are

> I[ym unsaturated unstable
Fe{=T4m unsaturated neutral (2.100)
<T4m unsaturatedstable
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Figure 2.14 Demonstration of stability and
instability in unsaturated air. When a parcel is
displaced vertically, it rises and cools adiabati-
cally (along the dashed line). If the environmen-
tal temperature profile is stable (right thick line),
the rising parcel is cooler than the environment,
decelerates, then sinks to its original position. If
the environmental temperature profile is unsta-
ble (left thick line), the rising parcel is warmer
than the air around it and continues to rise. The
parcel stops rising only when it encounters air
with the same temperature as itself. This occurs
when the parcel reaches a layer with a new envi-
ronmental temperature profile.

Figure 2.14 demonstrates how stability can be determined graphically.

Example 2.22

If the observed change in temperature with altitude is 37/9z = —15 K km™!

and the air contains no water vapor, what is the stability class of the
atmosphere?

SOLUTION

The environmental lapse rate in this case is I'; = +15 K km ™!, which is greater

than I'gm = +9.8 K km™'; thus, the atmosphere is unstable with respect to
unsaturated air.

Equation (2.100) indicates that temperature can increase or decrease with
increasing altitude in stable air but must decrease with increasing altitude in
unstable air. A temperature inversion is an increase in temperature with increas-
ing altitude. An inversion occurs only in stable air, but the presence of sta-
ble air does not necessarily mean that an inversion is present, as illustrated in
Example 2.23.
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Example 2.23

When temperature decreases slightly with increasing altitude (e.g., I'e =
+2.0Kkm™"), the atmosphere is stable but an inversion is not present. An
inversion occurs when temperature increases with altitude, as demonstrated
by the line marked stable in Fig. 2.14.

Stability is enhanced by any process that warms air at higher altitudes relative to
air at lower altitudes. At night, surface air becomes stable because the ground cools
radiatively. During the day, stability is enhanced over land near the sea when cool
marine air travels inland and displaces warm land-air vertically (creating warm air
over cold air). Stability also increases when warm air blows over a cold surface or
when air in a high-pressure system sinks, compresses, and warms on top of cool
marine air below. Instability occurs when the land heats rapidly during the day or
when a cold wind blows over a warm surface.

2.6.2.2 Determining stability from potential virtual temperature

Stability can also be determined from potential virtual temperature. Differentiating
(2.96) gives

1000\ “ 1000\*“"'/ 1000 0 0
d9V=dTV< )+T( ) (——)da:—vdTv—x—vda
a Pa p2 P T, Pa P

(2.101)
Taking the partial derivative of (2.101) with respect to height and substituting
0p./0z = —p.g and the virtual temperature lapse rate, I'y, = —97T,/dz, into the
result give

69T Gop_ 0 R 6
Cpd Da

0 _ O 9Pa _ ; . 2.102
9z T, 9z Kpa 0z T, Pa8 ( )

Substituting T, = p,/p, R and T'y = g/c;, 4 from (2.89) into (2.102) results in

200, 6 g O

iz T, " Tepa T

(g —Ty) (2.103)

Equation (2.100) indicates that the air is stable when 'y > I'y, suggesting that
90,/9z > 0 also indicates that the air is stable. Thus, the stability criteria in terms
of potential virtual temperature are

< 0 unsaturated unstable
=0 unsaturated neutral (2.104)
> 0 unsaturated stable

00,
02

Figure 2.15 demonstrates how stability can be determined from a graph of potential
virtual temperature versus altitude.
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Figure 2.15 Demonstration of stability and
instability from potential virtual temperature.
When an unsaturated parcel is displaced verti-
cally, it rises and cools adiabatically (along the
dashed line). If the ambient potential-virtual-
temperature profile slopes positively, a ris-
ing parcel is always cooler than the environ-
ment, the atmosphere is stable, and the parcel
sinks back to its original position. If the ambi-
ent potential-virtual-temperature profile slopes
negatively, a rising parcel is always warmer
than the environment, the atmosphere is unsta-
ble, and the parcel continues rising.

The advantage of deriving stability from 6, instead of from potential temperature
of dry air is that the latter parameter does not account for water vapor whereas
the former does. The advantage of deriving stability from 6, instead of from the
potential temperature of moist air or from virtual potential temperature is that,
although the latter parameters include water vapor more accurately than does
Oy, their differentiation requires several additional terms of little consequence not
required in the differentiation of 6,.

Example 2.24
Given I'y = +7 Kkm™, p, = 925 hPa, and T, = 290 K, find 96,/0z

SOLUTION

From (2.96), 6, = 296.5 K. Thus, from (2.103), 96, /0z = 2.86 K km~', and the
atmosphere is stable with respect to unsaturated air.

2.6.2.3 Determining stability from the Brunt-Viisdld frequency

Another way to write equation (2.103) is

dlné, 1
=—(I'y—-T, 2.105
Py 7:]( d ) ( )
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Multiplying by gravitational acceleration, g, gives

dlne, g
== (Iy—T, 2.106
5 =3 (Ta=T) (2.106)

szzg

where N, is the Brunt—Vaisala frequency (or buoyancy frequency).

The Brunt—Viisaild frequency measures the static stability of the atmosphere. If
6y increases with increasing height (I'q > I'y), then N2 > 0, and the atmosphere
is stable. In such a case, buoyancy acts as a restoring force, causing a perturbed
parcel of air to oscillate about its initial altitude with a period t,, = 27/ N,,. During
the oscillation, kinetic energy is exchanged with potential energy. The oscillations
arising from buoyancy restoration are gravity waves, discussed in Chapter 4.

If 6, is constant with increasing altitude ( va = 0), the atmosphere is neutral,
and displacements occur without resistance from a restoring buoyancy force. If
0, decreases with increasing altitude (1\43V < 0), the atmosphere is unstable, and a
parcel’s displacement increases exponentially with time. In sum, the stability criteria
from the Brunt-Viisila frequency are

< 0 unsaturated unstable
I\KV =0 unsaturated neutral (2.107)
>0 unsaturated stable

Example 2.25

GivenT'y = +6.5 Kkm™" and T, = 288 K, estimate the Brunt-Viisila frequency
and the period of oscillation of a perturbed parcel of air.

SOLUTION
Since I'y = +9.8 K km~! and g = 9.81 ms~2, we have N,y = 0.0106 s~! from
(2.106), and ty = 593 s. The atmosphere is statically stable with respect to
unsaturated air in this case.

2.7 SUMMARY

In this chapter, the structure and composition of the atmosphere were discussed.
The bottom 100 km of the atmosphere consists of four primary regions of
temperature variation: the troposphere, stratosphere, mesosphere, and thermo-
sphere. The troposphere consists of the boundary layer and the free troposphere.
Three important variables describing the atmosphere, temperature, pressure, and
density, are related by the equation of state. Other variables discussed include
the relative humidity and potential virtual temperature. Some equations derived
included the hydrostatic equation, Clausius—Clapeyron equation, and first law of
thermodynamics. The equation of state and hydrostatic equation were combined
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to give expressions for altitude as a function of air pressure and vice versa. The
Clausius—Clapeyron equation was combined with empirical relationships for latent
heat to derive expressions for the saturation vapor pressure of water over liquid
and ice. The first law of thermodynamics was used to derive atmospheric stability
criteria. In the next chapter, the continuity and thermodynamic energy equations
are discussed.

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

2.10

211

2.12

2.13

2.14

2.15

2.8 PROBLEMS

If T =295 K at 1 mm above the ground and the conductive heat flux is H, =
250 W m~2, estimate the temperature at the ground. Assume the air is dry.
If N; = 1.5 x 10" molec. cm™? for O3 gas, T = 285 K, and pq = 980 hPa, find
the volume mixing ratio, dry-air mass mixing ratio, and partial pressure of
ozone.

If wq = 1.3 ppmm for carbon monoxide gas, T = 285 K, and pq = 980 hPa,
find the volume mixing ratio, number concentration, and partial pressure of
carbon monoxide.

If T =268 K and pg = 700 hPa, respectively, find p,s in hPa, and find the
corresponding mixing ratio of water vapor in percent, ppmm, and ppmv.
Find the mass density of moist air (p,) if T = 283 K, f; = 78 percent, and

pa = 850 hPa.
Find the pressure exerted by moist air if T'= 288 K, f, = 82 percent, and
pa = 925 hPa.

Find the virtual temperature when N, = 2.1x 10'® molec. cm™3, T = 295 K,
and f; = 92 percent.

Find the partial pressure of water vapor if q, = 3 g kg™!, T = 278 K, and
pd =0.5kgm3.

If T, = 281 K, py = 3 hPa, and p, = 972 hPa, find the air temperature.

If the total air pressure, temperature, and relative humidity are p, = 945 hPa,
T =276 K, and f; = 46 percent, find wy, m,, Ry, Ty, and pa,.

If dry-air pressure, temperature, and water-vapor—dry-air mass mixing ratio
are pq = 927 hPa, T = 281 K, and w, = 0.005 kg kg1, find f;, m,, Ry, Ty, and
Pa-

If the total air pressure, water-vapor volume mixing ratio, and temperature
are p, = 966 hPa, xy = 3000 ppmv, and T = 284 K, find py, m,, Rn, Ty, and
Pa-

Find the altitude in a standard atmosphere that a pressure altimeter gives if
the pressure measured by the altimeter is p, = 770 hPa and the air is dry.
Estimate the scale height of the atmosphere (H) and resulting pressure at
z = 200 m altitude if the air is dry, the pressure at z = 100 m is pg =
990 hPa, and the average temperature between z = 100 m and z = 200 m is
T=284K.

If the air is dry, z = 10 km, pg = 250 hPa, and T = 218 K (base of the
tropopause), estimate the scale height at z = 10 km and pressure at z =
10.5 km.
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2.16

2.17
2.18

2.19
2.20

2.21

2.22
2.23

2.24

2.25

2.26

2.27

2.28

2.8 Problems

Calculate the saturation vapor pressure of water over liquid and ice if
T. = —15 °C. Find oy and p, at this temperature if f, = 3 percent and
pd = 230 hPa.

Calculate the dew point if f; = 54 percent and T = 263 K.

Derive the expression for the water-vapor mass mixing ratio as a function of

dew point and pressure from (2.68). If Tp = 284 K and pgq = 1000 hPa, find

Wy.

If Th =279K, T=281K, and pg = 930 hPa, calculate f;, py, oy, and wy ;.

(a) Estimate the diabatic energy (dQQ) that needs to be added to or removed
from a parcel of air to increase its virtual temperature d T, = +2 K when
pa = 1.2 kg m~3 and when the pressure change in the parcel due to
adiabatic expansion is d p, = —10 hPa.

(b) If dQ is removed from part (a) and other conditions stay the same,
what is the parcel virtual-temperature change? What type of process is
this?

(c) If the parcel in part (a) does not rise or expand (d p, = 0), but dQ calcu-
lated from part (a) remains, what is the virtual-temperature change of the
parcel? What is the name of this type of process?

(d) If the parcel in part (a) does not change virtual temperature (d T, = 0), but
dp, = —10 hPa, what is the new value of dQ? What is the name of this
process?

Calculate the potential virtual temperature of dry air when (a) p, = 900 hPa

and T = 280 K; (b) p. = 850 hPa and T = 278 K. Is the air parcel between

900 and 850 hPa stable, unstable, or neutral with respect to unsaturated

air?

If 6, = 303 K at pq = 825 hPa, find the air temperature at this pressure.

Calculate the change in potential virtual temperature with altitude (36, /02)

when the ambient virtual-temperature lapse rate is I'y = +6.2 K km™, the

air pressure is p, = 875 hPa, and T, = 283 K. Is this air stable, unstable, or
neutral with respect to unsaturated air?

If the air is dry and the potential virtual temperature increases at the rate

30,/dz = 1 K km™!, calculate the ambient virtual-temperature lapse rate

when p, = 925 hPa and T = 288 K. Is this air stable, unstable, or neutral
with respect to unsaturated air?

If the potential virtual temperature increases at the rate 96,/0z= 2 K km~

in dry air at an altitude where p, = 945 hPa and T = 287 K, estimate T at

100 m above this altitude.

Would liquid water and/or ice particles grow when (a) py = 1 hPa, T =

—-30K; (b) py = 1.2 hPa, T = —20 K; or (c) py = 1 hPa, T = —16 K? Use

Fig. 2.8(b).

Does potential virtual temperature at sea level increase, decrease, or stay con-

stant (on average) between the Equator and North Pole? Why? Does potential

virtual temperature increase, decrease, or stay constant with altitude if I'y =
+6.5 Kkm™!? Why?

What might Figs. 2.3(a) and (b) look like under a low-pressure system, if all

other conditions were the same?

1
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2.30

2.31

2.32

2.33

Atmospheric structure, composition, and thermodynamics

2.9 COMPUTER PROGRAMMING PRACTICE

Write a computer script to calculate air pressure (p,) as a function of alti-
tude from (2.41). Assume p, = 1013 hPa and T = 288 K at the surface, the
temperature decreases at the rate of 6.5 K km~?, and the air is dry. Use the
program to estimate the pressure from z = 0 to 10 km in increments of 100 m.
Calculate the density p, with the equation of state at the base of each layer
before each pressure calculation for the next layer. Plot the results.

Write a computer script to calculate p, as a function of altitude from (2.44).
Assume T = 298 K and p, = 1013 hPa at the surface and the air is dry. Use
the program to estimate the pressure from z = 0 to 10 km in increments of
100 m. Plot the results.

Write a computer script to calculate p, as a function of altitude from (2.48).
Assume T = 298 K and p, = 1013 hPa at the surface, the air is dry, and the
temperature decreases from the surface at 6.5 K km~!. Use the program to
estimate the pressure from z = 0 to 10 km in increments of 100 m, calculating
the scale height for each layer. Plot the results.

Write a computer script to calculate the saturation vapor pressure of water
over liquid and ice from (2.61) and (2.64), respectively. Use the program to
estimate py s between —50 °C and +50 °C and py; between —50 °C and 0 °C,
in increments of 1 °C. Plot the results.

Write a computer script to calculate py s, py1, and Tp versus altitude. Assume
T is 298 K at z = 0 km and decreases 6.5 K km~1. Assume also that f; = 90
percent at all altitudes. Use the program to estimate parameters from z = 0
to 10 km in increments of 100 m. Plot the results.
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The continuity and thermodynamic
energy equations

HE continuity equations for air, individual gases, and aerosol particles, and the

thermodynamic energy equation are fundamental equations in atmospheric
models. Continuity equations are used to simulate changes in concentration or
mixing ratio of a variable over time and take account of transport, external sources,
and external sinks of the variable. The thermodynamic energy equation is used to
predict changes in temperature with time and takes account of transport, external
sources, and external sinks of energy. In this chapter, scalars, vectors, gradient
operators, local derivatives, and total derivatives are defined, and the continuity
and thermodynamic energy equations are derived.

3.1 DEFINITIONS

In this section, definitions relating to wind speed and direction and differentiation
are provided. The definitions will be used in subsequent sections to derive time-
dependent continuity equations.

3.1.1 Wind velocity

Scalars are variables, such as temperature, air pressure, and air mass, that have
magnitude but not direction. Vectors are variables, such as velocity, that have
magnitude and direction.

Winds are described by three parameters — velocity, the scalar components of
velocity, and speed. Velocity is a vector that quantifies the rate at which the position
of a body changes over time. Total and horizontal wind velocity vectors are defined
in Cartesian (rectangular) horizontal coordinates as

v =1iu+jv + kw Vi = iu +jv (3.1)

respectively, where i, j, and k are Cartesian-coordinate west—east, south—-north, and
vertical unit vectors, respectively, and
dx dy dz
= — V= — w = —
dt dt dt

u

(3.2)

are scalar components of velocity (scalar velocities) (m s~!). Scalar velocities have
magnitude only. When applied in (3.1), positive u, v, and w correspond to winds
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Figure 3.1 Zonally averaged west—east scalar velocities (m s~!) for (a) January
and (b) July. Data for the plots were compiled by Fleming ez al. (1988).

moving from west to east, south to north, and lower to higher elevation, respec-
tively. The vertical scalar velocity in (3.2) is written in the altitude vertical coordi-
nate system. In this coordinate system (coordinate), tops and bottoms of horizontal
layers are defined by surfaces of constant altitude.

The magnitude of the wind is its speed. The total and horizontal wind speeds
are defined as

Iv| = Vu? + 02 +w? V| = Vu? + 02 (3.3)

respectively.

Wind direction is generally named for where a wind originates from. A westerly
wind, southwesterly wind, sea breeze, and mountain breeze originate from the west,
the southwest, the sea, and a mountain, respectively. A positive scalar velocity u
with no south-north component is a westerly wind. A positive scalar velocity v
with no west—east component is a southerly wind.

Air velocities vary in space and time. Figures 3.1(a) and (b) show global-scale
latitude—altitude contour plots of zonally averaged west—east scalar velocities for
January and July, respectively. The figures indicate that west—east winds in the
upper troposphere almost always originate from the west. The two peaks near
10 km in each figure correspond to subtropical jet streams. Near the surface at the
Equator and poles, winds originate from the east but are weak. Near the surface at
midlatitudes (30°-60°) in both hemispheres, winds originate from the west. In the
stratosphere, westerly wind speeds increase with height in the winter hemisphere
(Northern Hemisphere in January; Southern Hemisphere in July), forming polar
night jets near 60 km. Easterly wind speeds increase with increasing altitude in the
summer hemisphere. Winds above the surface are driven by pressure gradients, and
pressure gradients are driven by temperature gradients. Thus, strong winds aloft
indicate strong temperature and pressure gradients.
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3.1 Definitions

3.1.2 Time and spatial rates of change

The time rate of change of a variable, such as concentration, momentum, or tem-
perature, can be determined at a fixed location or in the frame of reference of the
variable as it moves. Suppose a plume, carrying a gas with number concentration
N = N(t, x[t]) (molec. cm~3), travels with the wind from fixed point A in the west
to fixed point B in the east. The time rate of change of N anywhere along the plume’s
trajectory is the total derivative, d N/d#. The total derivative can be expanded with
the chain rule in Cartesian coordinates as

dN 9Ndt  9Ndx 9N = oN

=t —— = — +u— 4
dt 8tdt+3xdt 8t+uax (3-4)

where 9N/t is the time rate of change of concentration at fixed point A (local
derivative), and #9 N/dx is the time rate of change of concentration in the plume
that results from a west—east scalar velocity transporting the plume.

The total derivative of a variable is nonzero when processes other than transport
affect the variable. In the case of gases, external processes include chemistry and
gas-to-particle conversion. If d N/d¢ = 0, the concentration of a gas does not change
as it travels with the wind.

The local derivative of a variable is the difference between the total derivative
and the rate of change of the variable due to transport. Thus, the local derivative is
affected by external processes plus transport. If 3 N/dz = 0, the rate of production
(loss) of a variable due to external processes equals the rate of loss (production) of
the variable due to transport of a spatial gradient of the variable [z (3 N/dx)].

Example 3.1

Suppose the time rate of change of concentration of a gas along the path of a
hot-air balloon traveling with the wind from east to west at u = —10 m s™*
is dN/dt = 108 molec. cm 3 s~ 1. If the west—east gradient in concentration is
dN/dx = 10'° molec. cm~2 km™! (concentration increases from west to east),
determine the time rate of change of concentration at a fixed point A, which
the balloon passes over.

SOLUTION
Since udN/dx = —108molec.cm=®s~!, (3.4) predicts (IN/dt),~ 2 x 108
molec. cm~® s71. Thus, transport from the east (ud N/dx) accounts for one-half

of the production rate of N at point A, and transformations along the trajectory
(dN/dt) account for the other half.

A Lagrangian frame of reference is a frame of reference that moves relative to a
fixed coordinate system. An Eulerian frame of reference is a frame of reference in
a fixed coordinate system. The left side of (3.4) is written in terms of a Lagrangian
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The continuity and thermodynamic energy equations

frame of reference. The right side is written in terms of an Eulerian frame of refer-
ence. Generalizing (3.4) to three dimensions gives

dN 8N, 9N 8N  aN

e IS I I 3.5
ar ot Max Ty TR 3-3)

3.1.3 Gradient operator

A gradient operator (also called a directional derivative, nabla operator, or del oper-
ator) is a vector operator of partial derivatives. The gradient operator in Cartesian-
altitude coordinates is

a ad a
V=i—+j— +k— 3.6
13x + ay + 0z (5:6)
The dot product of the velocity vector with the gradient operator is a scalar
operator,
ad ad d ad ad
v-V=(u+jwv+kw): [i—+j—+k—|=u—+v—+w— (3.7)
ax oy 0z b4
wherei+-i=1,j.j=1,and k -k = 1. Cross terms are zero (i-j = 0,i-k = 0, and
j «k = 0), since the unit vectors are orthogonal. The dot product of two vectors is
a scalar and symmetric (e.g., a - v = v - a). The dot product of a gradient operator
with a vector is a scalar operator but not symmetric (V v # v - V). Instead,

d ad a du Jdv Jw
Vev=[i—+j—+k—) - (i jv+kw)= —+— 4+ — 3.8
v <18x+]8y+ 8z> (e v+ kaw) 8x+3y+ 0z (3:8)

which is a scalar divergence. When concentration is multiplied by a divergence, the

result is the scalar
ou ov w

N(V.v)= N— +N— + N— 3.9
(Vo) = N2+ Ngo e N (3.9)

The gradient of a scalar, such as concentration, is a vector. For example,

a 0 d ON 0N IN
VN=|i—+j— +k— |N=i— +j— +k— 3.10
<18x+]8y+ Bz) 18x+]8y * 0z ( )

Applying the dot product of velocity with the gradient operator to N gives the
scalar

0 0 0 oN aN oN
vV <u3x+yay+w3z) Max +U8y +w3z ( )

Substituting this result into the total-derivative equation (3.5) yields
dN 9N

o= TVIN (3.12)
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‘Ay/f

ulNl > —T M2N2

+——>
Ax

Figure 3.2 Example of mass con-
servation. The number of molecules
entering minus the number of
molecules leaving the box equals the
number of molecules accumulating
in the box.

Generalizing (3.12) for any variable gives the total derivative in Cartesian-altitude
coordinates as

d d d 0 d d
2 — — = — v 3.13
T 8t+ +U8y+w +v ( )

u_
0x dz Ot

3.2 CONTINUITY EQUATIONS

When air circulates in an enclosed volume, and no chemical or physical processes
affect it, the mass of the air, summed throughout the volume, is conserved. In
an atmospheric model divided into many grid cells (grid boxes), the mass of air
entering one cell minus the mass leaving the cell equals the final mass minus the
initial mass in the cell. The same is true for other atmospheric variables, such as
gas concentrations or energy, when only transport affects these variables.

Figure 3.2 shows a grid cell with dimensions Ax, Ay, Az (m). The west—east
scalar velocities entering and leaving the cell are #; and u, (m s~!), respectively.
Gas concentrations at the west and east boundaries of the cell are N; and N,
(molec. cm™3), respectively. Mass fluxes of gas into the cell and out of the cell are
u1N; and #, No (m molec. cm™3 s71), respectively.

From the information given, the numbers of molecules entering, leaving, and
accumulating in the box during time period At are uq Nj AyAzAt, uy No AyAzAt,
and

ANAxAyAz = ug N|AyAzAt — uy No AyAz At (3.14)
respectively. Dividing both sides of (3.14) by At and by the box volume (AxAyAz)

gives

AN _ (le\[z —M1N1>

— = (3.15)
At Ax
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The continuity and thermodynamic energy equations

As Ax — 0 and At — 0, this equation approaches

IN  9(uN)
at dx

(3.16)

which is the continuity equation for a gas affected by velocity in one direction. This
equation expands to three dimensions in Cartesian-altitude coordinates as

IN _ 9mN) d(N) dwN)
ot ox dy 9z

—_V.(wN) (3.17)

where vN = iuN + juN + kewN. A similar equation can be written for air density.
Equation (3.17) states that the time rate of change of N at a fixed location equals
the negative of the local spatial gradient of the flux of N. Equation (3.17) is a
flux divergence form of the continuity equation so called because V - (vN) is a
divergence of concentration.

Substituting

V. (VN)=N(V-v)+(v.V)N (3.18)

into (3.17) and writing a similar equation for air density give the continuity equa-
tions for gas number concentration and total air mass density as

oN
S =-N(Vev) = (v- V)N (3.19)

9pa
i —pa(V +v) = (v V)p, (3.20)

respectively. Substituting
dN ON

V)N= — — — 3.21
v-v) de ot ( )

from (3.12) into (3.19) and (3.20) gives velocity divergence forms of the continuity
equations as

dN

= —N(V -v) (3.22)
dp.

G = PV (3.23)

where V . v is the divergence of velocity. The equations are also advective forms of
the continuity equation in that d/dz¢ contains the advection term, v - V. The equa-
tions state that the change of a scalar variable over time in a moving parcel equals
the scalar variable multiplied by the negative local spatial gradient of velocity.
The gas number concentration N (molecules per cubic centimeter of air) is related
to the moist-air mass mixing ratio, q (kilograms per kilogram of moist air), of a
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3.2 Continuity equations

species with molecular weight 72 (g mol~!) by

_ Apaq
m

N

(3.24)

where A is Avogadro’s number (molec. mol™!). Substituting (3.24) into (3.19) and
expanding give

ap ad
q(a—; +pa(V-V)+(V-V)pa> Jr;oaa—jl = —pa(v+V)q (3.25)
Substituting the continuity equation for air from (3.20) into (3.25) gives the gas
continuity equation in units of the moist-air mass mixing ratio as

dq
a_ .y 3.26
3 (v+V)q (3.26)

Equations (3.22) and (3.23) assume that air is compressible, meaning that total
volume of a parcel of air changes over time. Ocean water is considered incompress-
ible, meaning that the total volume of a parcel of ocean water does not change over
time. Thus,

ou Jv  ow
ax Tyt oz =0 (3.27)
which is the continuity equation for an incompressible fluid. If (3.27) is not satis-
fied, a net divergence out of or convergence into a fluid volume occurs, causing the
volume to expand or contract, respectively. Equation (3.27) states that an incom-
pressible fluid is nondivergent. The equation can also be written as V - v = 0. Sub-
stituting water density (o) for air density and substituting V - v = 0 into (3.23)
give

dpw

5 =0 (3.28)

which states that the density of an incompressible fluid is constant along the motion
of the fluid. At a fixed point in the fluid, the density may change. Substituting water
density for air density and V - v = 0 into (3.20) give

0w

5 = —(v+V)pw (3.29)

which states that the change in water density at a fixed point in an incompressible
fluid is the negative product of velocity and the spatial gradient of density. In sum,
the density of an incompressible fluid, such as liquid water, can vary spatially, but
the total volume of such a fluid is constant over time. A fluid in which density varies
spatially throughout the fluid is inhomogeneous. Ocean water is inhomogeneous
and incompressible. A fluid in which density is always constant throughout a vol-
ume (dpy, /3t = 0) is homogeneous. Pure liquid water is a relatively homogeneous,
incompressible fluid. Air is an inhomogeneous and compressible fluid.
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3.3 EXPANDED CONTINUITY EQUATIONS

Equation (3.17) gave the continuity equation without molecular diffusion or exter-
nal source and sink terms. A more complete form of the continuity equation for a
gas is

a N M.t

—— =-V.(N)+ DV*N R, .
or (VN) + +n; (3.30)

(e.g., Reynolds ef al. 1973), where D is the molecular diffusion coefficient of the
gas (cm? s7!), N is the number of external processes (e.g., chemistry, emission,
etc.) affecting the gas, and R,, is the time rate of change of trace-gas concentration
due to the nth external process affecting the gas (molec. cm™3s~!). Molecular
diffusion is the movement of molecules due to their kinetic energy. As molecules
move, they collide with other molecules and are redirected along arbitrary paths.
A molecular diffusion coefficient quantifies the rate of molecular diffusion, and is
defined mathematically in Section 16.2.

The squared gradient in the molecular diffusion term of (3.30) expands to
) ) a d ad
VIN=(V.V)N=|[i—+j—+k—) - [i—+j—+k N
o= (i iy ) - (e i+ )
_ 82N+ 82N+ 9*N
X2 ayr 82

(3.31)

Substituting (3.17) and (3.31) into (3.30) gives the continuity equation for a gas as

IN auN) a@wN) d(wN) 32N 82N 82N Nec
2= =D R, (3.32)
ot + 0x + dy + 9z 02 + ay? Z

3.3.1 Time and grid volume averaging

The spatial domain in a model is divided into grid cells of finite size. Time is also
divided into time steps of finite size for advancing species concentrations, veloc-
ities, and other variables. Real atmospheric motions generally occur over spatial
scales much smaller than the resolution of model grid cells and over temporal scales
smaller than the resolution of model time steps. For example, a typical mesoscale
model might have horizontal resolution 5 km x 5 km, vertical resolution 50 m,
and time resolution 5 s. A global-scale model might have horizontal resolution
400 km x 400 km, vertical resolution 200 m, and time resolution 300 s. Fluctua-
tions in atmospheric motions due to eddies occur on smaller scales in both cases.
Eddies (Section 4.2.6; Section 8.4), for example, range in diameter from a couple
of millimeters to hundreds of meters and on time scales of seconds to hours.

Whereas many models do not resolve eddies, some do. These are discussed
in Section 8.4. To account for subgrid-scale disturbances in those models that
do not resolve eddies, a process called Reynolds averaging, named after Osborne
Reynolds, is used. Models that treat turbulence using Reynolds averaging are called
Reynolds-averaged models.

68



3.3 Expanded continuity equations

During Reynolds averaging, each variable in (3.32) and in other model equations
is divided into an average and perturbation component. Such a division is referred
to as Reynolds decomposition. In the case of gases, gas number concentration is
decomposed as

N=N+N (3.33)

where N is the actual (precise or instantaneous) concentration, N is the average
concentration, and N’ is the instantaneous perturbation concentration. A precise
concentration occurs at a given instant and location within a grid cell. An average
concentration is obtained by integrating and averaging over a model time step and
grid-cell volume. Thus,

~ 1 t+h x+Ax y+Ay 2+Az
sz_f {/ U (/ Ndz)dy]dx}dt (3.34)
xAyAz J, x y z

(e.g., Pielke 1984), where b is the time step, and Ax, Ay, Az are space increments,
shown in Fig. 3.2. The average concentrations are averages over one grid cell and
time step and differ for each grid cell and time step. Perturbation concentrations are
distributed on both sides of the average, so that the spatial and temporal average
of all perturbations is zero (N’ = 0), which is the Reynolds assumption.

Scalar and vector velocities can be decomposed in a similar manner. Thus, for

example,
u=1u-+u v=v+1 w=w+u (3.35)

where #, 7, and w are the time- and volume-averaged scalar velocities, and #/, v/,
and w' are perturbation scalar velocities, and

v=v+V (3.36)

where v = iz 4 jo + kw is a time- and volume-averaged velocity and v/ = e/ + jv’ +
kw is a perturbation velocity. Advection is the mean horizontal velocity. Thus, #
and  are components of advection. Figure 3.3 shows an example of precise, mean,
and perturbation scalar velocities and trace-gas concentrations.

Unsteady flow occurs when v varies with time, but not necessarily randomly, at
a given location. Steady flow occurs when v is independent of time. Turbulent flow
is unpredictable flow in which v varies randomly with time at a location. Thus,
turbulent flow is unsteady, but unsteady flow is not necessarily turbulent. Laminar
flow is nonturbulent flow in which v may vary, but not randomly, with time at a
given location. In laminar flow, fluid particles travel along well-defined streamlines
and fluid layers flow independent of each other. Laminar flow can be steady or
unsteady. Nearly all flows in the atmosphere are turbulent.

Subgrid-scale effects are estimated by substituting decomposed variables into an
equation, then taking a time average and grid volume average of resulting terms.
Substituting (3.33) and (3.35) into the species continuity equation from (3.32) and
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_u\/\ AN AN . W N /\/_i_
\/\/U\IV\/ \og J Y

N/\/\/\/\/\ AWNANYA
REVAVAA ARV A VAL

Figure 3.3 Precise, mean, and perturbation components of scalar velocity
and gas concentration. The precise scalar velocity is denoted by #, the precise
gas concentration is denoted by N, time- and volume-averaged values are
denoted by an overbar, and perturbation components are denoted by a
prime. Each point on the horizontal axis is a perturbation at a given time
and location within a grid cell.

averaging terms over space and time (Reynolds averaging) give

|:3(N+ N/)} N [a(aJru')(NJr N’)} N [8(D+v’)(N+ N’)}

at ax ay
3w +w)(N+N)] _ [N+ N)]  [9*(N+N)
[ o[ [
2N+ N)
+ [a (N+N ” +ZR (3.37)

Since 3(N+ N)/at = 3(N+ N)/at, N+ N = N+ N, N= N, and N = 0, the
first term in (3.37) simplifies to

AIN+N)] a(N+N) oN
[ (N+ )}z (N+N) _ 9N (3.38)
at Jat Jat
Since #’N = 0, iN = 0, and %N = 7N, the second term simplifies to
3i+uw)(N+N)] _ 3aN+aN +uN+w'N) 3(aN+u'N) 3.39)
0x N ax N ax '

The product #/ N’ (m molec. cm™3 s~!) represents the west—east transport of N’ due
to subgrid-scale eddies. It is a kinematic turbulent flux in that its units are those
of concentration flux (kg [molec. cm™3] m~2 s~!) divided by air density (kg m~3).
When a variable or a flux is divided by the air density, it becomes a kinematic
variable or flux. The partial derivative 3('N')/dx (molec. cm™3 s7!) is a turbulent

flux divergence term.
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3.3 Expanded continuity equations

Example 3.2

Suppose two gas concentrations (N, = 8 and N, = 4) and scalar velocities
(y, = 3 and up = —1) are measured at different locations within a grid cell at
a given time. Estimate N, Nj, N;, 4, u,, u,, v N’, i, and uN. Ignore units.

SOLUTION
N=(N+N)/2=6 d=(um+u)/2=1
N=N-N=2 Uy =u — =2
Ny=N,— N=-2 U, =uy — = —2
UN = (U N, + u,N,)/2 = 4aN = 6
uN=1dN+uN = iy N, + 1, N;)/2 = 10

Substituting (3.38), (3.39), and similar terms for other directions into (3.37)
gives

7 dwN) N wN owN
( N) ( )+ ( )+ n n

v
ot ax ay 0z 0x ay 0z

32N 32N PN\
=D R, 3.40
<3x2+3y 3Z2>+Z ( )

For motions larger than the molecular scale, the molecular diffusion terms in (3.40)
are much smaller than are the turbulent flux divergence terms and can be removed.
Thus, (3.40) simplifies to

) - ) . Ne
ON 0(uN d(vN d(wN ou' N 81/’N’ ow' N
N 0Ny o) | a@N) | owN 3%

. (3.41)
ot ax ay 0z 0x ay ~
which compresses to the continuity equation for a gas,
aN . o Neo _
S+ VN + V- (WN) = )R, (3.42)
n=1

An analogous equation for air density results in the continuity equation for air,

9pa
ot

+ V. (Voa)+ V- (Vp,) =0 (3.43)

In (3.43), the external source and sink terms for air molecules are neglected because
they are small in comparison with the other terms.
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The continuity and thermodynamic energy equations

Equation (3.42) can be rederived in terms of moist-air mass mixing ratio. Adding
source and sink terms to (3.26) yields

9q
5 TvVa= ZR (3.44)

where R, is now in kilograms per kilogram of moist air per second. Multiplying
the continuity equation for air from (3.20) by q, multiplying (3.44) by p,, adding
the results, and compressing give

3(paq) s
L4V (ova) =p ) R, (3.45)
n=1

The moist-air mass mixing ratio, velocity, and density can be decomposed with
q=q+4q,v=v+V,and p, = p, + p,, respectively. Density perturbations in the
atmosphere are relatively small; thus, p! < p,, and p, ~ p,. Substituting decom-
posed variable values into all but the R term in (3.45) gives

Nec

Nolat a0 4 g (55 +v)(a YR (3.46)

ot

Taking the time and grid volume average of this equation, eliminating zero-value
terms and removing unnecessary overbars results in

_Teg - .1 -[dpa _ AT
Pa [—+(v-V)q} +q[¥ +V-<vpa>] +V. ) = Pa Z (3.47)

Equation (3.47) can be simplified by first noting that, when p! <« pa, (3.43) becomes

90a
at

+V.(vp,) =0 (3.48)

Substituting this expression into (3.47) and dividing through by p, give

aq B ) 1 _ Ne.c _
a9 +(v.V)q+ I(_)—V < (paV'q) = R, (3.49)

which is the gas continuity equation in units of the moist-air mass mixing ratio.

In (3.49), w'q, v'q, and w/'q’ (m kg kg~! s~!) are kinematic turbulent fluxes of
mixing ratio. Whereas models calculate spatlally and temporally averaged values
(e.g., N, q, pa, ), kinematic turbulent fluxes (e.g., #/N') are parameterized. Some
parameterizations are discussed in Section 8.4. Here, a simple overview of K-theory
is given.

With K-theory (gradient transport theory), kinematic turbulent fluxes are
replaced with the product of a constant and the gradient of the mean value of a fluc-
tuating variable (Calder 1949; Pasquill 1962; Monin and Yaglom 1971; Reynolds
etal. 1973; Stull 1988). This is convenient, because models predict mean quantities.
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3.3 Expanded continuity equations

Kinematic turbulent fluxes of gas concentration, for example, are parameterized
with

S IN — IN IN
WN = —Kp xx— VN = —Kj yy—— —
T ox 7oy 0z

WN = —Kp, (3.50)

where K, v, Kp,yy, and K . (e.g., cm? s7!) are eddy diffusion coefficients in the

x-, y-, and z-directions, respectively. The subscript » indicates that the eddy dif-
fusion coefficient for energy (eddy thermal diffusivity) is used. The eddy diffusion
coefficient for energy is used because the turbulent transport of a gas is similar to
that of energy. When turbulent transport of velocity is simulated, an eddy diffusion
coefficient for momentum (eddy viscosity) term is used. Eddy diffusion coefficients
for energy and momentum differ, but not by much. Eddy diffusion coefficients
represent an average diffusion coefficient for eddies of all sizes smaller than the
grid cell. Eddy diffusion coefficients are also called eddy transfer, eddy exchange,
turbulent transfer, and gradient transfer coefficients.

Eddy diffusion coefficients are parameterizations of subgrid scale transport of
energy and momentum. In the vertical, such transport is caused by mechanical
shear (mechanical turbulence) and/or buoyancy (thermal turbulence). Horizontal
wind shear creates eddies that increase in size when the wind flows over rough sur-
faces. Buoyancy creates instability, causing shear-induced eddies to become wider
and taller. Vertical motions in eddies transfer surface air upward and air aloft
downward. Eddies also exchange air horizontally.

Substituting (3.50) into (3.41) gives

8N+8(12N) d(wN) 9(wN)
ot ax ay 0z

B aN 9 aN 9
K K R (3.51)
ax( G >+ay< "”8y>+az< s >+Z

Compressing (3.51) and removing overbars for simplicity give the continuity equa-
tion for an individual gas in number concentration units and Cartesian-altitude
coordinates as

N v wN = (v KV)N+§:R (3.52)
—_ o (V = . 1 .
ot b -

where
K xx 0 0

Ky=| 0 Kpy O (3.53)
0 0 Ky
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The continuity and thermodynamic energy equations

is the eddy diffusion tensor for energy. The analogous continuity equation for an
individual gas in moist-air mass mixing ratio units is

%9 Vg = LV va s YR (3.54)
at v q_,Oa Pal\p V)q Z 7 .

The units of R, differ in the two cases.

3.3.2 Continuity equation for air

External sources and sinks (R,) are relatively small and can be ignored in the
continuity equation for air. For most modeling applications, the turbulent flux
divergence term in the equation can also be ignored because p, < p,. After remov-
ing overbars for convenience and making the above modifications, the continuity
equation for air in Cartesian-altitude coordinates reduces from (3.43) to

9pa
a_pt+v. (V)Oa):O (3.55)

3.3.3 Gas continuity equation

The continuity equations for trace gases and particles include several external
source and sink terms. Gases enter the atmosphere from surface and elevated
sources by emission. They are removed onto water, soil, foliage, roads, buildings,
cars, and other surfaces by dry deposition. In many cases, gases are swept out of
the atmosphere by falling raindrops during washout. Gases react chemically with
each other and are dissociated by solar radiation during photochemistry. Some
gases aggregate to form new particles during homogeneous nucleation or aggre-
gate on existing particle surfaces during heterogeneous nucleation. Once a surface
has nucleated, gas molecules may diffuse to and condense as a liquid or deposit as
a solid on the surface. Liquid material may also evaporate or solid material may
sublimate to the gas phase. A gas may also dissolve in liquid water on the surface
of a particle. Dissolved gases may evaporate. Finally, a gas may react chemically
on the surface of a particle during heterogeneous chemistry.

A form of the continuity equation for a gas g that accounts for the processes
discussed above is

% + V. (vN;) = (V:K,V)N,

at
+ Remisg + Rdepg + Rwashg + Rchemg
+ Rnucg + Rc/eg + de/sg + Rds/eg + thg (356)
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3.3 Expanded continuity equations

where

Remisg = rate of surface or elevated emission

Ryepg = rate of dry deposition to the ground

Ryyashg= rate of washout to the ground or from one altitude to another

R hemg= rate of photochemical production or loss

Ryucg = rate of gas loss due to homogeneous or heterogeneous nucleation

Reeg = rate of gas loss (production) due to condensation (evaporation)

Rgpssg = rate of gas loss (production) due to depositional growth (sublimation)
Rgyjeq = rate of gas loss (production) due to dissolutional growth (evaporation)
Ry = rate of gas loss (production) due to heterogeneous reactions

All rates are expressed in units of concentration per unit time (e.g., molec. cm™3
s7h).

3.3.4 Particle continuity equation

The continuity equation for particles is divided into two subequations. One is
for particle number concentration, and the other is for particle volume compo-
nent concentration. Particles contain anywhere from one to hundreds of com-
ponents. The volume of each component varies over time due to physical and
chemical processes. If the total volume of one particle in a size bin 7 is denoted
by v; (cm?/particle), the volume of component g within that particle is vg;.
Thus, v,; gives information about a component in a single particle of a given
size. A variable giving information about that component summed over all par-
ticles of the same size, is more relevant. Such a parameter is volume concentra-
tion (cubic centimeters of the component per cubic centimeter of air), defined
as

Vq.i = MijUq,i (3.57)

where 7; is the number concentration of particles of size i (particles per cubic
centimeter of air). If two of the three variables in (3.57) are predicted numerically,
the third can be found from the equation. Typically, volume concentration and
number concentration are predicted numerically. They are found from separate
continuity equations, because different external sources and sinks affect the number
and volume concentrations.

The continuity equation for the number concentration of particles of size 7 is

on;
3_1'1 + V. (vn;) = (V- KyV) 1 + Remisn + Rdepn + Riedn

=+ Rwashn + Rouen + Rcoagn (358)
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The continuity and thermodynamic energy equations

where

Remisn = rate of surface or elevated emission

Rgepn = rate of particle dry deposition to the surface

Ryeqn = rate of sedimentation to the surface or between layers

Rashn= rate of washout to the surface or from one altitude down to another
Ruuen = rate of production of new particles due to homogeneous nucleation
R oagn = rate of coagulation of number concentration

All rates are in units of particles cm™3 s~!. Sources and sinks that affect particle

number concentration include emission, dry deposition, sedimentation, washout,
homogeneous nucleation, and coagulation. Sedimentation occurs when particles
fall through the atmosphere due to their mass. Sedimentation by gases is negligible
because gas molecules have extremely small masses. Particle dry deposition occurs
when particles diffuse to or otherwise impact a surface by any transport process.
Particle washout occurs when rain sweeps particles in its path to lower altitudes or
the surface. Homogeneous nucleation is a source of new particles. Heterogeneous
nucleation does not produce new particles but allows growth to proceed on existing
particles. Coagulation occurs when two particles collide and stick to form a single,
larger particle.

The continuity equation for the volume concentration of component ¢ in parti-
cles of size i is

g,

” +Ve(vugi) =(V-K,V)vy,;

+ Remisv + Rdepv + Rsedv + Rwashv + Ruuev + Rcoagv
+ Rc/ev + de/sv + Rds/ev + Reqv + Raqv + RI"V (359)

where

Remisy = rate of surface or elevated emission

Ryepy = rate of dry deposition to the surface

Ryqy = rate of sedimentation to the surface or from one altitude to another
R ashv= rate of washout to the surface or from one altitude to another
Ruuey = rate of change due to homogeneous or heterogeneous nucleation
Roagy = rate of change due to coagulation

Ry = rate of change due to condensational growth (evaporation)

Rgp/sv = rate of change due to depositional growth (sublimation)

Rgygev = rate of change due to dissolutional growth (evaporation)

Reqy = rate of change due to reversible chemical equilibrium reactions
Raqv = rate of change due to irreversible aqueous chemical reactions
Ry, = rate of change due to heterogeneous reactions on particle surfaces

Rates in this equation have units of cubic centimeters of component g per cubic
centimeter of air per second. Some processes, such as homogeneous nucleation
and coagulation, affect number and volume concentrations. Others, such as
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3.3 Expanded continuity equations

heterogeneous nucleation, condensation, deposition, dissolution, heterogeneous
reaction, chemical equilibrium and aqueous chemistry affect volume concentra-
tion but not number concentration.

3.3.5 Continuity equation for gas, liquid, and solid water

Water in the atmosphere appears as a gas, liquid, or solid. In a model, the total
water content is estimated as

Np
qr =qv + Y_ (qui + qui) (3.60)
i=1

where Ny is the number of particle size categories (bins), qy is the specific humidity
of water vapor (kilograms per kilogram of moist air), qr; is the moist-air mass
mixing ratio of liquid water in a size bin, and qp; is the moist-air mass mixing
ratio of ice in a size bin. Mass mixing ratios are determined from the continuity
equations for water vapor, liquid, and ice,

0qy 1
b (veV)a = —(VpK,V)a,
ot Pa
+ Remisv + RdepV + Rehemv + Rc/eV + de/sV (3.61)
oqrL; 1
g; +(veV)qL; = p—(V,OaKbV)QL,i + RemisL + RaepL
a
+ Roear + RcoagL + Rc/eL + Rf/mL (3.62)
aqr,;

1
Pl (v+V)qri = — (VK V)qri
t Pa

+ RdepI + RsedI + Rcoagl + Rf/mI + de/sl (363)

Remis = rate of surface or elevated emission

Rgep = rate of dry deposition to the surface

Rgq = rate of sedimentation to the surface or from one altitude to another

R hem= rate of photochemical production or loss

R oag = rate of liquid or ice production or loss in a size bin due to coagulation
Rye = rate of change due to condensational growth (evaporation)

Rgpss = rate of change due to depositional growth (sublimation)

Rym = rate of change due to freezing (melting)

and the units of R are kilograms per kilogram of moist air per second.

Many meteorological models simulate liquid water and ice as bulk parame-
ters. In such cases, liquid water and ice are not separated into size categories,
and their number concentrations are not tracked. Instead, only the moist-air mass
mixing ratios of total liquid water and ice are predicted. Since particles are not size-
resolved in a bulk parameterization, some processes, such as coagulation, cannot
be treated adequately. When liquid and ice content are treated as bulk parameters,
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The continuity and thermodynamic energy equations

qr = qv + qr + q1, where the subscript i has been dropped because a bulk param-
eterization has no size resolution.

3.4 THERMODYNAMIC ENERGY EQUATION

Air temperature is affected by energy transfer and work. Energy transfer processes
include conduction, mechanical turbulence, thermal turbulence, advection, and
radiation, all introduced in Section 2.2. Energy is released to the air during conden-
sation of water vapor, deposition of water vapor, freezing of liquid water, exother-
mic chemical reactions, and radioactive decay. Energy is removed from the air upon
melting of ice, sublimation of ice, and evaporation of liquid water. Energy exchange
may also occur upon the change of state of substances other than water. Because
the quantities of nonwater substances changing state are relatively small, resulting
energy exchanges are small. Energy, like air density and species concentrations, is
conserved in a system.

An equation describing energy changes in the atmosphere can be derived by
combining the first law of thermodynamics with the continuity equation for air.
The first law of thermodynamics as expressed in (2.82) was dQ ~ ¢;, ¢ dT;, — oty d ps.
Differentiating this equation with respect to time, substituting o, = 1/p,, and rear-
ranging give the thermodynamic energy equation as

an_14Q, 1 dn
dt cpd At cpapa dt

(3.64)

If the thermodynamic energy equation is written in terms of potential
virtual temperature, the last term in (3.64) can be eliminated. Differentiating
0y = T,(1000/ p,)© with respect to time give

do, dTv<1000>” - (1000)”-1( 1ooo>dpa 6, dT, 6, dp,
_ » N N

de — de e Pa p> )dt T T, At p. dt
(3.65)

Substituting (3.65), k = R'/c;, 4, and p, = p, R'T; into (3.64), and expanding the
total derivative with (3.13) give the thermodynamic energy equation in terms of
potential virtual temperature as

do, 96, 6, dQ
_ = — .V 9v o _
dt at +(v-V) cpdTy dt

(3.66)

Multiplying all terms in (3.66) by ¢, 4pa, multiplying all terms in the continuity
equation for air from (3.20) by ¢, 46y, adding the two equations, and compressing
give

a(cp,dpaev) Oy dQ

V. 200 X pg—— 3.67
o7 + V « (vep apaby) pTvdt ( )
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3.4 Thermodynamic energy equation

Substituting the energy density (] m~3), defined as E = ¢, 4pay, into (3.67) gives
the continuity equation for energy,
IE 6, dQ

=4 V.(VE)

R P — 3.68
ot p T, dt ( )

This equation is similar to the continuity equations for air mass density or gas
number concentration. It states that the time rate of change of energy in a box
equals the energy flux in minus the energy flux out plus (minus) external sources
(sinks). Replacing N with E in Fig. 3.2 yields a diagram of energy fluxes into and
out of a hypothetical grid cell.

In a model, subgrid eddies affect energy transport. To account for such eddies,
variables in (3.67) can be decomposed as v =V + V', p, = p, + p, and 6, = 6, + 6..
Since density perturbations are small (p, < p,), density is approximated as p, ~ p,.
Substituting velocity, density, and potential virtual temperature decompositions
into (3.67), setting the approximation to an equal sign for simplicity, and taking
the time- and grid-volume average of the result yield

{ 3[pa(By +6;)] 6y dQ
(2 B T —

ot }*CMVW%W@+9%+wa+w%n=mfﬁﬂ

(3.69)

Eliminating zero-value time and spatial derivatives and unnecessary overbars
results in

a(/_)aev) _ _= = - /_)a GV dQ
———— F Vo (0aVOy) + V « (pV0!) = —— 3.70
Y R+ V) = (3.70)
which expands to
_[ob, = = [ 90a — - =77 pa 6y dQ
X VB |40, L2 v w5 |+ Ve (pvE) = L2 TS (371
P[at‘f‘(V ) :|+ [8t+ (V,O)}-i- (£av'6;) T ( )

Substituting the continuity equation for air from (3.48) into (3.71) and dividing by
Pa give the thermodynamic energy equation as

00, L .T)B 1 7 6, dQ
A\ vV = e
ot Pa PaVO cpa Ty dt

(3.72)

The kinematic turbulent sensible-heat fluxes (v'0]) can be parameterized with
S 96, — 00, — 26,
w0, = —K;,_xxa Ve, = —K;,,yy5 wo, = _Kh'zza_z (3.73)

where the eddy diffusion coefficients for energy are the same as those used in the

continuity equation for a trace species. Substituting v'6/ = —K, V6, into (3.72) and
eliminating overbars for simplicity give
96, 1 0, dQ
V)b, = —(V -0, K,V)Oy + ——— 3.74
Py +(v-V) /Oa( paKpV) +Cp,dT\‘/ a ( )
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The diabatic heating rate consists of the terms

dQ Neh dQn dQc/e de/m dep/s dQsolar inr
dt T &—de T de T TTa T o)

=1

where N, , is the number of diabatic energy sources and sinks. All Q’s are in joules
per kilogram. dQ_/,/dt is the rate of energy release (absorption) due to condensation
(evaporation), dQ/, /dt is the rate of energy release (absorption) due to freezing
(melting), dQ apls/ dz is the rate of energy release (absorption) due to deposition
(sublimation), dQ,.,./d¢ is the rate of solar heating, and dQ,./dt is the rate of net
infrared heating (cooling). Substituting (3.75) into (3.74) gives the thermodynamic
energy equation as

Neh
30, 1 6y, <A dQ
V)8 = —(V + 0K, V)0 + —— "
5 +(v-V) pa( paKpV) +cp,dTv 2

(3.76)

3.5 SUMMARY

In this chapter, local and total derivatives were defined, and the continuity and ther-
modynamic energy equations were derived. Continuity equations included those
for air, trace gases, aerosol number concentration, and aerosol volume concentra-
tion. These equations treat subgrid eddy motions with kinematic turbulent flux
terms, which are generally parameterized. A common type of parameterization
is a K-theory parameterization. Equations described in this chapter are necessary
for simulating the transport and transformations of total air, gases, aerosol par-
ticles, and energy. An equation used for predicting wind speed and direction, the
momentum equation, is discussed next.

3.6 PROBLEMS

3.1 Expand the total derivative of the u-scalar velocity (i.e., substitute u for N
in (3.5)) when the air flow is (a) steady, (b) unsteady.

3.2 Explain why (3.17) differs from (3.26).

3.3 What is the purpose of Reynolds averaging?

3.4 Ifu=-5ms!and v=+5m s !, write out the horizontal velocity vector,
determine the horizontal wind speed, and name the wind.

3.5 Assume that a grid cell has dimension Ax = 5 km, Ay = 4 km, and Az =
0.1 km and that the west, east, south, north, and lower scalar velocities are
uy = +3, up = +4, v3 = —3, v4 = +2, and w; = +0.2 m s~ 1. If the atmosphere
is incompressible, what is w at the top of the cell?

3.6 (a) A grid cell has dimensions Ax = 5 km, Ay = 4 km, and Az = 0.1 km.
Assume the gas concentration and scalar velocity at the west boundary
of the cell are N; = 1x10'! molec. cm™ and u; = +7 m s™', respectively,
and those at the east boundary of the cell are N, =5 x 10! molec. cm™3
and u; = +8 m s~ 1, respectively. (i) Assuming external sources and sinks
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3.7

3.8

3.9

3.7 Computer programming practice

and eddy diffusion are absent, estimate N at the cell center after 60 s if
the initial N is an average of the two boundary N-values and boundary
parameters remain constant. (ii) Calculate the time after the start at which
N at the cell center becomes zero.

(b) Assume that the gas concentration and scalar velocity at the south bound-
ary of the grid cell in part (a) are N3 = 1 x 10'! molec. cm™ and v; =
—2 m s71, respectively, and those at the north boundary are Ny = 7 x
10" molec. cm™ and vy, = +1 m s™!, respectively. Calculate (i) N at the
cell center after 60 s and (ii) the time after the start at which N at the
center becomes zero. Assume fluxes operate in four directions, and the
initial NV at the center of the cell is the average of all four grid-boundary
N-values.

(c) Convert the gas number concentrations from part (a) (IV; and N,) to moist-
air mass mixing ratios, assuming that the gas is ozone, T, = 298 K, and
Pa = 1013 hPa.

(d) Re-solve parts (a) (i) and (a) (ii) with (3.26) using moist-air mass mixing
ratios instead of number concentration units. Assume that the west—east
velocity for this question is an average of the grid-cell boundary veloc-
ities. Convert the mass mixing ratio from the 60-s case back to number
concentration units. How does the result compare with that found in part
(a) ()7 If it differs, why does it differ?

A grid cell has dimensions Ax=5km, Ay=4km, and Az=0.1 km. Assume

that the potential virtual temperature, pressure, and scalar velocity at the

west boundary of the grid cell are 6, ; = 302 K, p,; = 1004 hPa, and u; = +7

m s~1, respectively, and those at the east boundary of the grid cell are 6, , =

299 K, pa» = 1008 hPa, and u, = +8 m s™', respectively.

(a) Calculate the virtual temperature and air density at the west and east
boundaries of the grid cell.

(b) Calculate the energy density E at each boundary.

(c) Assuming diabatic energy sources and sinks and eddy diffusion are
absent, calculate the potential virtual temperature at the center of the
grid cell after 10 s.

3.7 COMPUTER PROGRAMMING PRACTICE

Assume that grid-cell size, boundary conditions, and N are initially the same
as in Problem 3.6(a). Write a computer script to calculate the final N at the
grid-cell center after a time step h. After each time step, set the east-boundary
gas concentration (NN;) equal to the final concentration at the center of the
cell. Set h = 3 s, and run the program for a simulation period of one hour.
Plot the grid center concentration versus time.

Assume that grid-cell size, boundary conditions, and initial 6, are the same
as in Problem 3.7. Write a computer script to calculate the final 6, at the
cell center after a time step h. After each step, set 6, » equal to 6, at the cell
center. Set h = 3 s, and run the program for six hours. Plot 6, versus time at
the cell center.
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The momentum equation in Cartesian
and spherical coordinates

HE momentum equation (equation of motion) describes the movement of air. In

amodel, it is used to predict wind velocity (speed and direction). In this chapter,
the momentum equation and terms within it are derived. These terms include local
acceleration, the Earth’s centripetal acceleration (apparent centrifugal force), the
Coriolis acceleration (apparent Coriolis force), the gravitational force, the pressure-
gradient force, the viscous force, and turbulent-flux divergence. The equation is
derived for Cartesian and spherical horizontal coordinate systems. Cartesian coor-
dinates are often used over microscale and mesoscale domains, where the Earth’s
curvature may be neglected. Spherical coordinates are used over global-, synoptic-,
and many mesoscale, domains, where curvature cannot be neglected. Equations for
the geostrophic wind, gradient wind, and surface wind are derived from the momen-
tum equation. Atmospheric waves are also discussed. Important waves include
acoustic, Lamb, gravity, inertia Lamb, inertia gravity, and Rossby waves.

4.1 HORIZONTAL COORDINATE SYSTEMS

Atmospheric modeling equations can be derived for a variety of horizontal coordi-
nate systems. In this section, some of these systems are briefly discussed. Equations
for the conversion of variables from Cartesian to spherical horizontal coordinates
are then given.

4.1.1 Cartesian, spherical, and other coordinate systems

Many atmospheric models use Cartesian or spherical horizontal coordinates. Carte-
sian (rectangular) coordinates are used on the microscale and mesoscale to simulate
flow, for example, in street canyons, downwind of smokestacks, in cities, and in
clouds. Over short distances (<500 km), the Earth’s curvature is relatively small,
and Earth’s surface is often divided into rectangles for modeling. Over long dis-
tances, curvature prevents the accurate division of the Earth’s surface into a contigu-
ous set of rectangles. Nevertheless, over such distances, it is possible to envelop the
Earth with many rectangular meshes, each with a different origin and finite overall
length and width, and where each mesh partly overlaps other meshes. This is the
idea behind the universal transverse Mercator (UTM) coordinate system, which is
a type of Cartesian coordinate system. In the UTM system, separate, overlapping
meshes of rectangular grid cells are superimposed over the globe. UTM coordinate

82



4.1 Horizontal coordinate systems

Figure 4.1 Spherical coordi-
nate symbols. R, is the Earth’s
radius, ¢ is latitude, A is lon-
gitude, and i, j,, and k, are
west—east, south—north, and
vertical unit vectors, respec-
tively.

locations are mapped back to spherical coordinate locations with UTM-to-
spherical conversion equations (U.S. Department of the Army 1958).

For model simulations on small or large scales, the use of spherical coordinates
(Fig. 4.1) is more natural than the use of Cartesian coordinates. The spherical coor-
dinate system divides the Earth into longitudes (meridians), which are south-north
lines extending from the South Pole to the North Pole, and latitudes (parallels),
which are west—east lines parallel to each other extending around the globe. The
Prime Meridian, which runs through Greenwich, United Kingdom, is defined to
have longitude 0°. Meridians extend westward to —180° (180W) longitude and
eastward to +180° (180E) longitude. The Equator is defined to have latitude 0°.
Parallels extend from —90° (90S) latitude to +90° (90N) latitude. On the spherical-
coordinate grid, the west—east distance between meridians is the greatest at the
Equator and converges to zero at both poles. In fact, all meridians converge to
a single point at the poles. Thus, the poles are singularities. The presence of a
singularity at the poles presents a boundary-condition problem when the spheri-
cal coordinate system is used for global atmospheric or ocean (in the case of the
North Pole since no ocean exists over the South Pole) simulations. This problem
is addressed in Chapter 7. The main advantage of the spherical coordinate sys-
tem is that it takes into account the Earth’s curvature since the Earth is close to
spherical.

Some other horizontal map projections are Mercator, stereographic, and Lam-
bert conformal. A Mercator projection is one in which each rhumb line on a sphere
is represented as a straight line. A rhumb line is a curve on the surface of a sphere
that cuts all meridians at the same angle. Since the angle can be any angle, a rhumb
line can spiral to the poles. A stereographic projection is one in which points on a
sphere correspond exactly to points on an extended plane and in which the North
Pole on the sphere corresponds to infinity on the plane. A Lambert conformal
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projection is one in which meridians are represented as straight lines converging
toward the nearer pole and parallels are represented as arc segments of concentric
circles. Although these three projections are used in cartography, they are used less
frequently in atmospheric modeling. Snyder (1987) presents equations for convert-
ing among these and other coordinate systems.

Spherical and Cartesian coordinate grids are regular grids. In a regular grid, grid
cells are aligned in a lattice or fixed geometric pattern. Such grid cells do not need
to be rectangular. For example, spherical-coordinate grid cells are nonrectangular
but are distributed in a fixed pattern. Another type of grid is an irregular grid. In
an irregular grid, grid cells are not aligned in a lattice or fixed pattern and may
have irregular shape and size. Irregular grids are useful for modeling applications
in which real boundaries do not match up well with regular-grid boundaries. For
example, in ocean modeling, coastlines are uneven boundaries that do not match
up well with Cartesian or spherical coordinate boundaries. Irregular grids are also
useful for modeling the North and South Poles in a global model to avoid the sin-
gularity problem that arises with the spherical coordinate system. Finally, irregular
grids are useful for treating some regions in a model at high resolution and others
at lower resolution to save computer time.

Regular grids can also be applied to some regions at high resolution and others at
low resolution through the use of grid stretching and nesting. Grid stretching is the
gradual decrease then increase in west—east and/or south-north grid spacing on a
spherical-coordinate grid to enable higher resolution in some locations. Nesting
is the placement of a fine-resolution grid within a coarse-resolution grid that
provides boundary conditions to the fine-resolution grid. Nesting is discussed in
Chapter 21.

Flows over irregular grids are generally solved with finite-element methods
(Section 6.5) or finite-volume methods (Section 6.6). Finite-difference methods
(Section 6.4) are challenging (but not impossible) to implement over irregular
grids. Flows over regular grids are generally solved with finite-difference meth-
ods although the finite-element and finite-volume methods are often used as well.
Celia and Gray (1992) describe finite-element formulations on an irregular grid.
Durran (1999) describes finite-element and finite-volume formulations on an irreg-
ular grid. In this text, the formulation of the equations of atmospheric dynamics is
limited to regular grids.

4.1.2 Conversion from Cartesian to spherical coordinates

Figure 4.1 shows the primary components of the spherical coordinate system on
a spherical Earth. Although the Earth is an oblate spheroid, slightly bulging at
the Equator, the difference between the equatorial and polar radii is small enough
(21 km) that the Earth can be considered to be a sphere for modeling purposes.
The spherical-coordinate unit vectors for the Earth are i, j, and k,, which are
west—east, south-north, and vertical unit vectors, respectively. Because the Earth’s
surface is curved, spherical-coordinate unit vectors have a different orientation at
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each horizontal location on a sphere. On a Cartesian grid, i, j, and k are oriented
in the same direction everywhere on the grid.

In spherical coordinates, west—east and south—north distances are measured in
terms of changes in longitude (1.) and latitude (¢), respectively. The vertical coor-
dinate for now is the altitude (z) coordinate. It will be converted in Chapter 5 to
the pressure (p), sigma—pressure (6—p), and sigma-altitude (0—z) coordinates.

Conversions between increments of distance in Cartesian coordinates and incre-
ments of longitude or latitude in spherical coordinates, along the surface of Earth,
are obtained from the equation for arc length around a circle. In the west—east and
south-north directions, these conversions are

dx = (R.cos¢)dA. dy = R.dg (4.1)

respectively, where R, ~ 6371 km is the radius of the Earth, di. is a west—east
longitude increment (radians), dg is a south-north latitude increment (radians),
and R. cos ¢ is the distance from the Earth’s axis of rotation to the surface of the
Earth at latitude ¢, as shown in Fig. 4.1. Since cos ¢ is maximum at the Equator
(where ¢ = 0) and minimum at the poles, dx decreases from Equator to pole when
dX. is constant.

Example 4.1

If a grid cell has dimensions di, = 5° and d¢ = 5°, centered at ¢ = 30°N
latitude, find dx and dy at the grid cell latitudinal center.

SOLUTION

First, dA, = dgp = 5° x 7/180° = 0.0873 radians. Substituting these values into
(4.1) gives dx = (6371)(0.866) (0.0873) = 482km and dy = (6371) (0.0873) =
556 km.

The local velocity vector and local horizontal velocity vector in spherical coor-
dinates are

v=1hLu+jv+kw Vi = Lt + v (4.2)
respectively. When spherical coordinates are used, horizontal scalar velocities can

be redefined by substituting (4.1) into (3.2), giving

dx d. _dy  _de B
dr — e Taha YT 4-3)

The third term in (4.3) is the altitude-coordinate vertical scalar velocity, which is
the same on a spherical horizontal grid as on a Cartesian horizontal grid.
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Figure 4.2 (a) Polar and (b) equatorial views of the Earth, show-
ing unit vectors used to determine 9i; /dA.. Adapted from Holton
(1992).

The gradient operator in spherical-altitude coordinates is

. 1 ad .19 a
V=i ——+j, + k, (4.4)
R.cos g dXe Re B(p 02

which is found by substituting (4.1) into (3.6) and replacing Cartesian- with
spherical-coordinate unit vectors. In spherical coordinates, the dot product of the
gradient operator with a scalar can be written from (4.4) with no more than three
terms. However, the dot product of the gradient operator with a vector requires
more than three terms because unit vectors change orientation at different locations
on a sphere. For example, expanding V . v in spherical coordinates gives

Vev=|1, ! 8+'18+ka (L +jv + kw)
N Recos ¢ 9. Jo R. 9¢ "oz * be !

1 ou . 1 o1, . 1 M, . 1 8k,>
= — tpU—— + LV + 1w

R.cos ¢ 90X R.cos g dXe Re COS @ OAe R. cos ¢ 0A,
<1 81/ . 131)\+, 18]¢+, 18k,>

7 e — .

dw 9 ok

— +k,u k,v—2 + k,w—- 4.5

+ ( 2+ az 4 2zt Y ) (4.5)

where some terms were eliminated because i, -j, = 0, i, -k, =0, and j, -k, = 0.
Partial derivatives of the unit vectors in (4.5) can be derived graphically. From
Fig. 4.2(a) and the equation for arc length around a circle, we have

[AL ] = [1;] Ake = Ake (4.6)

where |Ai;| is the magnitude of the change in the west—east unit vector per unit
change in longitude, Ax.. Figure 4.2(b) indicates that, when AX. is small,

AL, =j, |AL]sing — k, |Al; | cos g (4.7)
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Substituting (4.6) into (4.7), dividing by AA., and letting Ai; — 0 and Ax, — 0
give

i joAXesin g — k, A cos .
8—;6 ~ Jolte wAker cCOSY ~j,sing —k, cosg (4.8)

Similar derivations for other derivatives yield

81,\ 81)\ alA

3ke:i¢5in¢—k7COS¢ %ZO 8_z=0
9J . 9j i
ﬁ:—lASIHQO ﬁz_kr ﬁ:O (49)
ok, : ok, . ok,
=1, COS¢@ — ](,0 =0
8)»6 a(p az
Substituting these expressions into (4.5) gives
1 ou 1 0 1 9
Vev= R —— s (wR? 4.10
v Recos<p8/\e+Recos(pa<p(ucos¢)+Rezaz(w e) ( )
which simplifies to
1 ou 1 B dw
Vev= — = 4.11
v Recosg08A€+Recos<p8(p (vcosg) + oz ( )

when R. is held constant. Since the incremental distance z above the Earth’s surface
is much smaller (<60 km) for most modeling applications than the radius of Earth
(6371 km), the assumption of a constant R. for use in (4.11) gives only a small
error.

4.2 NEWTON’S SECOND LAW OF MOTION

The momentum equation is derived from Newton’s second law of motion, F = Ma,
where Fis force (N), M is mass (kg), and a is acceleration (m s~2). Newton’s second
law states that the acceleration of a body due to a force is proportional to the
force, inversely proportional to the mass of the body, and in the direction of the
force. When applied to the atmosphere, the second law can be written in vector
form as

1

where a; is the total or inertial acceleration, which is the rate of change of velocity
of a parcel of air in motion relative to a coordinate system fixed in space (outside
the Earth-atmosphere system), M, is the mass of the air parcel, and }_ F is the sum
of the force vectors acting on the parcel. A reference frame at rest or that moves
in a straight line at a constant velocity is an inertial reference frame. A reference
frame that either accelerates or rotates is a noninertial reference frame. A spaceship
accelerating or a car at rest, at constant velocity, or accelerating on a rotating. Earth
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Figure 4.3 Components of the
Earth’s angular velocity vector.

is in a noninertial reference frame. An observer at a fixed point in space is in an
inertial reference frame with respect to any body on a rotating Earth, even if the
body is at rest on the surface of Earth.

Inertial acceleration is derived by considering that, to an observer fixed in space,
the absolute velocity (m s~!) of a body in motion near the surface of the Earth is

va=v+ Q2 xR, (4.13)

where v is the local velocity, defined in (4.2), of the body relative to the Earth’s
surface, € is the angular velocity vector for Earth, R, is the radius vector for the
Earth, and Q x R, is the rate of change in position of the body due to the Earth’s
rotation. The Earth’s angular velocity vector (rad s~!) and radius vector (m) are

defined as
Q=j,Q cosp+k,Qsing R. =k, R, (4.14)

where Q@ = 27 rad/86 164s = 7.292 x 107° rad s~ ! is the magnitude of the angu-
lar velocity, and 86 164 is the number of seconds that the Earth takes to make
one revolution around its axis (23 h 56 m 4 s). The angular velocity vector acts
perpendicular to the equatorial plane of the Earth, as shown in Fig. 4.3. It does not
have a west—east component.

Inertial acceleration is defined mathematically as

d
2 = % FQx vy (4.15)

Substituting (4.13) into (4.15) and noting that € is independent of time give

dv dR.
TR LA AX VDX (2 xR, (4.16)

a] =
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4.2 Newton’s second law of motion

The total derivative of R, is

Rk,
? = RC? —1;‘14+]¢U~V (4.17)
where dk, /dt is derived shortly in (4.28). Substituting (4.17) into (4.16) yields
aiz%—I—ZQ><V~|—Q><(QxRe):a]—}—aC—i—ar (4.18)
where
dv
alza a. =20 xv a, = x (2 xR (4.19)

are the local, Coriolis, and Earth’s centripetal accelerations, respectively. Local
acceleration is the rate of change of velocity of a parcel of air in motion relative to
a coordinate system fixed on Earth, Coriolis acceleration is the rate of change of
velocity of a parcel due to the rotation of a spherical Earth underneath the parcel,
and the Earth’s centripetal acceleration is the inward-directed rate of change of
velocity of a parcel due to its motion around the Earth’s axis.

When Reynolds decomposition is applied to the precise local acceleration term
in (4.19), the term becomes a; = aj + aj, where a is a mean local acceleration and
a| is a perturbation component, called a turbulent-flux divergence of momentum.
This term accounts for perturbations to the mean flow of wind, such as those
caused by mechanical shear (mechanical turbulence), thermal buoyancy (thermal
turbulence), and atmospheric waves. For now, the precise local acceleration term
is retained. It will be decomposed later in this section.

Whereas the centripetal and Coriolis effects are viewed as accelerations from an
inertial frame of reference, they are viewed as apparent forces from a noninertial
frame of reference. An apparent (or inertial) force is a fictitious force that appears to
exist when an observation is made in a noninertial frame of reference. For example,
when a car rounds a curve, a passenger within, who is in a noninertial frame of
reference, appears to be pulled outward by a local apparent centrifugal force, which
is equal and opposite to local centripetal acceleration multiplied by mass. On the
other hand, an observer in an inertial frame of reference sees the passenger and car
accelerating inward as the car rounds the curve. Similarly, as the Earth rotates, an
observer in a noninertial frame of reference, such as on the Earth’s surface, views
the Earth and atmosphere being pushed away from the Earth’s axis of rotation
by an apparent centrifugal force. On the other hand, an observer in an inertial
frame of reference, such as in space, views the Earth and atmosphere accelerating
inward.

The Coriolis effect can also be viewed from different reference frames. In a
noninertial frame of reference, moving bodies appear to feel the Coriolis force
pushing them to the right in the Northern Hemisphere and to the left in the Southern
Hemisphere. In an inertial frame of reference, such as in space, rotation of the
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Earth underneath a moving body makes the body appear to accelerate toward the
right in the Northern Hemisphere or left in the Southern Hemisphere. In sum, the
centripetal and Coriolis effects can be treated as either accelerations or apparent
forces, depending on the frame of reference considered.

The terms on the right side of (4.12) are real forces. Real forces that affect
local acceleration of a parcel of air include the force of gravity (true gravitational
force), the force arising from spatial pressure gradients (pressure-gradient force),
and the force arising from air molecules exchanging momentum with each other
(viscous force). Substituting inertial acceleration terms from (4.18) into (4.12) and
expanding the right side give

at+a.+a = Mia(F;—i—Fp—i—Fv) (4.20)
where F; represents true gravitational force, F; represents the pressure gradient
force, and F, represents the viscous force. Atmospheric models usually require
expressions for local acceleration; thus, the momentum equation is written most
conveniently in a reference frame fixed on the surface of the Earth rather than
fixed outside the Earth-atmosphere system. In such a case, only local acceleration
is treated as an acceleration. The Coriolis acceleration is treated as a Coriolis force
per unit mass (a. = F./M,), and the Earth’s centripetal acceleration is treated as
an apparent centrifugal (negative centripetal) force per unit mass (a, = —F,/M,).
Combining these terms with (4.20) gives the momentum equation from a reference
frame fixed on Earth’s surface as

1
aj = - (F: —Fc + F; + F, + Fy) (4.21)

a

In the following subsections, terms in (4.21) are discussed.

4.2.1 Local acceleration

The local acceleration, or the total derivative of velocity, expands to

dv  ov
— — v 22
al_dt at—i—(v ) v (4.22)

This equation states that the local acceleration along the motion of a parcel equals
the local acceleration at a fixed point plus changes in local acceleration due to
fluxes of velocity gradients.
In Cartesian-altitude coordinates, the left side of (4.22) expands to
dv  dliu+jv+kw) .du .dv dw

=@ aiatla

dr — dt dt (4.23)
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and the right side expands to

) (it + jv + kw) (4.24)

. [ ou n ou n ou n ou 4 ov n v n ov n ov
=i|—“4u—+v— +w— —t+u—+v— +w—
x ay 0z ] ot 0x ay 0z

In spherical-altitude coordinates, the left side of (4.22) expands, with the chain
rule, to

dv  diau+jv +kw) i%—i—u% N '%—i— dj, N kd—w—i- dk,
dr — dt “\Mdr dt ar TV ar i Y
(4.25)

Time derivatives of the unit vectors are needed to complete this equation. Substi-
tuting (4.1) into the total derivative in Cartesian-altitude coordinates from (3.13)
gives the total derivative in spherical-altitude coordinates as

d d 1 0 1 9 d
_ —_—— — 4.26
dt 8t+uRecos¢8Ae+URe8(p+w8z ( )

Applying (4.26) to i, yields

di;  9i, 1 o1, 1 01, o1,

S _ =y
dr = ot "Rocosgan  “Roap oz

(4.27)

Since i; does not change in time at a given location, 9i;/d¢ = 0. Substituting
9i,/9t = 0 and terms from (4.9) into (4.27) and into like expressions for dj,/d¢
and dk, /dz gives

di, . utang u

E_lq) R. krRe (4.28)
dj, . wutang v

TR AR

dk, . L

&t~ PR TR

Finally, substituting (4.28) into (4.25) results in

ﬁ—i <%_uvtan¢+ﬂ)+. (d_v+u2tan<p+%> Lk (d_w_ﬁ_ﬁ)
de — *\de R R ) \dr T TR R ’
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Example 4.2

Hu=20ms!,v=10m s!, and w =0.01 m s, and if du/dt scales as

u/(Ax/u), estimate the value of each term on the right side of (4.29) at ¢ =
45° N latitude assuming Ax = 500 km, Ay = 500 km, and Az = 10 km for
large-scale motions.

SOLUTION

From the values given,

u uv tan ¢ uw
— ~8x10%ms? — X ~31x10°ms? —~31x10%ms?
dt R, R,
dv ., Uultang e, bW e
— ~2x10"ms ~6.3x10°ms — X 1.6 x10 "ms
dt R,
dw u? v?
T~ 1x108ms™2 R ~6.3x10°ms? e 1.6 x 10 °ms~2
€

uw/ R, and vw/ R, are small for large- and small-scale motions. dw/dt is also
small for large-scale motions.

Example 4.2 shows that uw/R. and vw/R. are small for large-scale motions and
can be removed from (4.29). If these terms are removed, 2>/ R. and v/ R. must also
be removed from the vertical term to avoid a false addition of energy to the system.
Fortunately, these latter terms are small in comparison with the gravitational and
pressure-gradient forces per unit mass. Implementing these simplifications in (4.29)
gives the local acceleration in spherical-altitude coordinates as

dv . /du wvtang . (dv  u’tang dw

Expanding the total derivative in (4.30) gives the right side of (4.22) in spherical-
altitude coordinates as

3V+< V) ; 8u+ u ou n v ou +w8u uv tan ¢
_— V o vV = e _— _— _———
ot ot Recosp 0he R 0@ 0z R.
"y 8v+ u v L v N v u’tang
T - 4w
o 0t  Re.cos@dle R.dgp k4 R,
w u w v ow ow
kl—+———-—+ —— — 4.31
+ 7<8t+Recoscp8ke+Re8<p+w3z) ( )

In the horizontal, local accelerations have magnitude on the order of 10~* ms~2.

These accelerations are less important than Coriolis accelerations or than the
pressure-gradient force per unit mass, but greater than accelerations due to the vis-
cous force, except adjacent to the ground. In the vertical, local accelerations over
large horizontal distances are on the order of 107 m s™2 and can be neglected,
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Figure 4.4 Example of Coriolis deflections. The Coriolis
force deflects moving bodies to the right in the Northern
Hemisphere and to the left in the Southern Hemisphere.
The deflection is zero at the Equator. Deflections in the
figure are exaggerated.

since gravity and pressure-gradient accelerations are a factor of 10% larger. Over
small horizontal distances (<3 km), local accelerations in the vertical are important
and cannot be ignored.

4.2.2 Coriolis force

The second term in the momentum equation is the Coriolis force. In a noninertial
frame of reference, the Coriolis force appears to push moving bodies to the right
in the Northern Hemisphere and to the left in the Southern Hemisphere. In the
Northern Hemisphere, it acts 90° to the right of the direction of motion, and in
the Southern Hemisphere, it acts 90° to the left of the direction of motion. The
Coriolis force is only apparent: no force really acts. Instead, the rotation of a
spherical Earth below a moving body makes the body accelerate to the right in
the Northern Hemisphere or left in the Southern Hemisphere when viewed from
an inertial frame of reference, such as from space. The acceleration is zero at
the Equator, maximum near the poles, and zero for bodies at rest. Moving bodies
include winds, ocean currents, airplanes, and baseballs. Figure 4.4 gives an example
of Coriolis deflections.

In terms of an apparent force per unit mass, the Coriolis term in (4.19) expands
in spherical-altitude coordinates to

F T P k,
— =2Qxv=2Q|0 cosg sing
M,
u v w
=152Q(wcosg —vsing) + j,2Qusing — k,2Qucos ¢ (4.32)

If only a zonal (west—east) wind is considered, (4.32) simplifies to
F.

o 2Q x v =j,2Qusing — k,2Qu cos ¢ (4.33)
a
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Figure 4.5 Coriolis acceleration com-
ponents that result when the Coriolis
force acts on a west-to-east wind trav-
eling around the Earth, parallel to the
Equator, and into the page (denoted
by arrow tail). See Example 4.3 for a
discussion.

Example 4.3 uses (4.33) to show that moving bodies are deflected to the right in
the Northern Hemisphere.

Example 4.3

The fact that the Coriolis effect appears to deflect moving bodies to the right
in the Northern Hemisphere can be demonstrated graphically. Consider only
local acceleration and the Coriolis force per unit mass in (4.21). In such a
case, aj = —F./M,. Substituting (4.33) and a; = dv/dt from (4.19) into this
expression when a west—east wind is present gives

dv

dt
Figure 4.5 shows the terms on the right side of this equation and the magnitude
and direction of the resulting acceleration. The figure shows that the Coriolis
effect acts perpendicular to a wind blowing from the west (+u), forcing the
wind toward the south and vertically. At ¢ = 0° N, only the vertical component
of the Coriolis effect remains, and the wind is not turned horizontally. At
¢ = 90° N, only the horizontal component remains, and the wind is not turned
vertically.

= —j,2Qu sing + k,2Qu cos ¢

Because vertical scalar velocities are much smaller than horizontal scalar veloc-
ities, 1, 2Qw cos ¢ may be removed from (4.32). Because the vertical component of
the Coriolis force is smaller than other vertical components in the momentum equa-
tion (e.g., gravity and pressure-gradient terms), k,2Qu cos ¢ may also be removed.
With these changes, the Coriolis force vector per unit mass in spherical-altitude
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coordinates simplifies to

F
Mc =20 x v~ —1,2Qusing + j,2Qu sin ¢ (4.34)

a

Defining the Coriolis parameter as
f=2Qsing (4.35)

gives another form of the Coriolis term as

F ioj ke
—C%—ikfz/—i—jwfu: f10 0 1|=/fk xwv (4.36)
M,

u v O

Equation (4.36) can be approximated in Cartesian coordinates by substituting i, j,
and k for i, j,, and k,. The magnitude of (4.36) is |Fc|/M, = f |vu| = fvVu? + 02,

where |vy| is the horizontal wind speed (m s1).

Example 4.4

A mean wind speed of |vy| = 10 m s™! at the North Pole results in a Coriolis
acceleration magnitude of about |F;|/M, = 0.001454 m s~2.

4.2.3 Gravitational force

Gravity is a real force that acts on a parcel of air. The gravity that we experience is
really a combination of true gravitational force and the Earth’s apparent centrifu-
gal force. True gravitational force acts toward the center of the Earth. The Earth’s
apparent centrifugal force, which acts away from the axis of rotation of the Earth,
slightly displaces the direction and magnitude of the true gravitational force. The
sum of the true gravitational and apparent centrifugal force vectors gives an effec-
tive gravitational force vector, which acts normal to the surface of the Earth but
not toward its center.

The Earth’s apparent centrifugal force (or centripetal acceleration) arises because
the Earth rotates. To an observer fixed in space, objects moving with the surface of
a rotating Earth exhibit an inward centripetal acceleration. The object, itself, feels
as if it is being pushed outward, during rotation, by an apparent centrifugal force.
The force is the greatest at the Equator, where the component of the Earth’s angular
velocity normal to the Earth’s axis of rotation is the greatest, and zero at the poles,
where the normal component of the Earth’s angular velocity is zero. Over time,
the apparent centrifugal force has caused the Earth to bulge at the Equator and
compress at the poles. The equatorial radius of Earth is now about 21 km longer
than the polar radius, making the Earth an oblate spheroid.
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Figure 4.6 Gravitational force
components for the Earth. True
gravitational force acts toward
the center of the Earth, and
apparent centrifugal force acts
away from its axis of rota-
tion. The effective gravitational
force, which is the sum of the
true gravitational and appar-
ent centrifugal forces, acts nor-
mal to the true surface but
not toward the center of the
Earth. The apparent centrifu-
gal force (negative centripetal
acceleration) has caused the
Earth to bulge at the Equa-
tor, as shown in the diagram,
making the Farth an oblate
spheroid. Vectors correspond-
ing to a true sphere are marked
with asterisks to distinguish
them from those corresponding
to the oblate spheroid.

The true gravitational force vector per unit mass, which acts toward the center
of Earth, is

= —kig* (4.37)

2|

where g* is the true gravitational acceleration. The vectors i}, j;, and k' are unit
vectors on a true sphere. The vectors i;, j,, and k, are unit vectors on the Earth,
which is an oblate spheroid. Figure 4.6 shows the orientation of true gravitational
force and vertical unit vectors for Earth and for a perfect sphere.

True gravitational acceleration is derived from Newton’s law of universal grav-
itation. This law gives the gravitational force vector between two bodies as

GM; M
Fiog=—Ty——— (4.38)

"1
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4.2 Newton’s second law of motion

where G is the universal gravitational constant (6.6720 x 10~'! m? kg=! s72),
M; and M, are the masses of the two bodies, respectively, Fy, , is the vector force
exerted on M, by My, a1 is the distance vector pointing from body 2 to body 1,
721 is the distance between the centers of the two bodies, and the negative sign
indicates that the force acts in a direction opposite to that of the vector rp;. The
magnitude of the gravitational force vector is Fy = GM; My /r3,.

In the case of the Earth, Fi, , = Fi, 11 =Re = kiR, Mj = M,, My = M,, and
721 = Re, where M, is the mass of a parcel of air, and M. is the mass of the Earth.
Substituting these values into (4.38) gives the true gravitational force vector per
unit mass as

F; GM.
£ =k 4.
M, " R? (4.39)
Equating (4.39) with (4.37) and taking the magnitude give
134 GM,
gt % 4.4
M, ¢ TR (+.40)

Example 4.5

The mass of the Earth is about M, = 5.98 x 10%* kg, and the mean radius is
R, = 6.37 x 10% m. Thus, from (4.40), the true gravitational acceleration has a
magnitude of about g* = 9.833 m s~2.

For a true sphere, the apparent centrifugal force per unit mass expands to

i i k*
F. A @ o
Mz_arZ—QX(QXRe)=—Q 0 cosg sing
! R.cosg 0 0
= —iZZRefz2 cos g sin ¢ 4 k* R.Q* cos” ¢ (4.41)
where
Q=j,Qcosp +kiQsing R =k/Re (4.42)

are the angular velocity vector and radius vector, respectively, of the Earth as if
it were a true sphere, R, cos¢ is the perpendicular distance between the axis of
rotation of Earth and the surface of Earth at latitude ¢, as shown in Fig. 4.6,
and

QxRe=Q[0 cosg sing| =i"R.Qcosg (4.43)
0 0 Re

97
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The magnitude of (4.41) is [F;|/M, = R.Q?* cos ¢. Adding (4.41) to (4.37) gives the
effective gravitational force vector per unit mass on the Earth as
F, F, F . 2 -
-8 _ "8 ok Kk* 2 2 _*:_kr X
TR + A J, Re2” cos p sing + k(R Q" cos™ ¢ — g%) g (4.44)

where k; is the unit vector normal to the oblate spheroid surface of the Earth, and

g= [(R.$2? cos ¢ sin @) + (g" — R.2% cos? ¢)*]'/? (4.45)

is the magnitude of the gravitational force per unit mass, or effective gravitational
acceleration (effective gravity). The effective gravity at sea level varies from g =
9.799 m s2 at the Equator to g = 9.833 m s at the poles. These values are
much larger than accelerations due to the Coriolis effect. The effective gravity
at the poles equals the true gravitational acceleration there, since the apparent
centrifugal acceleration does not act at the poles. Centripetal acceleration affects
true gravitational acceleration by about 0.34 percent at the Equator. The difference
between the equatorial and polar radii of Earth is about 21 km, or 0.33 percent of
an average Earth’s radius. Thus, apparent centrifugal force appears to account for
the bulging of the Earth at its Equator.

The globally averaged effective gravity at the Earth’s topographical surface,
which averages 231.4 m above sea level, is approximately g = 9.8060 m s—2. Since
the variation of the effective gravity g with latitude is small, g is often approximated
with gy in models of the Earth’s lower atmosphere.

Figure 2.1(c) and Appendix Table B.1 give the globally averaged effective gravity
versus altitude. The figure and data were derived by replacing R, with R, + z in
(4.40), combining the result with (4.45), and averaging the result globally.

Example 4.6

Both g* and g vary with altitude in the Earth’s atmosphere. Equation (4.40)
predicts that, 100 km above the equator, g* ~ 9.531 m s™2, or 3.1 percent lower
than its surface value. Equation (4.45) predicts that, at 100 km, g~ 9.497 m s~2,
also 3.1 percent lower than its surface value. Thus, the variation of gravity with
altitude is more significant than is the variation of gravity due to centripetal

acceleration (0.34 percent).

Effective gravity is used to calculate geopotential, the work done against gravity
to raise a unit mass of air from sea level to a given altitude. Geopotential is a scalar
that is a measure of the gravitational potential energy of air per unit mass. The
magnitude of geopotential (m? s72) is

D (z) = /Ozg(z) dz (4.46)
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p.r

+—>
Ax

Figure 4.7 Example of pressure-
gradient forces acting on both sides
of a parcel of air. F,, is the force act-
ing on the right side, and F,) is the
force acting on the left side.

where z = 0 corresponds to sea level and g(z) is gravitational acceleration as a
function of height above the Earth’s surface (see Appendix Table B.1).
Geopotential height is defined as

7= (4.47)

Near the Earth’s surface, geopotential height approximately equals altitude (Z ~ z)
since g(z) ~ go. Geopotential height differs from actual altitude by about 1.55
percent at 100 km. At 25 km, the difference is 0.39 percent. The assumptions
Z~ z and g(z) ~ gy = g are often made in models of the lowest 100 km of the
atmosphere. Under these assumptions, the magnitude and gradient of geopotential
height are

0d(2)

d(z)~ gz VO(z) =V =k, ~ kg (4.48)

respectively. Substituting (4.48) into (4.44) gives the effective gravitational force
per unit mass in spherical coordinates as

F

£ = _kg=-Vo 4.49
M, g (4.49)

This equation can be written in Cartesian-altitude coordinates by substituting k

for k,.

4.2.4 Pressure-gradient force

The pressure-gradient force is a real force that causes air to move from regions of
high pressure to regions of low pressure. The force results from pressure differences.
Suppose a cubic parcel of air has volume AxAyAz, as shown in Fig. 4.7. Suppose
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100 km

1012 hPa 1008 hPa

Figure 4.8 Example of a pressure
gradient. The difference in pressure
over a 100-km distance is 4 hPa. The
letters H and L indicate high and
low pressure, respectively. The thick
arrow indicates the direction of the
pressure-gradient force.

also that air pressures on the right and left sides of the parcel impart the forces

ap Ax ap Ax
Fo,=—|p.+—— |AYA Foi=|(p.— —— |AyA 4.50
. <P+ax2>yz p.l (P ax2>yz (4.50)
respectively, where p. is the pressure at the center of the parcel. Dividing the sum
of these forces by the mass of the parcel, M, = p,AxAyAz, and allowing Ax, Ay,
and Az to approach zero give the pressure-gradient force per unit mass in the
x-direction as

Fp « 1 9pa
s 451
M, Pa 0x ( )

Example 4.7

Figure 4.8 shows two isobars, or lines of constant pressure, 100 km apart. The
pressure difference between the isobars is 4 hPa. Assuming p, = 1.2 kg m~3,
the magnitude of the horizontal pressure-gradient force per unit mass is

approximately
10p, _ 1 (1012 - lOOShPa) 100kgm! 52

— =0.0033ms 2
Pa 0X  1.2kgm—3 10°m hPa

which is much smaller than the force per unit mass due to gravity, but on the
same scale as the Coriolis force per unit mass.

The pressure-gradient force per unit mass can be generalized for three directions
in Cartesian-altitude coordinates with

Fp 1 1 3[73 apa 8pa
P Vp,=—— k 4.52
M, Pa P Pa <l TRE dy % (332
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and in spherical-altitude coordinates with

F, 1 1/, 1 dp. . 10p. . 9pa

P Cp=—— (i - k, 4.53

M, o P Pa (lxRecosw e P Rap oz (+.53)
Example 4.8

In the vertical, the pressure-gradient force per unit mass is much larger than is
that in the horizontal. Pressures at sea level and 100-m altitude are p, ~ 1013
and 1000 hPa, respectively. The average air density at 50 m is p, ~ 1.2 kg m~3.
In this case, the pressure-gradient force per unit mass in the vertical is

19p, _ 1 (1013 — 1000hPa) 100kgm ™ 's~2
3

a 37 100 m hPa

- =10.8ms 2
Pa 9z  1.2kgm

which is over 3000 times greater than the horizontal pressure-gradient force
per unit mass calculated in Example 4.7.

4.2.5 Viscous force

Molecular viscosity is a property of a fluid that increases its resistance to motion.
This resistance arises for a different reason in liquids than in gases. In liquids,
viscosity is an internal friction that arises when molecules collide with each other
and briefly bond, for example by hydrogen bonding, van der Waals forces, or
attractive electric charge. Kinetic energy of the molecules is converted to energy
required to break the bonds, slowing the flow of the liquid. At high temperatures,
bonds between liquid molecules are easier to break, thus viscosity is lower and
liquids move more freely than at low temperatures.

In gases, viscosity is the transfer of momentum between colliding molecules. As
gas molecules collide, they generally do not bond, so there is little net loss of energy.
When a fast molecule collides with a slow molecule, the faster molecule is slowed
down, the slower molecule increases in speed, and both molecules are redirected.
As a result, viscosity reduces the spread of a plume of gas. As temperatures increase,
the viscosity of a gas increases because high temperatures increase the kinetic energy
of each gas molecule, thereby increasing the probability that a molecule will collide
with and exchange momentum with another gas molecule. Due to the increase in
resistance to flow due to enhanced collision and redirection experienced by a gas
at high temperature, a flame burning in air, for example, will not rise so high at a
high temperature as it will at a low temperature. In sum, the effect of heating on
viscosity is opposite for gases than for liquids.

When gas molecules collide with a stationary surface, they impart momentum
to the surface, causing a net loss of energy among gas molecules. The dissipation
of kinetic energy contained in gas molecules at the ground due to viscosity causes
the wind speed at the ground to be zero and to increase logarithmically above the
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ground. In the absence of molecular viscosity, the wind speed immediately above
the ground would be large.
The molecular viscosity of air can be quantified with

5 m, R*T 416.16 T \"“
A= —— ~ 1.8325 x 107 4.54
Ty * <7¥+120)<29616> (4.54)

(kg m~! s71), called the dynamic viscosity of air. The first expression is based on
gas kinetic theory and can be extended to any gas, and the second expression is
based on experiment and referred to as Sutherland’s equation (List 1984). In the
equations, 71, is the molecular weight of air (28.966 g mol~!), R* is the univer-
sal gas constant (8314.51 g m? s=2 mol~! K=1), T is absolute temperature (K), A
is Avogadro’s number (molec. mol™'), and d, is the average diameter of an air
molecule (m). Equating the two expressions at 296.16 K gives d, ~ 3.673 x
1071% m. A related parameter is the kinematic viscosity of air

v, =1 (4.55)
Pa

(m? s~1), which is a molecular diffusion coefficient for air, analogous to the molec-
ular diffusion coefficient for a trace gas.

Viscous interactions among air molecules sliding over each other give rise to a
viscous force, which is an internal force caused by molecular interactions within a
parcel. The change of wind speed with height (i.e., du/9z) is wind shear. As layers
of air slide over one another at different speeds due to wind shear, each layer exerts
a viscous stress (shearing stress), or force per unit area, on the other. The stress
acts parallel to the direction of motion and over a plane normal to the direction of
shear. If wind shear in the z-direction exerts a force in the x-direction per unit area
of the x—y plane, the resulting shearing stress is

o = e (4.56)
0z
(N m~2 or kg m~! s72), where 7, is the dynamic viscosity of air from (4.54) and is
also the ratio of shearing stress to shear. Shearing stress results when momentum
is transported down a gradient of velocity, just as gas molecules are transported
by molecular diffusion down a gradient of gas concentration. A cubic parcel of air
experiences a shearing stress on its top and bottom, as shown in Fig. 4.9.

The net viscous force on a parcel of air equals the shearing stress on the top
minus the shearing stress on the bottom, multiplied by the area over which the
stress acts. The force acts parallel to the direction of motion. If t,, is the shearing
stress in the middle of the parcel, and if 97,,/0z is the vertical gradient of shearing
stress, the shearing stresses at the top and bottom, respectively, of the parcel are

0T AZ 0T, AZ

8—Z 2 Tex,bot = Tex — 8—Z B (4.57)

Tax,top = Tax +
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Ay
T2y, top

——» | Tzx, mid

Az

’ T2x, bot

>
Ax

Figure 4.9 Example of shearing
stress in the x-direction on a volume

of air.
— T u —_—» T
u zx, top zx, top
z — Tymid ¢ —» Tz, mid
— T, bot — Tzx, bot
X X
No net viscous force Net viscous force

Figure 4.10 A linear vertical wind shear results in a constant shearing
stress at all heights and no net viscous force. A nonlinear wind shear
results in a change of shearing stress with height and a net viscous force.

Subtracting the shearing stress at the bottom from that at the top of the parcel,
multiplying by area, and dividing by air parcel mass, M, = p,AxAyAz, give the
net viscous force per unit mass as

FV,ZX

AxAy 1 0t
M, = (sz,top - sz,bot) =

PaAXAYAZ T pa 02

(4.58)

Substituting shearing stress from (4.57) into (4.58), and assuming 5, is invariant
with altitude, give

Fooe 10 9 a 07
Tvex _ ( ”)~’7 " (4.59)

M, padz\"9z) " pa 022
This equation suggests that, if wind speed does not change with height or changes
linearly with height and 7, is constant, the viscous force per unit mass in the x-
direction due to shear in the z-direction is zero. In such cases, shearing stress is
constant with height, and no net viscous force occurs. When wind speed changes
nonlinearly with height, the shearing stress at the top of a parcel differs from that
at the bottom, and the net viscous force is nonzero. Figure 4.10 illustrates these
two cases.

Expanding (4.59) gives the viscous-force vector per unit mass as

F, Na 2 2
— = —Vv=0y,Vv 4.60
M, Pa ‘ ( )
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where v, was given in (4.55). The gradient squared term expands in Cartesian-
altitude coordinates to
Pu  *u 82u>

VZ = V'V :. —_ R J—
v=l A (8x2 + ay? * 022

(v v v Pw  w  Fw
+]<ﬁ+8_y2+ﬁ>+k<ﬁ+w+ﬁ) (4.61)
Substituting (4.1) and spherical coordinate unit vectors converts (4.6 1) to spherical-
altitude coordinates.

Viscous forces in the atmosphere are small, except adjacent to a surface, where
collision of molecules with the surface results in a loss of kinetic energy to the
surface. The loss of momentum at the surface causes winds to be zero at the surface
but to increase logarithmically immediately above the surface. The relatively large,

nonlinear wind-speed variation over a short distance increases the magnitude of
the viscous force.

Example 4.9

Viscous forces away from the ground are small. Suppose u; = 10 m s at

altitude z, = 1000 m, u, = 14 m s~ ! at z, = 1250 m, and u; = 20 m s~ at
73 = 1500 m. If the average temperature and air density at z, are T= 280 K and
pa = 1.085 kg m~3, respectively, the dynamic viscosity of air is 1, = 1.753 x
107° kg m~! s71. The resulting viscous force per unit mass in the x-direction
due to wind shear in the z-direction is approximately

FV,ZX _Ta 1 <U3 — U U — g

~ = — ) =5.17 x 1079 ms?
M, Pal(zs—2z)/2 \ 23— 22 Zp— 2

which is much smaller than the pressure-gradient force per unit mass from
Example 4.7.

Example 4.10

1 at

Viscous forces near the ground are often significant. Suppose u; = 0 m s~
altitude zz = 0m, u; =04 ms'atz =005m,and u3 =1 m s ' at z3 =
0.1 m. If the average temperature and air density at z;, are 7= 288 K and p, =
1.225 kg m~3, the dynamic viscosity of air is 7, = 1.792 x 107> kg m~* s,
The resulting viscous force per unit mass in the x-direction due to wind shear
in the z-direction is

Fozx _Ta 1 (US_UZ Uy — U

~ 2 — ):1.17><10—3ms‘2
M, Pa(zs—21)/2 \Z3— 22 Zp— 2

which is comparable in magnitude with the horizontal pressure-gradient force
per unit mass calculated in Example 4.7.
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4.2.6 Turbulent-flux divergence

At the ground, wind speeds are zero. In the surface layer, which is a 50-300-
m-thick region of the atmosphere adjacent to the surface, wind speeds increase
logarithmically with increasing height, creating wind shear. Wind shear produces
a shearing stress that enhances collisions on a molecular scale. On larger scales,
wind shear produces rotating air motions, or eddies. Wind shear can arise when,
for example, moving air encounters an obstacle, such as a rock, tree, structure, or
mountain. The obstacle slows down the wind beyond it, but the wind above the
obstacle is still fast, giving rise to a vertical gradient in wind speed that produces
a rotating eddy. Eddies created downwind of obstacles are called turbulent wakes.
Eddies can range in size from a few millimeters in diameter to the size of the
boundary layer (several hundred meters in diameter).

Eddies are created not only by wind shear but also by buoyancy. Heating of sur-
face air causes the air to rise in a thermal, forcing air aloft to sink to replace the rising
air, creating a circulation system. Turbulence consists of many eddies of different
size acting together. Wind shear arising from obstacles is called mechanical shear,
and the resulting turbulence is called mechanical turbulence. Thermal turbulence
is turbulence due to eddies of different size arising from buoyancy. Mechanical
turbulence is most important in the surface layer, and thermal turbulence is most
important in the mixed layer. Thermal turbulence magnifies the effect of mechan-
ical turbulence by enabling eddies to extend to greater heights, increasing their
ability to exchange air between the surface and the mixed layer (Stull 1988).

Because eddies are circulations of air, they transfer momentum, energy, gases,
and particles vertically and horizontally. For example, eddies transfer fast winds
aloft toward the surface, creating gusts near the surface, and slow winds near the
surface, aloft. Both effects reduce wind shear. The transfer of momentum by eddies
is analogous to the smaller-scale transfer of momentum by molecular viscosity. As
such, turbulence due to eddies is often referred to as eddy viscosity.

If a numerical model has grid-cell resolution on the order of a few millimeters,
it resolves the flow of eddies of all sizes without the need to treat such eddies as
subgrid phenomena. Such models, called direct numerical simulation (DNS) models
(Section 8.4) cannot ignore the viscous force because, at that resolution, the viscous
force is important. All other models must parameterize the subgrid eddies to some
degree (Section 8.4).

In models that parameterize subgrid-scale eddies, the parameterization can be
obtained as follows. Multiplying the precise acceleration of air from (4.22) by p,,
multiplying the continuity equation for air from (3.20) by v, and adding the results
yield

s | . (V,oa):| (4.62)

av
Pad] = Pa |:_+(V'V)Vi|+v|: >

ot

The variables in this equation are decomposed as v=v+V and p, = g, + p,.
Because density perturbations are generally small (p, < p,), the density simplifies
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to pa X pa. Substituting the decomposed values into (4.62) gives
9pa
Jt

A(V+Vv)
at

+[(\7+v/)-V](\7+V’)}+(\"+V/){ +V-[(\"+V/),63]}
(4.63)

Taking the time and grid-volume average of this equation, eliminating zero-value
terms, and removing unnecessary overbars give

Pad] = Pa {

av 00
Badl = [EHV-V)V} +v[ V. (m)} + 52V V)V VYV« (V)

(4.64)

Substituting the time- and grid-volume-averaged continuity equation for air from
(3.48) into (4.64) and dividing through by p, yield aj = a; + a’j,where
v F 1

a=g V)Y A= = a[pa(v VWV AV (V5] (4.65)

The second term is treated as a force per unit mass in the momentum equation,
where F, is a turbulent-flux divergence vector multiplied by air mass. Since F,
originates on the left side of (4.12), it must be subtracted from the right side when
treated as a force. F; accounts for mechanical shear, buoyancy, and other eddy
effects, such as waves. Expanding the turbulent-flux divergence term in (4.65) in
Cartesian-altitude coordinates gives

F; 1 a(paW) 8(pam) d(pa/u’)
= + +
ax ay 0z

1| a(pant))  B(pav'v)  dpa't
[<p ), dea) | Bl )}

1
+k—
Pa

(4.66)

Averages, such as /' and w'v’ (m m s~! s71), are kinematic turbulent fluxes of
momentum, since they have units of momentum flux (kg m s~! m=2 s=!) divided by
air density (kg m~3). Each such average must be parameterized. A parameteriza-
tion introduced previously and discussed in Chapter 8 is K-theory. With K-theory,
vertical kinematic turbulent fluxes of west—east and south-north momentum are
approximated with

ou N av

wi = —Kyy o — wv = —K

ey — 4.67
9z a9z ( )

2 —1

respectively, where the K,,,’s are eddy diffusion coefficients for momentum (m=* s~
or cm? s71). In all, nine eddy diffusion coefficients for momentum are needed. Only

three were required for energy. Since #'v' = v/, W'w = w'u', and v'w = w'v', the
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number of coefficients for momentum can be reduced to six. Substituting (4.67)
and other like terms into (4.66) and dropping overbars for simplicity give the
turbulent-flux divergence as

F; 1o ou d ou d ou
— =—1— | — Kopx— — Kopyx— — Koo —
M, lpa I:Bx <pa m,xx 3x> + 3y (pa myx ay) + Py (pa mzx 3Z)]
1[0 v d ov ad v
—j— = Kipxy— — K, yy— — Kooy—
o L (o) # 5 (w55 ) 5 (k)

1[0 ow 0 ow 0 ow
_k_ a aKmx P P aKm a_ a aKm P
pa[ax<p 'Zax)+ay<” ’”ay>+az<p az)]

(4.68)

This equation can be transformed to spherical-altitude coordinates by substituting
(4.1) and spherical-coordinate unit vectors into it. Each term in (4.68) represents an
acceleration in one direction due to transport of momentum normal to that direc-
tion. For example, the zx term is an acceleration in the x-direction due to a gradient
in wind shear and transport of momentum in the z-direction. Kinematic turbulent
fluxes are analogous to shearing stresses in that both result when momentum is
transported down a gradient of velocity. In the case of viscosity, momentum is
transported by molecular diffusion. In the case of turbulence, momentum is trans-
ported by eddy diffusion. As with the viscous forces per unit mass in (4.60), the
turbulent-flux divergence terms in (4.68) equal zero when the p, K,,, terms are con-
stant in space and the wind shear is either zero or changes linearly with distance.
Usually, the p, K,, terms vary in space.
The eddy diffusion coefficients in (4.68) can be written in tensor form as

Ko sex 0 0 Ko xy 0 0
Kn=| 0 Kuy 0 |foru, 0 Kuy 0 | fory,
0 0 Ko ox 0 0 Ko 2y
Ko xz 0 0
0 K yz 0 |forw (4.69)
0 0 K 2z

where a different tensor is used depending on whether the #, v, or v momentum
equation is being solved. In vector and tensor notation, (4.68) simplifies to

F 1
= o (VK (4.70)

where the choice of tensor K, depends on whether the scalar in vector v is u, v,
or w.
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Example 4.11

What is the west—east acceleration of wind at height 300 m due to the
downward transfer of westerly momentum from 400 m under the following
conditions: 1; = 10 m s~ ! at altitude z; = 300 m, 1, = 12 m s~ ! at z, = 350
m, and u3 = 15 m s~! at z3 = 400 m? Assume also that a typical value of K,
in the vertical direction in the middle of the boundary layer is 50 m? s~! and
that the diffusion coefficient and air density remain constant between 300 and
400 m.

SOLUTION

F 10 ou K Uz — u Uy — U
t,zx - -7 ,Oaszx_ ~ m, zx 3 2 _ 2 1 — 0.02111872
M, padz oz (zz—2z)2\z-—22 -2

Example 4.12

What is the deceleration of westerly wind in the south due to transfer of
momentum to the north under the following conditions: u; = 10 m s™! at
location y3 =0m, u, =9ms~tat y =500 m, and u3 = 7 m s~! at y3 = 1000 m?
Assume also that a typical value of K;; in the horizontal is about K;;; = 100 m?
s7! and that the diffusion coefficient and air density remain constant between
v and ys.

SOLUTION
Fyx 1 9 < 811) Ko yx <u3—u2 uz—u1>
= a_ paKm,yX_ ~ -
M,  pady oy m—wn)2\ym—»n »—n
= —0.0004ms 2

4.2.7 Complete momentum equation

Table 4.1 summarizes the accelerations and forces per unit mass derived above and
gives approximate magnitudes of the terms. Noting that aj = a; + F,/ M,, removing
overbars for simplicity, and substituting terms from Table 4.1 into (4.21) give the
vector form of the momentum equation as

d 1 \ 1
&Y o fkxv-V®— —Vp+ Byt (Ve p K V)v  (471)
det Pa Pa Pa
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Table 4.1 Terms in the momentum equation and their horizontal
and vertical magnitudes

Acceleration or Horizontal Vertical
Term force/mass expression acceleration (m s=2)  acceleration (m s~2)
dv v
Local acceleration 2 = Yy +(VeV)V 10~4 a10=7-1
dr ot
F.
Coriolis force per o fkxv 1073 0
unit mass @
F F; F
Effective ﬁg = Mg + ﬁr =-Vo 0 10
gravitational force a a a
per unit mass
. Fp 1 -3
Pressure-gradient S —Vpa 10~ 10
force per unit mass a 2
F,
Viscous force per unit = fla g2y b10-12-10-3 b10-15-10-°
mass a Pa
F, 1
Turbulent-flux — =—— (V. p,K,,V)v €0-0.005 0-1
M, Pa

divergence of
momentum

9Low value for large-scale motions, high value for small-scale motions (<3 km).
bLow value for free atmosphere, high value for air adjacent to the surface.
‘Low value for no wind shear, high value for large wind shear.

Table 4.1 shows that some terms in these equations are unimportant, depending
on the scale of motion. Three dimensionless parameters — the Ekman number,
Rossby number, and Froude number — are used for scale analysis to estimate the
importance of different processes. These parameters are

Vatt)x?
uf

respectively. The Ekman number gives the ratio of the viscous force to the Coriolis
force. Above the ground, viscous terms are unimportant relative to Coriolis terms.
Thus, the Ekman number is small, allowing the viscous term to be removed from the
momentum equation without much loss in accuracy. The Rossby number gives the
ratio of the local acceleration to the Coriolis force per unit mass. Local accelerations
are more important than viscous accelerations, but less important than Coriolis
accelerations. Thus, the Rossby number is much larger than the Ekman number,
but usually less than unity. The Froude number gives the ratio of local acceleration
to gravitational acceleration in the vertical. Over large horizontal scales (>3 km),
vertical accelerations are small in comparison with gravitational accelerations. In
such cases, the vertical acceleration term is often removed from the momentum
equation, resulting in the hydrostatic assumption.

i x Fe2 — w?/z

Ek = Ro =
uf g

(4.72)
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Example 4.13

2 1

Over large horizontal scales v, ~# 107 m? s7!, u~ 10 m s7!, x~ 10° m,
f~10"* s, w~0.01ms !, and z ~ 10* m. The Ekman number under these
conditions is Ek = 107!, indicating that viscous forces are small. The Rossby
number has a value of about Ro = 0.1, indicating that local accelerations are an
order of magnitude smaller than Coriolis accelerations. The Froude number is
Fr = 3 x 107°. Thus, local accelerations in the vertical are unimportant over
large horizontal scales.

Since air viscosity is negligible for most atmospheric scales, it can be ignored
in the momentum equation. Removing viscosity from (4.71) and expanding the
equation in Cartesian-altitude coordinates give

du du du du du 1 de
a " T ey T Wer Y pax
1[0 ou 0 ou 0 ou
— | — Koox— — K,y — — K, ox—
+ 0a |:3x <pa m,xx 8x> + ay (pa m,yx 3y> + Py (pa m,zx 8Z>i|
(4.73)
dv  ov v v v 1 9p,
= v— — =—fu——
de ot dx oy d 02 0y
4 1[0 ov n d v + d ov
PR Pallom,xy ) ay Pallom,yy ay 9z Pallsm, zy 9z
(4.74)
dw  ow ow ow ow 1 9p,
= — 4 r—4tw—=-g— —
dt ot 9 ay 0z Pa 02
1[0 ow 0 ow 0 ow
+E 3 Pa mxza + 5 Pa m,yza_ + 92 1% mzza_
(4.75)

The momentum equation in spherical-altitude coordinates requires additional
terms. When a reference frame fixed on the surface of the Earth (noninertial ref-
erence frame) is used, the spherical-altitude coordinate conversion terms from
(4.30), uvtan ¢/ R. and u?* tan ¢/ R., should be treated as apparent forces and are
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4.3 Applications of the momentum equation

moved to the right side of the momentum equation. Implementing this change and
substituting (4.1) into (4.73)—(4.75) give approximate forms of the directional
momentum equations in spherical-altitude coordinates as

ou n u ou n v ou n ou
sy T
0t  R.cospdr. R.dp 0z

_uvtang + 1 opa 1 1 0 [ paKyyxx Ou

a R. pPaRecos@ 0re g Rg COS@ 0Ae \ COSQ e

1 9 ou 0 ou
+ E@(ﬁaKm,yx%> + 8_z<)0aszx8_z>i|
(4.76)

3U+ u 8U+Uav+w8v
0t  Re.cosg dr. R.0g 02

_ _MZ tan g B fu— 1 0pa l 1 d ,OaKm,xy av
R paRe 09 pa [ R2cos@ . \ cosg A

1 9 ( ov a ov
+ = paKm, _> + _<paKm, _):|
2 3¢ o) " dz Yoz

(4.77)
8w+ u 8w+v8w+w8w
at R.cosp dre R. 0¢ 02
B 1 90p, 1 1 0 [ paKiyyxy oW
=8 Pa 02 pa | R2cos@ dre\ cosg i
1 0 ow 0 w
+E% (paKm,yz@> + 8_Z(paKm.zza_z>:| (4.78)

4.3 APPLICATIONS OF THE MOMENTUM EQUATION

The continuity equation for air, the species continuity equation, the thermodynamic
energy equation, the three momentum equations (one for each direction), and the
equation of state are referred to here as the equations of atmospheric dynamics.
Removing the species continuity equation from this list and substituting the hydro-
static equation in place of the full vertical momentum equation give the primitive
equations, which are a basic form of the Eulerian equations of fluid motion. Many
atmospheric motions, including the geostrophic wind, surface winds, the gradi-
ent wind, surface winds around high- and low- pressure centers, and atmospheric
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Figure 4.11 Force and wind vectors aloft and at the
surface in the Northern Hemisphere. The parallel
lines are isobars.

waves, can be understood by looking at simplified forms of the equations of atmo-
spheric dynamics.

4.3.1 Geostrophic wind

The momentum equation can be simplified to isolate air motions, such as the
geostrophic wind. The geostrophic (Earth-turning) wind arises when the Coriolis
force exactly balances the pressure-gradient force. Such a balance occurs following
a geostrophic adjustment process, described in Fig. 4.19 (Section 4.3.5.3). Many
motions in the free troposphere are close to being geostrophic because, in the free
troposphere, horizontal local accelerations and turbulent accelerations are usually
much smaller than Coriolis and pressure-gradient accelerations. Removing local
acceleration and turbulence terms from (4.73) and (4.74), and solving give the
geostrophic scalar velocities in Cartesian-altitude coordinates as

1 9 __ L 9 (4.79)

Vg = — — Uy = ——— ——
¢ fpa 3x ¢ fpa 3y

In geostrophic equilibrium, the pressure-gradient force is equal in magnitude to and
opposite in direction to the Coriolis force. The resulting geostrophic wind flows
90° to the left of the Coriolis force in the Northern Hemisphere, as shown in the
top portion of Fig. 4.11. In the Southern Hemisphere, the geostrophic wind flows
90° to the right of the Coriolis force.
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Example 4.14
If o =30°N, p, =0.76 kgm—2, and the pressure gradient is 4 hPa per 150 km in

the south—north direction, estimate the west—east geostrophic wind speed.

SOLUTION
From (4.35), f=7.292 x 10 °rads™". From (4.79), u; = 48.1 m s~

In vector form, the geostrophic velocity in Cartesian-altitude coordinates is

i j k
. 1 0pa 0pay 1 |0 0 1
winetin= o (S ) =
ax ay
1
= k x V. pa (4.80)
fpa
where
.0 .0 .0 .0
Vz=<1—) —|—<]—) =1—+]— (4.81)
ox/, ay /., ax ay

is the horizontal gradient operator in Cartesian-altitude coordinates. The subscript
z indicates that the partial derivative is taken along a surface of constant altitude;
thus, kd/dz = 0. Equation (4.80) indicates that the geostrophic wind flows parallel
to lines of constant pressure (isobars).

4.3.2 Surface-layer winds

In steady state, winds in the surface layer are affected primarily by the pressure-
gradient force, Coriolis force, mechanical turbulence, and thermal turbulence.
Objects protruding from the surface, such as blades of grass, bushes, trees, struc-
tures, hills, and mountains, slow winds near the surface. Aloft, fewer obstacles exist,
and wind speeds are generally higher than at the surface. In terms of the momen-
tum equation, forces that slow winds near the surface appear in the turbulent-flux
divergence vector F,.

Near the surface and in steady state, the sum of the Coriolis force and turbu-
lent flux vectors balance the pressure-gradient force vector. Aloft, the Coriolis and
pressure-gradient force vectors balance each other. Figure 4.11 shows forces and
resulting winds in the Northern Hemisphere in both cases. On average, friction near
the surface shifts winds about 30° counterclockwise in comparison with winds aloft
in the Northern Hemisphere, and 30° clockwise in comparison with winds aloft
in the Southern Hemisphere. The variation in wind direction may be 45° or more,
depending on the roughness of the surface. In both hemispheres, surface winds are
tilted toward low pressure.
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Figure 4.12 Variation of wind speed with height during the (a) day and
(b) night in the atmospheric boundary layer. Adapted from Stull (1988).

In the presence of near-surface turbulence, the steady-state horizontal momen-
tum equations simplify in Cartesian-altitude coordinates from (4.73)—(4.74) to

10 10 ou
- fU = Pa + _()OaKm,zx_>

Cpa 0x | pa iz 3z
1ap, 1 0 v
— — 2 pKpy 2 4.82
fu 2y BZ(pa m’zy3z> (4582

Figure 4.12 shows idealized variations of wind speed with increasing height in
the boundary layer during day and night. During the day, wind speeds increase
logarithmically with height in the surface layer. In the mixed layer, temperature
and wind speeds are relatively uniform with height. Above the entrainment zone,
wind speeds increase to their geostrophic values.

At night, wind speeds near the surface increase logarithmically with increasing
height but are lower than during the day. The reduced mixing in the stable boundary
layer increases wind speed toward the top of the layer, creating a nocturnal or low-
level jet that is faster than the geostrophic wind. In the residual layer, wind speeds
decrease with increasing height and approach the geostrophic wind speed.

Figures 4.13(a) and (b) show measurements of #- and v-scalar velocities at
Riverside, California, during a summer night and day, respectively. Riverside lies
between the coast and a mountain range. At night, the #- and v-winds were small.
In the lower boundary layer, during the day, the #-winds were strong due to a sea
breeze. Aloft, flow toward the ocean was strong due to a thermal low inland, which
increased pressure and easterly winds aloft inland. The v-component of wind was
relatively small.

4.3.3 The gradient wind

When air rotates around a center of low pressure, as in a midlatitude cyclone,
tornado, or hurricane, or when it rotates around a center of high pressure, as in an
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Figure 4.13 Measured variation of # and v scalar velocities with height at
(a) 3:30 a.m. and (b) 3:30 p.m. on August 27, 1987, at Riverside, California.

Figure 4.14 Cylindrical coor-
dinate components (iandj are
in Cartesian coordinates).

anticyclone, the horizontal momentum equations are more appropriately written
in cylindrical coordinates.

In Cartesian coordinates, distance variables are x, y, and z, and unit vectors are
i, j, and k. In cylindrical coordinates, distance variables are R, 8, and z, where R.
is the radius of curvature, or distance from point O to P in Fig. 4.14, and 6 is the
angle (radians) measured counterclockwise from the positive x-axis. Distances x
and y in Cartesian coordinates are related to R. and 6 in cylindrical coordinates

by

x = R.cos0 y = R.siné (4.83)
Thus,
2.2, 2 1Y
RR=x*+y* O=tan (x) (4.84)
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The unit vectors in cylindrical coordinates are
iR =1cosf +jsind jo = —isin® +jcos 6 k =k (4.85)

which are directed normal and tangential, respectively, to the circle in Fig. 4.14.
The radial vector, directed normal to the circle, is

R. =irR. (4.86)

The radial velocity, tangential velocity, and angular velocity vectors in cylindrical
coordinates are

UR = iRUR Vo = jols w, = ko, (4.87)
respectively, where
dR. do do vy
_ _r9 _9_ v 4.88
UR = g vy = R a ®: =4 R ( )

are the radial, tangential, and angular scalar velocities, respectively.
The tangential and angular velocity vectors in cylindrical coordinates are related
to each other by

iR o k
Vo =W, xRc=10 0 wvy/R| =7evs (4.89)
R. O 0

The local apparent centrifugal force per unit mass, which acts away from the center
of curvature, is equal and opposite to the local centripetal acceleration vector,

Fr iR Jo k 2
aR=—=w,xVg=|0 0 vy/R|=—ip— = —ipar (4.90)
M,
0 Vg 0

where ag = 1/92 /R. is the scalar centripetal acceleration.
In cylindrical coordinates and in the absence of eddy diffusion, the horizontal
momentum equations transform from (4.73) and (4.74) to
dug 13p. v dv UR Vg

9 i -
T (4.91)

respectively, where vZ/R. and —urvy/R. are centripetal accelerations, treated as
apparent centrifugal forces per unit mass, that arise from the transformation from
Cartesian to cylindrical coordinates. These terms are implicitly included in the
Cartesian-coordinate momentum equations.

When air flows around a center of low or high pressure aloft, as in Fig. 4.15(a)
or (b), respectively, the primary forces acting on the air are the Coriolis, pressure
gradient, and apparent centrifugal forces. If local acceleration is removed from
the first equation in (4.91), the resulting wind is the gradient wind. Assuming
dug /dt = 0 in the first equation in (4.91) and solving for the gradient-wind scalar
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Figure 4.15 Gradient winds around a center of (a) low and (b) high
pressure in the Northern Hemisphere, and the forces affecting them.

velocity give

1 9p,
Repa OR.

vgz—Rcf:i:% f2+4 (4.92)

In this solution, the positive square root is correct and results in vy that is either
positive or negative. The negative root is incorrect and results in an unphysical
solution.

Example 4.15

Suppose the pressure gradient a distance R, = 70 km from the center of a
hurricane is dp,/d R, = 45 hPa per 100 km. Assume ¢ = 15° N, p, = 850 hPa,
and p, = 1.06 kg m~3. These values give vy =52 m s and v, = 1123 ms™".
Since vy < vy, the apparent centrifugal force slows down the geostrophic
wind.

If the same conditions are used for the high-pressure center case (except
the pressure gradient is reversed), the quadratic has an imaginary root, which
is an unphysical solution. Reducing dp,/d R; to —0.1 hPa per 100 km in this
example gives vy = —1.7 m s7!. Thus, the magnitude of pressure gradients and
resulting wind speeds around high-pressure centers are smaller than those
around comparative low-pressure centers.

4.3.4 Surface winds around highs and lows

The deceleration of winds due to drag must be included in the momentum equation
when flow around a low- or high-pressure center near the surface occurs. Figures
4.16(a) and (b) show forces acting on the wind in such cases. In cylindrical coordi-
nates, the horizontal momentum equations describing flow in the presence of the
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Figure 4.16 Surface winds around centers of (a) low and (b) high pres-
sure in the Northern Hemisphere and the forces affecting them.

Coriolis force, the pressure gradient force, and friction are

dug ) 13p,  v) 1 d(paufy)
de ~ " p,dR. T R pa 0z
dug URVg 1 d(par'vy)

G = e SR (4.93)

where u}, and v}, are the perturbation components of ur and vy, respectively.

4.3.5 Atmospheric waves

Atmospheric waves are oscillations in pressure and/or velocity that propagate in
space and time. Because waves perturb air parcels, which contain gas molecules,
aerosol particles, and energy, waves result in spatial and temporal changes in
momentum, concentration, and temperature. Several wave types occur in the atmo-
sphere, including acoustic (sound), gravity (buoyancy), and Rossby (planetary)
waves. Waves are important to understand from a modeling point of view, because
they are often the fastest motion in a model domain and must be filtered from or
treated with special numerical methods in the equations of atmospheric dynamics.
Such filtering is discussed in Section 5.1. In this section, analytical wave equation
solutions are derived from the equations of atmospheric dynamics.

An atmospheric wave consists of a group of individual waves of different charac-
teristics superimposed upon each other. A set of individual waves can be considered
as a group under the superposition principle, which states that a group of two or
more waves can traverse the same space simultaneously, and the displacement of a
medium due to the group is the sum of the displacements of each individual wave
in the group. As a result of superposition, the shape of the sum of all waves in a
group, called the envelope, differs from the shape of each individual wave in the
group.

Individual waves are transverse, longitudinal, or both. A transverse wave is a
wave that has a sinusoidal wave shape perpendicular to the direction of propagation
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of the wave. If one end of a spring is fixed to a floor and the other end is lifted
vertically and then oscillated horizontally, a sinusoidal transverse wave propagates
down the spring to the floor. Pure gravity waves, light waves, and violin-string
waves are transverse waves. A longitudinal wave is one in which the disturbance
in wave shape flows along (parallel to) the direction of propagation of the wave.
If one end of a spring is fixed to the floor and the other end is lifted vertically
and then oscillated vertically, a longitudinal wave propagates to the floor. Pure
acoustic waves are longitudinal. Water waves at the top of the ocean surface are a
combination of transverse and longitudinal waves.

The main characteristics of an individual wave are its wavelength, wavenumber,
frequency of oscillation, phase speed, and amplitude. A wavelength is the distance
(m) between two crests or troughs in a wave. On a Cartesian grid, wavelengths
in the x-, y-, and z-directions are denoted by A, x, Ae,y, and A4z, respectively. The
wavenumber of a wave is defined here as 27 divided by the wavelength, or the num-
ber of wavelengths in a circle of unit radius. In three dimensions, the wavenumber
vector is

K =ik +jl 4 kinn (4.94)
where individual wavenumbers in the x-, y-, and z-directions are related to wave-
length by
2 2m . 2m

m =
)“oz,x )"ot,y )"ot,z

k=

(4.95)

(m~!) respectively. The magnitude of the wavenumber vector is
K| = VR + 12 + 722 (4.96)

The frequency of oscillation (v,, s™') (the angular frequency in this case) of a wave
is the number of wavelengths that pass through a given point in a circle of unit
radius per unit time. The phase speed (c,, m s~!) (or wave speed) of a wave is the
speed at which a mathematical surface of constant phase travels. In other words,
it is the speed at which all components of the individual wave travel along the
direction of propagation. The frequency of oscillation is related to the phase speed
and wavenumber by the dispersion relationship,

Vg = CaV B2 + 12 + 772 = ¢, K| (4.97)

The amplitude (A, m) of a wave is the magnitude of its maximum displacement.
In the case of transverse waves, the displacement (D, m) is the height of the wave
shape normal to the direction of propagation and varies between + Ay,. A common
wave equation for the propagation of a transverse wave is

D(x,t) = Aysin(kx — v,t) (4.98)
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Figure 4.17 Characteristics of a wave
generated from wave equation (4.98)
with A, = 1 m, k = 1.745 m~!, and
Aax =3.601 matz=0.

where the displacement is a function of distance x along the direction of propaga-
tion and time ¢. The argument in (4.98) is in radians. Figure 4.17 shows character-
istics of a wave generated from (4.98).

When individual waves propagate as a group, the group velocity is the velocity
of the envelope of the group. The three-dimensional group velocity vector is

Cg = iCg x +jCgy + Keg 2 (4.99)
where
8va avo{ avct
Cox = —5 C = —= C = —= 4.100
g, ak g,y 8[ 8.2 977 ( )

are group scalar velocities. Substituting (4.97) into (4.100) gives

n |I~(|8Ca I + ~ 0Cy
Cox = Cqy—=— — C = Cq =" —
& K| ok & K| al
m - ¢,
C.>=CC(T-|-|I<|—,~ (4.101
e = o +RIg )

The magnitude of the group velocity is the group speed,

|cg| =1/c§’x+céy+céz (4.102)

If waves traveling as a group propagate with a group speed equal to the phase
speed of each wave within the group, the shape of the group does not deform
over time, and the medium in which the group propagates is called a nondispersive
medium. For example, free space is a nondispersive medium for electromagnetic
waves (Chapter 9), and air is a nondispersive medium for sound waves (Section
4.3.5.1).If air were a dispersive medium for sound waves, then high-frequency and
low-frequency sounds from a piano would reach a person’s ear at different times,
and the resulting sound would not be harmonious.
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Figure 4.18 Wave pulses in (a) nondispersive and (b) dispersive media.
In the nondispersive case, v, = ¢,k (sound waves), where ¢, is the speed
of sound (346 m s~! here). In the dispersive case, v, = (gk)"/? (deep-
water waves). In both cases, two waves of wavenumber & = 10 m™! and
k, =40 m™', respectively, and amplitude Ay 1 = Ayo = 1, are summed
to form a group with displacement D(x,t) = Ay sin(kix — va1) +
Ay sin(kyx — Vy2t). Time 1 in the figures occurs when ¢ = 0 s in both
cases, and time 2 occurs when ¢ = 0.5 s in the nondispersive case and 4 s
in the dispersive case. In the nondispersive case, the group speed equals the
phase speed of each harmonic wave in the group and the wave group does
not change shape over time as it travels over distance x. In the dispersive
case, the group speed differs from the phase speed of each harmonic wave,
and the group changes shape over time.

For a medium to be nondispersive, the phase speed of each wave in a group
must be independent of wavenumber (or wavelength). In other words,

T T _ e (4.103)

Substituting these terms into (4.101) gives the group scalar velocities in a nondis-
persive medium as

I 7
C = Cq =" C = Cq =" 4.104
UK YK 104

Substituting (4.104) into (4.102) gives ]cg} = ¢y. Thus, in a nondispersive medium,
the group speed equals the phase speed of individual waves. In the case of sound
waves originating from a stationary source, the phase speed (c,) is the speed of
sound (c;).

If waves traveling as a group propagate with a group speed that differs from
the phase speed of any individual wave in the group, the shape of the group
deforms over time, and the medium in which the group propagates is called a
dispersive medium. Dispersive-medium waves arise when the phase speed is a
function of wavenumber. Water waves are examples of dispersive waves (Example
4.16). Figure 4.18 shows examples of wave pulses in nondispersive and dispersive
media.

121



Momentum equation in Cartesian and spherical coordinates

Example 4.16

Determine the phase speed and group speed of deep-water waves, which have
a dispersion relation, v, = /gk.

SOLUTION

Substituting the dispersion relationship into (4.97) gives the phase speed of
deep-water waves as
Vo 8

kK Vk
Substituting the dispersion relationship into (4.100) and the result into
(4.102) gives the group speed as

Cy =

|c|—c vy 1 g_lc
BTk 2Vk 2”

Thus, individual deep-water waves in a group move twice as fast as the
envelope of the group.

In the following subsections, atmospheric wave types and their characteristic
dispersion relationships are identified and briefly described.

4.3.5.1 Pure acoustic waves

Pure acoustic (sound) waves occur when a vibration causes alternating adiabatic
compression and expansion of a compressible fluid, such as air. During compression
and expansion, air pressure oscillates, causing acceleration to oscillate along the
direction of propagation of the wave. Pure acoustic waves are longitudinal because
wave disturbances travel parallel to the direction of wave propagation. Acoustic
waves transport not only sound, but also parcels of air containing energy, gases,
and particles.

The dispersion relationship for pure acoustic waves can be derived in three
dimensions by solving the #-, v-, and w-momentum equations (ignoring the Cori-
olis, gravitational, viscous, and eddy diffusion terms), the continuity equation for
air, and the thermodynamic energy equation (ignoring diabatic energy sources and
sinks). If the direction of wave propagation is assumed to be along the x-axis, the
dispersion relationship can be simplified by setting v- and w-terms to zero. In this
case, the #-momentum, continuity, and thermodynamic energy equations simplify
from (4.73), (3.23), and (3.66) to

du 1 9p,
= (4.105)
dp. ou
? = —,Oaa (4.106)
1do, dlne,
T =0 (4.107)
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respectively. Substituting 6, = T,(1000/ p,)* and p, = p, R'T; into (4.107) gives

d/oa_&dlnpa
dt  y dt

(4.108)

where y =1/(1 —«)=cpq/cpdcrd = 1.4. Substituting (4.108) into (4.106)
gives
dinp,  1dp,  ou

& " d = Vs (4.109)

Taking the time derivative of (4.109), then substituting in (4.105), p, = p. R'T;,
Pa = Pa+ Dhs P2 = Pa + pl, and u = i + ', and eliminating products of perturba-
tion variables yield the acoustic wave equation,

s (L 1al) p= a 4110
2 (8t+u8x> ha=6%550 (4.110)

where

¢ =+/yRT, (4.111)

is the adiabatic speed of sound.

Example 4.16
When T, =298 K, ¢s = 346 m s~!. When T, = 225 K, ¢, = 301 m s~ .

A sinusoidal solution to (4.110) is
Py = Py o sin(kx — vyt) (4.112)

where x is the distance along the direction of phase propagation, ¢ is time, and p/ ,
is the amplitude of the oscillation. Substituting this solution into (4.110) gives the
dispersion relationship for pure acoustic waves,

Ve = (i1 £ cs) k (4.113)

Substituting (4.113) into (4.97) and solving give the phase speed of sound waves.
Taking the partial derivative of (4.113) with respect to k gives the group scalar
velocity in the x-direction. The result in both cases is identical:

|Cg| =Cgx = Cq = u ¢ (4114)
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Since their group speed equals their phase speed, acoustic waves are nondispersive-
medium waves. The group speed equals the group scalar velocity in the x-direction
only because sound waves do not propagate in the y- and z-directions in this case.

4.3.5.2 Gravity, acoustic-gravity, and Lamb waves

When the atmosphere is stably stratified and a parcel of air is displaced vertically,
buoyancy restores the parcel to its equilibrium position in an oscillatory man-
ner. The frequency of oscillation, N, is the Brunt-Vaisala frequency, defined in
Chapter 2. The period of oscillation is 1, = 277/ N;,y. The wave resulting from this
oscillation is a gravity (buoyancy) wave. Air-parcel displacements that give rise to
gravity waves may result from forced convection, air flow over mountains, wind
shear in frontal regions, wind shear associated with jet-stream flow, or perturba-
tions associated with the geostrophic wind. Because gravity waves displace parcels
of air, they perturb temperatures, gas and particle concentrations, vertical scalar
velocities, and other parameters associated with the parcel. Gravity-wave motion
may increase vertical transfer of ozone between the lower stratosphere and upper
troposphere (e.g., Lindzen 1981; van Zandt and Fritts 1989). Gravity waves may
also cause large periodic fluctuations in ozone at specific locations in the tropo-
sphere (Langford et al. 1996).

The dispersion relationship for gravity waves can be isolated from a broader rela-
tionship for acoustic-gravity waves. In three dimensions, the acoustic-gravity-wave
dispersion relationship is found by solving the three momentum equations (retain-
ing gravity in the vertical), the continuity equation for air, and the thermodynamic
energy equation. If only the x—z plane is considered, a simplified acoustic-gravity
wave relationship is obtained by solving

an__top dwo_ 1
dt — p, ox dt — p, 9z

dpa ou  ow doa _ padlnp,

o T ‘Pa<£ + 8_z> & Ty @ (4.115)

written from (4.73), (4.75), (3.23), and (4.108), respectively. When p, = p. + pl,
Pa=pa+pl,u=i+u,and w=w+w, (4.115) can be solved analytically to
obtain the acoustic-gravity wave dispersion relationship,

N2 (v —iik)? o V2
bv 2 a _ 2 2 c
o —ﬁ/é)zk + 2 = +k +C_2 (4.116)
where
Ve = ZCS (4.117)
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4.3 Applications of the momentum equation

is the acoustic cutoff frequency (s~!). In this equation, H is the scale height of the
atmosphere, obtained from (2.47) under the assumption that the atmosphere is
isothermal and stably stratified. The acoustic cutoff frequency is a frequency above
which acoustic waves may propagate vertically if other conditions are right. Below
this frequency, acoustic waves cannot propagate vertically.

Example 4.17

For an isothermal layer at T, = 298 K, find the acoustic cutoff and Brunt—
Viisdld frequencies.

SOLUTION
From Appendix A, M = 4.8096 x 10726 kg, g=9.81 ms~2, and kg = 1.3807 x
10723 kg m? s72 K~! molec.”!. From (2.47), the scale height is H = 8.72 km.
Thus, from (4.111) ¢; = 346 m s~ ! and from (4.117), v, = 0.0198 s~'. From
(2.106), the Brunt—Viisild frequency is Nyy = /g (Tq — I'y)/T;. Substituting
', = 0 (since the atmosphere is isothermal) and 'y = +9.8 K km~! into this
equation gives N,y = 0.0180 s~ . Thus, the acoustic cutoff frequency slightly
exceeds the Brunt—Viiséld frequency (v > M,y) in this case.

Dispersion relationships for gravity waves, acoustic waves modified by the effects
of stable stratification, and mixed waves can be isolated from the acoustic-gravity-
wave dispersion relationship by considering certain frequency and wavenumber
regimes. For example, (4.116) simplifies for several cases to

Vo =
ik k low-frequenc
itk + — N, 7 v2 < v? { . quency
(B> + 7> + 12 /e?) gravity waves
k+ (2 high-f
ik + (2R + it + vc2)1/2 12> N2 { igh-frequency
' acoustic waves
- V]E B |
ik + ~M)7 k — oo {mountain lee waves
(kl + 7;12)1/2
i+ c)k 22 it =0,k — 0
et { Vs NE iR = 0,k 0o | LAMD waves

(4.118)

When 12 < v2, (4.116) simplifies to the dispersion relationship for low-
frequency gravity waves. The same result is found by assuming the atmosphere
is incompressible (c; — o00). Figure 4.19 shows that vertically and horizontally
propagating, low-frequency gravity waves occur when #22 > 0, v, — itk < c;k as
k — 0, and v, — itk < N, as k — o0o. Such waves are internal gravity waves. An
internal wave is a wave that exhibits vertical motion trapped beneath a surface. The
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Figure 4.19 Vertical wavenumber squared, ##*, as a func-
tion of & and v, when H = 8.72 km, ¢, = 346 m s, and
Ny = 0.0180 s~' (see Example 4.17). The upper region
where 777 > 0 represents conditions that give rise to ver-
tically propagating high-frequency acoustic waves. The
lower region where 77 > 0 represents conditions that give
rise to vertically propagating low-frequency gravity waves.
The region in which 7 < 0 represents conditions that
give rise to horizontally propagating acoustic-gravity and
Lamb waves. Lamb waves connect the point &k = 0, # = 0
to the point k& = oo, 7#7% = 0. The acoustic cutoff frequency
slightly exceeds the Brunt-Viisila frequency.

Brunt—Viisala frequency demarks the upper frequency for internal gravity waves.
Equating (4.97) with the first term on the right side of (4.118) gives the phase speed
of internal gravity waves as

Com it — Noy
VR + 7 + v [ 2

Applying (4.100) to this phase speed gives group scalar velocities of internal gravity
waves as

(4.119)

=2 272 T
=it D (7 e/ )3/2 o= — D04 12)
(R + 972 +v2 [ c2) (R? + 42 +v2 [ c2)

Thus, internal gravity waves are dispersive-medium waves, since their phase speed
differs from the magnitude of their group velocity vector.

In the region of Fig. 4.19 where #7 < 0, waves are external acoustic-gravity
waves and propagate only horizontally. An external wave is a wave that has its
maximum amplitude at the external boundary (free surface) of a fluid. Such waves
have no influence in the vertical, since their amplitudes decrease exponentially with
distance from the surface.
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4.3 Applications of the momentum equation

When vZ > N2, the frequency from (4.118) simplifies to that of acoustic waves,
modified by the effects of stable stratification. Figure 4.19 shows that vertically
and horizontally propagating acoustic waves occur when #2 > 0, v, — itk > v,
as k — 0, and v, — itk > ¢,k as k — oco. Such waves are high-frequency internal
acoustic waves. The dispersion relationship for internal acoustic waves differs from
that for pure acoustic waves only in that the latter ignores the effect of buoyancy
in a stably-stratified atmosphere.

The dotted line in Fig. 4.19 connecting the points between 77 = 0, k — 0 for
internal gravity waves and #> = 0, k — oo for internal acoustic waves modified
by stratification describes the dispersion relationship for external Lamb waves
(Lamb 1910). The frequency of a Lamb wave approaches v, ~ (i + ¢,) k, which
is the same frequency as that of a pure acoustic wave, as shown in (4.113). Lamb
waves are nondispersive and propagate horizontally at the speed of sound. Whereas
their energy decreases exponentially with increasing altitude, their amplitude may
decrease or increase exponentially with altitude, depending on the value of 7.

Mountain lee waves are gravity waves formed as a wind is perturbed vertically
as it flows over a mountain in a stable atmosphere. Such waves have a wavelength
on the order of 10 km, which results in a wavenumber of k ~ 6.3 x 10~* m~!. This
is large in comparison with v./c, & 5.7 x 107> m~!, obtained from Example 4.17.
Thus, in the case of mountain lee waves, & > v./c,, and the acoustic-gravity-wave
dispersion relationship simplifies from that of low-frequency gravity waves to that
of mountain lee waves, as shown in (4.118).

4.3.5.3 Inertia gravity waves and inertia Lamb waves

After pressure and buoyancy oscillations, a third type of oscillation is an inertial
oscillation. When a parcel of air moving from west to east with the geostrophic
wind is perturbed in the south-north direction, the Coriolis force propels the parcel
toward its original latitude in an inertially stable atmosphere and away from its
original latitude in an inertially unstable atmosphere. In the former case, the parcel
subsequently oscillates about its initial latitude in an inertial oscillation.

Whether the atmosphere is inertially stable or unstable can be estimated by
solving the horizontal momentum equations,

du _

T =fr=13 (4.121)
d

d_: = flug —u) (4.122)

where only acceleration, the Coriolis force, and the south-north pressure gradient
(embodied in u,) are considered. If a parcel of air moving with the geostrophic wind
is displaced in the south-north direction a distance Ay, (4.121) can be integrated
between y, and yy + Ay to give

u(yo + Ay) — ug (yo) = fAy (4.123)
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The geostrophic wind at point yy can be found by taking a first-order Taylor series
expansion of the geostrophic wind at yp + Ay, giving

ou,
ug (yo + Ay) %ug(yo)+a—ygAy (4.124)

Substituting (4.124) into (4.123) yields

ou
ug (Yo + Ay) —u(yo + Ay) ~ — ( - a—yg)Ay (4.125)
which substitutes into (4.122) to give
dv dug
—=—ff--2)a 4.126
(5 )ay (4.126)

This equation states that, if f — du,/dy > 0and a parcel of air is displaced north-
ward of its original latitude in the Northern Hemisphere (Ay > 0), then dv/d¢ < 0,
and the parcel decelerates, turns around, and begins to accelerate southward. As the
parcel passes south of its original latitude (Ay < 0), then dv/d¢ > 0, and the parcel
decelerates, turns around, and accelerates northward again, and so on. Thus, when
f — dug/dy > 0 a south-north perturbation to an air parcel causes it to oscillate
inertially about its original latitude. Under such circumstances, the atmosphere is
inertially stable.

If f—09uy/dy <0 and an air parcel is displaced northward (Ay > 0), then
dv/dt > 0, and the parcel continues to accelerate northward. Similarly, if it is dis-
placed southward, dv/dt < 0, and it continues to accelerate southward. Under
these conditions, the atmosphere is inertially unstable.

Finally, when f — du,/dy = 0, a perturbation to a parcel has no effect on south—
north acceleration (dv/d¢ = 0). The atmosphere is inertially neutral in this scenario.

In sum, inertial stability criteria for the Northern Hemisphere, where f > 0, can

be defined with

o [ < 0 inertially unstable
- S_g =0 inertially neutral (4.127)
Y 150 inertially stable

which are analogous to the buoyancy-related stability criteria discussed in
Chapter 2.

The atmosphere is almost always inertially stable, except near the Equator, where
the Coriolis parameter is small. When inertial oscillations occur, their frequency f
is on the order of 10~* s~'. This is much lower than the acoustic cutoff fre-
quency (v.) and Brunt—Viisala frequency (N, ), which have values on the order of
1072 s~! (Example 4.17). Thus, inertial oscillations are important only for pertur-
bations involving low-frequency (long-wavelength) waves.
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4.3 Applications of the momentum equation

Since vertically propagating acoustic waves occur only at high frequency (>v.,
as shown in Fig. 4.19), they are not affected much by inertial oscillations. When
the frequency of a Lamb wave is below v, it may be affected by inertial oscilla-
tions. Under such a condition, the dispersion relationship for inertia Lamb waves
is rewritten from (4.118) to

vE= 24 R (4.128)

Similarly, the dispersion relationship for inertia gravity waves is rewritten from
that of low-frequency gravity waves in (4.118) to

2 72
N k

2 2
V = +~—
f kz—l—nﬁz—l—vcz/csz

(4.129)

Inertia gravity waves are driven by inertial and buoyant oscillations and occur
when the atmosphere is inertially and buoyantly stable. Inertia Lamb waves are
driven by inertial and pressure oscillations.

Inertia Lamb waves and inertia gravity waves participate in the restoration of
the geostrophic wind following a perturbation to it. When the geostrophic wind
in midlatitudes, which flows from west to east, is perturbed to the north or south,
horizontally propagating inertia Lamb waves act to restore vertically integrated
geostrophic velocity and surface pressure fields while vertically and horizontally
propagating inertia gravity waves act to restore vertical shear and temperature fields
to geostrophic balance (Arakawa 1997). The restoration to geostrophic balance is
called geostrophic adjustment.

During geostrophic adjustment, the primary factor that determines whether the
pressure (mass) field adjusts to the velocity field or vice-versa is the size of the length
scale of horizontal motion (L) relative to the Rossby radius of deformation. For an
atmospheric wave, the length scale is its horizontal wavelength. The Rossby radius
of deformation is

AR = ‘f( c (4.130)
where
2
= inertia Lamb waves
he=18 N (4.131)
— /2 inertia gravity waves

12 + 2 [ c?

is the equivalent depth of the atmosphere. A typical value of Ar for inertia Lamb
waves is 3000 km, and typical values for inertia gravity waves are 100-1000 km.
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Figure 4.20 Geostrophic adjustment of
the velocity field to the pressure field at
one altitude when L > Ay and when the
domain is assumed to be large enough
to allow the energy of the oscillations
to disperse and decay. In reality, the ver-
tical mean velocity field, not the veloc-
ity field at a given altitude, adjusts to
the surface pressure. A perturbation to
the geostrophic wind causes waves to
restore the system to geostrophic bal-
ance along an oscillatory path.

Example 4.18

From the information in Example 4.17, calculate the equivalent depth and the
Rossby radius of deformation for inertia gravity waves assuming A, , = 5 km
and ¢ = 30° N latitude.

SOLUTION

From Example 4.17, ¢ = 346 m s™', v, = 0.0198 s™1, and N,, = 0.0180 s 1,
since m= 27 /A, , = 0.0013 m~1. From (4.131), h, = 19.5 m. At ¢ = 30° N, we
have f=7.292x 107 s7! and Agr = 190 km.

When inertia Lamb waves are present and L > AR, the perturbed vertical mean
velocity field adjusts to the pressure field, as roughly demonstrated in two dimen-
sionsin Fig. 4.20. When L < Ag, the pressure field adjusts to the velocity field. When
L = AR, a mutual adjustment between the pressure and velocity fields occurs.

When inertia gravity waves are present and L > Ag, the wind shear field adjusts
to the temperature field. Otherwise the temperature field adjusts to the wind shear
field or mutual adjustment occurs (Arakawa 1997).
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4.3.5.4 Rossby waves

Rossby (planetary) waves (Rossby et al. 1939) arise from a change in the Coriolis
parameter [ = 29 sin ¢ with latitude. These waves are important for synoptic and
planetary-scale meteorology. If an air parcel moving from west to east is perturbed
to the south or north, the change in f with latitude provides a restoring force that
gives rise to freely propagating Rossby waves. The presence of topography can
initiate forced topographic Rossby waves. Rossby waves differ from pure inertial
oscillations in that pure inertial oscillations do not require a variation of f with
latitude.

In an incompressible, frictionless, adiabatic atmosphere of constant depth, abso-
lute vorticity of air is conserved. Rossby waves can be described in terms of the
conservation of absolute vorticity. Vorticity is the measure of spin around an axis.
The faster a body spins, the greater its vorticity. Air spins relative to the surface of
the Earth, and the surface of the Earth spins relative to its own axis of rotation. The
spin of air relative to the surface of the Earth is relative vorticity, and the spin of the
Earth relative to its own axis is the Earth’s vorticity. Positive vorticity corresponds
to counterclockwise spin when the spin is viewed from above the North Pole. Since
the Earth rotates counterclockwise, the Earth’s vorticity is positive. For a body at
the North Pole, the Earth’s vorticity is maximum, since the body spins around its
own vertical axis. For a body standing at the Equator, the Earth’s vorticity is zero,
since the body does not spin around its own vertical axis. The vertical component
of the Earth’s vorticity is the Coriolis parameter f. At the Equator, North Pole, and
South Pole, f = 0, 2Q, and —2%, respectively.

The relative vorticity of air is the vorticity of air relative to the Earth. Mathe-
matically, the relative vorticity is the curl of velocity. The relative vorticity vector
is

i j k
ow  ov Jw Jdu ov  Jdu
r:v :a a a pr— _— ._ _— 1 —_— k
¢ v =ox /ay /o <8y 8z>1 <3x 8z)l+(8x 3y>
u v w
(4.132)

The absolute vorticity is the sum of the Earth’s and the relative vorticity. The
vertical component of absolute vorticity is ¢, , = [ + &;.., where ., is the vertical
component of relative vorticity. In a frictionless, incompressible, and adiabatic
atmosphere, the vertical component of absolute vorticity divided by the depth of
the atmosphere is constant. In other words,

fi v du
POk S T~ (4.133)
Azt Azt

where P, is a simplified form of potential vorticity and Agz; is the depth of the
atmosphere from the surface to the tropopause. If the depth of the atmosphere is
constant and v is nonzero, a freely propagating Rossby wave can develop as follows:
As air moves north, f increases. To conserve potential vorticity, ¢, decreases. For
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Lo, to decrease, # and v must change in a way that forces the particle south, and
so on. The sinusoidal motion resulting from the continuous changes of #, v, and f
is a freely propagating Rossby wave.

The dispersion relationship for freely propagating Rossby waves in a frictionless,
incompressible, and adiabatic atmosphere is found by solving the # and ¥ momen-
tum equations and the continuity equation for air. For this derivation, atmospheric
depth is allowed to vary. The constant-depth result is easily extracted from the
solution.

If only inertial, Coriolis, and pressure-gradient terms are considered, the hori-
zontal momentum equations simplify from (4.73) and (4.74) to

du 1 (9p,
E = fl/ — E( ax )Z (4.134)
dv 1 [0pa
dr “”‘E(ay)z )

where the subscript z indicates the partial derivative is taken along a surface of
constant altitude. At least three sets of terms can be substituted into these equations.
The first is the midlatitude beta-plane approximation,

f=fo+Bly—ro) (4.136)

which is an approximation for the variation of the Coriolis parameter with latitude.
In this equation, yj is the south-north distance from the Equator at which f = f,
y is the south-north distance of interest from the Equator, B (y — y) < /o,
and

] 0 2Q
B = of = ZQ—(pcosgo A Ecosq) (4.137)

ay dy

where 9y/9, = R..

The second is a pair of equations relating pressure gradients along surfaces of
constant altitude to geopotential gradients along surfaces of constant pressure. The
equations, derived in Section 5.3, are

0p (00
().~ (5), w138

a”a) _ (@) 4139
<8y ) Pa 7y ), (4.139)

where p indicates that a partial derivative is taken along a surface of constant
pressure.

The third is a set of equations dividing scalars (u, v, ®) into geostrophic (ug,
vg, ®g) and ageostrophic (u,, v,, ®,) components. Substituting (4.138), (4.136),
u =ty +u,, and & = &, + ¥, into (4.134) gives

d a
% =[fo+ﬁ(y—y0)](vg+ya)_[

(4.140)

(P + P,)
0x b
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Substituting (4.139), (4.136), v = vy + v,, and ® = ®y + P, into (4.135) gives

d(Ug + v,)
dr

(g + D,)

Z_[f0+.3(y_y0)](ug+ua)_|: dy

} (4.141)
p

These equations can be simplified by combining (4.138) and (4.139) with (4.79) at
latitude y, to give geostrophic scalar velocities along surfaces of constant pressure

as
1 /0d 1 /0d
vy = —<—g> Uy = ——(—g> (4.142)
fO ox p fO ay P

Substituting these terms into (4.140) and (4.141) and assuming du,/d¢, dv,/dt,
B(y—yo)ua, and B (y — yo) v, are small give the quasigeostrophic horizontal
momentum equations,

d 0D,
f = fova + Bly — y0) vg — ( = ),, (4.143)
d oD,
SE = fouta — Bly = o)y — ( = )p (4.144)

Subtracting 9/9y of (4.143) from 9/0x of (4.144) yields

d vy  dug\ du, v,
$<E—W> ——fo(ax +W>_'3Ug (4.145)

where all remaining terms cancel. For example, du,/9x + dv,/dy = 0, which indi-
cates that the geostrophic wind is nondivergent.
The vertical scalar velocity in the altitude coordinate is

_dz_1d<I>

=% = odr (4.146)

Substituting this expression, u = uy + u,, v = vy + v,, and du,/dx + dv,/dy = 0
into the incompressible continuity equation from (3.27), and assuming d®,/dz is

small give
1 do
10 (dP) _ (042 | 00 (4.147)
goz\ dt ox 0y
Integrating (4.147) from the surface (z = 0) to the mean tropopause height,
z = Ag, gives

do, ou, v,
—2 = —gA — 4.148
dt & Zt< dx + ay) ( )

When d®,/dt # 0, the atmosphere has a free surface and average depth Az.. When
d®g/dt = 0, the atmosphere has a rigid lid with constant depth Az;. Substituting
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(4.148) into (4.145) gives

fo _
dr (gg - ez CDg) = — Py (4.149)

where

=y h

— 4.150
0 oy % (4.130)

dvg  ouy 1 <82c1>g 32q>g) V0
4
is the geostrophic potential vorticity.
Substituting (4.150) and vg from (4.142) into (4.149) and expanding the total
derivative give the quasigeostrophic potential vorticity equation,

0 9 2 0P
—tia— | Vo, — o, | + <—g> =0 (4.151)
(at E)x)( PTE oAz, g) P ax /,

where u# and v were replaced by # = #2 + 4’ and v ~ ¢/, respectively, and the equa-
tion was Reynolds-averaged. The assumption v ~ v’ is reasonable for midlatitudes,
where # dominates over v. Equation (4.151) has a sinusoidal wave solution,

®y = Dy g sin(kx + Iy — v,t) (4.152)

where @, is the amplitude of the wave. Substituting (4.152) into (4.151) and
solving for v, give the dispersion relationship for freely propagating Rossby waves
in a frictionless, incompressible, and adiabatic atmosphere as

ve = (2 — % k (4.153)
k> 412 + xg

where AR = /gAz/ fo is another form of the Rossby radius of deformation.
For an atmosphere of constant depth, d®,/dt =0 in (4.149), and (4.153)
simplifies to

a B 7
Vg = <1/l — m)k (4.154)

Both dispersion relationships suggest that Rossby-wave phase speeds, which are less
than zero in the equations, propagate from east to west (Example 4.19). However,
since the observed mean zonal wind # is from west to east with a magnitude greater
than the Rossby-wave phase speed, Rossby waves plus the mean wind travel from
west to east.
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Example 4.19

From (4.154), estimate the Rossby-wave phase speed when 1, , ~ A, , = 6000
km at ¢ = 45° N.

SOLUTION

From (4.95),k~ 1 = 27 /Ay, =1.05 x 1075 m™~'. From (4.137), 8 =1.62 x 10~
m~' s~!. From (4.154), ¢, = —ﬂ/(f(z +I~2> = —7.3 m s7!. Thus, Rossby-wave
phase speed propagates from east to west.

The wave solution for Rossby waves accounts for horizontally propagating
waves in an incompressible atmosphere. Rossby waves propagate vertically as well
as horizontally. To account for vertical propagation and air compressibility, the dis-
persion relationship for Rossby waves can be found by using the divergent continu-
ity equation for air (in three dimensions) and the thermodynamic energy equation
from (4.115), instead of the nondivergent continuity equation from (3.27). In the
new case, the dispersion relationship is the same as (4.153), except that the Rossby
radius of deformation Ar = +/gh./ fo, where the equivalent depth is the same as
that for inertia gravity waves, given in (4.131). The resulting dispersion relation-
ship for vertically and horizontally propagating Rossby waves in a compressible
atmosphere is

Vg = itk — fﬁzk 5 (4.1595)
2o Jo (2, Yo
k> +1 +N§V<m +c52>

For Rossby waves that propagate only horizontally in a compressible atmosphere,
the dispersion relationship is given by (4.153) with Ar = /gh./ fo, where b, =
c;/8.

Rossby waves can be initiated, not only by a perturbation to the geostrophic
velocity in the south-north direction, but also by airflow over large topographical
barriers, such as the Rocky or Himalayan mountain ranges. As seen from (4.133),
a change in the depth of the atmosphere forces f, #, and v to change, initiating
forced topographic Rossby waves.

4.4 SUMMARY

In this chapter, elements of the momentum equation, including the local accelera-
tion, the Coriolis acceleration, the Earth’s centripetal acceleration, the gravitational
force, the pressure-gradient force, the viscous force, and the turbulent-flux diver-
gence, were derived. For a coordinate system fixed on the surface of the Earth,
the Coriolis and the Earth’s centripetal acceleration are treated as apparent forces.
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The momentum equation was simplified to derive expressions for the geostrophic
wind and surface winds. It was also transformed to cylindrical coordinates to
derive an expression for the gradient wind. Atmospheric waves were also discussed.
Important waves include acoustic, Lamb, gravity, inertia Lamb, inertia gravity, and
Rossby waves. In the next chapter, the equations of atmospheric dynamics are con-
verted to pressure, sigma-pressure, and sigma-altitude vertical coordinates.

4.5 PROBLEMS

4.1 Assume a spherical coordinate grid cell, centered at ¢ = 60° S, has dimension
di, = 2.5° and dg = 2°. Calculate dx at the north and south boundaries of
the cell, and calculate dy.

4.2 Hu=10ms ', v=10m s~ !, w=0.01 m s~ !, and du/dt scales as u/(Ax/u),
estimate each term on the right side of (4.29) at ¢ = 30° N. Let Ax =5 km,
Ay =5 km, and Az=1 km.

4.3 In Cartesian coordinates, show that (v« V)v =V (v?/2) + (V x v) x V.

4.4 Assume a grid cell has dimension Ax =5 km, Ay =4 km, and Az = 0.1 km,
and assume the west, east, south, north, lower, and upper boundary scalar
velocities are u; = +2, uy = +3, v3 = +1, vy = —3, ws = +0.03, and wg =
+0.04 m s~ 1, respectively. Estimate the magnitude of the divergence term of
the local acceleration (v - Vv).

4.5 fu=30ms !, v=10ms™ !, and ¢ = 45° N, find the Coriolis-force magnitude
per unit mass.

4.6 Assume a grid cell has dimension Ax = 500 km and Ay = 400 km, centered
at ¢ = 30° N latitude. Assume potential virtual temperature and air pressure
at the west, east, south, and north boundaries are 6,; = 302 K and p,; =
520 hPa, 6, , = 304 K and p,» = 530 hPa, 6,3 = 302 K and p, 3 = 500 hPa,
and 6,4 = 304 K and p, 4 = 540 hPa, respectively. Estimate the geostrophic
scalar velocities and geostrophic wind speed.

4.7 In a region to the east of the center of an intense hurricane at ¢ = 20° N
latitude, a west—east pressure gradient of 50 hPa per 125 km and a gradient
wind scalar velocity of v = 70 m s™! are observed. What is the distance
between the center of the hurricane and the observation? Assume T, = 280 K
and p, = 930 hPa.

4.8 (@A) Assume iy =1mstatx; =0m, i, =2ms ! atx =2500m, us =

3m s~ ! at x3 = 5000 m, and K;; xx = 2.5 x 10 m? s71. If density and
Ko xx are constant, estimate the change in u, due to eddy diffusion alone,
at the cell center after one hour.

(b) Assume w; = 002 m s ' at location z = 0 m,
wy = 0.02 m s ! at zz =50 m, w3 = 0.04 m s~ ! at zz = 1000 m,
and Ky, = 50 m? s71. If density and Ky, ,, are constant, estimate the
change in w at the cell center after 100 s, due to eddy diffusion alone.

4.9 Calculate the viscous acceleration force per unit mass when the air is dry,
T =298 K, p, = 995 hPa, and u = 1.0 m s~ at 10 cm above the ground and
0.7 m s~! at 5 cm above the ground.

4.10 Derive (4.155).

1 1
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4.13

4.6 Computer programming practice

4.6 COMPUTER PROGRAMMING PRACTICE

(a) Assume Ax = 5 km for a grid cell, v = 5 m s~! at the center of the cell,
¢ =35°N, T=285K,0du/dy=0, du/dz=0, p,1 = 1010 hPa and p,» =
1006 hPa at the west and east boundaries of the cell, and u; = +3 m s~
and u, = +4 m s~! at the west and east boundaries of the cell, respectively.
Write a computer script to find u over time from (4.73), assuming that
viscous and diffusive terms are zero. Assume du/dx in the udu/dx term
is constant throughout the simulation, but u is not. Set the time step to
1 s and run the program for one hour. Plot the results.

(b) Change p,» to (i) 1009 hPa and (ii) 1011 hPa. Plot the results in both
cases. For p,, = 1009 hPa, change u; to +3.5 m s~! and plot the results.
Comment on the sensitivity of the solution to changes in pressure and
velocity.

Write a computer program to replicate the results in Fig. 4.18 for both nondis-

persive and dispersive waves and plot the results.

Write a computer program to replicate the results in Fig. 4.19 and plot the

results.
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HE equations of atmospheric dynamics can be solved either in fully com-

pressible form or after they are simplified with the hydrostatic, anelastic, or
Boussinesq approximation. In many cases, the equations are adapted to a vertical
coordinate other than the altitude coordinate. Such coordinates include the pres-
sure, sigma-pressure, sigma-altitude, and isentropic coordinates. The first three are
discussed in this chapter. A disadvantage of the altitude and pressure coordinates is
that both allow model layers to intersect ground topography. The sigma-pressure
and sigma-altitude coordinates are terrain-following and do not allow model layers
to intersect ground topography. A disadvantage of the pressure and sigma-pressure
coordinates is that both assume the atmosphere is in hydrostatic balance. Such an
assumption is reasonable for global and most mesoscale models but causes inaccu-
racy for fine horizontal grid resolution, where the atmosphere is often nonhydro-
static. For nonhydrostatic simulations, the altitude or sigma-altitude coordinate
can be used.

5.1 HYDROSTATIC AND NONHYDROSTATIC MODELS

Explicit numerical schemes require a time step smaller than the minimum grid
spacing divided by the speed of the fastest motion in the grid domain. When acoustic
waves are present, they are the fastest motion in the domain, and the time step
required to resolve these waves is generally limited by the vertical grid spacing
(which is usually smaller than the horizontal grid spacing) divided by the speed
of sound. As shown in (4.118), vertically propagating acoustic waves arise as an
analytical solution to the equations of atmospheric dynamics when the equations
include the horizontal and vertical momentum equations, the continuity equation
for air, and the thermodynamic energy equation.

To eliminate the need for a short time step, vertically propagating acoustic waves
must be removed (filtered out) as a solution to the basic equations. This can be
accomplished by removing the total derivative (dw/d¢) from the vertical momentum
equation or removing the local derivative (8p,/9¢) from the continuity equation for
air. Removing dw/d¢ from the vertical momentum equation gives the hydrostatic
approximation. Removing 9p,/9¢ from the continuity equation for air gives the
anelastic approximation (e.g., Ogura and Phillips 1962; Pielke 1984; Bannon
1996). A subset of the anelastic approximation, used for shallow flows only, is
the Boussinesq approximation.
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5.1 Hydrostatic and nonbydrostatic models

A model that uses the hydrostatic equation instead of the full vertical momentum
equation is a hydrostatic model. The hydrostatic approximation filters out vertically
propagating acoustic waves in a hydrostatic model. A model that retains the full
vertical momentum equation is a nonhydrostatic model. A nonhydrostatic model
may be anelastic (it solves the anelastic continuity equation for air) or elastic (solves
the full continuity equation for air and is fully compressible). The anelastic and
Boussinesq approximations filter out vertically propagating acoustic waves in an
anelastic nonhydrostatic model. Vertically propagating acoustic waves are retained
in an elastic nonhydrostatic model.

In a hydrostatic model and in an anelastic or Boussinesq nonhydrostatic model,
horizontally propagating acoustic waves still exist but vertically propagating acous-
tic waves do not. Thus, when either model is solved explicitly, its time step is lim-
ited by the smaller of the minimum horizontal grid spacing divided by the speed
of sound and the minimum vertical grid spacing divided by the maximum vertical
scalar velocity. In most cases, the smaller value is the minimum horizontal grid
spacing divided by the speed of sound.

Example 5.1

When T, = 298 K, the maximum vertical scalar velocity is 10 cm s™, the
minimum vertical grid spacing is 10 m, and the minimum horizontal grid
spacing is (a) 500 km, (b) 5 km, and (c) 5 m, find the maximum time step in a
(i) hydrostatic model and (ii) elastic nonhydrostatic model when both models
are solved explicitly.

SOLUTION
From (4.111), the adiabatic speed of sound at 298 K is ¢; = 346 m s~ 1.

(i) For the hydrostatic model, the time step is the smaller of 100 s (the vertical
dimension divided by the vertical scalar velocity) and (a) 1450 s, (b) 14.5 s,
or (c) 0.014 s (the horizontal grid spacing divided by the speed of sound),
giving the time step in each case as (a) 100 s, (b) 14.5 s, or (c) 0.014 s.

(ii) For the nonhydrostatic model, the time step is the smaller of 0.028 s (the
vertical dimension divided by the speed of sound) and (a) 1450, (b) 14.5 s,
or (c) 0.014 s (the horizontal dimension divided by the speed of sound),
giving the time step in each case as (a) 0.028 s, (b) 0.028 s, and (c) 0.014 s.

Thus, the time step required in an elastic nonhydrostatic model solved explic-
itly is much smaller than is that in a hydrostatic model unless the horizontal
grid spacing is equal to or less than the vertical grid spacing in both models.

In an elastic nonhydrostatic model solved explicitly, the time step is limited by
the minimum horizontal or vertical grid spacing divided by the speed of sound. In
most mesoscale models, the minimum horizontal grid spacing is 10-50 times greater
than the vertical grid spacing, so the time step in an explicit elastic nonhydrostatic
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model is proportionately smaller than in a hydrostatic or elastic model. Below,
the equations required in a hydrostatic, an elastic nonhydrostatic, an anelastic
nonhydrostatic, and a Boussinesq nonhydrostatic model are discussed briefly.

5.1.1 Hydrostatic model

A hydrostatic model is a model in which dw/d¢ = 0 in the vertical momentum
equation. Such a model requires the solution of the following equations. The poten-
tial virtual temperature is found from the thermodynamic energy equation given in
(3.76). The water vapor specific humidity is found from the species continuity equa-
tion given in (3.61). Horizontal scalar velocities are determined from the momen-
tum equations given in (4.73)/(4.74) and (4.76)/(4.77). Air pressure is extracted
diagnostically from the hydrostatic equation given in (2.40). Air temperature is
calculated diagnostically from potential virtual temperature with (2.96). Density is
found as a function of pressure and temperature from the equation of state given
in (2.36). Once density is known, w is extracted diagnostically from the continuity
equation for air, given in (3.55). An advantage of the hydrostatic approximation is
that it removes vertically propagating acoustic waves as a possible solution to the
equations of atmospheric dynamics. A disadvantage is that it does not resolve ver-
tical accelerations well. Such accelerations become more important as grid spacing
becomes finer.

5.1.2 Elastic nonhydrostatic model

An elastic nonhydrostatic model is a model that solves the fully compressible equa-
tions of atmospheric dynamics without the anelastic or hydrostatic assumption.
The equations solved are the same as for the hydrostatic model, except that the
vertical scalar velocity is found from the vertical momentum equation, (4.75) or
(4.78), air density is found from the continuity equation for air, and air pressure is
found from the equation of state.

When an explicit (as opposed to implicit or semiimplicit — Chapter 6) time-
differencing scheme is used to solve elastic equations, a short time step is required
to resolve acoustic-wave perturbations. A method to reduce computational time in
such cases is to solve terms producing acoustic waves with a shorter time step than
other terms (e.g., Klemp and Wilhelmson 1978; Chen 1991; Dudhia 1993; Wicker
and Skamarock 1998, 2002). Alternatively, an implicit or semiimplicit scheme can
be used to integrate terms responsible for acoustic waves implicitly (e.g., Tapp and
White 1976; Tanguay et al. 1990; Golding 1992; Skamarock and Klemp 1992).

5.1.3 Anelastic nonhydrostatic model

An anelastic nonhydrostatic model is a model in which 9p,/9¢ = 0 in the continuity
equation for air. The potential virtual temperature, specific humidity, horizontal
scalar velocities, temperature, and density are found from the same equations as in
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5.1 Hydrostatic and nonbydrostatic models

a hydrostatic model, but pressure and the vertical scalar velocity are derived from
new equations.

The pressure is determined from an equation for nonhydrostatic pressure,
derived by assuming that the pressure at a given location can be decomposed as

pPa = ﬁa‘i‘pg (5-1)

In this equation, p, is an average pressure, integrated horizontally over a large-scale,
hydrostatic environment, and p/ (< p,) is the difference between the actual pres-
sure and the large-scale pressure. In a hydrostatic model, p7 = 0. Other variables,
including density (p,), specific volume (o, = 1/p,), and potential virtual tempera-
ture (6y), are decomposed in a similar manner. In the large-scale environment, the
atmosphere is assumed to be in hydrostatic balance. Thus, the following equality

holds:
10p, . 0pa
——— =y =
Pa 02 0z

—-g (5.2)

At any given location, the air is not in hydrostatic balance, and the full vertical
momentum equation must be considered. Decomposing gravitational and pressure-
gradient terms in the vertical momentum equation of (4.75) and substituting (5.2)
into the result give

L Lon,
Pa 02

A 4 a ~ /! A 8p;, a;’
=g+ (@ato)) —(Patpy)ba—7"— g (5.3)
0z 9z Ay

where the product of perturbation terms has been removed because it is small.
Substituting (5.3) into (4.75) and ignoring eddy diffusion for now give

dw dw dw dw , apl ol
—=—U——V— —w—— — 0 + 2
ot ox ay 0z 0z @,

(5.4)

Taking the divergence of the sum of (5.4) and the horizontal momentum equations,
(4.73) and (4.74), results in

a
EV‘(V:@&)Z_V‘ [Pa (Ve V) V] =V« (Da [k x V)

R v, 0 (of
—Viba = V0 +e5- (;) (5.5)
where V and V, are total and horizontal gradient operators from (3.6) and (4.81),
respectively. Equation (5.5) can be simplified by differentiating p,a, = R'T, to
obtain da, /a, = dT,/T, — dp./ p., substituting T, = 6,(p,/1000 hPa)* from (2.96)
into the result, and replacing differential and nondifferential terms with perturba-
tion and large-scale terms, respectively. These steps yield

o O Ga bl
&a QV Cpd Z)a

" 4
o 0
~ Y

(5.6)

Another simplification to (5.5) is obtained by removing the local derivative
in the continuity equation for air and assuming that density in the equation is
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large-scale density. The result is the anelastic approximation to the continuity
equation,

Ve (vpa) =0 (5.7)

Substituting (5.6) and (5.7) into (5.5), adding the eddy diffusion term, and solving
for perturbation pressure give the diagnostic equation for nonhydrostatic pressure
as

1 Cvd 9 (. P;/ ~ A
Vzpa _g:f)_Z(pa[A)_) ==V [pa(veV)V] =V [pafk x V]
p. a
9"
(:aa_v> +V . (V0K V)v

— V%3 + i
zpa ga é
(5.8)

e

(e.g., Pielke 1984). Since this equation is diagnostic, it does not have a time deriva-
tive. The pressure is calculated from other variables in a manner that ensures that
the continuity equation given in (5.7) is satisfied.

When pressure is calculated from (5.8), vertical scalar velocities can be extracted
diagnostically from (5.7), since # and v are known from the horizontal momentum
equations and p, is available from (5.2). In sum, in an anelastic nonhydrostatic
model, the vertical momentum equation is not solved directly. Instead, a diagnostic
equation for nonhydrostatic pressure, whose solution is computationally intensive,
is solved.

5.1.4 Boussinesq approximation

The Boussinesq approximation is a special case of the anelastic approximation,
valid for cases where the vertical scale of circulation is much less than the scale
height of the atmosphere (shallow circulation). With the Boussinesq approxi-
mation, density (p,) is replaced with a constant boundary-layer-averaged value
(pa) in all the equations of atmospheric dynamics, except in the buoyancy term
of the vertical momentum equation. This differs from the anelastic approxima-
tion, in which density is horizontally averaged but varies for each layer in the
vertical. Because density is constant everywhere with the Boussinesq approxi-
mation, the continuity equation for air is nondivergent and given by V.v =0
rather than by (5.7). With the Boussinesq approximation, the vertical momen-
tum equation is the same as in (5.4), but with the eddy diffusion term added
back in, and the diagnostic equation for nonhydrostatic pressure is the same as
in (5.8), except that the second term on the left side of the equation is elim-
inated. The resulting equation is a Poisson partial differential equation. Lilly
(1996) discusses advantages and disadvantages of the anelastic and Boussinesq
approximations.
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Figure 5.1 Heights of altitude coordinate surfaces.

In the following sections, the conversion of the equations of atmospheric dynam-
ics from the altitude coordinate to the pressure, sigma-pressure, and sigma-altitude
coordinates is discussed. Whereas the altitude and sigma-altitude coordinates are
useful for solving hydrostatic and nonhydrostatic model equations, the pressure
and sigma-pressure coordinates are used for solving hydrostatic model equations
only. An additional vertical coordinate, the isentropic coordinate, in which layer
tops and bottoms are defined as surfaces of constant potential temperature, is dis-
cussed in Kasahara (1974).

5.2 ALTITUDE COORDINATE

Equations describing basic atmospheric processes were written in Chapters 3 and
4 in Cartesian and spherical horizontal coordinates and the altitude vertical coor-
dinate. In the altitude (z) coordinate, layer tops and bottoms are defined as surfaces
of constant altitude, and pressure varies in the x- and y-directions along these sur-
faces. Altitude is an independent variable, and pressure is a dependent variable.
This coordinate causes boundary-condition problems when surface elevations are
not uniform. In such cases, planes of constant altitude intercept topography, as
shown in Fig. 5.1. Special boundary conditions are needed in this situation.

The altitude coordinate can be used to simulate hydrostatic or nonhydro-
static model equations. In both cases, some variables are solved for prognostically
whereas others are solved for diagnostically. A prognostic equation is one in which
a time derivative is solved. The thermodynamic energy equation, species continuity
equation, and horizontal momentum equations are prognostic equations for the
potential virtual temperature, species mixing ratio, and horizontal scalar velocities,
respectively. A diagnostic equation is one in which a time derivative is not solved.
The equation of state is a diagnostic equation for any parameter within it for
hydrostatic and nonhydrostatic models. The hydrostatic equation is a diagnostic
equation in a hydrostatic model.

5.3 PRESSURE COORDINATE

In the pressure (p or isobaric) coordinate, layer tops and bottoms are defined
as surfaces of constant pressure. Since altitude is a function of pressure in the
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Figure 5.2 Heights of pressure coordinate surfaces. Each line is
a surface of constant pressure. Pressure thicknesses of each layer
are constant throughout the layer.

qi P1

2

a3 aQ P2

21

—1

\J

X
X1 Xy

Figure 5.3 Intersection of pressure (p) with altitude (z) sur-
faces. The moist-air mass mixing ratio (g) varies along each
surface of constant pressure.

x- and y-directions, pressure is the independent variable and altitude is a depen-
dent variable. The pressure coordinate does not erase problems associated with
surface topography since surfaces of constant pressure intercept topography in the
pressure coordinate (Fig. 5.2). Equations in the pressure coordinate are derived
from the hydrostatic assumption. This assumption removes vertically propagat-
ing acoustic waves as a solution to the equations of atmospheric dynamics but
reduces the accuracy of the solution when horizontal grid cells are less than 3 km
in width. An advantage of the pressure coordinate is that the continuity equa-
tion for air in the coordinate requires neither a density nor a time-derivative
term. In this section, hydrostatic model equations for the pressure coordinate are
derived.

5.3.1 Gradient conversion from altitude to pressure coordinate

The gradient conversion from the altitude to the pressure coordinate can be
obtained diagrammatically. Figure 5.3 shows two lines of constant pressure
(isobars) intersecting two lines of constant altitude in the x—z plane, where x is
a Cartesian coordinate distance. Suppose the moist-air mass mixing ratio q varies
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5.3 Pressure coordinate

along each surface of constant pressure, as shown in the figure. In this case, q varies

with distance as
CJZ—CB:ql—q3+<Pz—P1>(Q1—qz> (5.9)
Xy — X1 X2 — X1 X2 — X1 Pp1— P2

which is an exact equivalence.
As x) — x; — 0 and p; — p, — 0, the differences in (5.9) can be approximated
by differentials. From Fig. 5.3, the approximations for each term are

99\ _ 92 —as 99\ _ a1 -4
x/), x—x Bxp X2 — X

(%) _ b= <ﬂ> e TP (5.10)

dx X — X1 pa) e P1—
Substituting these terms into (5.9) gives
d ad a d
().~ (), (). ) sam
ox/, ax/, ox ), \0pa/,
which generalizes for any variable as

) _ (2 apa\ (9
(a)z_ <5>p+(ax>z(apa>x (5.12)

A similar equation can be written for the y-direction. Combining the x- and
y-equations in vector form yields the horizontal gradient conversion from
Cartesian-altitude to Cartesian-pressure coordinates as

a
VZ=VP+VZ(pa)£ (5.13)

where V, is the horizontal gradient operator in Cartesian-altitude coordinates given

in (4.81), and
0 0
V,=1 (—) +j (—) (5.14)
b ax/, /),

is the horizontal gradient operator in Cartesian-pressure coordinates. The gradient
operator in Cartesian-pressure coordinates is used to take partial derivatives of
a variable along a surface of constant pressure. The derivative with respect to
pressure in (5.13) is taken in a fixed column in the x—y plane.

In (5.12), any dimension can be substituted for x. Substituting time # for x gives
the time-derivative conversion between the altitude and the pressure coordinate

as
D\ () () (2
().~ (), (). G, 519
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Equation (5.13) may be used to obtain the relationship between the variation
of geopotential along a surface of constant pressure and the variation of pressure
along a surface of constant altitude. From (4.48), the geopotential was defined as
® = gz. The geopotential is constant along surfaces of constant altitude (V,® = 0).
Substituting ® = gz, 9p./0z = —p.g, and d®/dz = g into (5.13) and rearranging
give
g oy

Vz(pa)z_acb pr =

,® = p,V,® (5.16)

which relates changes in geopotential along surfaces of constant pressure to changes
in pressure along surfaces of constant altitude. This equation expands to

0pa\ 0P pa) 0P
)=, G-, e

5.3.2 Continuity equation for air in the pressure coordinate

Equation (3.20) gave the continuity equation for air in Cartesian-altitude coordi-
nates. Dividing (3.20) into horizontal and vertical components gives

002 ow 004
< P ) =_pa(vz‘vh+a_z> —(Vh+ Vi)pa —w p (5.18)
z

ot 02

where the subscript z indicates that the value is taken along a surface of constant
altitude, and v, = iz + ju. Applying (5.13) to v}, gives
av
VeVh =V e v + Ve (pa) ot (5.19)
9Pa

Substituting (5.19) and dz = —dp./p.g into (5.18) gives

00, vy
e = —Pa Ve \% a) * - -V a a
<8t>z p( p*Vh+ Vz(Pa) apa> (Vi * V2) pa + pag

d(wpa)
apa

(5.20)

The vertical scalar velocity in the pressure coordinate (hPa s~!) is defined as

. dpa _ 0pa _ Opa Apa
Wp = dr = < a1 >z+(V-V)pa = ( Y >z+(vh.vz)pa+w 0e (5_21)

Substituting dp,/0z = —p,g into (5.21) yields

0z
Wy = — (pagg) + (Vh « Vo) pa — wpag (5.22)
z

If horizontal and temporal variations in pressure are ignored, the vertical scalar
velocity in the pressure coordinate simplifies to w, = —wp,g. Thus, a positive ver-
tical scalar velocity in the pressure coordinate corresponds to downward motion,
or a negative vertical scalar velocity in the altitude coordinate. Horizontal and
temporal variations in pressure cannot be excluded when the continuity equation
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for air is derived. Taking the partial derivative of w, from (5.22) with respect to
altitude gives

ODa 0(twp,)

owy, 9P avy
_—r _ _ \V4 . .V — 5.23
92 g( 9t )z+ 2 (Pa) Py + (Vh + Vy) 92 g 2 ( )
Substituting the hydrostatic equation throughout yields
ow, 90a vy d(wpa)
— \v4 2 .V — 5.24
Pa 9 ( 9z )Z+pa 2 (Pa) p. + (Vh + V2) pa — 0ag 0 ( )

Adding (5.20) to (5.24) and compressing give the continuity equation for air in
Cartesian-pressure coordinates as

8Wp
V, o =0 5.25
p*Vht P, (5.25)
which expands to
) a d
<_” N _”) AL/ (5.26)
dox dy/, Opa

Equation (5.25) shows that, in the pressure coordinate, the continuity equation for
air does not depend on air density, nor does it require a time-derivative term.

Example 5.1

Assume a grid cell in the pressure coordinate has dimension Ax = 5 km,
Ay = 5 km, and Ap, = —10 hPa, and that west, east, south, north, and
lower boundary scalar velocities are u; = —3, up = —1m s, v3 = +2, vy =
—2ms ', and wp5 = +0.02 hPa s~ respectively. Use the continuity equation
in the pressure coordinate to estimate the pressure-coordinate vertical scalar
velocity at the cell’s top.

SOLUTION
Applying the velocities and incremental distances to (5.26) gives
(-14+3)ms™'  (-2—2)ms™' (wpe—0.02)hPa st B
5000 m 5000 m —10hPa
which has solution w,s = 4+0.016 hPa s™.

5.3.3 Total derivative in the pressure coordinate

The total derivative in the pressure coordinate may be used to derive the species
continuity equation, the thermodynamic energy equation, and the momentum
equations in the pressure coordinate. The total derivative in Cartesian-altitude
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coordinates was

d ad ad
< <&) V) + (5.27)

o

Substituting time and horizontal gradient conversions from (5.15) and (5.13),
respectively, into (5.27) gives

d /o .\ 0 9 9
dr = <§)p+ < ot >zapa T Vo) 4 [V - Ve) Pl g - Fwgs (3:28)

From (5.21), the vertical scalar velocity in the altitude coordinate can be written
as a function of the vertical scalar velocity in the pressure coordinate as

pa
< P) +(Vh‘vz)pa_wp
2

o N0t (5.29)
Pa8

Substituting this equation and the hydrostatic equation into (5.28) and simplifying
give the total derivative in Cartesian-pressure coordinates as

d a a
= <5)p+(Vh'Vp)+Wpa—pa (3.30)

5.3.4 Species continuity equation in the pressure coordinate

Applying the total derivative in Cartesian-pressure coordinates to (3.54) gives the
species continuity equation in Cartesian-pressure coordinates as

dq aq g (V-pKpV)q <
_ .V M CL AL R, (531
F <8t)p+(vh ”)q+w”apa . +y (5.31)

If the concentration of a species is given as molecules per cubic centimeter of air (N),
particles per cubic centimeter of air (1), or cubic centimeters of particle component
per cubic centimeter of air (v, ;), it can be converted to the moist-air mass mixing
ratio for use in (5.31) with

_ Nm _ Mivipp _ Uq,iPp

q (5.32)

= q
PaA Pa Pa

respectively, where 7 is molecular weight (g mol~!), A is Avogadro’s number
(molec. mol~1), v; is the volume of one particle in size bin 7 (cm?), and p,, is particle
mass density (g cm™3).

Since R, does not include spatial derivatives, it does not need to be transformed
to the pressure coordinate. The eddy diffusion term in (5.31) includes spatial deriva-
tives. Its transformation is performed by breaking the term into directional compo-
nents, applying the gradient conversion from (5.13), and applying dz = dp./pa.g.
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The result is

(V- paKpV)q =
()] 2

_ (%)er (Zi)z a{;a} {paK“x[(33> " <83€c>z 6?1?“
()= ) | 5, (3 32

J 2 aq
3pa ( Khyzzapa) (533)

5.3.5 Thermodynamic energy equation in the pressure coordinate

+0ag”

Applying the total derivative in Cartesian-pressure coordinates to (3.76) gives the
thermodynamic energy equation in Cartesian-pressure coordinates as

39V> 90, (V. p.K,V)0, ot dQ,
(5.34)
(%), 3

V,)0,
ot + - V) +W”ap 0a c,,dTv de

n=

The eddy diffusion terms here are the same as those used in the species continuity
equation, except that 6, is used here instead of q.

5.3.6 Horizontal momentum equations in the pressure coordinate

Applying the total derivative in Cartesian-pressure coordinates to velocity, neglect-
ing viscous terms, and substituting V, (p.) = paV,® from (5.16) into (4.71) give
the horizontal momentum equation in Cartesian-pressure coordinates as

vy,

AL
— Vh e Vy)vp +wy— =
ot ), h* ¥pIth P op,

V. 0,K,,V
kv — Vo 4 VIV g g

Pa

The eddy diffusion term expands to (V.p,K,,V)vy =1(V .0, K, V)u+
j (V « 0.K,,V)v. Applying the gradient conversion from (5.13) to the u-term gives

- i 8pa P 3_14 8pa u
(V- 0K, V)1 = [<3x>p * ( ox )z apa} {p‘"‘K’””"“[<8x>p i ( 0x >z 373@-“
i apa> 5 <3u> <3Pa> ou
+ — + | — aKm, X a. e ap
[(By)p ( dy . apa:| {'0 Y |: ay » ay 2 dpa
2 0 2 a_u
+ Pa8 s (paKm,zxapa) (5.36)
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The equation for the v-direction is similar. The three terms on the right side of
(5.36) represent accelerations in the x-direction due to west—east, south-north,
and vertical turbulent transport, respectively, of west—east momentum.

5.3.7 Vertical momentum equation in the pressure coordinate

The vertical momentum equation in the pressure coordinate is the hydrostatic equa-
tion, since the conversion from the altitude to the pressure coordinate requires
the hydrostatic assumption. Over large horizontal scales (>3 km), the hydrostatic
assumption is reasonable. Over smaller scales and in the presence of large-scale con-
vective clouds, vertical accelerations are important, and the hydrostatic assumption
is not so good. In such cases, the altitude or sigma-altitude coordinate is generally
used, and a vertical momentum equation that includes a local acceleration term is
solved.

When the hydrostatic assumption is used, the vertical momentum equation in
the altitude coordinate is dp,/9z = —p.g. Substituting g = 9®/dz from (4.48),
Pa = pa R'T, from (2.36), and T, = 6, P from (2.99) into the hydrostatic equation
gives the hydrostatic equation in the pressure coordinate as

3¢ RT, R6P RO, ( Pa )

dPa B Pa Pa pa \ 1000 hPa (3.37)

Substituting k = R'/c,, 4 into (5.37) and rearranging give another form of the equa-
tion as

. BT N
do = CP’dGVdI:<1000hPa)i|_ cp,dOVdP (538)

A finite-difference discretization of this equation is given in Chapter 7.

5.3.8 Geostrophic wind in the pressure coordinate

Substituting (5.17) into (4.79) gives geostrophic scalar velocities in Cartesian-
pressure coordinates as

1 /09 1 /09
w75, (), 37
The vector form of (5.39) is
. . /09 1 /00 1
Vg = 1ty + JUg = —17<a—y)p + ]7 <£>p = 7(k x V,®) (5.40)

which indicates that the geostrophic wind flows parallel to lines of constant geopo-
tential. Lines of constant geopotential (contour lines) on a constant-pressure surface
are analogous to lines of constant pressure (isobars) on a constant-altitude surface.
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5.4 Sigma-pressure coordinate

500 hPa
East -6 km

500 hPa

surface Contour line

Contour line

North South
500 hPa— 2
3.5 km / 510 hPa
West 5.5 km

Figure 5.4 The geostrophic wind (arrow) flows parallel to contour lines on
a constant-pressure surface. In this figure, contour lines at 5.5 and 5.6 km
are shown on a 500-hPa surface. The resulting geostrophic wind originates
from the west.

Since the geostrophic wind flows parallel to isobars, it also flows parallel to contour
lines. Figure 5.4 shows two west—east contour lines at 5.5 and 5.6 km on a surface
of constant pressure. The geostrophic wind in this case flows from the west.

5.4 SIGMA-PRESSURE COORDINATE

A vertical coordinate in which surfaces of the coordinate variable do not intersect
ground topography is the sigma-pressure (o-p) coordinate (Phillips 1957). In this
coordinate, layer tops and bottoms are defined as surfaces of constant o, where o
equals the difference between the layer bottom and model top pressures divided
by the difference between the model bottom and model top pressures. Since the
hydrostatic assumption is used to derive equations in the sigma-pressure coordi-
nate, vertically propagating acoustic waves are filtered out as a solution to these
equations. Nonhydrostatic flows are generally not simulated in the sigma-pressure
coordinate. In this section, hydrostatic model equations for the sigma-pressure
coordinate are derived.

5.4.1 Definitions

In the sigma-pressure coordinate system, layer tops and bottoms are defined as
surfaces of constant o, given by

o P Dasp D2 Paop (5.41)

pa,surf - pa,top Ty

where p, is the air pressure at the altitude of interest, p, g, is the model surface
pressure, paop is the model top pressure, and 7, = P, qurf — Pa,op is the pressure
difference between the model surface and top (r-value). From (5.41), the pressure
ata o-level is

Pa = Paop + 0T (5.42)
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T
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o3 J;
N ﬁ
0'6=51 \\ //

Figure 5.5 Heights of sigma-pressure coordinate surfaces. Each
layer has the same o-thickness but a different pressure thickness.
Subscripts x and y denote two horizontal locations. Surface pres-
sures vary horizontally.
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Figure 5.6 Intersection of o-p with z surfaces and values
of pressure at each intersection.

The parameter o is a fraction <1. At the model top, o = 0. At the model surface,
o = 1. Layer boundaries correspond to o-values that are constant in time. The
model top pressure, pa op, is constant in space and time along a boundary corre-
sponding to o = 0. The model surface pressure, p,uf, varies in space and time
along the surface corresponding to o = 1. Since p, ¢.f varies, p, and m, must also
vary in space and time. Figure 5.5 shows heights of constant-o surfaces in the
sigma-pressure coordinate.

5.4.2 Gradient conversion from the altitude
to the sigma-pressure coordinate

The conversion between pressure in the altitude coordinate and pressure in the
sigma-pressure coordinate can be derived from Fig. 5.6. The figure shows the inter-
section of o with z-surfaces and the values of pressure at each intersection point
on an x—z plane. From the figure, the change in pressure per unit distance is

Pz—Ps:Pl—P3+(Uz—01)<P1—P2> (5.43)

X2 — X1 X2 — X1 xX) — X1 g1 — 02
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5.4 Sigma-pressure coordinate

which is an exact equivalence. Substituting

(8pa) _ =P (8&) _ D= (5.44)

0x X — X1 ax X) — X1
do\ _ oy —o W _ P1— M
ax z_xz—x1 do x_01—02
().~ (5).+ (3).5¢) 59
ox /, ox /, ox /. \do /.

A similar expression exists for the y-direction. The vector sum of the two equations
is

into (5.43) gives

P2
0o

.0 .0
Vy = <1£)(T + (]3_31)(, (5.47)

is the horizontal gradient operator in Cartesian-sigma-pressure coordinates.
Equation (5.46) can be generalized for any variable with

)
V.=V, + V,(0)— (5.48)
do

Vz(pa) :Vo<pa)+(vza) (546)

where

which is the gradient conversion from Cartesian-altitude to Cartesian-sigma-
pressure coordinates.
The gradient of o defined in (5.41), along a surface of constant altitude is

1 Ve pa Ve(Pa
VZG = (pa — pa,top)vz(—> + (p ) - _ g Vz(na) + (p ) (5.49)
Ty T, Ty T,

Substituting (5.49) into (5.48) yields another form of the gradient conversion,

V.=V, - [ivzm) - VZ“’”} 9 (5.50)
T, T, do

5.4.3 Gradient conversion from the pressure to the sigma-pressure
coordinate

The gradient conversion from the pressure to the sigma-pressure coordinate is
derived from Fig. 5.7. The figure shows intersections of pressure, altitude, and o
surfaces in an x—z plane. From the figure, the change in moist-air mass mixing ratio

over distance is
R S B € +("1_02)<q1_q2> (5.51)
X) — X1 Xy — X1 X — X1 01 — 02
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A
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2 d2 (<)
—
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Figure 5.7 Intersection of p, z, and o surfaces in an x—z plane.
Moist-air mass mixing ratios (q) on constant-pressure surfaces
are also shown.

which is an exact equivalence. Making substitutions similar to those in (5.44) gives
a a a a
(), = G).+ (52),G) 552
ax /, ox /. dx ) ,\ 00/,
A similar equation is written for the y-direction. Writing the x- and y-equations in

gradient operator form and generalizing for any variable give the gradient conver-
sion from Cartesian-pressure to Cartesian-sigma-pressure coordinates as

0

V, =V, +V —
P + p(U)aa

(5.53)
Taking the gradient of o along a surface of constant pressure and noting that
Vp(pa) =0and Vp(Ftop) =0 yield

1 % a — }Mto
V(o) = (00 = pun) ¥y - ) + 2Pl g (5.54

TTa Ty

Since horizontal gradients of 7, are independent of the vertical coordinate sys-
tem, V(1) = Vy(m,) = V,(,). Substituting this expression and (5.54) into (5.53)
gives the gradient conversion from Cartesian-pressure to Cartesian-sigma-pressure
coordinates as

?
Vp=Vy — V(1) — (5.55)
T, 0o

5.4.4 Continuity equation for air in the sigma-pressure coordinate
5.4.4.1 Derivation

The continuity equation for air in the sigma-pressure coordinate is derived from
the continuity equation for air in the pressure coordinate, the hydrostatic equation,
and the total derivative in the sigma-pressure coordinate. The partial derivative of
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5.4 Sigma-pressure coordinate

pressure with respect to o is dp,/do = m,. Substituting this expression and the
gradient conversion from (5.55) into the continuity equation for air in the pressure
coordinate of (5.25) gives

avy 1 0w,

o
V, . - —V «—
o *Vh T 0(7721) 90 7. 90

0 (5.56)

An expression for 9w, /9o is now needed.
The vertical scalar velocity in the sigma-pressure coordinate (o s~!) is

._da

=4 (5.57)

The relationship between & and w, is found by substituting p, = pa cop + 720 and
(5.57) into (5.21) to yield
%:U%—i—i—ina:a%—i—dna (5.58)

If 7, is assumed to be constant with time, and horizontal gradients of 7, are ignored,
(5.22) simplifies to w, = —wp,g. Substituting this term into (5.58) with constant
7, yields & = —wp,g/m,. Thus, positive vertical velocities in the sigma-pressure
coordinate result in downward motions. Because 7, varies in time and space, (5.58)
is not simplified in the present derivation.

The total derivative in Cartesian-sigma-pressure coordinates is found by replac-
ing p, with o and w;, with & in (5.30). The result is

Wp:

d d d
— (= Vo +6— 5.59
dr <3t>o+vh t % (5-59)

Substituting the total derivative of 7, into (5.58) gives

I,
wp=6[< 87.; ) +(vh-V(,)7ra]+d7ra (5.60)
where dm,/d0 = 0. The partial derivative of this equation with respect to o is
ow o av filog
L= () (v Vo )Ty + 0V () - S (5.61)
do at ), do do

Substituting (5.61) into (5.56), canceling terms, and compressing the result yield
the continuity equation for air in Cartesian-sigma-pressure coordinates as

o, ke
Vg » a — = .62
(8t>6+ 5 o (Vvama) + 7 Y 0 (5.62)

Substituting vy, 7, for v in the horizontal component of (4.11), substituting the result
into (5.62), and multiplying through by RZ cos ¢ give the continuity equation for
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Vertical-coordinate conversions

air in spherical-sigma-pressure coordinates as

0T, 0 0 le
Rfcosw( 87; )a + [Me (uma Re) + % (vrraRecosw)iL +7raRezcos<p£ =0
(5.63)

5.4.4.2 Pressure and vertical scalar velocity from the
continuity equation for air

The time rate of change of air pressure and vertical scalar velocity can be calculated
from the continuity equation for air. The integral of (5.62) over all o-layers is

1 /g 1 0
/ < a) do =-V, . / (Vhra)do — na/ do (5.64)
o \ 9/, 0 0

The integral limits are 0 = 0 and & = 0 at the model topand o =1 and 6 =0 at
the model bottom. At the ground, vertical scalar velocities are always zero, and
at the model top, velocities in the o-p coordinate are assumed to be zero to close a
boundary condition. In reality, & # 0 at the model top. Integrating (5.64) gives a
prognostic equation for column pressure in Cartesian-sigma-pressure coordinates

as
a7, 1
( ) __v.. f (vyrra)do (5.65)
at ), 0

The analogous equation in spherical-sigma-pressure coordinates is

1
Rgcosg0<a;ta>a = —/0 [8ie(unaRe) + %(vnaRe cos<p):| do  (5.66)

o

A numerical solution to this equation is shown in Chapter 7.

Once (5.66) has been written, an equation for the vertical scalar velocity at any
altitude can be derived. Integrating (5.62) with respect to o from the model top to
any o-level, and rearranging give

na/ do = -V, / (Vhf[a)dO'—/ (Ema) do (5.67)
0 0 o \adt /,

Integrating (5.67) yields

Oy = —V, » / (Vha)do — 0<8n3> (5.68)
0 o

at

which is the vertical scalar velocity at any o-level. This equation is solved after
(07,/0t), has been obtained from (5.65). Applying the spherical-coordinate trans-
formation from (4.11) to (5.68) and multiplying through by RZcosg give a
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5.4 Sigma-pressure coordinate

diagnostic equation for vertical scalar velocity at any o-level as

o, REcosg = —fo |:8ie(M7TaRe) + %(vnaRecosw)Ldo —oR? COS¢<8877;3>
(5.69)

5.4.5 Species continuity equation in the sigma-pressure coordinate

Applying the total derivative from (5.59) to (3.54) gives the species continuity
equation in Cartesian-sigma-pressure coordinates as

dq dq 39 (V-pKpV)q
(& .V, s R A A R, 5.70
aF <at)g+<vh LR p +y (5.70)

The eddy diffusion term expands in Cartesian-sigma-pressure coordinates to

weoiima= [ (50), (55 aa )l G2, + (52) 52
G Bl (), (G)3 )

2
Pag” 0 [ 5 dq
2 02K et 5.71
T aa<pa ”’“ao> (5.71)

The vertical term was found by substituting dp,/do = 7, into the vertical term of
(5.33).

Multiplying (5.70) by 7,, multiplying the continuity equation for air from (5.62)
by q, and summing the two equations give the flux-form species continuity equation
as

d (maq) d(oq) (V- paKhV =
I:T:|G+VU-(vhnaq)+na e =T Z (5.72)

Applying the spherical coordinate transformation from (4.11) to (5.72) and mul-
tiplying through by R? cos ¢ give the flux form of the species continuity equation
in spherical-sigma-pressure coordinates as

9 9 9
Recosw[at( aq)L+ [ax (umaqRe) + gD(wraqRecosw)]

3 V. 0K,V N
+naRfcosgo%(dq)=JTaRfcoqu|:(pp73h)q+Zan| (5.73)
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5.4.6 Thermodynamic equation in the sigma-pressure coordinate

Applying the total derivative from (5.59) to (4.76) gives the thermodynamic energy
equation in Cartesian-sigma-pressure coordinates as

Neh
a6, _00, (V. pK,V)8, 6, <A dQ
-V, )8, = § 1o (5.74
<8t>0+(Vh ) +o— o +cp,dTv 24 (5.74)

Multiplying (5.74) by m,, multiplying (5.62) by 6,, adding the two equations,
and compressing terms give the flux form of the thermodynamic energy equation
as

. Neh
0 (naev) 0 (UOV) (V ° paKhV) ev 9v - dQn
V, - 0, - )
|: 9t ]g + (Vhﬂa ) + 7T, 90 Ty 0a + Cp’dT\‘, : dz

The eddy diffusion term in this equation is the same as that in (5.71) except
0, is used in the present case instead of q. Applying the spherical coordinate
transformation from (4.11) to (5.75) and multiplying through by RZcos¢ give
the flux form of the thermodynamic energy equation in spherical-sigma-pressure
coordinates as

d a ad
Re2 Cosw[a (naev)jl(7 + [a_)%(unaevRe) + %(UnaevRe COSW]

(V- pKpV)6s | 6, & dQ,

B
+ 7, R%cosgp— 00,) =m, 2 cos
¢ g080( ) ke ¢ Pa cpdly = dt

:| (5.76)

5.4.7 Horizontal momentum equations
in the sigma-pressure coordinate

Applying the total derivative from (5.59) to the horizontal momentum equation in
Cartesian-altitude coordinates from (4.71) gives

(V -« p Ky, V)vy

Pa

ov av 1
) (v VoV O 4 fkox vy = ——V, (pa) +
ot /), do Pa

(5.77)

The pressure-gradient term in (5.77) can be converted to the sigma-pressure coor-
dinate by combining (5.16) with (5.55). The result is

1 o oD
— V. (pa) = Vpy® =V,0 — — Vg (m)— (5.78)
Pa Ty dJo
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5.4 Sigma-pressure coordinate

Substituting (5.78) into (5.77) gives the horizontal momentum equation in
Cartesian-sigma-pressure coordinates as

av av,
) (Ve VoV o — + fkx vy
ot /., do
P V. 0,K,,V
=V, 0+ L9, () 22 KV (5.79)
T, do Pa

5.4.8 Coupling horizontal and vertical momentum equation

The hydrostatic equation is used in lieu of a prognostic vertical momentum equa-
tion in the sigma-pressure coordinate because the conversion of altitude to sigma-
pressure coordinate requires the hydrostatic assumption. Substituting p, = p, R'T;
and 9p,/do = m, into (5.37) gives the hydrostatic equation in the sigma-pressure
coordinate as

P _ . R'T, T

o Pa

= —a,T, (5.80)

Substituting (5.80) into (5.79) gives the horizontal momentum equation as
(V + 0Ky, V) vpy

d 0
<ﬂ> +(Vh°VG)Vh+('Tﬂ=—kaVh—VUCD—O'C(an(7Ta)+
o 80 pa

ot
(5.81)

The term «, should be modified to make the finite differencing of (5.81) in
Chapter 7 consistent with that of geopotential. Combining o, = R'T,/p, with R' =
kcpds I, =6,P, 0p,/00 =m,, and dP/dp, = k P/ p, gives
_RT, _ «cpabP 0P cpaby OP

e, 0,00 _ 5.82
Pa Da crd 0pa Ty, 0o ( )

o2}

Substituting (5.82) into (5.81), multiplying the result by ,, multiplying (5.62) by
Vi, and summing the two equations give the flux form of the horizontal momentum
equation in Cartesian-sigma-pressure coordinates as

0 (tha)
%

.
+ Vi Vo o (V7o) + 7o (Vi » Vo) v + na% (Gvh)
op Y« 0K,V
= 10 fk X Vo = T,V ® = 0 €05V () + VPV 5 3
o Pa

The advection terms in this equation expand to

d(um, d(vm, . | d(um, d(vm,
Vi Vo o (VhTa) =iu[ (o) + wr ):| +]U[ (tera) + wr )] (5.84)
ax ay ax ay
a ad a ad
Ta(Vh » Vo )V = i, <u—” + u—”) + jna(u—y + u—”> (5.85)
ax ay ax ay
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Substituting these terms into (5.83), applying the transformation from (4.31),
applying (4.1), and multiplying through by RZcos¢ give the flux forms of the
horizontal momentum equations in spherical-sigma-pressure coordinates as

d a a
Rfcosgol:g(nau)]a + I:a)\ (mau* Re) + (p(ﬂauuRe cos (p)i|a —l—naRez coswa—g(du)
o dP dmy
= m,uv R sin g + 1, vafcosga— Re| mas— +ocpath— il
e 3o dhe
+Recos<p (V 0.K,,V)u (5.86)

Rgcosw[% (nav)]g + [Bi (mauv Re) + 8(/)(1/ JTaReCOS(p):| —i—JTaRf cosw%(c’rv)

opP Bna)

0d
= —mu*R.sing — 1, fuR* cos ¢ — Recosw(na8 —i—acpdéa p
@

+R? cos<pp 2V pK,, V) v (5.87)

The west—east eddy diffusion term expands in Cartesian-sigma-pressure coordi-
nates to

mne[(2) +(5) 2 el (2) () )
() G2 - ()2

2
P8 0 ( ou
+ 7732 %(ﬁa Km,zx% (5.88)

The expression for (V -« p,K,,,V) v is similar to (5.88), except v, K, xy, K yy, and
K,y y are used in the new term instead of #, K, xx, Ky yx, and K, ., respectively.

5.5 SIGMA-ALTITUDE COORDINATE

The sigma-altitude (s-z) coordinate is defined such that layer tops and bottoms are
surfaces of constant s, where s equals the difference between the model top altitude
and the bottom altitude of a layer divided by the difference between the model
top and the model bottom altitude (e.g., Kasahara 1974). This coordinate is used
to simulate nonhydrostatic or hydrostatic flows. In the sigma-altitude coordinate,
layer thicknesses do not change, whereas in the sigma-pressure coordinate, layer
thicknesses change continuously. An advantage of the sigma-altitude and sigma-
pressure coordinates in comparison with the altitude and pressure coordinates is
that the former do not permit model layers to intercept ground topography, whereas
the latter do. In this section, elastic nonhydrostatic model equations for the sigma-
altitude coordinate are derived. Conversion to anelastic and hydrostatic equations
is also discussed.
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5.5 Sigma-altitude coordinate

5.5.1 Definitions

Layer tops and bottoms in the sigma-altitude coordinate are defined as surfaces of
constant s, where s is defined as

s — ztop_z _ztop_z

= = 5.89
Ztop — Rsurf Zt ( )

In this equation, z is the altitude at a layer bottom boundary, zy, is the model
bottom (surface) altitude, zwp is the model top altitude, Z; = 2iop — Zourf is the
altitude difference between the model top and bottom, and s is a fraction < 1. At
the model top, s = 0. At the model bottom, s = 1. From (5.89), the altitude at a
given s-level is

2 = Ziop — LS (5.90)

Figure 5.5, which shows heights of constant sigma-pressure surfaces, can also be
used to show heights of constant sigma-altitude surfaces by replacing o’s with
s’s. In the s-z coordinate, layer tops and bottoms correspond to s-values that are
constant in time. Altitudes, including z, 2y, and zp, vary in space, but not in time,
along surfaces of constant s. Pressure (p,) varies in space and time along surfaces
of constant s.

5.5.2 Gradient conversion from altitude to sigma-altitude coordinate

The horizontal gradient conversion of a variable from Cartesian-altitude to
Cartesian-sigma-altitude coordinates is obtained in a manner similar to that for the
conversion from Cartesian-altitude to Cartesian-pressure coordinates. The result is
a
V, =V, +V,(s)— (5.91)
as
Taking the horizontal gradient of (5.89) and noting that V, (z) = V(2wp) = 0 give
Z op Z S
Vils) == 7 VilZ) ==z (5.92)
Substituting this result into (5.91) yields another form of the gradient conversion
as

S
V, =V, — —V,(Z)— 5.93
7 (Z) (5.93)

The time-derivative conversion from the altitude to sigma-altitude coordinate is

<3> - (3> (5.94)
at),  \ot),

which was derived by substituting s for p in (5.15) and noting that (3ds/dt), = 0.
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The vertical scalar velocity in the sigma-altitude coordinate (s s™!) is

ds as
s:—:(vh-Vz)s—i—wa—z:(Vh-VZ)s—

T (5.95)

w
Z

which has a zero local time derivative, since (ds/dt), = 0. Equation (5.95) was
derived under the assumption that ds/dz = —1/Z, obtained by differentiating
(5.89). A positive vertical scalar velocity in the sigma-altitude coordinate corre-
sponds to downward motion, just as in the sigma-pressure and pressure coor-
dinates. Substituting $ for w, and s for p in (5.30) gives the total derivative in
Cartesian-sigma-altitude coordinates as

— = (-) + (Vi + Vo) +§— (5.96)

5.5.3 Continuity equation for air in the sigma-altitude coordinate

The continuity equation for air in Cartesian-sigma-altitude coordinates is derived
from the continuity equation for air in Cartesian-altitude coordinates. Splitting
(3.20) into horizontal and vertical components and applying (5.91) to vy, and p,
give

ad av ow d a
(ﬁ) = —pa[vs Vi Vals) S } — V- [%(pa) +Vals) ﬁ} —w

ot ds | oz ds 9z
(5.97)
Rewriting (5.95) as w = Z; [vy, + V, (s) — $] and differentiating give
ow avy ds 0s
T Z|v(s) 0 V) - 2 .
3z Zt[ 2(s) Py + (vh Z)az Bz} (5.98)
Substituting dz = —Z ds into (5.98) yields
ow 9§ vy, 1
T2 v hy v,V .
9~ 9s 2(s) 35 + Z(Vh ) L (5.99)

Substituting w = Z[vy, + Vi (s) — $], (5.99), and 09s/dz=—1/7Z into (5.97)
gives

0pa 9s 1 . 0pa
—_— = —pPa Vs . - = Y - ® Vs a 1
< a7 ) p [ Vbt oo+ Z[(Vh Z)Zti| (Vi « Ve)pa —$ == (3.100)
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5.5 Sigma-altitude coordinate

Substituting V, (Z;) = V (Z) into (5.100) gives the elastic nonhydrostatic con-
tinuity equation for air in Cartesian-sigma-altitude coordinates as

9P, 1 J
<L> = ==V« (VhpaZe) — —($pa)

it ). 7 ds
1[d(upa2s)  0(vpaZs) 9(8pa)
—Z[ T 7y l -, (5.101)

When (5.101) is used to predict air density, vertically propagating acoustic waves
are one solution to the equations of atmospheric dynamics. To eliminate these
waves and enhance numerical stability, the anelastic approximation is made to
(5.101) by setting 9p,/d¢ = 0 (Section 5.1).

If hydrostatic balance is assumed, vertically propagating acoustic waves are also
eliminated as a possible solution to the basic equations. Substituting s /0z = —1/Z;
into (2.40) gives the hydrostatic equation in the sigma-altitude coordinate as

o _Yop, _ 1 p;
Pa g3z Zg ds

where primes have been added to indicate that density and pressure are in hydro-
static balance. Substituting (5.102) into (5.101) gives the hydrostatic continuity
equation in Cartesian-sigma-altitude coordinates as

3(%) __v,. (Vh%) _ 3<gaﬁ> (5.103)
ot \ ds ds as ds

5.5.4 Species continuity equation in the sigma-altitude coordinate

(5.102)

The species continuity equation in Cartesian-sigma-altitude coordinates is obtained
by applying the total derivative from (5.96) to (3.54). The result is

day) _ (@ 09 _ (V-pKpV)q Nex
(E)S = (5)S+(Vh-vs)q+$£— T—i—ZR” (5.104)

n=1

The eddy diffusion term in (5.104) expands in Cartesian-sigma-altitude coordi-
nates to

wenkewa=|(55) + (50) 3] Pk )+ (52) 3]
[G) G)alln| (5), - ()N

19 aq
+ —=—\ paKp zo.— 5.105
Zrz s <p h.zz 33) ( )

where 0s/0z = —1/Z; was used to obtain the vertical term.
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5.5.5 Thermodynamic equation in the sigma-altitude coordinate

The thermodynamic energy equation in Cartesian-sigma-altitude coordinates is
obtained by applying (5.96) to (3.76). The result is

Neh
36, 06, (V-pKyV)8, 6 2dQ,
( )—i—(vh-Vs)QV—i-s' (V.- K V) Q
S

= 5.106
ot s Pa + cpd ; dt ( )

Eddy diffusion is treated as in (5.105), except 6, is used in the new term instead
of q.

5.5.6 Horizontal momentum equations in the sigma-altitude
coordinate

Applying (5.96) to (4.71) gives the horizontal momentum equation in Cartesian-
sigma-altitude coordinates as

ot as

1 V. - oK,V
= Velpi) + (zpp—Z)Vh (5.107)

av, av
<—h) + (Vi Vo)vh + § = + fk x v
N

Applying the coordinate conversion from (5.93) to pressure gives
s opa

vz(pa) = Vs(Pa) - sz(zr) 9s

Substituting (5.108) into (5.107) gives the horizontal momentum equation as

(5.108)

0 0
(%)s-l-(Vh-Vs)Vh-l—S'aL:
_ _ 1 _ s 9pa
= fk X Vh on |:Vs<pa) ZtVZ(Zt) 3s

(v .pamevh} (5.109)

Equation (5.109) expands in the x- and y-directions to

ou n ou n ou n du
— 4t u—+v— §—
ot ox y /s

3 1[/0pa s (0Z\ 0pa
- fu— _[< ) — Z<§>z o~V .paKmV)ui| (5.110)

- fu- l[(%) _ %(%) % (v .paKWV)U} (5.111)
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respectively. The eddy diffusion term in the x-direction is

e (2] () 2 (5)- ()5
[ @) - ()2)

1 0 ou
— K, ox— 5.112
+ Zrz s (pa ,2X 35) ( )

The expression for (V « p,K,,,V)v is similar.

5.5.7 Vertical momentum equation in the sigma-altitude coordinate

Substituting ds/0z = —1/Z, into the vertical momentum equation in Cartesian-
altitude coordinates from (4.75) and expanding the total derivative of w with
(5.96) give

<8w ow Bw) ow 1 9p, n (V0. K, V)w

E_'_ x +U8y +s Ez_g+zrpa ds Pa

Substituting w = Z; [vy, « V. (s) — §] from (5.95) into (5.113) gives the vertical
momentum equation in Cartesian-sigma-altitude coordinates as

0 a 0 0 .
[(a)ﬁ(a)ﬁv(a—y) d[@( orals) -7
1 9p, as as .

The diffusion term (V . p,K,,,V)(Zs) is similar to (V + p,K,,V)u from (5.112),
except that Z$, Ky xzy Kinyz, and K, o, are used in the new term instead of u,
Km,xxa Km,yxa and Km,zx-

(5.113)

5.5.8 Basic equations in spherical-sigma-altitude coordinates

The elastic nonhydrostatic sigma-altitude equations derived above can be converted
from Cartesian to spherical horizontal coordinates with (4.1), (4.11), and (4.31).
The resulting equations are given as follows:

Elastic continuity equation for air from (5.101)

3pa 17 9 B 9
Rfcosw<i) :__[ax (upaZRe)+—(vpaZRecosw] Recoswa—(spa)

ot VA
(5.115)
Species continuity equation from (5.104)
Nt
dq u 9q v iq .09 (V-0 KpV)q :
— —— — = R S.116
( +Recos<p8/\e+Re3¢> s Pa +n; i ( )
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Thermodynamic energy equation from (5.106)

oy, w06 v 06, 30, _ (V-pKoV)0 0, L dQ,

—_— B — S— =

ot Recosp dre  Re 99 /. as Pa cpd o dz
(5.117)

West—east momentum equations from (5.110)

u n u ou n v ou n ou
g alidd =
0t Recospdr. Redop /. as

_ wvtang B 1 dpa s 07\ 9pa
- R +fv 0a Re cos ¢ |:<8)»e>5 Z(ake)z ds ]

V.epK,,V)u
n (Vep )
Pa

(5.118)

South-north momentum equation from (5.111)

v u v v v _ov
— + +
N

ot Recoscpa)\e—i_iﬁ SE

__uztan(p ~ fu- 1 [(8pa> _i(%) 8p3:|+ (V0. K, V)v
B R. Repa [\ 3¢ ). Z\ 09 ), s Pa

(5.119)

Vertical momentum equation from (5.114)
0 n u 0 n v (d iy d
2 Il L
0t ), Recosp\odr./), R.\0¢p/, s
Zu 0s Zwv [ 0s N 1 9pa
X[Recowp(ake)er R, (3<0>z Zts}_ 8 Zop bs

1 Ziu ds Zww [ 0s )
+—3(V-paKmV)[RCCOW(M)ZJrK(%)z—er} (5.120)

As described in more detail in Section 5.1.2, these equations can be solved (a)
explicitly with a small time step in every term, (b) explicitly with a small time
step in terms producing acoustic waves and a large time step in all other terms, or
(c) implicitly or semiimplicitly with a large time step in terms producing acoustic
waves and explicitly with a large time step in all other terms.

Alternatively, the elastic equations above can be converted to anelastic form by
deriving a diagnostic equation for nonhydrostatic pressure (Section 5.1.3).In such a
case, the vertical momentum equation from (5.114) is not solved, since the vertical
scalar velocity is determined diagnostically from the anelastic continuity equation,
discussed following (5.101). In that case, the potential virtual temperature is still
found from the thermodynamic energy equation, the horizontal scalar velocities
are still found from the horizontal momentum equations, and the specific humidity
is still found from the species continuity equation.
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5.6 SUMMARY

The equations of atmospheric dynamics include the continuity equation for air, the
species continuity equation, the thermodynamic energy equation, the horizontal
momentum equation, and the vertical momentum equation. In this chapter, the
vertical coordinate in the equations was transformed from the altitude to the pres-
sure, sigma-pressure, and sigma-altitude coordinates. With the altitude (and pres-
sure) coordinate, model layers may intersect surface topography. With the sigma-
altitude and sigma-pressure coordinates, model layers are terrain-following and
cannot intersect topography. When the pressure or sigma-pressure coordinate is
used, the atmosphere is assumed to be in hydrostatic balance. This assumption is
reasonable when coarse horizontal scales are simulated. For finer scales, the alti-
tude or sigma-altitude coordinate should be used so that nonhydrostatic motions
can be simulated.

5.7 PROBLEMS

5.1 (a) Assume Ax = 5 km, Ay = 5 km, and Ap, = —10 hPa for a grid cell
in the pressure coordinate and that the west, east, south, north, and
lower boundary scalar velocities are uy = —2ms™!, up =+1ms?, vz =
+1ms !, v =—2ms™ !, and ws = +0.03 m s™*, respectively. Convert ws
to the pressure coordinate with w, = —wp,g, assuming T = 284 K and
Pa = 980 hPa. Use the pressure-coordinate continuity equation for air to
estimate w, at the top of the cell.

(b) For the same cell as in part (a), assume the west, east, south, north, lower,
and upper boundary mass mixing ratios of a gas are 0.004, 0.005, 0.003,
0.004, 0.0045, and 0.0055 kg kg™, respectively. Estimate the change in q
at the center of the cell after 500 s ignoring eddy diffusion and external
sources/sinks.

5.2 Assume a horizontal grid cell has dimension Ax = 500 km and Ay =
400 km, centered at ¢ = 30° N. Assume that the cell is on a surface of
constant pressure at p, = 500 hPa and that the altitudes of the west, east,
south, and north boundaries are 5.5, 5.4, 5.6, and 5.3 km, respectively.
Calculate geostrophic scalar velocities (ug and v,) and the geostrophic wind
speed.

5.3 Assume that a cell in the o-p coordinate has dimension Ax = 4 km, Ay =
5 km, and Ao = 0.05. The west, east, south, and north boundary u- and
ma-values are uy = —2m s 'and 7,1 =748 hPa, uy = +1ms ' and 7., =
752 hPa, v; = —1ms ' and 7,3 = 749 hPa,and vy = -2 m s ' and 7,4 =
753 hPa, respectively. Assume p, op = 250 hPa, o = 0.9 at the cell bottom,
the grid-cell center m,-value is an average of the four boundary values, T, =
298 K, the lower boundary vertical scalar velocity in the altitude coordinate
is w5 = +0.02 m s71, and the air is dry.

(a) Convert vertical scalar velocity from the altitude to the sigma-pressure
coordinate with ¢ = —wp,g/m.. Use the continuity equation for air in
the sigma-pressure coordinate to estimate the sigma-pressure coordinate
vertical scalar velocity at the top of the cell, assuming d7,/dt = 0.
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5.4

5.5

5.6

5.7

Vertical-coordinate conversions

(b) Assume that the west, east, south, north, lower, and upper boundary
values of 6, are 299, 297, 304, 301, 300, and 302 K, respectively, and that
no eddy diffusion or external sources/sinks exist. Estimate the value of
0y at the center of the grid cell after 200 s.

Assume that a horizontal grid cell has dimension Ax = 5 km and Ay

= 4 km and that 6, and p, on the west, east, south, and north boundaries of

the cell are 6, ; = 298 K and p,; = 1010 hPa, 6, , = 304 K and p, » = 1004

hPa, 6, 3 = 302 K and p, 3 = 1000 hPa, and 6, 4 = 301 K and p, 4 = 1006 hPa,

respectively. What is the change in the u- and v-component scalar velocities
after 10 min due to the pressure gradient force alone? Assume the air is dry.

Derive the continuity equation for air in Cartesian-sigma-pressure coordi-

nates from the continuity equation for air in Cartesian-altitude coordinates.

Derive the horizontal momentum equation in Cartesian-pressure coordinates

from that in Cartesian-sigma-pressure coordinates. Ignore conversion of the

eddy diffusion term.

5.8 COMPUTER PROGRAMMING PRACTICE

Write a computer script to set up a model grid over the globe. Assume the
grid stretches from ¢ centered at —88° S to +88° N, where dgp = 4° and from
Xe centered at —177.5° W to +177.5° E, where di. = 5°. Calculate dx and dy
at the southern and western boundaries, respectively, of each grid cell, and
print the values to a table.
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Numerical solutions to partial
differential equations

TMOSPHERIC models simulate physical processes described by ordinary and
A partial differential equations. For example, gas and aqueous chemistry and gas-
to-particle conversion processes are described by ordinary differential equations,
and transport processes are described by partial differential equations. In this chap-
ter, ordinary and partial differential equations are defined, and numerical methods
of solving partial differential equations are discussed. Methods of solving partial
differential equations include finite-difference, series expansion, and finite-volume
methods. A special case of the finite-difference method is the semi-Lagrangian
method. Two series expansion methods are finite-element and pseudospectral meth-
ods. Below, several solution methods are applied to the advection—diffusion equa-
tion, which is a unidirectional form of the species continuity equation. In addi-
tion, time-stepping schemes and their stability characteristics are discussed. Such
schemes include the Forward Euler, Implicit, Crank—Nicolson, Leapfrog, Matsuno,
Heun, Adams—Bashforth, and Runge-Kutta schemes. Finally, necessary character-
istics of schemes that solve the advection—diffusion equation in three-dimensional
models are discussed.

6.1 ORDINARY AND PARTIAL DIFFERENTIAL EQUATIONS

An ordinary differential equation (ODE) is an equation with one independent
variable, such as time, and a partial differential equation (PDE) is an equation
with more than one independent variable, such as time and space. ODEs and
PDE:s are classified by their order and degree. The order is the highest derivative
rank of the equation, and the degree is the highest polynomial exponent of the
highest derivative. A homogeneous differential equation is an equation that does
not contain a term involving the independent variable. A linear differential equation
is one in which the dependent variable and its derivatives do not appear in second-
degree or higher terms and in which the dependent variable is not multiplied by
other derivatives of itself.

Table 6.1 shows ordinary and partial differential equations of varying orders
and degrees. Table 6.1 equations (a), (b), (d), (e), and (f) are homogeneous, and the
remaining equations are inhomogeneous. Table 6.1 (b) and (e) are linear, and the
rest are nonlinear. Chemical equations are first-order, first-degree, homogeneous
ODEs (e.g., Table 6.1 (a) and (b)). These equations are either linear or nonlin-
ear. The species continuity equation and the thermodynamic energy equation are
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Table 6.1 Examples of the orders and degrees of ordinary and partial
differential equations

Order, degree Ordinary differential equations Partial differential equations
dN IN o
First-order, first-degree (a) — =16 —4N? () — (N) =0
dt ot dx
dN d ad d
First-order, first-degree (b) =— =3AB —4NC (f) o + ul + v 0
dt ot 0x dy
d*N dN ”N 3N
Second-order, first-degree (c) a7 + @ +5t=0 (g) ey + e 32 4+ x
&N\* dN 2N\"  aN
Second-order, second-degree  (d) <F) —+ & +4=0 (h) (W) + P t—x

The variable ¢ is time, x is west—east distance, y is south-north distance, N, A, B, and C are
concentrations, u is west—east scalar velocity, and v is south-north scalar velocity.

first-order, first-degree, homogeneous, linear PDEs (e.g., Table 6.1 (e)). The momen-
tum equation is a first-order, first-degree, homogeneous, nonlinear PDE (e.g.,
Table 6.1 (f)).

Boundary conditions for ODEs and PDEs must be specified. When conditions
are known at one end of a domain but not the other, an initial value problem arises.
If concentrations (N) are known at time ¢ = 0, if time is the independent variable,
and if concentration is the dependent variable, then the solution to a set of ODEs
is an initial value problem. When conditions are known at both ends of a domain,
the solution to a set of ODEs is a boundary value problem. If time and west—east
direction (x) are independent variables, if concentration is the dependent variable,
and if the concentrations are known everywhere at # = 0 and at both ends of the
spatial domain at all times, the solution to a set of PDEs is an initial value problem
with respect to time and a boundary value problem with respect to space.

6.2 OPERATOR SPLITTING

Major processes in an atmospheric model are often solved separately from each
other. Suppose a model treats dynamics, transport, and gas chemistry. Each of
these processes may be solved sequentially during a common time interval with a
unique numerical scheme that takes a unique number of time steps. A time step
is an increment in time for a given process. A time interval is the period during
which several time steps of a process are solved without interference by another
process. Suppose the time step for dynamics is 6 s, that for transport is 300 s, that for
chemistry is variable, and the time interval common to all processes is 300 s. During
the time interval, 50 dynamics time steps are taken, followed by 1 transport time
step, followed by a variable number of chemistry time steps. After the dynamics time
interval, the resulting wind speeds are used as inputs into the transport calculation.
During the transport time interval, which equals the transport time step, gases are
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Time interval 1 Time interval 2

»

Gas chemistry Gas chemistry

Figure 6.1 Example of operator-splitting scheme. During the first
time interval, dynamics, transport, and gas chemistry are solved
sequentially. Values determined from the end of a time interval
after one process are used to initialize values at the beginning of
the same time interval for another process. Values from the end of
the last process in one time interval are used at the beginning of the
first process in the next time interval.

moved around the grid. Final concentrations from the transport time interval are
used as initial values for the first chemistry time step of the gas chemistry time
interval. Final values from the chemistry time interval are used as initial values for
the first dynamics time step in the next dynamics time interval. Figure 6.1 illustrates
this example.

The isolation of individual processes during a time interval is called time splitting
or operator splitting. Operator splitting is used because computers today cannot
solve all model ODEs and PDEs simultaneously in three dimensions. Yanenko
(1971) discusses the theoretical basis behind operator splitting with respect to
certain mathematical equations.

6.3 ADVECTION-DIFFUSION EQUATIONS

First-order, first-degree, homogeneous, linear or nonlinear partial differential equa-
tions solved in atmospheric models include the species continuity equation, the
thermodynamic energy equation, and the directional momentum equations. In
Chapter 7, a method of solving these equations together is given. In this chapter,
methods of solving advection—diffusion equations, which are operator-split forms
of the species continuity equation, are discussed. Advection—diffusion equations are
derived by considering that the four-dimensional (¢, x, y, z) species continuity equa-
tion can be divided into three two-dimensional partial differential equations ([, x],
[#, ], and [z, z]) and a single one-dimensional (¢#) ordinary differential equation.
The sequential solution to the four operator-split equations approximates the solu-
tion to the original four-dimensional equation. This method of operator splitting
a mathematical equation is called the locally one-dimensional (LOD) procedure
or the method of fractional steps (e.g., Yanenko 1971; Mitchell 1969) and has
been used widely in atmospheric models (e.g., Reynolds et al. 1973; Carmichael
et al. 1986; Toon et al. 1988).

From the four-dimensional species continuity equation given in (3.52), the west—
east, south-north, and vertical unidirectional advection—diffusion equations can be
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written in number concentration units as

N  duN) 9 N
e — Ky ) =0 6.1
ot T ox d ( b ax) (6.1)
N dwN) 9 N
CANIC )__( b,w—>=0 (62)
at ay ay ay
IN dwN) N
aN _ 9 M _o 6.3
ot oz 8z( b 8z> (63)

respectively. The solution order of these equations may be reversed each time inter-
val to improve accuracy (e.g., Yanenko 1971). Thus, if the equations are solved in
the order (6.1), (6.2), (6.3) during one time interval, they may be solved in the order
(6.3), (6.2), (6.1) during the next time interval. Fractional-step schemes associated
with order reversal are called alternating-directions schemes.

The remaining terms in the species continuity equation are external source/sink
terms. These terms may be operator-split from the advection—diffusion equations
as a single ordinary differential equation

aN M’J
P Z R, (6.4)
=1

N

or split into several ODEs. Equation (6.4) can be solved before or after (6.1)—(6.3)
are solved.

In moist-air mass-mixing-ratio units, the operator-split west—east advection—
diffusion equation can be written from (3.54) as

aq aq 1 9 aq
— — — —— | PaKpsx— ) =0 6.5
ot +M8x Pa 0X <p Px (6.3)

Analogous equations can be written for the south-north and vertical directions
and for external sources/sinks. In the following subsections, finite-difference, series
expansion, and finite-volume methods of approximating derivatives and of solving
advection—diffusion equations are discussed.

6.4 FINITE-DIFFERENCE APPROXIMATIONS

Approximate solutions to partial differential equations, such as advection—
diffusion equations, can be found with finite-difference, series expansion, or finite-
volume methods. The purpose of using an approximation is to reduce the solution
space for each continuous differential function from an infinite to a finite number
of spatial or temporal nodes in order to speed up computation of the differential
equation.

A finite-difference approximation involves the replacement of each continuous
differential operator (d) with a discrete difference analog (A). This analog is an
approximation written in terms of a finite number of values of the variable being
operated on at each temporal or spatial node. If the west—east scalar velocity is a
continuous function in space at a given time, its values can be mapped from the
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Uiy]

i-1 i i+1

Xi-1 i Xivl X2

Figure 6.2 Discretization of a continu-
ous west—east scalar velocity u,. The
west—east grid is broken into discrete
cells, and #-values are mapped from the
continuous function to the edge of each
cell. The arrows in the cells represent
magnitudes of the wind speed. Distances
along the x-axis are also mapped to the
cells.

function to a discretized west—east grid, as shown in Fig. 6.2. The grid consists of
several grid cells (also called grid boxes, grid points, or nodes) placed any distance
apart.

Table 6.1 (e) and (f) show partial differential equations commonly simulated in
atmospheric models. Such equations are written with respect to time and space. The
solution to Table 6.1 (e) requires finite-difference analogs for 9 N/dz and d(«N)/dx.
The solution to Table 6.1 (f) requires finite-difference analogs for du/d¢, du/dx,
and du/dy.

6.4.1 Consistency, convergence, and stability

A numerical solution can replicate an exact solution to a partial differential equa-
tion if several criteria are met. First, a finite-difference analog in space or time must
converge to its differential expression when terms in the analog approach zero.
For example, if AN/Ax is a finite-difference analog of 3 N/dx, the convergence
condition

aN

— = lim
ax Ax—0

AN

Ax (6.6)

must be met for the approximation to be accurate.

Second, a finite-difference analog must be consistent. The finite-difference ana-
log AN/Ax in (6.6) is obtained from a Taylor series expansion. In the expansion,
high-order terms are neglected to reduce the computational burden of the approx-
imation. The difference between the full Taylor series expansion and the trun-
cated approximation is the truncation error. A finite-difference approximation of
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a derivative is consistent if the truncation error of the approximation approaches
zero as Ax (or At) approaches zero. Consistency occurs when

TE (ﬂ)
Ax
where TE is the truncation error of the approximation AN/Ax.

Third, if a finite-difference approximation is consistent, the rate at which its
truncation error approaches zero depends on the order of approximation. The
order of approximation is the order of the lowest-order term in the Taylor series
expansion neglected in the approximation. The higher the order of approximation,
the faster the truncation error converges toward zero upon an increase in spatial (or
temporal) resolution. Thus, with the same Ax, a high-order approximation is more
accurate than a low-order approximation. For the same truncation error, a low-
order approximation requires a smaller Ax than does a high-order approximation.
In sum, a high-order approximation with a large Ax can have the same trunca-
tion error as a low-order approximation with a small Ax. Because a high-order
approximation includes more terms, it requires more computations than does a
low-order approximation with the same Ax. Obtaining high order with respect to
one variable, such as space, is useful only if the order of the other variable, such as
time, is also high. Otherwise, low accuracy in the time derivative swamps the high
accuracy in the space derivative. An optimal finite-difference solution has similar
order in space and time.

Fourth, while individual finite-difference analogs must converge toward exact
differentials, the overall numerical solution to a PDE must converge to an exact
solution when spatial and temporal differences decrease toward zero. If N, ., is
an exact solution, and N; ., is a finite-difference approximation of a PDE, overall
convergence occurs when

lim
Ax—0

‘ =0 (6.7)

lim o MNexe = Nexell = 0 (6.8)

Ax, At—

If a numerical solution is nonconvergent, it is not useful.

Fifth, for a numerical method to be successful, it must be stable. Stability occurs
if the absolute-value difference between the numerical and exact solutions does not
grow over time. Thus,

lim Ny = Nowsll < € (6.9)

where C is a constant. Stability often depends on the time-step size used. If a
numerical solution is stable for any time step smaller than a specified value, the
solution is conditionally stable. If a solution is stable, regardless of the time step,
it is unconditionally stable. If a solution is unstable, regardless of the time step, it
is unconditionally unstable.

A scheme that is unconditionally unstable cannot be convergent overall, but
individual finite-difference analogs in an unstable scheme may converge and may
be consistent. In other words, consistency and convergence of individual analogs
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do not guarantee stability. On the other hand, stability is guaranteed if a scheme is
convergent overall and its finite-difference analogs are convergent and consistent.

Other problems arising from finite-difference and other solutions to partial
differential equations are numerical diffusion (artificial spreading of peak values
across several grid cells) and numerical dispersion (waves appearing ahead of and
behind peak values). These problems can usually be mitigated by increasing the
resolution of the spatial grid (e.g., decreasing Ax), decreasing the time step, or
increasing the order of approximation of the finite-difference analog.

6.4.2 Low-order approximations of derivatives

A finite-difference approximation of a differential, such as 9u/dx, involves the
replacement of individual differential expressions, such as du or dx, with finite-
difference analogs, such as Au or Ax, respectively. Suppose 9u/9x is discretized
over a west—east grid, as shown in Fig. 6.2, where all grid cells are rectangular.
Each cell is denoted by an index number 7, and the distance from the western edge
of the entire grid to the western edge of cell i is x;.

On the grid layout just defined, the differential scalar velocity du at point x; can
be approximated as AM;‘ =Uj+1 — U1, Aui =Uu;j+1 — U;,0r Aui =u; — Mi_l,WhiCh
are the central-, forward-, and backward-difference approximations, respectively.
The corresponding discretizations of dx are Ax; = x;11 — X1, Ax; = x;11 — X;,
and Ax; = x; — x;_1, respectively. In the central-difference case, the slope of the
tangent at point x; in Fig. 6.2 is approximately

du ~ Au; _ Hiv1 — Uiy (6.10)
ax  Ax;p Xy — X
Similar equations can be written for the forward- and backward-difference cases.

The approximations just discussed can be derived from a Taylor series expan-
sion. If gas concentration is a continuous function of west—east distance, as shown
in Fig. 6.3, the values of N at points x + Ax and x — Ax, respectively, are deter-
mined from Taylor’s theorem as

IN, 1 zaleJrl 3a3N,‘+1 4 04N,

N, =N,+ A —A — — o
whAx =+ Ax dx + 2 X 9x? 6 x 9x3 24 X dxt +
(6.11)
AN, 1 L3N, 1, 3N, 1 ,3*'N
Neax =N, — A —A — = — —
A X dx + 20 dx? 6 X dx3 24°% dx*
(6.12)

If grid spacing is uniform (Ax is constant), the sum of (6.11) and (6.12) is

32N, +iAx4a4Nx

_ 2
Nepax + Neoax = 2N + Ax 9x2 12 9xt

+oo (6.13)

Rearranging (6.13) gives

asz I\[x-FAx - ZNx + Nx—Ax 2
= O(A 6.14
Py Al + O(Ax7) (6.14)
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N
A AN

x—Ax X x+Ax

Xi-1 i Xitl

Figure 6.3 Derivative  approxima-
tions at a point on a continuous
function. The derivative at point B is
approximated with chords AC, BC,
or AB, which give the slope of the
tangent at point B for the central-,
forward-, and backward-difference
approximations, respectively.

where

L 2N

Ax?) = ——
O(Ax7) 12°F Bxt

.. (6.15)

includes all terms of order Ax? and higher. If O(Ax?) is small, (6.14) simplifies to

asz ~ Nx+Ax - ZI\Zx + Nx—Ax
0x? Ax?

(6.16)

where O(Ax?) is now the truncation error. Equation (6.16) is a second-order
central-difference approximation of 3>N,/dx?. The equation is second-order
because the lowest-order exponent in the truncation error is two. It is a central-
difference approximation because it relies on equally weighted values of N on each
side of node x.

Subtracting (6.12) from (6.11) gives

AN 1 ;3N

Nx+Ax - I\[x—Ax =2Ax Ix + gAx 93 —+ . (617)
Rearranging this equation results in
aNx Nx+Ax - I\[x—Ax 2
=———+0(A 6.18
ox 2Ax + O(Ax7) ( )
where
1 ,0N,
O(AX?) = ——Ax*—— — - 6.19
(Aax7) 6 dx3 (6.19)
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includes all terms of order Ax? and higher. If O(Ax?) is small, (6.18) simplifies
to

aNx ~ Nx+Ax - Nfox _ N+1 - Mfl
dx 2Ax B 2Ax

(6.20)

where 7 + 1 and i — 1 are surrogates for x + Ax and x — Ax, respectively. This
equation is a second-order central-difference approximation of the first derivative
of N.. Equation (6.20) gives the slope of the tangent (represented by chord AC) of
N, at point B in Fig. 6.3.

Another approximation of the first derivative of N is obtained from the first
two terms of (6.11). Rearranging these terms gives

INe  Nepax—Ne Ny — N
ax Ax - Ax

(6.21)

The truncated portion of the approximation includes terms first-order and higher

[O(Ax)]; thus, (6.21) is a first-order forward-difference approximation of the first

derivative of N,. The slope of this derivative is represented by chord BC in Fig. 6.3.
Rearranging the first two terms of (6.12) gives

8M%M5_Nx—Ax_I\Ii_N—1 (622)
dx Ax B Ax ’

which is the first-order backward-difference approximation of the first derivative
of N, represented by chord AB in Fig. 6.3.

If time, not space, is the independent variable, the second-order central-, first-
order forward-, and first-order backward-difference approximations of dN,/d¢
are

N Ny = Nep N Neyp— N ON N =Ny (6.23)

ot 2h ot h at h '
respectively, where b = At is the time-step size, ¢ is the current time, ¢ + b is one
time step forward, and ¢ — 4 is one time step backward. These equations are derived

in the same manner as (6.20), (6.21), and (6.22), respectively.

6.4.3 Arbitrary-order approximations of derivatives

Finite-difference approximations of arbitrary order can be obtained systematically
(e.g., Celia and Gray 1992). The approximation of 9”N/dx™, which is the mth
derivative of N, can be obtained by expanding the derivative across g discrete
nodes in the x-direction. If the independent variable is time, the derivative can
be expanded along g time steps. The minimum number of nodes allowed in the
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I I I I |
| | | | ! >
X1 X2 X3 X4 X5

*

Figure 6.4 Grid spacing of an arbitrary-spaced grid where ¢ = 5. The deriva-
tive is taken at node point x3, marked*.

expansion is 72 + 1. In general, the maximum order of approximation of a finite-
difference solution is g — 7, although it may be smaller or larger for some individual
cases. For instance, when 2 is even and the grid spacing is constant, the order of
approximation can by increased to ¢ — m + 1.

Figure 6.4 shows the arbitrary grid spacing for the derivation to come. The
location at which the derivative is taken does not need to correspond to a node
point, although in the figure the derivative is assumed to be taken at node point
x3. The distance between two node points is Ax; = x; 11 — x;, where i varies from
1ltog— 1.

The finite-difference solution to the mth derivative across g nodes is approxi-
mately

9N q
Yl Z%N‘=V1NI +1 N+ -+ YNy (6.24)
i=1

where the y;’s are constants to be determined. A Taylor series expansion of N at
node 7 across the point at which the derivative is taken (*) is

N,
dx3

AN, 1 2N, 1
N=N+x—-%)——+50&-x)— +-
0x 6

o 3
] (2 — %)

oo (6.25)

Combining (6.24) with (6.25) and gathering terms gives

"N q q q 8I\I* q 1 2821\]*
S ZV:MZZViN*‘I‘ZVi(xi_x*IW‘I‘;ViEIxi_x*) Tzt

i=1 i=1 i=1
(6.26)
This equation can be rewritten as
d aN >N,
> i T (6.27)
i=1 d%
where
q 1
= vi— forn=0---g—1 (6.28)
izl n.
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Equation (6.28) represents a matrix of g equations and unknowns. Multiplying
(6.28) by n! gives

1 1 1 e 1 Y1 0! By

(21 — x4) (22 — ) (a3 — %) - (xq_-x*) V2 1!By

(21 — x*)2 (22 — -x*)z (23 — -x*)z (xq - -x*)z V3| = 2!B,
(21 — -x*)q71 (2 — x*)q71 (23 — x*)q71 T (xq - x*)q71 Yaq (q — 1)!Bq71

(6.29)

The highest-order derivative is found when B, = 1 for n = m and B, = 0 for all
other 7.

The first-order backward-difference approximation of d N/dx(m = 1) is found
from (6.29) by discretizing d N/dx across two equally spaced grid cells (g = 2),
setting By = 1, and setting B,, = 0 for all other 7. The resulting matrix is

[—1Ax (1)] [yyl] N m (6.30)

where the subscript i — 1 indicates one node to the left of 7. The matrix has solution
vi-1 = —1/Ax and y; = 1/Ax. Substituting these coefficients into

oN
Bx ~yNi+ N =y 1N_1 +yiN (6.31)

from (6.24) gives the approximation shown in (6.22) and Table 6.2 (a).
Second-order central- and backward-difference approximations of dIN/dx
(m = 1) are found by discretizing d N/dx across three nodes (¢ = 3). The resulting

matrices are
]. YVi—1 0 1 1 1 Yi-2 O
Ax Vi =11 —2Ax —Ax 0 Yi-1 | = 1
(Ax)* | Lyisa 0] L(=2Ax)* (-Ax)> 0] w 0

1
|: —Ax
(—Ax)?
(6.32)

respectively. Substituting solutions to these matrices into (6.24) gives the approx-
imation shown in Table 6.2 (c) and (d), respectively. The second-order forward-
difference approximation of d N/dx is found by discretizing around the first column
in (6.32). The result is shown Table 6.2 (e). Forward- and backward-difference dis-
cretizations are negatively symmetric to each other.

Third-order backward- and forward-difference approximations of d N/dx are
found in a similar manner. The results are shown in Table 6.2 (f) and (g), respec-
tively, where the discretizations are around four cells.

S O =
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Table 6.2 Finite-difference approximations of 3 N/dx and 8> N/dx?

Order m g Approximation
AN N - N_
(a) First-order backward 1 2 = M
0x Ax
AN Ny — N
(b) First-order forward 1 2 — = N =N
dx Ax
ON N.i — N_
(c) Second-order central 1 3 LMl
dx 2Ax
ON N_,—4N_ 3N
(d) Second-order backward 1 3 Iy h2 N-1+3N
ax 2Ax
IN  —3N +4N. — N
(e) Second-order forward 1 3 — = N +4Ns1 = Nio
ox 2Ax
ON 2 —6N;_ 3N + 2N
(f) Third-order backward 1 4 N-> N-1+3N +2Ni1
0x 6Ax
N  —2N_;—3N +6N, - N
(g) Third-order forward 1 4 8_ ~ N-1=3N +6N41 — N2
ax 6Ax
N N_,—8N ;48N —N
(h) Fourth-order central 1 5 aN o 2 8N—1 +8N1 — N
dx 12Ax
IN —N_ 6N_, —18N._ 10N + 3N
(i) Fourth-order backward (I) 1 s N_s + 6N i1+ i + 3N+
ox 12Ax
ON —3N_;—10N +18N_ 1 — 6N ;
(j) Fourth-order forward (I) 1 s 1 N + 18N+ N2 + N3
ax 12Ax
ON —3N_ 16N_3 — 36N._ 48N_1 — 25N
(k) Fourth-order backward (I) 1 5 — & N4+ 16N 5 N +48N— N
0x 12Ax
N 25N — 48N o _ 16N .
(1) Fourth-order forward (II) 1 5 IN SN — 48Ny1 + 36Ny — 16N43 +3N14
0x 12Ax
N i1 — 2N+ N_
(m) Second-order central 2 3 No1 —2N + Ny
ax? Ax?
2N —N_ 16N_1 — 1 16N. — N
(n) Fourth-order central 2 5 — = N-2+16N_1 — 30N +16N+1 — N»
dx? 12Ax2

A fourth-order central-difference approximation of d N/dx is found from

1 1 1 1 1 YVia 0
—2Ax —Ax 0 Ax 2Ax Vi1 1
(—2Ax)* (—Ax)? 0 (Ax)* (2Ax) vi |=10 (6.33)
(2% (=Ax) 0 (Ax) (2Ax) || i 0
(=2Ax)* (=Ax)* 0 (Ax)* 2Ax)* || vie2 0

The approximation resulting from this matrix is shown in Table 6.2 (h). One fourth-
order backward-difference approximation of d N/dx is obtained by solving (6.33)
after discretizing around the fourth instead of the third column in the equation. The
result is shown in Table 6.2 (i). The corresponding fourth-order forward-difference
approximation is shown in Table 6.2 (j). Another fourth-order backward-
difference approximation of 3 N/dx is obtained by solving (6.33) after discretiz-
ing around the fifth column in the equation. The result appears in Table 6.2 (k).
The corresponding fourth-order forward-difference approximation appears in

180



6.4 Finite-difference approximations

Table 6.2 (I). A fourth-order central-difference approximation of 82N/dx? is
obtained by solving (6.33), but setting B, =1 and B, = 0 for all other n. The
solution is shown in Table 6.2 (n).

6.4.4 Time-stepping schemes for the advection—diffusion equation

Finite-difference approximations can be applied to the temporal and spatial deriva-
tives of the advection-diffusion equations given in (6.1)—(6.3). In the following
subsections, approximations to temporal derivatives are discussed with respect to
the west—east form of the advection—diffusion equation.

6.4.4.1 Courant—Friedrichs—Lewy stability criterion

Some time-stepping schemes are explicit, whereas others are implicit or semiim-
plicit. In an explicit time-stepping scheme, final terms (time ¢) are calculated explic-
itly from known values (e.g., from values at times ¢ — b, t — 2h, etc.). In an implicit
time-stepping scheme, final terms (time #) are evaluated from other terms at time ¢,
which are initially unknown but which are solved simultaneously with the desired
terms. In a semiimplicit scheme, final terms are evaluated from some terms that are
known (times ¢ — b, t — 2h, etc.) and other terms that are unknown (time ).

Whereas explicit and semiimplicit time-stepping schemes are generally condi-
tionally stable (stable for any time step below a specified value), some implicit
schemes may be unconditionally stable (stable regardless of time step). Such
schemes, by nature, do not require iteration. Other implicit schemes require itera-
tion, and these are conditionally stable.

The time step limitation for an explicit solution to the advection equation
can be approximated with the Courant-Friedrichs—Lewy (CFL) stability criterion
(Courant et al. 1928). The advection equation in the west—east direction, for exam-
ple, is found by removing the diffusion term from (6.1). When the resulting equation
is solved explicitly, stability is generally maintained when the CFL criterion,

h < Axmin/l“max' (634)

is met, where |#m,«| is the maximum west—east wind speed, and Axy;, is the min-
imum west—east grid-cell length in the domain. If the maximum wind speed is
|#max| = 20 m s~1, for example, and the minimum grid-cell length is Axyi, = 5 km,
the CFL criterion predicts that the maximum time step for maintaining stability is
h = 250 s. To maintain stability, a parcel of air is not allowed to travel across a
grid cell during a single time step.

For equations more general than the advection—diffusion equation, |#.,| should
be replaced by |cmax|, Where |cmax| is the maximum speed of propagation in the
domain. In the case of the primitive equations, the maximum speed of propaga-
tion is the speed of horizontally propagating acoustic waves (the speed of sound)
(Section 5.1).

If advection is ignored, (6.1) simplifies to the west—east diffusion equation. A

stability criterion for this equation, analogous to (6.34),is b < Ax?. /Kmax, where
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Kinax is the largest eddy diffusion coefficient in the domain. For a typical vertical
eddy diffusion coefficient of 50 m? s', for example, this stability criterion suggests
that the time step for eddy diffusion through an altitude of 100 m needs to be less
than 200 s. For a typical horizontal eddy diffusion coefficient of 2500 m? s~!, the
time step for eddy diffusion across a 5-km cell must be less than 10000 s. Explicit
solutions to the diffusion equation are more likely to become unstable in the vertical
than in the horizontal in an atmospheric model.

6.4.4.2 Forward Euler scheme

A basic time-discretization scheme for the advection—diffusion equation is the for-
ward Euler scheme. If # varies and K = K, is constant along x, and if # and K
are constant during a time step, the time, advection, and diffusion derivatives in
(6.1) can be discretized with (6.23), (6.20), and (6.16), respectively, to yield

M‘,t - N‘,t—h n (”N)i+1,t—h - (MN)i—l,t—h _K Ni+1,t—h - ZN',t—h + M‘—l,t

—h
=0
h 2Ax Ax?

(6.35)

The temporal and spatial derivatives in this equation are first- and second-order
approximations, respectively. The equation is called the forward-in-time, centered-
in-space (FTCS) approximation because the time derivative uses information from
one previous time step, and the advection terms are central-difference expressions.
Since all terms in (6.35), except the final concentration, are evaluated at time ¢ — b,
the FTCS approximation is explicit. When a time derivative is first-order and spatial
derivatives are determined explicitly, as in the example above, the time scheme is
a forward Euler one. For all values of u, this equation is unconditionally unstable
for K = 0 and for large values of K and conditionally stable for small values of K,
except when K = 0 (Mesinger and Arakawa 1976).

Because values on the right side of (6.35) are known, the equation can be solved
immediately for i = 1, .. ., I (where I is the number of west—east nodes). If
the grid contains lateral boundaries, the solution depends on the terms (#N);_,
(uN)141.4—p> (KN)o,—p, and (KN)41,,—p, which lie beyond the boundaries. Outside
boundary values may be set equal to values just inside the boundary (e.g., at nodes
i=1and i = 1) from the previous time step. When the grid has periodic boundary
conditions (e.g., a grid that has no lateral boundaries because it wraps around on
itself), node i = 0 is also node i = I, and node i = 1 is also node i = I + 1. In such
a case, outside boundary values are not needed.

6.4.4.3 Implicit scheme

Equation (6.35) can be solved implicitly by evaluating all terms on the right side
at time #. In implicit form, (6.35) becomes

M’,t — Nt (“N)i+1,t - (uN)ifl,t N1 — 2N‘,t + Nz‘—l,t
+ — K
h 2Ax Ax?

-0 (6.36)
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The solution to (6.36) along i =1, ..., I is obtained by rearranging the equation
as
AiN_1:+ BiN;+ D;Ny1: = Ny (6.37)
where
u K 2K u K
A=—h(2 4 Bi=1+h(2 D=h(-2 -
' (ZAx * sz)i_l ' + (Ax2>,~ ' (2Ax Ax2)i+1
(6.38)

For a limited-area domain (a domain with boundaries at both ends), the matrix
arising from (6.37) is

ByD; 0O O --- 0 0 O N, Nip ANy, ]
ABD 0O--- 0 0 0 N, Noi—p 0

0 As; B3 D;--- 0 0 0 N3,t M,tfh 0

0 0 AyB4--- 0 0 O Ny Nis—p 0

00 0 0---B,D;» 0 N2 - 0

00 0 0 ---A_1B_1Dr_1]|| N_1, Ni—1,—h 0
| 0 0 0 O 0 A By || Niv | L N | LDiNyas |

(6.39)

where A1Ny; and D;Nj.i; are outside boundary values. Outside values are
assumed to be known in advance although they carry the subscript ¢. Equation
(6.39) is a tridiagonal matrix, which is solved by matrix decomposition and back-
substitution in the order,

Decomposition
D, D; :
- __ i=——— fori=2,...,1
" By v Bi + Aiyiy
R1 R,' — A,'Oli_1 .
o = — O =——-—-" fori=2,...,1 6.40
' B "B+ Ayic ( )
Backsubstitution

N, =oa; N:=0oi+yiNii; fori=1-1,...,1,-1 (6.41)

where R; represents the right side of (6.39). The solution to (6.39) is mass con-
serving and unconditionally stable for all values of # and K, but it is numerically
diffusive. To obtain the solution, (6.36) was converted from a partial differential
equation (dependent on time and space) to an ordinary differential equation (depen-
dent on time only). The linear ODE was then solved by matrix decomposition and
backsubstitution.
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For a domain with periodic boundary conditions (Section 6.4.4.2), the matrix
for (6.39) becomes

By Dy 0 0 0 0 A I\I],t M,t—h
A B, D 0 0 0 0 I\Iz,t N2,t—h
0 As Bs Ds 0 0 0 N;; A
0 0 Ay By 0 0 0 Ny, Ni s
o 0 o0 O -+ B, D, O Ni_z, Ni_2:-p
0 0 0 0 A1 Bi—1 Dig Ni_1, Ni_1,-p
Dr 0 0 0 - 0 A B )| Ny | Ny

(6.42)

where values at node I are adjacent to those at node 1. The solution is obtained by
solving (6.40), followed by

Ay Aixi—1

X1 =—7 Xi=——->-—— fori=2,...,1

! By Bi + Aiyioa

Yr=1 Vi = Yiviz1 + xi fori=I1-1,...,1,—-1

ﬁI:O /31:)/1/31+1+051 fori:I_la""lv_l

o — B1 Dy

N — B+ Ay

h 14 Dryri + Arxi

Br + Aryr—

N;:=a;i +yiNji1s+ xiNis fori=1-1,...,1,—-1 (6.43)

This solution is mass-conserving but does not require outside boundary informa-
tion.

6.4.4.4 Crank—Nicolson scheme

The implicit approximation just described was first order in time and second order
in space. The order of approximation in time can be improved to second order
with the Crank-Nicolson (trapezoidal) scheme (Crank and Nicolson 1947). This
scheme is semiimplicit since some terms on the right side are evaluated at time #
and others are evaluated at time ¢ — h. With the Crank-Nicolson scheme, spatial

derivatives are weighted 50 percent between the initial and final times. Rewriting
(6.35) gives

N:— N (”N)iH ¢ — (uN); 4, (“N)i+1 b — (uN);_1 -
E) k} c ) 3 1 _ c 3y )
h * |:M 2Ax = pe) 2Ax
N1t —2N;+ N_ it 1i—h — 2Npop + Nioq o
_K I:MC +1,t ,Zt N 1,t + (1 . Mc) N+1,t h ,tzh N 1,t hi| -0
Ax Ax

(6.44)

where . is the Crank-Nicolson parameter. When a finite-difference equation is
written in terms of ., the equation is in Crank-Nicolson form. When u. = 0.5,
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(6.44) reduces to the Crank—Nicolson scheme, which is second order in time and
unconditionally stable for all values of # and K. When p. = 0, (6.44) reduces to
(6.35), the forward Euler scheme, and when p. = 1, (6.44) reduces to (6.36), the
implicit scheme. Equation (6.44) can be rewritten as

AN_1;+BN;+DNyi;=EN_1;-h+FN;,», +GNyi,—p (6.495)

where

u K 2K
A=—-ph|l——+— Bi=1 h| —
e (ZAx " Ax2>i1 e <Ax2>i

K K
D, =Mch<i - —) E=( —Mc)h<L+—> (6.46)
i+1 i—1

2Ax  Ax? 2Ax  Ax?
2K u K
Fr=1-(1-p)h( == Gi=—(1-p)h|—— — —
i ( ) (Ax2>i i ( ) (ZA.’X Ax2)1+1

When a grid has lateral boundaries, the matrix arising from (6.45) is the same as
(6.39), except that the right side of (6.39) is replaced with

(FiG 0 0--- 0 0 O Ni - EiNo—p — A No,

E, Fb G, 0 --- 0 0 0 N 0
0 E3 F3 G3 - 0 0 0 N3,z—h 0
0O 0 E4 F4 --- O 0 0 Nisop 0
= . . . . . + .
0 0 0 0 ---Fr»Gr, O Ni_2:p 0
0 0 0 O0---Ejq F_1 Gi4 Nit,e-p 0

L0 0 0 0 0 Er Fr || N | LGiNig1—5— DiNryq, |

(6.47)

Equations (6.39) and (6.47) are solved with (6.40) and (6.41). For a domain with
periodic boundary conditions, (6.39) and (6.47) are solved after the rightmost
column in (6.47) is removed, after A; and Dj are placed in the top right and
bottom left corners, respectively, of (6.39), and after Eq and G are placed in the
top right and bottom left corners, respectively, of (6.47).

6.4.4.5 Leapfrog scheme

Another scheme that increases the order of approximation in time to second order
is the leapfrog scheme. This scheme uses information from two previous time steps
to predict information for a third. More specifically, spatial derivatives from time
t — b are used to evaluate differences between times ¢ and ¢ — 2h. The leapfrog
solution to the west—east advection—diffusion equation is

N;:—N—ap  (uN)iyq,p— (@N); 1, _K Nitt—»b —2Np+ N_1,-p

2h 2Ax Ax? =0

(6.48)

where values from time ¢ — b and ¢ — 2 are determined from previous time steps.
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The discretization above is second-order in time and space. When used alone,
the leapfrog scheme is unconditionally unstable for all nonzero values of K. When
K = 0, the leapfrog scheme is conditionally stable for linear equations. For nonlin-
ear equations, the scheme destabilizes over time. To suppress such instability, com-
putations from another scheme must be inserted every few leapfrog steps (Mesinger
and Arakawa 1976). A scheme used to stabilize the leapfrog scheme is the Matsuno
scheme.

6.4.4.6 Matsuno scheme

The Matsuno scheme (Matsuno 1966) is an explicit time-stepping scheme com-
monly used to stabilize and initialize the leapfrog scheme. With the Matsuno
scheme, time derivatives are estimated with a forward-difference approximation.
The estimated values (subscript “est”) are substituted into the spatial derivatives
to estimate final values. The estimation and correction steps are

N,esr — Nitp I (MN)i+1,t—h - (“N)i—l,t—h _K N‘H,t—h - ZNi,t—h + N—l,t—h _

0
h 2Ax Ax?
(6.49)
I\Ii,t - M,t—b + (uz\[)i-&-l,est - (MN)i—l,est _K M-H,est - ZM,est + I\Ii—l,est -0
h 2Ax Ax? N
(6.50)

respectively. Although the Matsuno scheme requires twice as many computations
as does either the forward Euler or leapfrog scheme per time step, the Matsuno
scheme is still a first-order approximation in time. It is conditionally stable for all
values of # when K is zero or small but absolutely unstable for large values of K
(Mesinger and Arakawa 1976). When combined with the leapfrog scheme to solve
the equations of atmospheric dynamics, Matsuno steps are usually taken every
5-15 leapfrog steps.

6.4.4.7 Heun scheme

With the Heun scheme, time derivatives are estimated with a forward-difference
approximation that uses initial values in the spatial derivative. Final time deriva-
tives are determined with an average spatial derivative. The average is taken as
one-half the spatial derivative determined from initial values plus one-half the spa-
tial derivative determined from estimated values. With respect to the advection—
diffusion equation, the Heun scheme involves solving (6.49) followed by

M,t - M,tfh + 1 (MN)i-H,est - (MN)i—l.est . 5 M+1,est - 2I\L',est + Mfl,est

h 2 2Ax 2 Ax?
4 10Ny = @N)icrp K Neweop = 2N + Nty
2 2Ax 2 Ax? B

The Heun scheme is a second-order approximation in time. For all values of
u, this scheme is unconditionally unstable when K = 0 and when K is large,

0 (6.51)
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and conditionally stable when K is small and nonzero (Mesinger and Arakawa
1976).

6.4.4.8 Adams—Bashforth scheme

Another time-differencing scheme is a simplified version of the Adams-Bashforth
scheme. Like the leapfrog scheme, this scheme is explicit, uses three time levels, and
is a second-order approximation in time. The scheme discretizes the advection—
diffusion equation as

N:— N i E(”N)H—l,t—h - (”N)i—l,r—lo _ EK Nit—pb —=2Ni—p + N1,
b 2 2Ax 2 Ax?
L (#N)ir-2p = @N)iro-2p 1 Netaoah = 2Noap + Nt

2 2Ax Ax?

=0

[\

(6.52)

where the ¢ — b time level is favored over the ¢t — 2h time level. For all values of u,
the Adams—Bashforth scheme is unconditionally unstable when K = 0 and when
K is large, and conditionally stable when K is small and nonzero (Mesinger and
Arakawa 1976). This scheme is useful for short integration periods when a small
time step is taken.

6.4.4.9 Fourth-order Runge—Kutta scheme

The last time-differencing scheme discussed is the fourth-order Runge-Kutta
scheme (e.g., Press et al. 1992). This scheme is explicit and requires information
from one time step backward only, but makes three guesses before forecasting
final values for the time step. When the Runge-Kutta scheme is applied to the
advection—diffusion equation, the concentration at time # is calculated with

N ki ke ks k4
«M—MM+Z+?+§+Z (6.53)

where
k= b [ (N)iy10p — (N)ig LK Nit—b = 2N + N1 4-p
2Ax Ax?

kz —b —_ (ut—thtl)i+l - (Mt—thtl)i—l +K M+1,est1 - 2I\Ii,estl + Mfl,estl_

L 2Ax Ax? 1 (6.54)

[ (- Nesia) i1 — (- Nesi2); 1 Nites2 =2Nieso + Notesn |
ky=h| - +K

I 2Ax Ax? i

[ (- Nese3); 1 — (2—p Nesi3); 1 Nitest3 = 2N e + Niq est3 |

— h _ i+ [ K s 5 s
b L 2Ax * Ax? i
and
ky ky
N,estl = I\[i,tfh + = M,est2 = Z\]i,tfh + = I\Ii,est?) = N,tfh + k?) (655)

2 2
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Figure 6.5 Comparison of  convergence
among four schemes applied to the one-
dimensional advection—diffusion equation for
a tracer concentration. Runge-Kutta,
----- Adams—-Bashforth, — — — Matsuno, e
forward Euler. The wind speed and diffusion
coefficient were constant at Sms~! and
1000m?s ™, respectively. Boundary condi-
tions were periodic. The actual orders of
approximation determined by the curves are
shown. From Ketefian and Jacobson (2005a).

When K = 0, the scheme is stable when b < 24/2AxX/|ttmax|, where |#max| is the
maximum west—east wind speed. When |#m,«| = 0, the scheme is stable when
h < CAX?/Kax, where K.y is the maximum diffusion coefficient on the grid and
Cis a constant between 0.25 and 0.3. When K > 0 and |#yax| > 0, the stability of
the scheme is a complex function of |#y,x|, Kimax, and grid spacing (Ketefian 2005;
Ketefian and Jacobson 2005a).

Figure 6.5 compares the convergence of the fourth-order Runge-Kutta, Adams—
Bashforth, Matsuno, and forward Euler schemes. The Matsuno and forward Euler
schemes are first-order approximations in time, as illustrated in the figure, which
shows that when the time step is reduced by half, errors of the schemes decrease
by half. The Adams—Bashforth scheme is a second-order approximation in time.
Thus, a factor of two reduction in the time step reduces its error by a factor of
four. A factor of two reduction in the fourth-order Runge—Kutta time step ideally
reduces its error by a factor of 16. The figure, though, shows that a reduction in
the time step by a factor of two reduced the error by a factor of 36-41, making
this scheme a fifth-sixth order scheme for this application. The reason is that the
order of approximation is the order of the lowest-order term in a Taylor series
expansion neglected in the approximation. In the present case, the lowest-order
term neglected was negligible, thus the order of approximation was governed by
the second-lowest-order term neglected.

Figure 6.5 shows that not only does a high-order scheme decrease the error
with decreasing time step to a greater extent than does a low-order scheme, but a
high-order scheme also results in a lower error at any given time step than does a
low-order scheme.
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6.4 Finite-difference approximations

6.4.5 Fourth-order in space solution to the
advection—diffusion equation

The time-difference schemes discussed above can be applied with higher-order
spatial finite-difference approximations. For example, substituting fourth-order
expansions of the advection and diffusion terms from Table 6.2 (h) and (n), respec-
tively, into (6.1) gives a fully implicit, unconditionally stable form of the advection—
diffusion equation as

M,t - M‘,t—h i (uN)i_2, — S(MN)i—l,t + 8(”Mi+1,z - <MN)i+2,t
b 12Ax

K —N_2;+16N_1;—30N;+16Ny1;, — N1,
12Ax?

-0 (6.56)

This equation can be written in banded-matrix form with five terms on both sides
and solved with a banded matrix method (e.g., Press et al. 1992). Such methods
may combine matrix decomposition and backsubstitution with a sparse-matrix
technique to reduce the number of computations.

6.4.5.1 Variable grid spacing and eddy diffusion coefficients

The previous solutions to the advection—diffusion equation were obtained by
assuming constant grid spacing and eddy diffusion coefficients. Here a solution
that assumes variable grid spacing and diffusion coefficients is considered.

The west—east advection term in (6.1) can be discretized with (6.24) as

d(uN)
0x

= Va,i—1(#N)i—1 + Va,i(uN); + Vaiv1(N)i 1 (6.57)

When grid spacing is variable, the second-order central-difference approximation
coefficients for this equation are obtained by solving the matrix equation from
(6.29) with By = 1 and all other B, = 0,

1 1 1 Va,i—1 0
(6 —x-1) 0 (%41 —x) Yai | =11 (6.58)
(6 —x-1)* 0 (%41 — %) Lvaist 0

—(Xi41 — %)

to yield

Va,i—1 =
! (% — x-1) (%11 — x-1)
Xyl — %) — (% — x;_
Vai = ( i+1 l) ( i 1 1) (659)
(Xip1 — %) (% — xi-1)
Xi — Xi—1
Ya,i+1

(Xi41 — %) (X1 — Xi—1)
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The west—east diffusion term in (6.1) expands to

N KoN N
0 (Ka >—3—8 Ka— (6.60)

ax\ ax ) ox ax ax2

The second-order central-difference approximations to the terms on the right side
of this equation are

oK
x R Va1 Kic1 4+ va,i Ki + vait1Kia
IN
™ A Vai—1 N2t + Va,i N+ Vaiv1 N (6.61)
*N
KW ~ Ki(yai-1N—1 + Va.iN + vai+1Nig1)

where the y, terms are the same as those in (6.59). The y4 terms are found by

solving the matrix equation for a second-order central-difference approximation
from (6.29) with B, = 1 and all other B, =0,

1 1 1 Ydi-1 0
—(x—x-1) 0 (%41 —x) vai | =10 (6.62)
(x; — x,~_1)2 0 (x41— Xi)z Vd,i+1 2
to yield
o 2
it = (% — xi-1) (%41 — xi-1)
-2
v = (6.63)
(%41 — %) (6 — x-1)
o 2
Vit = (%11 — %) (%41 — x-1)
Substituting (6.61) into (6.60) gives
0 oN
— (K—> ~ Bri—1N—1 + Br,i N + Br.i+1 N1 (6.64)
ax 0x

where

Bri-1 = Vai=1Kic1 + Va,i Ki + Va,is1 Kig1)vai-1 + Kivgizt
Bri = Vai=1Kiz1 + va,i Ki + Vaiv1 Kiz1)vai + Kiva,i (6.65)
Bri+1 = (Vai=1Kic1 + va,i Ki + Vaiv1 Kit1)vaiv1 + Kivd.it1

Applying (6.57) and (6.65) to (6.1) gives a second order in space solution to the
advection—diffusion equation that allows for variable grid spacing, wind speeds,
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6.4 Finite-difference approximations

and eddy diffusion coefficients. In Crank—Nicolson form, the advection—diffusion
equation is

N Nt e = BN 1+ (e = BN + (e — BN 1)

— (1 = pue{[(varr — Br)NJiz1 + [(vae — Br)NIi + [(vart — B)Nliv1}i-p  (6.66)

This equation can be written in tridiagonal matrix form and solved.

6.4.6 Finite-differencing in two directions

Combining the west—east and south-north terms in the advection—diffusion equa-
tion gives the horizontal form of the equation as

ON  duN) d(wN) o ON\ 9 IN
ey ) a5

N % (k,. Kppon ) =0 (6.67
at ' ox 9y ax\ " ox ”*”ay> (6.67)

When constant grid spacing and eddy diffusion coefficients are assumed, the
implicit expansion of (6.67) to second order in space is

N i+— N ji-p n [(”N)i+1,,' — (uN);_y; n (UN); jy1 — (UN)i,/1:|
t

h 2Ax 2Ay
N1 —=2Nj+ N1 N,j-1 =2N,j + Nijt1
— |\ Kp.xx . : : K . . : =0 (6.68
( " Ax? T8 Ay? ‘ (068

where j is the grid index in the north-south direction. This equation is linear for all
iandjand can be solved implicitly in matrix form, just as with the one-dimensional
case. Although the matrix is not banded, it may be solved by decomposition and
backsubstitution. Equation (6.66) can also be extended to three dimensions, put
in Crank—Nicolson form, and solved with variable grid spacing and eddy diffusion
coefficients.

The primary disadvantage of solving (6.68) implicitly is that the matrix order
quickly becomes large. For a 100 x 100 horizontal grid, the required matrix is
10000 x 10000. The advantage of solving the equation implicitly is that the
solution is unconditionally stable for all values of u, v, Kj, ., and K}, y,. If (6.68)
is solved explicitly, it is unconditionally unstable for all values of # and v when
K = 0 or K is large and conditionally stable for all values of # and v for other
values of K.

6.4.7 The semi-Lagrangian method

A special case of the finite-difference method is the semi-Lagrangian method (e.g.,
Pepper et al. 1979; Robert 1982; Staniforth and Cote 1991; Makar and Karpik
1996; Yabe et al. 2001; Bermejo and Conde 2002; Nair et al. 2002). With this
method, the value of a variable at a specific location and time is obtained by first
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tracing back where the air parcel containing the variable came from during the
last time step. Suppose it is desired to find the concentration of a gas at time # at
point B, located at the center of a model grid cell. If the wind speed near point
Bis S m s~! and the model time step is » = 300 s, the concentration at point B
and time ¢ can be estimated as the concentration at time ¢ — b a distance Ax =
S5ms x 300 s = 1500 m to the west of point B, defined now as point A. During
the time interval, the wind advects the gas from point A to B. Since point A is
not necessarily located at the center of a model grid cell, the gas concentration
at point A must be found by interpolating concentrations from adjacent grid-cell
centers.

In sum, with the semi-Lagrangian method, the concentration of a gas at time ¢
and location x is estimated as

I\Ix,t = Nx—ulo,t—h (669)

where N at location x — ubh and time # — b is interpolated from values of N at
nearby node points. Mixing ratios, potential temperatures, and #- and v-scalar
velocities can be estimated in a similar manner. Equation (6.69) can be written for
one, two, or three directions.

Several methods exist to interpolate a variable to point A from nearby grid-cell
center values. One method is to estimate the slope of the variable between two
grid cells surrounding point A and to interpolate linearly between the two cells. A
more complex method is to fit a polynomial through three or more adjacent cells
surrounding point A and to calculate the value at point A from the polynomial.
When the polynomial is a cubic, the method is the cubic spline method (Price and
MacPherson 1973; Purnell 1976).

An advantage of semi-Lagrangian schemes is that they can be run with a
long time step without concern for stability. Advection of tracers, such as water
vapor and potential temperature, is sometimes more accurate with a semi-
Lagrangian scheme than with a pure finite-difference scheme. A disadvantage of
semi-Lagrangian schemes is that, unless proper steps are taken, the mass of a trace
species is not conserved during advection. Transported mass can be conserved dur-
ing a time step if the fitted spatial concentration curve, used for interpolation, is
normalized so that the integral of mass under the curve equals the total mass in the
system at the beginning of the time step.

6.5 SERIES EXPANSION METHODS

With a finite-difference method, each differential in a PDE is replaced with a dif-
ference analog written in terms of a finite number of values along a temporal or
spatial direction. With a series expansion method, a dependent variable (e.g., «, v,
w, N) in a PDE is replaced with a finite series that approximates its value. If the
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PDE arising from the west—east advection equation at node 7 is

OdN  9(uN);
ON | BN) _ (6.70)
at ax
a series-expansion approximation of the number concentration at node i is
N ~N; (x) = ) Nie;(x) (6.71)
j

where N;(x) is called a trial function. Assume for now that u is constant. The set
of j nodes over which the trial function is approximated is the trial space. The trial
function is the sum, over each node in the trial space, of the true concentration,
Nj, multiplied by a basis function ¢;(x). The difference between (6.70) when N;(x)
is used and that when the summation over Nje;(x) is used is the residual, R;(x). A
residual is the difference between an approximate and an exact function.

A series expansion method that uses a local basis function is a finite-element
method. A series expansion method that uses a global basis function orthogonal to
the residual is a spectral method. A common finite-element method is the Galerkin
finite-element method. With this method, the local basis function is also orthogonal
to the residual. The basis functions of other finite-element methods may or may
not be orthogonal to the residual. Below, the Galerkin finite-element method is
discussed, and a type of spectral method is briefly described.

6.5.1 Finite-element method

With the Galerkin finite-element method, basis functions are treated like weight
functions in that they weight a residual at each of several nodes along a spatial grid
(test space). The sum, over the test space, of the residual multiplied by the weight
is zero (e.g., Pepper et al. 1979; Celia and Gray 1992). Thus,

/ Ri(x)e;(x)dx =0 (6.72)

The purpose of this constraint is to minimize R;(x) by forcing its weighted average
over the domain to zero. With the Galerkin method, the weight function e;(x)
and test space in (6.72) are the same as the basis function e;(x) and trial space,
respectively, in (6.71). For other methods, e;(x) and e;(x) may differ, and the test
space may differ from the trial space. Methods in which the test and trial spaces
differ are Petrov—Galerkin methods.

The residual of (6.70) is

Rz(x)=[

ON;(x)  ON;(x)] [N  oN
o " ox ]_[WH’W]

_ [8N"(x) n uaN"(x)} —0 (6.73)

Jat 0x
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which is the difference between the approximate and exact form of the equation.
Substituting (6.73) and (6.71) into (6.72) and assuming constant # gives

/x [al\git(x) + ualj’;x)]e,-(xmx
/[at(ZN,e, >+u—<ZNe )} (x)dx
_Z< /x x)e; (x dx>+uz<

Expanding the basis function in (6.74) over three nodes centered at i (j =i —
1,...,i+ 1), and taking a first-order forward-difference approximation in time of
the result gives

Rt =B [7 e ot + T [ g (e

i(x)dx) =0 (6.74)

—i—M/ - ei+1(9€)¢i(9€)dx+u(l\]i—1,t/ i dei_l(x)ei(x)dx
/9 X X1 dx
+M,,/ " dei(x)dxe,-(x)dx—i— N+1,¢/ " dei;;;(x) ei(x)dx> =0 (6.75)

One set of basis functions is the chapeau (hat) function,

X — Xi—1
— X1 ZX=X
Xi — X1
. — Xit1 — X
elx) =1 B TX (6.76)
Xit1 — X
0 all other cases

These weightings favor the center cell (i) and decrease to zeroati — 1 andi + 1,
giving them the appearance of a peaked hat. The functions are the same for e; (x).
When chapeau functions are used, the integral in the first term of (6.75) simplifies

to
/ ey (x)es (x)dx = f ' < i ><x — il )dx X761 6.77)
X1 x \Xi — X1 )\ X% — X1 6

After other terms have been integrated, (6.75) becomes
(N-1: = No1:-p) A% + (Nt — Not—p)2(A% 11 + Ax;) + (Np1r — N, 0-h) AXi 1

6h
+uM+1,z ; N_i, ~0 (6.79)

where Ax; = x; — x;_1 and Axj 11 = xj41 — x;.
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Ni. Ky pa,i
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i-1 i i+1

Figure 6.6 Locations of vari-
ables along a west—east grid
for a Galerkin finite-element
scheme.

Equation (6.75) assumes that u is constant. When # varies, its trial function is
Ui(x) =, uje;(x). A similar equation applies to the eddy diffusion coefficient.
Toon et al. (1988) and Pepper et al. (1979) show a Galerkin method with cha-
peau functions as finite-elements and a Crank—Nicolson time-stepping scheme. The
method uses a fourth-order approximation in space and a second-order approxi-
mation in time and solves the unidirectional advection—diffusion equation given in
(6.1). The method allows variable scalar velocities, grid spacing, and eddy diffusion

coefficients. The solution is found by setting up i =2, ..., I — 1 equations of the
form,
(N—1: = No14-p)Ax; + (Np = Nt p)2(A% 41 + Ax;) + (Np1r — N1 ) Axipg
h
+uc(yiNg1 + BiN —aiN-1): + (1 — ) (i N1 + BiIN — i N—1);-p = 0
(6.79)

where u. = 1, 0.5, or 0 implies an implicit, Crank—-Nicolson, or forward Euler
solution, respectively, and

3(pa,i Ki 4 pa,i-1Ki—1)
Pa,i—1AX;
3[(Pai—1Kic1 + pai Ki)Axip1 + (02, Ki + paiv1 Kiv1) Axi]
Pa,i AX; A1

o = (u; +2u;_q) +

Bi = (—ui—1 +uipq) +

3(pa,i Ki + paiv1Kit1)
Pa,i+1 AXiq1

vi = (i +2ui41) — (6.80)

Velocities, eddy diffusion coefficients, and densities in (6.80) are located at grid-
cell boundaries, as shown in Fig. 6.6. Equation (6.79) can be written in tridiagonal
form as

AIN_1; +BiN; + DiNy1; =EN_1;-p+ FN,; + GiNj1,-p (6.81)
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Figure 6.7 Location of grid variables at (a) low and (b) high boundaries.

where
A= Ax; — buca; Ei = Ax; + (1 — pe)a;
B = 2(Ax; + Ax,'+1) + /’)Mcﬁi F; = 2(Ax; + A-xiJrl) - b(l - /'Lc)/gi (6.82)
D= Ax; 1 + by, Gi= Axip1 — b(1 — o)y

Like (6.45), Equation (6.81) may be solved with a tridiagonal matrix technique.
Figure 6.7 shows locations of variables for boundaries on a limited-area grid.
The coefficients for outflow from the high boundary are

Ar = Ax; — hpeap Er = Ax;p 4 h(1 — pu)ag
Br = 2Ax; + hucpr Fr =2Ax; — h(1 — ue)Br (6.83)
D;=0 Gr=0

where

3 K 1K
R S (Pa, 1K1 + pa,1-1K1-1)

Pa, -1 AXT
90a.1K1 + 3pa 11 K-
Br = duy —up_ + Pa, 1 K[+ 305 11 K1 (6.84)
Pa, 1AX]
The coefficients for outflow from the low boundary are
A =0 E, =0
By = 2Ax1 + hucpi Fi =2Ax) — h(1 — pe) B (6.85)
Dy = Axy + hucyr G = Axa — h(1 — )yt

where

90..1K1 4+ 302K 3 K+ K
B = —duy + 1y + Pa 1K1+ 30.2K> = 1ty + 2y — (a1 K1 + 02 2K3)
’Oa’lez pa,ZAXZ
(6.86)

Inflow boundary equations are obtained by extending (6.81) one node beyond
the boundary and estimating concentrations and wind speeds in this virtual node.
Virtual-node values may be set to values just inside the boundary or extrapolated
from two or three nodes inside the boundary. Another option is to set virtual-node

196



6.5 Series expansion methods

(a) (b)
/_\12007\\\\ TTTT TTTT TTTT TTTT TTTT1] 12007\\\\ TTTT TTTT TTTT TTTT TTTT1]
9 = E o) = E
b5 e = '51000? =
\659 = = g800§ 3
g = = g 600 =
E 400 4 Faor E
3 = = g 200 - 3
g E J 5 0E ~._ —~
© £ 1 O B~/ E
_200’\\H\\H\\HH\HH\HH\HH —200 Crres \N\‘HH‘HH‘HH‘HH’
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Grid-cell number Grid-cell number
(©)

1200,\\\\\\\\ TTTT TTTT TTTT TTT 1]

% 1000; é

g 800 . =

= 600 E

£ 400 I E

5 200 / E

B o e

= = o/ 3

G 200E V) =

_400:HH\\H\\HH\HH\HH\HH:

0 5 10 15 20 25 30

Grid-cell number

Figure 6.8 Preservation of a Gaussian peak during finite-element transport over
a grid with periodic boundary conditions when (a) uh/Ax = 0.02, (b) ub/Ax =
0.25, (c) uh/Ax = 0.6. Solid lines are initial values, short-dashed lines are values
after four revolutions, and long-dashed lines are values after eight revolutions.

values equal to an average of values just inside the boundary from the current and
the previous time step.

Equation (6.81) can also be solved with periodic boundary conditions. Figures
6.8 (a)—(c) show results from the finite-element method described above when a
Gaussian plume was advected over a grid with such boundary conditions. Grid
spacing and wind speeds were uniform for the test. Each figure shows a result
when a different value of uh/Ax was used. The figures indicate that #h/Ax should
be 0.25 or less to minimize numerical diffusion, which is the artificial spreading of
the peak, and numerical dispersion, which is oscillations upwind and downwind
of the peak. If grid spacing is 5§ km and the average wind speed is 10 m s™!, the
time step in this case should be no larger than 0.25 x 5000 m/10 ms~! = 125 s.

6.5.2 Pseudospectral method

Like the finite-element method, the pseudospectral method involves the replace-
ment of the spatial differential operator by a finite series of basis functions. In the
case of the finite-element method, the basis functions are local functions. In the case
of the pseudospectral method, the basis functions are a finite series of orthogonal
functions. The difference between a spectral and a pseudospectral method is that,
with the former, time and space derivatives are approximated with a finite series.

197



Numerical solutions to partial differential equations

With the latter, spatial derivatives are approximated with a finite series, but time
derivatives are approximated with an explicit Taylor series expansion or another
method.
If wind speed in the x-direction is constant, the west—east advection equation
for gas number concentration is
oN oN
—4+u—=0 (6.87)
at ax
The pseudospectral solution to this equation can be found by representing N(x,?)
over the interval 0 < x < L by the Fourier series

N(x.t) =Y a(t) /" (6.88)
k=0

(Orszag 1971; Wengle and Seinfeld 1978; Hack 1992), where k is the wavenumber
and ay(t) are complex Fourier coefficients. At # = 0, N is a known function of x.
Values of a(0) are found by integrating both sides of (6.88) from 0 < x < L. The
result is

L
24(0) = %/ N (x, 0)e 227/Lx (6.89)
0

For practical application, the infinite series in (6.88) is truncated to a finite number
of wavenumbers, K, giving

K
Nix.t) = Y " ax(t)e*>™/" (6.90)
k=0

The larger the value of K, the more accurate the estimate of N.

A pseudospectral solution to (6.87) can be found by taking a second-order,
central-difference approximation of (6.90) with respect to time and the partial
derivative of (6.90) with respect to space. The resulting expressions are

IN 1 S ik2rx/L . ik2rx/L

o ~ 7 /;:0 ap e — /;:0 Ak t—2hC (6.91)
8N K lanak t—h ik2mx/L

— = — 7 6.92
ax ; L ¢ ( )

respectively. Substituting these into (6.87) yields

K .
ik2nx/L _ Z ikR2mag eik2mx/L (6.93)

1 K
E ; (ﬂk,t - ﬂk,t—zh)e I

k=0
which can be separated into K equations of the form

Ar — di—2p _ wik2mag,-
2h L

(6.94)

Equation (6.94) is explicit and can be solved immediately, since values of a;, at time
t — b and ¢t — 2h are known from previous time steps. Fourier coefficients for the
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first time step (¢ = h) are found by taking a forward- instead of central-difference
approximation in (6.91). Once Fourier coefficients have been determined from
(6.94), they are substituted back into (6.90) to give an estimate of N at time ¢ for
any value of x.

An advantage of a pseudospectral scheme over a finite-difference approximation
is that only K equations need to be solved in the pseudospectral scheme. In a finite-
difference scheme, I finite-difference equations need to be solved per time step,
where I is the number of grid cells in one direction. Usually, I > K. Whereas the
pseudospectral solution to the linear advection problem is easy to implement, it is
not readily applied to nonlinear problems, such as when # varies in space or when
u is a prognostic variable. In such cases, a separate basis function for u is required.
The multiplication of two finite series, such as one for # and one for N, results in
additional terms, slowing the pseudospectral numerical solution. One way to avoid
the multiplication of spectral-basis-function products is with the spectral transform
method (Eliasen ez al. 1970; Orszag 1970).

For global modeling, the basis functions used are the spherical harmonics. These
functions are a combination of sine and cosine functions along the zonal (west—
east) direction and Legendre functions along the meridianal (south-north) direction
on a sphere. They are computationally fast in comparison with some other basis
functions. Spectral and pseudospectral methods are discussed in more detail in
Orszag (1970), Washington and Parkinson (1986), Holton (1992), Hack (1992),
and Krishnamurti et al. (1998). Pseudospectral techniques are commonly used to
discretize horizontal advection terms in global models.

6.6 FINITE-VOLUME METHODS

Finite-volume methods are methods of solving partial differential equations that
divide space into discrete volumes. Partial differential equations are integrated
over each volume. Variables are then approximated in each volume by averaging
across the volume. Variables are exchanged between neighboring volumes at vol-
ume interfaces in a flux-conserving manner. Finite-volume methods are generally
applied over irregular grids (Section 4.1). A detailed discussion of the finite-volume
method is given in Durran (1999).

6.7 ADVECTION SCHEMES USED IN AIR-QUALITY MODELS

Advection schemes are useful in three-dimensional air quality models only if they
are not allowed to generate unphysical extreme concentrations (they are bounded),
do not generate artificial oscillations (nonoscillatory), and preserve gradients of
mixing ratio (monotonic). When a scheme is bounded, the mixing ratio in the
current grid cell can never increase above or decrease below the mixing ratio in
any adjacent grid cell after an advection time step. When such a condition is satisfied
over a grid domain as a whole, no mixing ratio can fall below the lowest or rise
above the highest initial mixing ratio anywhere in the domain. Schemes that are
bounded are generally nonoscillatory and monotonic as well.
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A problem with nonbounded schemes is that they can produce negative mix-
ing ratios (or concentrations), which are not physical, or mixing ratios above the
maximum possible, which may lead to inaccurate predictions of pollution lev-
els. Figure 6.8, for example, shows a scheme in which concentrations drop below
zero. This scheme, in its original form, is unbounded and oscillatory. The scheme
can be made bounded by limiting the minimum and maximum mixing ratios
upwind and downwind of each grid cell, then adjusting fluxes in the horizontal
to conserve mass. Although such adjustments may increase numerical diffusion
for some schemes, they remove oscillations, spurious peaks, and negative mixing
ratios.

In previous sections, several schemes used for solving unidirectional advection—
diffusion equations were given. Below, additional schemes are described. Some of
the schemes, as originally implemented, are bounded, nonoscillatory, and mono-
tonic, whereas others are not.

The forward Euler Taylor-Galerkin method (Donea 1984) is a Galerkin method
that uses the forward Euler rather than the Crank—Nicolson time discretization. A
Galerkin method that uses a chapeau basis function but a modified weighting func-
tion is the Petrov—Galerkin method (Hughes and Brooks 1979). The accurate space
derivative (ASD) scheme of Gazdag (1973) is a pseudospectral scheme in which time
and spatial derivatives are approximated with truncated Taylor series expansions
and truncated Fourier series expansions, respectively. The scheme of Smolarkiewicz
(1983) is an iterative, positive-definite, backward-difference approximation scheme
that reduces numerical diffusion by correcting the velocity with an “antidiffusion
velocity,” derived from the truncated terms in a Taylor-series expansion of the
advection equation.

Collela and Woodward (1984), Prather (1986), Tremback et al. (1987), Bott
(1989), Carpenter et al. (1990), and Easter (1993) derived solutions to the
advection—diffusion equation in which mixing ratios are expanded in space with
parabolic functions or higher-order polynomials. Each polynomial is derived from
mixing ratios in several adjacent grid cells. In the case of Prather (1986), first and
second derivatives of the parabolic function are stored for use during subsequent
advection time steps. These schemes generally modify fluxes at grid-cell interfaces
to ensure mass conservation. Related schemes include those by Yamartino (1993),
Rasch (1994), and Thuburn (1996, 1997).

Walcek and Aleksic (1998) and Walcek (2000) developed a bounded, nonoscil-
latory, and monotonic scheme in which spatial gradients in mixing ratio are fitted
with linear functions, rather than polynomials, optimized to preserve local peaks
and reduce numerical diffusion. Fluxes across grid-cell interfaces are limited to
ensure mass conservation. Figure 6.9 shows an example of the conservation and
low numerical diffusion resulting from this scheme when a tracer with mixing
ratio represented by several shapes is advected on a two-dimensional grid. The
smooth background field is a product of the bounded and nonoscillatory nature
of the scheme. The relative preservation of the shapes is an indicator of the highly
monotonic nature of the scheme.
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Figure 6.9 Comparison of (a) initial and expected exact final shapes and (b)
actual final shapes after six rotations with 628 time steps per rotation of advec-
tion around a two-dimensional 100 x 100 horizontal domain center using peri-
odic boundary conditions. The maximum Courant number was near 0.5. The

numbers represent peak mixing ratios for each shape. The scheme and diagram
originate from Walcek (2000).

In the trajectory grid scheme (Chock et al. 1996), advection is solved with a fully
Lagrangian method and eddy diffusion is solved with an Eulerian diffusion scheme.
In the scheme of Nguyen and Dabdub (2001), spatial derivatives of a tracer are

approximated with quintic splines and time derivatives are approximated with a
Taylor series expansion.
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Numerical solutions to partial differential equations

Many of the schemes described above have been compared with each other
when used alone (e.g., Chock 1991; Walcek 2000) or coupled with chemistry (e.g.,
Chock and Winkler 1994; Dabdub and Seinfeld 1994).

6.8 SUMMARY

In this chapter, methods of solving partial differential equations, and specifically
the advection—diffusion equation, were discussed. The methods include finite-
difference, series expansion, and finite-volume methods. A finite-difference approx-
imation involves the replacement of a continuous differential operator with a
discrete difference analog along a predetermined number of spatial or temporal
nodes. The order of approximation increases with the number of nodes along
which the differential is discretized. Forward-, backward-, and central-difference
approximations of the first and second derivatives of a variable were derived for a
variety of orders under the assumption of constant grid spacing. Finite-difference
approximations of the advection—diffusion equation were also discussed for cases
of nonuniform grid spacing and variable eddy diffusion coefficients. The semi-
Lagrangian method, which is in the family of finite-difference methods, was also
discussed, and series expansion methods were described. These methods, which
include finite-element and pseudospectral methods, involve the replacement of a
dependent variable with a finite series that approximates the variable. In addition,
several time-stepping schemes and their stability characteristics were described.
Finally, characteristics necessary for schemes solving the advection—diffusion equa-
tion in three-dimensional air pollution models were discussed.

6.9 PROBLEMS

6.1 Identify five characteristics of a good numerical approximation, and explain
which of these characteristics you think the forward Euler scheme (Section
6.4.4.2) with no diffusion has. (Hint: the characteristics of the scheme may be
obtained by estimation or by writing a one-dimensional code with periodic
boundary conditions and testing the effect of changes in time step and grid

spacing).

6.2 If an implicit approximation such as (6.36) is unconditionally stable, why
is it less accurate, for the same grid spacing and time step, than (6.44) when
e = 0.57

6.3 What advantage does the finite-element scheme of fourth-order in space and

second-order in time shown in this chapter have over a finite-difference
scheme of the same orders?

6.4 Find a sixth-order central-difference approximation of dN/dx. Assume
constant grid spacing.

6.5 Find a fifth-order backward-difference approximation of 4 N/dx . Assume
constant grid spacing.

6.6 Suppose the horizontal wind in a large domain shifted from a 5 m s~ south-
westerly wind to a 10 m s~! westerly wind to an 8 m s~! northwesterly wind
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6.7

6.8

6.10 Computer programming practice

back to a 10 ms™! westerly wind wind 3, 2, and 1 hour ago, respectively.
Draw the trajectory of a Lagrangian pollution parcel carried by the wind,
and calculate the straight-line distance the parcel traveled between 4 hours
ago and the present time. Ignore curvature of the Earth.

6.10 COMPUTER PROGRAMMING PRACTICE

Set up a west—east grid with periodic boundary conditions that has 100
uniformly spaced grid cells. Assume the last grid cell to the east meets the
first grid cell to the west. Set Ax = 5 km in each cell and u = 5 m s™! at
each cell west—east boundary. Initialize the gas concentration on the grid
with the Gaussian distribution N = Nye~0=59°/8 where N, = 102 molec.
cm~3 is a peak concentration and i corresponds to a cell boundary. Solve
(6.36), assuming the eddy diffusion coefficient is zero, with the matrix given
in (6.42). Use a time step of 5 s, and solve until 10 revolutions around the
grid have been completed. Plot concentration versus grid cell at the end of
each revolution. Discuss the numerical diffusion of the peak over time.

Do the same as in Problem 6.7, but instead solving with the fourth-order
Runge—Kutta technique. Use a time step of 0.1 s to obtain an “exact” solution.
Plot the difference between the “exact” and modeled concentration at one
point along the grid at a specific time during the simulation versus time step
when different time steps are used to demonstrate the fourth-order nature
of the solution.
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Finite-differencing the equations
of atmospheric dynamics

ANY numerical models have been developed to predict the weather on
M regional and global scales. The first was that of Richardson (1922), which
was solved by hand (Section 1.1). The first computer model was the one-
dimensional model of Charney (1949), developed as part of the project to apply
the world’s first computer (Section 1.1). Three-dimensional computer models today
usually discretize time and vertical spatial derivatives with finite-difference approx-
imations. Horizontal advection terms are discretized with finite-difference, spectral,
finite-element, or semi-Lagrangian approximations. In this chapter, one numeri-
cal solution to the equations of atmospheric dynamics, a three-dimensional finite-
difference solution in spherical-sigma-pressure coordinates, is discussed. The equa-
tions solved include the continuity equation for air, species continuity equation,
thermodynamic energy equation, horizontal momentum equations, and hydrostatic
equation. The solution scheme originates from Arakawa and Lamb (1977) and
Arakawa and Suarez (1983). Although more recent and advanced versions of the
scheme have been developed, and although many other numerical solutions exist,
the version presented was chosen for illustration purposes. A modeling project at
the end of the chapter allows students to develop a basic regional- or global-scale
dynamics model from the equations given.

7.1 VERTICAL MODEL GRID

A complete weather-prediction model requires all the components shown in
Fig. 1.1.In this chapter, only the meteorological component is addressed. A numeri-
cal technique is described to predict wind speed and direction, air pressure, energy,
and moisture. Techniques for solving equations for other processes are given in
other chapters of this text. Chapter 21 describes how different components of a
model are integrated and tested.

The first step in the development of a dynamics module is to define the vertical
coordinate system and location of variables within this system. For the present
application, the sigma-pressure vertical coordinate will be used. Figure 7.1 shows
the location of model variables in the vertical with this coordinate system. Vertical
scalar velocities are located at the top and bottom of each layer. Horizontal scalar
velocities and other variables (e.g., gas and particle mixing ratios and potential
virtual temperature) are located at the vertical midpoint of the layer. This type
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7.1 Vertical model grid

Model top boundary 61,=0, 0,,=0, Partop
————————————————————— ai 01, 1 VI, Pa
01412, O1+4172>  Pal+1/2
————————————————————— 92, 6v,2’ Uz, Vo, Pap

Gi1/2s ko120 Pak-12
————————————————————— c.lk’ 6v,kﬂ Uks Vis Pak
Ok+1/2> Ok+1/2> Pak+1/2
————————————————————— Q1> Ovirts  Upsls Virls Pak+l

ON,-1/22 ON-1/20 Pa,N,-1/2

————————————————————— AN Oy N> Uy VN Pan,
Model bottom boundary Sy12=0, Ons12=1. Pasurt

Figure 7.1 Location of variables in the vertical direction of a
sigma-pressure coordinate Lorenz grid. Integer subscripts cor-
respond to layer centers, and fraction subscripts correspond to
layer boundaries.

of grid is called the Lorenz grid, after Lorenz (1960). A similar grid that stores
potential virtual temperature at layer top and bottom boundaries instead of centers
is called the Charney-Phillips grid, after Charney and Phillips (1953). Both grids
are described in more detail in Arakawa and Konor (1995). In Fig. 7.1, layer center
indices increase from 1, at the top of the model, to Ny, at the bottom, and layer
boundary indices increase from 1/2, at the top, to Ny + 1/2 at the bottom.

Sigma-pressure coordinate vertical scalar velocities at the bottom of the model
are set to zero, since the model bottom is assumed to be a material surface, namely,
the ground surface. Setting the model bottom vertical scalar velocities to zero also
helps to filter out Lamb waves, which are horizontally propagating acoustic waves
that give rise to pressure, velocity, and density perturbations (Chapter 4). Since the
amplitude of Lamb-wave oscillations is usually greatest at the lowest model level,
setting the vertical scalar velocity to zero at that level decreases perturbations due
to the oscillations.

At the model top, vertical scalar velocities are also set to zero for lack of a better
assumption. Zero velocities at the top are not realistic, unless the model top is the
top of the atmosphere. An alternative to setting top vertical scalar velocities to zero
is to estimate them, which is also an error-prone process. In either case, errors can
be reduced by raising the model top to a higher altitude. This may require adding
more model layers, increasing computational requirements.

In the sigma-pressure coordinate, the o-thickness of a layer is the difference in
o-values between the top and bottom of the layer. Thus,

Aok = Opy172 — Ok-1,2 fork=1,..., NL (7.1)
where the o-value at the top and bottom of each layer is predetermined and constant

throughout the model domain and during the simulation. The o-value at the top
of the model usually equals zero (012 = o1 = 0), and that at the ground surface
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Finite-differencing the equations of atmospheric dynamics

usually equals unity (on 412 = ogf = 1) although these limits are arbitrary. The
setting of o-values at the boundaries of other layers is described below.

When a model extends from the ground to the top of the stratosphere, the choice
of o-values is important for maintaining numerical stability. In the stratosphere,
small pressure changes correspond to large altitude changes. Near the surface, small
pressure changes correspond to small altitude changes. Thus, the o- (and pressure-)
thickness of a layer near the model top should not be too large and that near the
ground should not be too small.

One way to select o-values is first to set up a test column and assume that
the altitude thickness of all layers in the test column is the same. To set up the
test column, it is necessary to define the model top pressure, p, o, (hPa), which
is uniformly constant throughout the model domain and over time, and a mean
surface altitude Zgrfese (m), which is just an average topographical altitude above
sea level over the model domain. A typical top pressure for a regional model is
250 hPa. That for a global model is 0.5 hPa. As a default, the mean surface altitude
can be set to zero.

From the model top pressure, the model top altitude (m) in the test column can
be estimated with

pa,below - pa,top
Rtop,test = Zbelow + (72)

Pa,belowEbelow
derived from (2.41), where P, pelow (Pa), Pabelow (kg m™3) and ghelow (m s72) are
air pressure, air density, and gravity corresponding to the air pressure in Appendix
Table B.1 just greater than (at a lower altitude than) p,, (Pa). The altitude at the
bottom of each test column layer can then be calculated from

k
Zh+1/2,test = Rsurf,rest T (ztop,test - zsurf,test) <1 - ﬁL) fork=0,...,N. (7.3)
where k is the layer index number. The pressure p, r11/2,cese at each altitude 2p.1/2 est
is then determined from (2.41) using interpolated density and gravity values from
Appendix Table B.1. Finally, the o-value at the bottom boundary of each model
layer is calculated with

Ohs1y = Da,k+1/2,test — pa,top for b — 1.....N, (7'4)

pa, NL+1/2,test — pa,top

At the model top (k = 0), pa,1/2,cest = Paop- The o-value at the boundary of each
real model layer is then set equal to that at each test layer.

Once o-values have been determined, they are used to calculate the pressure
at the bottom boundary of each model layer. This can be done only after surface
pressure p, s (Pa) has been defined for each column in the model. For realistic sim-
ulations, surface pressures should be initialized with interpolated measurements.
For idealized simulations in the absence of topography, surface pressure can be
initialized everywhere with standard sea-level surface pressure (1013.25 hPa). In
idealized simulations with topography, topographical surface air pressure can be
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7.1 Vertical model grid

estimated by applying (2.41) between sea level (z = 0) and the topographical alti-
tude using air density and gravity estimates from Appendix Table B.1. From the
model surface and top pressures, the pressure thickness of each model column is

defined as

TTa = pa,surf - pa,top (75)

The pressure at the bottom boundary of each model layer is then

Dak+1/2 = pa,top + Ok+1/2TTa (76)

Although p, rop is the same in each model column, p, s differs for each column;
thus, 7w, and p, 41,2 also differ for each column and grid cell, respectively.

The vertical midpoint of a layer can be defined as the center of height, the center
of mass, or the pressure at which the mass-weighted mean of a variable is located.
If it is defined as the center of mass, the air pressure at the vertical center is

Pak = Paj—1/2 + 0.5(Paj+1/2 — Pak—1,2) (7.7)

Alternatively, the vertical midpoint can be defined such that the finite-difference
expression for the hydrostatic equation, given in Section 7.6, becomes exact for an
isentropic atmosphere (e.g., where potential virtual temperature increases mono-
tonically with height, as shown in Fig. 2.13). In such a case, the midpoint is the
pressure at which the mass-weighted mean of P, the potential temperature factor
defined in (2.98), is located (Arakawa and Suarez 1983). The mass-weighed mean

of P in layer k is
1 Dak+1/2
P = f P dp,
Dak+1/2 — Pak—1/2 Pak—1/2

_ 1 <Pk+1/2Pa,k+1/z - Pk—1/2pa,k—1/2> (7.8)
1+« Pak+1/2 — Dak—1/2 '
where values of p, and P at layer boundaries are p, 41,2 and
Pakt172 \¢
P, =(—" 7.9
ke <1ooo hPa) (7.9)

respectively. Once P, has been found from (7.8), the pressure corresponding to
Pk is

pak = (1000 hPa) P, (7.10)
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Finite-differencing the equations of atmospheric dynamics

In the grid described in Fig. 7.1, potential virtual temperature is evaluated at the
vertical midpoint of a layer. However, values are needed at layer tops and bottoms
as well to calculate vertical energy fluxes. If (7.10) is used to locate the vertical
pressure-midpoint of a layer, a consistent formulation for 6, at a layer boundary
is

(Pry172 — Pe)Ov ik + (Pri1 — Pry12)0v k41
Pry1 — P

Ov k12 = (7.11)

Example 7.1

Given the following pressure and potential virtual temperature profiles, cal-
culate the pressure at the midpoints, with respect to mass and to the mass
integral of P, of layers k and k+ 1 and potential virtual temperature at the
layer boundary, k+ 1/2. Assume the air is dry.

Pak1/2= 700 hPa
_____________________ 0.0 =308K

P12 =750 hPa
_____________________ 01 =303K

Dak+3/2 = 800 hPa

SOLUTION

Substituting values above into (7.7) gives p, x = 725 hPa and p, k41 = 775 hPa.
From (7.9), Pi_1/2 = 0.9030214, P/, = 0.9210167, and Pys,; = 0.9381747.
Substituting these into (7.8) gives Py = 0.9120929 and Py, = 0.9296616. From
(7.10), pox = 724.897 hPa and p, k1 = 774.904 hPa. In sum, pressure at the
midpoint with respect to the mass integral of P is slightly lower than pressure
at the mass center of a layer. From (7.11), 6y k11,2 = 305.54 K.

7.2 THE CONTINUITY EQUATION FOR AIR

In the sigma-pressure coordinate, the continuity equation for air is used prognosti-
cally to calculate changes in total column pressure and diagnostically to calculate
vertical scalar velocities at the top and bottom of each grid cell. From (5.66), the
prognostic equation for the change in column pressure was

1
Re2 Cos @ (3{)7?)” = —/0 |:3ie (uma Re) + % (v, Re cos (p)] do (7.12)

o

Replacing d, dz, di., dg, and do with A, b, Ai., Ap, and Ao, respectively, and
multiplying through by Ai.Ag give a first-order in time and second-order in space
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7.2 The continuity equation for air

432 =120 iv12 i+l

i-1 i-1/2 . i+1/2

Figure 7.2 The Arakawa C-grid. The grid is centered around =, for

finite-differencing of the continuity equation. The figure shows exact
locations of #, v, and m, relative to lateral boundaries.

approximation for the column pressure as

Tt — Mase
(RZcosg A)LeAQD)M <7a’t A = b)
ij

Al kot—b

3 Z|: (TaRe cOs 9 APALAG); i1 15 — (VT2 Re cos @ A(pA)LeAU),-’/-l/Z:|

Ag k,t—h

(7.13)

The horizontal finite-difference grid chosen for discretizing this equation is the
Arakawa C-grid (Arakawa and Lamb 1977), shown in Fig. 7.2. In this grid, column
pressures (1,) are evaluated at 7 ,-points, which are bounded to the west and east
by u-scalar velocity points and to the south and north by v-scalar velocity points.
The left sides of the second and third numerators in (7.13) are fluxes entering the
solid box shown in Fig. 7.2, and the right sides are fluxes leaving the box.

The grid shown in Fig. 7.2 is a limited-area grid, which is a grid with lateral
boundaries; u#-points lie on western and eastern boundaries, and v-points lie on
southern and northern boundaries. Boundary conditions for a limited-area grid
are discussed in this chapter. If the limited-area grid is nested within a global grid,
boundary conditions for the limited-area grid are obtained from the global grid,
as described in Section 21.1.11. A global grid converges to a singularity at the
poles in the south-north direction. As such, the poles must be treated carefully;
otherwise mass converges at the poles and computational instabilities arise.
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Finite-differencing the equations of atmospheric dynamics

One method of treating the poles on a global grid is to set v-scalar velocities to
zero at the southernmost and northernmost boundaries. As a result, winds advect
from west to east or east to west around the poles (# # 0), avoiding the singular-
ity. In the west—east direction on a global grid, boundary conditions are periodic
(Section 6.4.4.2), so values on the west boundary are the same as values on the
east boundary at u-, v-, and 7 ,-points.

Equation (7.13) can be solved to give a prognostic equation for the column
pressure,

h
Taijt = Taijt—h —
a,i,j,t an .t (Rg cos @ A)\CA(p)i j
N
X Z [(Fit12.; — Fic1p2,j + Gijy12 — Gijo12)ke—n o] - (7.14)
k=1

where F and G are fluxes defined at #- and v-points, respectively, as shown in
Fig. 7.2. At interior points in the domain, F and G are

JT."'+]T7'+1"
Fiv1p2,jkt—b = [%(”&A‘P)Hl/&i,k] (7.15)
t—h
Tai,j + Tai,j+1

> (vRe cos ¢ A)\e)i’j+1/2,}zi| (7.16)

t—h

Gijt12.ki-h = |:

where the division by two indicates that the , values at i, j points have been
averaged to obtain approximate 7, values at i + 1/2,j and i, j + 1/2 points. At
eastern and northern lateral boundaries, F and G are

Fri1)2, i ki—b = [Ta, 1 (it R AQ) 112, 1] i—b (7.17)

Gij+1/2.ki—b = [Tai (VR cOs @ AXe)i 1 41/2.k]i-b (7.18)

respectively, where I + 1/2 and | + 1/2 are the easternmost and northernmost -
and v-points, respectively (i.e., points i + 3/2 and j + 3/2, respectively, in Fig. 7.2).
Similar equations can be written for the western and southern boundaries. Once
new column pressures have been calculated from (7.14) at the end of a time step,
they are used in (7.6) to obtain new pressures at the top and bottom boundaries
of each grid cell. Layer vertical midpoint pressures are then obtained from (7.8)-
(7.10).

After new column pressures have been determined, vertical scalar velocities at
the top and bottom of each grid cell are calculated diagnostically from (5.69), given
as

o7 a 0
dnaRez cosp = — / |:8k (uma Re) + EP (UnaRecosql)i| do
0 e %

a

_ oRfcosgo(aaza) (7.19)

Replacing differential and integral operators in this equation with finite-difference
analogs and multiplying through by AX.Ag yield the vertical scalar velocity at the
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7.3 The species continuity equation

bottom of a layer as

(drraRf COs ¢ A)\eAw)i./,lﬁ—l/Z,t
_ k (uma ReALe APAG); )5 ; — (uTa ReAL AQAT); 115
T = |: Ake :|[,t—/9
[ (vmaRecos @ AdeAQAG); ;15 — (vTTa Re cOS @ Ahe AQAG); ;112
- ; |: Ay :|1 t—b
—ots1/2 (RE cos g AleAp), (’”‘Tﬂt“’) | (7.20)
i

Substituting fluxes from (7.15)—=(7.18) into (7.20) gives the vertical scalar velocity
as

1
(7R cos ¢ AreAp), y

i, jkt1/2.0 = —

k
X Z [(Fiv12,j — Fic1p2,j + Gij+12 — Gi j—12)1.—p A07]
=

Tat — Tar—b
— Okt1)2 (7“% :t ) (7.21)
a, ij

Equation (7.21) is solved in the order, k =1, ..., Ny —1. Atk =0, 612 = Gop = 0
by definition, and at £ = N, the equation predicts a vertical scalar velocity at the
lowest model boundary of zero (n, 41,2 = 0). This characteristic is demonstrated
mathematically by combining (7.14) and (7.21) with k = Ny in the latter equation.

7.3 THE SPECIES CONTINUITY EQUATION

Transport of each gas and aerosol-particle component in a model is simulated
with the species continuity equation. This equation can be solved as three one-
dimensional equations, a two-dimensional and a one-dimensional equation, or
one three-dimensional equation. In Chapter 6, techniques for solving the one- and
two-dimensional equations were given. Here, an explicit solution to the three-
dimensional equation is shown.

The flux form of the species continuity equation in spherical-sigma-pressure
coordinates was given in (5.73) as

0 d d d
Rg cosgo|:a—t (naq)L + |:8—)Le(unaqRe) + @(UnaqRe coscp)]a + naRf cos (/)% (6q)

Voo KpV)g
— 7, R? cosw[M +3° Rn] (7.22)
Pa



Finite-differencing the equations of atmospheric dynamics

where q is the moist-air mass mixing ratio of the species (or specific humidity,
in the case of water vapor). Replacing differential operators with finite-difference
analogs and multiplying through by Ax.Ag give

TatQr — Wa,i—hr—
(Rg Ccos @ A)»eA(P)i,/‘( S }7” = h)
i,j,k

N (UTa QR AXAP); 12 j pt—ty — (UTaQRAXAP); 113 k1

Ade
n (vTaqRe cOS @ AXAQ); i 172 1 — (VTaQR COSQ AXAP); 112 p 4o,
Ag
(dtCIt—h)k - (dtqt—h) _
2 +1/2 k—1/2
Al A
+ |:7Ta,tRe Cos @ e AQ Ao i|, /
2 (Vz . paKth> q s
= {7, R cos g AhAg — > R, (7.23)
a ..
n= i,j,kt—h

where the eddy diffusion term is not differenced here for simplicity. In this equation,
.0 at time ¢, calculated from (7.21), is required. Substituting (7.15)—(7.18) into
(7.23) and interpolating q’s to #- and v-points where necessary give a prognostic
form of the species continuity equation as

G pr = (”aq)i,;‘,k,t—h n h
ikt Taijt (72,0 R2 cos ¢ AkeAw)i,/.

Qi-1,; +4i,j F. Qij T Qiv1,j
# - 1+1/2,,f

Qi,j—1+qi; qi,j + i j+1
Gij1p it T G, A TR
+Gij-12 2 JH1/2 P bich

Fi_1p2,

01 Qt—h)—12 — (61Qe—h
+|:Ha,tRezcos¢AAeA(p( tQr—h) 1/2 (6:q: )k+1/2]

Aoy,

]

V, « 0K V. Ner
+ naRfcosgo Al A@ M—i— R,
Pa ij.kt—h

n=1

(7.24)

where the fluxes are the same as those shown in Fig. 7.2. In this equation, q values
outside lateral boundaries (e.g., at (0, j), (I + 1, /) (4, 0), and (i, ] + 1) points)
on a nonnested, limited-area grid can be specified, set to nearest q values inside
the boundary from the current time step, or set to nearest q values inside the
boundary from the previous time step. Arakawa (1984) and Lu (1994) discuss a
more detailed treatment of lateral boundary conditions in which fluxes of scalars
at the boundaries are derived from a mass-conservation relationship.
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7.4 The thermodynamic energy equation

Mixing ratios for (7.24) at the top and bottom of a layer can be interpolated
from layer midpoint values with
Ing; jr-1—1Inqi e Ing; jr—Ingi e
1/a. . Qi jk+1/2 = — —
/ql,f.k) - (1/Qz.;,k—1) (1/qz,],k+1) - (1/q1,7,lz)
(7.25)

Qi.jk—1/2 = (

respectively. Mixing ratios at the surface and model top are not needed, since 6 = 0
at those locations.

7.4 THE THERMODYNAMIC ENERGY EQUATION

The finite-difference form of the thermodynamic energy equation is similar to that
of the species continuity equation. From (5.76), the flux form of the thermodynamic
energy equation in spherical-sigma-pressure coordinates was

a a B B
Rf cosgo[a(naev)}a + [W(unaé\,&) + a(lﬁfa@v& cos <p)} + naRf cosgo%(dé’v)

e

(7.26)

NeA
= 7, R? cosg0|:<V PRy V)6v + i h dQ”i|

pa Cp,d ’I\" n=1 dt

Replacing differential operators with finite-difference analogs, multiplying through
by AX.Ag, taking the finite-difference of each termin (7.26), and substituting fluxes
from (7.15)—=(7.18) give potential virtual temperature as

(ﬂaev)i,;‘,k,t—h h
Taijit (0.t RZ cos @ AkcAg)

Ovijkt =
i

Fo Bvicti O Ovi i
1—1/2,742 1+1/2’,—2

9’.’.71_’_9’.,. 9’.’._’_9’.’.4»1
+Gi,/‘—1/2 v.i, ] 5 v.i, ] —Gi,j+1/2 v.i, ] 2vz;

kit—h

(dtgv,t—b)k_1/2 - (dtgv,t—h)k+1/2 i|

2
+ |7 cos@ AA:A
|:a,tRe @ eAY Ao

V, 0K, V) 6, Oy A d
+ | 1 R?cos ¢ ArAg Ve - 0K, V) + Z Q
Pa Cp,dR i kt—b

where the eddy diffusion term is not differenced for simplicity. 6, values outside
lateral boundaries (e.g., at (0, j), (I + 1, ) (4, 0), and (i, ] + 1) points) can be
specified, set to nearest 6, values inside the boundary from the current time step,
or set to nearest 8, values inside the boundary from the previous time step. The
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Finite-differencing the equations of atmospheric dynamics

parameters 0y ; j x—1,2 and 6y j 41,2 are potential virtual temperatures at the top
and bottom of a layer, respectively, found from (7.11). Values of 6, at the surface
and top are not needed, since 6 = 0 at those locations.

7.5 THE HORIZONTAL MOMENTUM EQUATIONS

The horizontal momentum equations are finite-differenced with a scheme that is
more accurate than the differencing schemes described in the previous sections.
Following Arakawa and Lamb (1977), a second-order scheme is discussed that
conserves the domain-integrated kinetic energy from inertial processes and the
vertical components of absolute vorticity and enstrophy during advection by the
nondivergent part of horizontal velocity. Kinetic energy (] = kg m? s2) is

1
KE = 5 Pa V(u? + v?) (7.28)

where V is a control volume (e.g., the volume of a grid cell). Absolute vorticity
(Section 4.3.5.4) is the sum of relative vorticity (¢;) and the Earth’s vorticity (f).
The vertical component of absolute vorticity (s™') is

v du

ga,zzé‘r,z‘i‘f:a_a_y"}‘f (729)

Enstrophy (s~2) is one-half the square of absolute vorticity,

1
ENST = z;a%z (7.30)

Conserving kinetic energy, absolute vorticity, and enstrophy over a model domain
is important for reducing nonlinear computational instabilities. The kinetic energy
constraint reduces error by preventing computational cascades of kinetic energy
into small-scale motions (Arakawa and Lamb 1977). Conserving these properties
requires strict adherence to the horizontal interpolations presented below and per-
mits solutions to remain stable for long integration periods.

Figure 7.3 shows the conservation properties of the scheme of Arakawa and
Lamb (1977) described in this chapter, but written for two-dimensional nondi-
vergent (V, -v = 0), irrotational (f = 0) flow and in terms of the vorticity and
streamfunction equations in place of the horizontal momentum equations and the
continuity equation for air. The vorticity equation is 3¢, /9t + v, - V&, = 0, and
the streamfunction equation is ¢, , = Vﬁl//, where ¥ is streamfunction (m? s~ !),
which is related to # and v by u = 04/ /9y and v = 9y /dx, respectively. Density
and temperature were assumed constant. The figure shows that the scheme con-
served vorticity, enstrophy, and kinetic energy in this case to about 10 decimal
places.

For three-dimensional divergent, rotational flow in spherical-sigma-pressure
coordinates, the flux form of the momentum equation in the u#-direction from
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Figure 7.3 Time-dependent change in relative
vorticity (¢) ---- (since f = 0), enstrophy (ENST)
—, and kinetic energy (KE) —, summed over
the model domain, divided by the initial summed
values of these respective variables, for two-
dimensional nondivergent, irrotational flow in
the Cartesian coordinate, assuming constant
density and temperature. The equations solved
were the vorticity and streamfunction equations
(replacing the horizontal momentum equations
and the continuity equation for air) (Arakawa
and Lamb 1977). The fourth-order Runge-Kutta
scheme was used for time stepping. The grid
domain consisted of 16 x 16 grid cells, each
1.25 km x 1.25 km on edge. The time step
was 10s. The boundary conditions were periodic.
From Ketefian and Jacobson (2005a).

(5.86) was
R? cos 3(7r u)| + 9 (7 que)—i—i(n uvR.cos¢)| + = Rfcos i(('714)
e @ 9t a : a)\'e a a(p a % , a (paO’
= mauv R, sin g + m, vaf Cos @
od oP or b1
— Re<7taa—)Le + acp,dQ\,%a—):)G + RE2 cos gop—:(V - 0.K,,V)u (7.31)

The finite-difference form of this equation is obtained by assuming fluxes enter or
leave a grid cell through each of eight points, as shown in Fig. 7.4. This differs from
Fig. 7.2, where fluxes entered or left through each of four points. The locations of
variables and index values in Fig. 7.4 are the same as those in Fig. 7.2.

Substituting differential operators for difference operators in (7.28), multiplying
through by Ai.Ag, and interpolating variables in a manner consistent with kinetic
energy and enstrophy conservation give the momentum equation in the #-direction
as
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i-12 . i+1/2 it

Figure 7.4 Location of fluxes for finite-differencing the momentum
equation in the u-direction. The grid is the same as that in Fig. 7.2.
The figure shows exact locations of u, v, and 7, relative to lateral
boundaries.

Time difference term

(ﬂa,t—hAA)i.H/zJ‘ h

Uit)2,j kt—h + o X (7.32)
(Tt AA) 412, PR R

M. . =
i+1/2,j,kt (”a.tAA)iJrl/Zq/'

Horizontal advection terms

Ui—12,j T Uir1)2

Uit172,j + Uit3)2,)
Bi,/ i

2 - Bi+1,7 2

Uir1/2,j—1 + Uit1/2,]

Uir1/2,j + Uit1/2,j+1
+Civ12,j-102 3 — Ciy1/2,j412— [2.] 2

2
Uit172,j + Uit3/2,j+1
2
Uit172,j + Ui-1/2,j+1
2 kit—h

Ui—12,j-1+ Uiy1)2,j
+D; 12— [2.] 3 il L' —Djt1,j112

Uit3/2,j—1 + Uit1/2,]
+Eiv1j-12 ARIE B ast /—Ei,f+1/2

Vertical transport of horizontal momentum

+ A—ak(na,tAAdk—l/Z.tuk—1/2,t—h — Tt AAC 12 Mk 1)2,6-b)iv1/2,  (7.34)
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7.5 The horizontal momentum equations

Coriolis and spherical grid conversion terms

Ro(AXeAQ)iv1y2,

2
ras L 172 ! i it1)2 (f,Recos o+ 12, ! 2 ﬁ"/‘)
X
Vigl,j—1/2 F+ Vit1,j+1/2 Ui12,j T Uig3p2,) .
+ Tait1,; > fiRecosg; + > sing;
k.t—h
(7.35)
Pressure gradient terms
—ReA@it1)2;
B 7T""+7'[,' 1,] -
(Pi1,j b — q’i,/,k)%"m + (Tait1,j — Taij)
|:9 k0k+1/2(Pk+1/2 — Pp) + op12(Pr — Pk—l/z)i|
v,
X Cpd Aoy, i (7.36)
s opd
2 N [0 k0'k+1/2(Pk+1/2 — Pp) + op—12( P — Pk1/2)}
L " Aoy i1 /) i
Eddy diffusion term
(Ve 0.K,,, V) u
+ [(na,t_;,AA),-+1 0. [—Z apa’” — T (7.37)
1+ s ]aRE—

All 6 and some 7, values are evaluated at time z. All other terms are evaluated
at time ¢ — h. The interpolation of the second pressure gradient term in (7.36) is
differenced in a manner consistent with the differencing of geopotential, discussed
shortly.

The equations above require additional interpolations for certain terms. First,
column pressure multiplied by grid-cell area at a #-point is interpolated with

. (TaAA); 1 + (TaAA) 1 1
(TaAA) 10, = 3 +2[(maAA); ; + (TaAA); 4 ] (7.38)
+(maAA); 1 + (TaAA) 4

where
AA =R%cos ¢ AreAg (7.39)

is the horizontal area of a grid cell. Equation (7.38) relies on column pressures (at
times ¢ or ¢ — b) and grid areas at 7, points. An interpolation similar to (7.38),
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required for (7.34), is

. (Tt AAGE-1/2.4)i.j+1 + (T2t AAGL_12.1)it1,j41
(T2t AAGL_1/2.4)i41/2,) = 3 + 2 {(0t AAGk_1/2.1)ij + (Tat AAGE_1/2.1)i41.; }
H(a i AAGR_1/2.1)ij—1 + (Tt AAGE_12.4)i41,j-1
(7.40)
All values at time ¢ on the right side of this equation are known from (7.14) and

(7.21) at the time the equation is evaluated.
A third set of interpolations, required for the fluxes in (7.33) shown in Fig. 7.4,

1S
1
Bi; = E[Fi—l/z,/‘—l + Fiv1p2,j-1 +2(Fiz1p2,; + Fiy12.5)
+ Fi1p2 41+ Figy2, 411 (7.41)

1
Citip2,j—12 = —=1Gi j=32 + Giy1,j=32 + 2(Gi j—12 + Gig1,j-12)

12
+Gijv12 + Gig1,j41,2] (7.42)
1
D it = ﬁ(Gi,f'—l/z +2Gi 12+ Gijp3pp+ Ficippj + Ficia, 41
+ Fiv1p2,; + Fiyiy2,i41) (7.43)
1
Eijvip = 2 (Gi.j—12+2Gi js12+ Gijw3pp — Ficioj — Ficiya, 41
— Fit1p2,j — Fiy1y2,j4+1) (7.44)

where F and G are the fluxes defined in (7.15) and (7.16), respectively. Finally,
u-values at the bottom boundary of each layer, required for (7.34), may be inter-
polated vertically with

Ak 1Ui1)2,j kt—h + DORU 172, k41,0 b
Aoy + Aopyq

Uit1/2,j.k+1/2,0—h = (7.45)

For nonnested, limited-area grids, special horizontal boundary conditions are
necessary for the momentum equation. A virtual row is added beyond the hori-
zontal boundary for each variable. For example, if i + 1 in Fig. 7.4 is the eastern
ma-point boundary for values of 7,, ®, and &, an additional row just outside the
boundary at m,-point i + 2 is needed. A virtual row of u points at i + 5/2 out-
side the boundary is also needed. In the pressure gradient term of the momentum
equation, ®,_j; and 7, ;_j values in the virtual row outside the boundary are set to
®;_5;, and m, ;25 values just inside the boundary (e.g., Lu 1994). In such a case,
(7.36) is replaced with
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i-1 i-1/2 : i+1/2

Figure 7.5 Location of fluxes for the finite-differencing of the momen-
tum equation in the v-direction. The grid is the same as that in
Fig. 7.2. The figure shows exact locations of u, v, and 7, relative to
lateral boundaries.

Pressure gradient terms

(D1 jki—2b — Prj kt—b)Ta T, jit—b + (Ta T, j.t—2b — Ta1,j,t—b)

—ReA@ri1)2, < er [9 kU/e+1/2(Pk+1/2 — Pp) + op_1/2(Pr — Pk_1/2)}
pd | v,
Aoy Ljt—h

(7.46)

This boundary condition dampens the effect of gravity waves, which rapidly create
instabilities when the boundary condition is absent.

Virtual boundary values of 6 and u can be set to nearest inside boundary values
from the current time step or previous time step. Arakawa (1984) and Lu (1994)
contain a more rigorous treatment of these variables at the boundaries. In that
treatment, momentum fluxes at the boundaries are derived so as to conserve mass
at the boundaries.

The momentum equation in the south-north direction is differenced in a manner
similar to that in the west—east direction. Figure 7.5 shows the locations of fluxes
for finite differencing this equation. The finite-difference form of the v-momentum
equation, given in (5.87), is

Time difference term

(7Ta,t-h AA); 11,2 h
Ak A e X (7.47)
(Ta s AA); 1)

Vi1 hr =
1,j+1/2,k,t (JTa,tAA),‘.H_l/Z
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Horizontal advection terms

Vi—1,j+12 Vi j+1)2 Vij+1/2 T Vit1,j+1)2

Qi—12,j412 5 — Qiv1/2,j41,2 5
Vij—1/2 T Vij+1/2 Vij+1/2 T Vij+3/2
+Ri,/’” /217 /_Ri,j+1l/ /Zz/ /
(7.48)
Vi—1,j—172 Vi j+1)2 Vi j+172 T Vit1,j+3/2
+Si—12, > — Sit1/2.j+41 5
Vitl,j—12 F Vi j+1)2 Vi j+1/2 + Vi—1,j4+3/2
+Tip12,j—2 /2 SRRV —Tiz1/2, 41— / 21 asl o
Vertical transport of horizontal momentum
1 . .
+ Ao (JTa,tAAUk—1/2,tUk—1/2,t—/a - na,tAAGk+1/2,tU/e+1/2,t—h)i,/+1/2 (7.49)

Coriolis and spherical grid conversion terms

Re(AXAQ); j11)2 |: ui_1)2,; +uiv1)2,;
— X 7'[3,,‘,7'

> > (f,-Recosgoi

Ui—172,j+1 + Uit1/2, j+1
2

Ui—172,j + Uit172,]
2

+ Sin(ﬂ/) + o j+1

Ui 12, j+1 T Uix12,j41 .
x (ff+1Recos¢,-+1+ e Slnfﬂf+1>] (7.50)
k,t—h

Pressure gradient terms

—Re (cos¢ Ake); jr1)2

Tai,j + Taji j+1
(cbi,/#-l,k - q)i,f,k>f

[9 k0k+1/2(Pk+1/2 — Py) + 0p_12(Pr — P/e—l/Z)i|
\8
i

+ (o j41 — Taij)

x Cpd Aoy
2 0k11/2(Pev172 — Pr) + 0k—1/2(Pr — Pr12)
+ 9V,/e
Aoy, ijv1/) 1,
(7.51)
Eddy diffusion term
V.- 0K, V) u

+ (TarbAA), 1112 [M] (7.52)

Pa i j+1/2.kt=h

In the equations above, column pressure multiplied by the area of a grid cell at
a v-point is interpolated with
1 (TaAA)j1,; + (TaAA) i1 1
(TaAA); j11)2 = 3 +2[(maAA); j + (TaAA); j+1] (7.53)
+ (maAA);_qj + (T AA)i g j
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7.6 The hydrostatic equation

In addition,

1 (T2t AAGK-_1/2.1)i+1,j + (T2t AACL_1/2,1)i41,j+1
(T2t AAGE_1/2.1)i j+172 = 3 + 2[(ma t AAGL_1/21)i,; + (Ta s AAGR_1/2.1)i, j4+1]
+ (7t AAGE_12,1)i—1,j + (Tt AAGE_12.1)i—1, j+1

(7.54)
Fluxes in (7.48) are found with
Qic1p2,j412 = %[FFS/Z,/' + Fio3p0,j41 +2(Fiz1p2,; + Fiz1p2,j41)
+ Fit1p2,; + Fiz12,j41] (7.55)
R;; = %[Gifl,;él/z +Gi1 12 +2Gij—12 + Gijy1)2)
+ Git1,j-12 + Giz1,j41,2] (7.56)

1
Sivip2,j = ﬁ(Gi,j—l/l + Gijv12+ Gigtj—12 + Giga,jy12 + Ficin,j

+2Fit1p2,j + Fiz3p,5) (7.57)
1
Tiv1.; = ﬁ(Gi,/—l/z + Gij+12 + Gig1,j-12 + Gig1,j+12 — Fic1a,
—2Fit10,; — Fiv3pj) (7.58)

Finally, the south—north scalar velocity at the bottom of a layer can be interpolated
with

ACki Vi j11/2,kt—b + AORV; j 1172 kt1,0h
Aoy + Aopqq

Vi j1/2.k41/2,0—h = (7.59)

Boundary conditions for the v-equation are similar to those for the #-equation. For
instance, pressure-gradient boundary conditions in the v-equation are

Pressure gradient terms

—Re(cospAde)ij+1/2

(P 1 kr—2b — Pi [ kb)) Tayi ] i—h + (Taij.i—2b — Tai ] 1—h)

Okt1/2(Prg1/2 — Pr) + 0p—12( P — Pr—1,2) (7.60)
X Cpd | vk
Aoy i t—h

X

7.6 THE HYDROSTATIC EQUATION

When a grid-cell dimension is greater than 3 km, the model atmosphere is generally
in hydrostatic equilibrium, and the geopotential used in the horizontal momentum
equations can be calculated diagnostically with the hydrostatic equation. From
(5.38), the hydrostatic equation was d® = —c, 40, dP. A finite-difference form of
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this equation giving the geopotential at the vertical midpoint of the bottom layer
attime ¢ — b is

D i NLi—b = DPijNnr1/2 — CpdlOv N (PNy — Pays12)]ijie—b (7.61)

(Arakawa and Suarez 1983) where Py, 41,2 and Py, are found from (7.9) and
(7.8), respectively. The geopotential at the surface, ®; ; N, +1,2, is the topographical
surface altitude multiplied by gravity. The geopotential at the bottom and vertical
midpoint of each layer above the surface are found from

D jkr12.0-h = Pijks1.0-h — Cp.dlOv.kr1(Prr12 — Pes1)li - (7.62)

D; kb = Pijkr1/2.0-h — Cp.dlOvk(Pr — Pey1/2))iji—b (7.63)

respectively. The geopotential is solved for from the model surface to top. The
boundary conditions for the geopotential were discussed in Section 7.5.

7.7 ORDER OF CALCULATIONS

The equations in the preceding sections should be solved during a time step in the
following order: column pressure from (7.14), vertical scalar velocity from (7.21),
specific humidity and moist-air mass mixing ratios of gases and aerosol-particle
components from (7.24), potential virtual temperature from (7.27), geopotential
from (7.61)—(7.63), west—east scalar velocities from (7.32)—(7.37), and south-north
scalar velocities from (7.47)—(7.52). Quantities in the equations are used explicitly
(from time ¢ — b), except for all -values and specified 7,-values. Since most equa-
tions rely on ¢ and some ,-values at time ¢, these parameters must be determined
first and second, respectively.

7.8 TIME-STEPPING SCHEMES

In this chapter, prognostic equations were written as explicit, first-order approxi-
mations in time (in forward Euler form). Since the forward Euler is uncondition-
ally unstable for any wind speed in the absence of eddy diffusion, as discussed in
Chapter 6, the forward Euler causes solutions to break down quickly. To increase
stability and the length of simulation, a better time-stepping scheme is needed.
Stability and accuracy can be improved by using the Crank—Nicolson time-stepping
scheme (Section 6.4.4.4), the Matsuno scheme alone (Section 6.4.4.6), the Matsuno
scheme combined with the leapfrog scheme (Section 6.4.4.5), the Heun scheme
(Section 6.4.4.7), the Adams—Bashforth scheme (Section 6.4.4.8), or the fourth-
order Runge-Kutta scheme (Section 6.4.4.9). Figure 6.5 shows that the fourth-
order Runge-Kutta is generally the most accurate among these schemes when
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7.8 Time-stepping schemes

applied to the one-dimensional advection—diffusion equation. It is also the most
accurate and the most conservative when applied to the equations of atmospheric
dynamics (e.g., Ketefian and Jacobson 2005a,b). The tradeoff is that it requires
more computer time per time step than the other schemes because it requires four
evaluations of all equations solved each time step rather than one or two evalua-
tions, in the case of the other schemes listed.

Due to computer time constraints, most atmospheric models use a simpler time-
stepping scheme. The Matsuno scheme is first-order in time but conditionally stable.
This scheme, alone, can be used to solve the equations of atmospheric dynamics.
During a Matsuno time step, variable values at time # are first estimated from values
at time ¢ — h. If the time derivative of the moist-air mass mixing ratio of a species
is

8q_

4= ) (7.64)

then q is estimated explicitly with

Qest = Qe—h + P [(qe—p) (7.65)

The estimate is then used to calculate the spatial derivative in a second equation
that also relies on information from one time step backward. The final value of q
from the second equation is

qQr = Qe—b + b f(Qest) (7.66)

Thus, with the Matsuno scheme, the right sides of all equations are evaluated twice
during each time step.

The time-derivative approximation can be improved to second order by using
the leapfrog scheme. Since the leapfrog scheme destabilizes over time when used
alone to solve nonlinear equations, it cannot be used alone. Thus, the Matsuno
scheme or another scheme must be inserted every 5-15 leapfrog steps to maintain
stability. Combining the Matsuno scheme, which is a first-order approximation,
with the leapfrog scheme, which is a second-order approximation, gives a resulting
approximation between first and second order.

With the leapfrog scheme, time derivatives leap over a time step in the spatial
derivative terms. The mixing ratio at the end of a leapfrog time step is

Qr+h = Qe—h + 2hf(qe) (7.67)

which requires information from two time steps backward. The Matsuno scheme
is used not only to stabilize the leapfrog scheme but also to initialize a new simula-
tion or time interval. Figure 7.6 shows a sequence of dynamics calculations when
Matsuno and leapfrog schemes are used together. In Chapter 6, a time step was
defined as an increment in time for a given algorithm, and a time interval was
defined as the period during which several time steps of a process are completed
without interference by another process. In Fig. 7.6, M1, L2, L3, ..., L6 are time
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1<L2>|<L4>i<L6>|<L2>|<L4>|<L6>|
[>1a >|<5>||<MT|<L>|< > |

M1 L3 L 3 L5

Figure 7.6 Example of a dynamical time-stepping scheme that uses a Mat-
suno (M) and a leapfrog (L) scheme. Two interruptions with a Matsuno
step are shown — one to start the simulation and one after several leapfrog
steps. The number next to each letter indicates the order in which the step
is taken during a sequence.

steps, and each set of M1, ..., L6 is a time interval. A typical dynamic time step
in a global model is 60-300 s. That in a mesoscale model is 3-30 s.

7.9 SUMMARY

In this chapter, finite-difference solutions to the equations of atmospheric dynam-
ics, including the continuity equation for air, the species continuity equation, the
thermodynamic energy equation, the horizontal momentum equations, and the
hydrostatic equation, were given. The thermodynamic energy equation is used to
calculate the potential virtual temperature. The horizontal momentum equations
are used to obtain horizontal scalar velocities. When the atmosphere is in hydro-
static equilibrium, the continuity equation for air is used to solve for vertical scalar
velocity and column pressure, and the hydrostatic equation is used to solve for
geopotential. A common time-stepping scheme in dynamical models is the combi-
nation of a Matsuno and leapfrog scheme.

7.10 PROBLEMS

7.1  Forthe same time step and grid spacing, should the model accuracy increase
or decrease when Matsuno but no leapfrog steps are taken versus when both
Matsuno and leapfrog steps are taken? Why? How is the computer time
affected in each case?

7.2 (a) Assume a grid cell, centered at ¢ = 45° N, has dimensions Ax, = 5°,
Ag = 4°, and Ao = 0.05. Calculate q at the center of the cell after one
5-min time step if uy = +3 m s™!, 7,4 = 745 hPa, q; = 0.0062 kg kg™*;
u, = +1m s, 7., = 752 hPa, q, = 0.0047 kg kg™%; v3 = + 2 m s7 1,
a3 = 754 hPa, q3 = 0.0064 kg kg™%; v4 = + 1 m s, w4 = 746 hPa,
gs = 0.0054 kg kg1, 65 = —4.58 x 107%0 s71, q5 = 0.005 kg kg~!; and
66 = —6.11 x 107%0 s71, g5 = 0.006 kg kg~?, where subscripts 1, ..., 6
denote the west, east, south, north, lower, and upper boundaries, respec-
tively. Average the four 7,-values and six g-values to obtain center values.
Neglect eddy diffusion and external sources and sinks. Assume the air
is dry and the 7,-values stay constant for the time step.

(b) For the conditions of part (a), calculate 6, at the center of the cell after
30 minutes if the west, east, south, north, lower, and upper grid-cell
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7.3

7.12 Modeling project

boundary values are 6, = 297, 298, 300, 299, 298.3, and 298.7 K, respec-
tively. Average the six boundary values to obtain an initial center value
of 9.

7.11 COMPUTER PROGRAMMING PRACTICE

Set up a 20-layer (21-boundary) sigma-pressure-coordinate vertical model
grid between p; 1op = 250 hPa and p, sut = 1000 hPa at sea level. Assume
each layer has equal sigma thickness, and assume T = 288 K at the sur-
face. Assume also that temperature decreases with increasing altitude at
6.5 K km™?. Calculate pressure at the center of each layer with (7.10). Plot
pressure versus altitude.

7.12 MODELING PROJECT

The purpose of this project is to develop a basic regional- or global-scale model
that solves the equations of atmospheric dynamics, except for the water-vapor
continuity equation. Diabatic energy sources and sinks and eddy diffusion are
ignored. Winds are driven primarily by pressure gradients.

(a)

(d)

(e)

Choose a southwest-corner latitude and longitude anywhere on Earth away
from the poles.

Set a model top pressure everywhere of 250 hPa (near the tropopause).

Set NLAT, NLONG, and NVERT, which denote the numbers of latitudi-
nal, longitudinal, and vertical grid centers in the model. Note that 1, . . .,
NLAT, 1, ..., NLONG, and 1, . . ., NVERT increase from south to north,
west to east, and top to bottom, respectively. NLAT + 1, NLONG + 1, and
NVERT + 1 equal the numbers of boundaries in the respective directions.
Allow parameters to be variable, but set them initially to NLAT = 40,
NLONG = 50, and NVERT = 15.

Use spherical horizontal coordinates and the sigma-pressure vertical coor-
dinate. Select Ax, = 0.05° and Ag = 0.05°. Select values of Ao for each layer
using the method discussed in this chapter. Ensure that the bottom layer is
at least 150 m thick (1 hPa ~ 10 m).

Initialize surface pressure by creating a small hill of pressure in the center of
the grid superimposed on background pressure. First, select a background
surface pressure ( p, base) 0f 1000 hPa and a peak incremental surface pressure
(Apa peax) of 3 hPa. Calculate the surface pressure at the horizontal center of
each grid cell i, j with the Gaussian distribution,

pa,surf,i,j = Pa,base + Apa,peak

|:Be Cos<w>(k PR ):|2
2 M [Re(gij — ¢o)]*

X exp| — —
P 2 2
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where A, and ¢, are the longitude and latitude (radians), respectively, at the
center of your grid. Calculate the initial column pressure at the horizontal
center of each grid cell with 7; ; — pusurtij — Prop-

Use (7.6) to calculate pressure at the horizontal midpoint/vertical bound-
ary of each cell. Use (7.10) to calculate pressure at the horizontal mid-
point/vertical midpoint of each cell from horizontal midpoint/vertical
boundary values.

Initialize temperatures at the horizontal midpoint/vertical midpoint of
each cell in one corner column of the model. Estimate temperatures from
Appendix Table B.1 given the pressures from part (f).

Set the temperature at the horizontal midpoint/vertical midpoint of each
cell in all other columns equal to that in the initialized column. Calculate
potential virtual temperature at the horizontal midpoint/vertical midpoint
of each cell. Assume the air is dry. Interpolate potential virtual temperature
to the horizontal midpoint/vertical boundary of each cell with (7.11). No
values are needed for the model top or bottom boundaries (k = 1/2 or N, +
1/2).

Use the equation of state to calculate the density at the horizontal mid-
point/vertical midpoint of each cell.

Use (7.14) to solve for the column pressure at the horizontal midpoint of
each column in the model.

Use (7.21) to solve for vertical velocities at the horizontal midpoint/vertical
boundary of each cell.

Use (7.27) to solve for the potential virtual temperature at the horizontal
midpoint/vertical midpoint of each cell. Ignore diabatic sources and sinks
and ignore eddy diffusion.

Solve for the geopotential in each cell with (7.61)—(7.63). Assume the surface
geopotential is zero.

Use (7.32)—(7.37) and (7.47)—(7.52) to solve for u and v at locations shown
in Figs. 7.4 and 7.5, respectively. Ignore eddy diffusion. Assume u, v, and ¢
are initially zero everywhere.

Use a Matsuno or Matsuno-plus-leapfrog time-stepping scheme instead
of the forward Euler scheme to advance all prognostic equations for this
problem. Recalculate all diagnostic variables during each Matsuno and/or
leapfrog step.

Debug, and run simulations. Change conditions by changing the location
and/or magnitude of peak surface pressure.

Test the effect of adding topography by changing the geopotential at the
surface.

Plot horizontal and/or vertical fields of temperature, pressure, and velocities.
Instead of using horizontal limited-area boundary conditions as described in
the text, it may be more convenient, for this project, to use periodic boundary
conditions. To accomplish this, set up the limited-area model grid so that it
is symmetric in the south-north direction about the Equator, allow flow out
of the north boundary edge to enter the south boundary edge and vice versa,
and allow flow out of the east boundary edge to enter the west boundary
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edge and vice versa. For this example case, the Coriolis parameter, f, may
be set to zero, otherwise it will have opposite signs on the north and south
boundaries, which connect to each other. Allowing fto vary, however, does
ensure enstrophy and energy conservation. Although not necessarily realis-
tic, this setup will simplify the coding, and allow for useful sensitivities of
the numerical properties of the code.
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HE boundary layer is the region of the atmosphere between the Earth’s sur-

face and 500-3000 m height that is influenced substantially by energy and
moisture from the surface. The bottom ten percent of the boundary layer is
the surface layer. Some parameters that affect the surface layer and boundary
layer are ground temperature, soil moisture, and turbulent fluxes. In this chap-
ter, expressions for turbulent fluxes of momentum, energy, and moisture are
given in terms of bulk aerodynamic formulae, Monin—-Obukhov similarity theory,
K-theory, and higher-order parameterizations. From these equations, eddy diffu-
sion coefficients for momentum and energy are derived. Analytical equations for
the vertical profile of wind speed, potential virtual temperature, and moisture in
the surface layer are also provided. Prognostic equations for surface temperature
and soil moisture are then given. Types of surfaces treated include soil, water,
roads, rooftops, sea ice, vegetation over soil, and snow over all surfaces. Boundary-
layer and surface processes affect weather and air pollution from urban to global
scales.

8.1 TURBULENT FLUXES OF MOMENTUM, ENERGY,
AND MOISTURE

Turbulence is due to wind shear (mechanical turbulence) and buoyancy (thermal
turbulence). Turbulence mixes gradients of momentum, energy, moisture, gases,
and particles vertically and horizontally. In a model, the degree of vertical mixing
due to turbulence can be quantified with a turbulent flux term. In the case of
vertical mixing of horizontal momentum, the term is a function of the kinematic
vertical turbulent momentum flux, /%' and w'v’ (m? s—') (Section 4.2.6). In the
case of vertical mixing of energy, it is a function of the kinematic vertical turbulent
sensible-heat flux, /6] (m K s™!) (Section 3.4). In the case of vertical mixing of
moisture, it is a function of the kinematic vertical moisture flux, «/q’, (m kg s~!
kg~1). Analogous fluxes can be developed for other gases and particles.
Kinematic turbulent fluxes of momentum are negatively proportional to
Reynolds stresses. A stress is a force per unit area that causes a body to deform.
A Reynolds stress, which arises when a fluid undergoes turbulent motion, causes
a parcel of air to deform. Suppose an air parcel fluctuates randomly in time due
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8.1 Turbulent fluxes of momentum, energy, and moisture

Ed‘_iy A Force arising
mixing from w'u'
—+—

\/ :

X

Figure 8.1 Deformation of a cubic
air parcel caused by a kinematic
vertical momentum flux w's/, as
described in the text. Adapted from
Stull (1988).

to mechanical shear and buoyancy. Precise scalar velocities, w and #, in the par-
cel have mean components w and # and eddy components ' and #/, respectively.
A w/'-velocity has the effect of mixing #'-velocities in the z-direction. The vertical
mixing of the #'-velocity exerts a force in the x-direction over an area normal to
the z-direction. The effect of the force per unit area, or stress, is to induce a drag
on i and to cause the air parcel to deform, as shown in Fig. 8.1.

In the example above, the scalar component of Reynolds stress in the x-direction
along a plane normal to the z-direction is

Tex = _paW (8.1)

(kg m™" s72 or N m~2), where p, is air density (kg m~3). This stress results from
the vertical transport of a west—east gradient of momentum. Since w/ mixes #’ in
the same way that #’ mixes w', we have 't/ = wWu', Tox = Tny, and T, = —pu' 0.
The Reynolds stress in the y-direction along a plane normal to the z-direction is
Ty = —pa'v'. Both 1, and 7, have the effect of transporting gradients of horizon-
tal momentum vertically. Combining the two gives the magnitude of the vertical
turbulent flux of horizontal momentum as

0.l = pa [(wW)? + (@' 2]"? (8.2)

(kg m~! s72). From (8.1), the kinematic vertical turbulent fluxes of west—east and
south-north momentum are

T T
wu = —= wv = -2 (8.3)

Pa Pa
Fluxes such as these are needed in the turbulent-flux divergence term of the momen-

tum equation given in (4.66). The fluxes can be measured, but in a model, they
need to be parameterized, as discussed in Section 8.4.
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Example 8.1

Reynolds stresses are usually much larger than viscous stresses. From (4.56),
the shearing stress in the x-direction over the x—y plane due to wind shear
in the z-direction was 7, = 7,0u/0z. f T=288 Kandu=5m s !atz=10m,
then n, = 1.792 x 107 kg m~' s7* and du/dz= 0.5 s~*. The resulting shearing
stress due to viscosity is 7,; = 8.96 x 107® kg m~! s72.

A typical value of wu’ is 0.4 m? s72. For a surface air density of p, =
1.25 kg m™3, (8.1) predicts a Reynolds stress due to turbulence of t,, =

0.5 kgm~! s72

Gradients of energy, like momentum, are transferred vertically by turbulence.
The vertical turbulent sensible-heat flux is defined as

H; = pacya’d, (8.4)

(W m~2) where c, 4 is the specific heat of dry air at constant pressure (J kg™
K=1), 0! is the turbulent fluctuation of potential virtual temperature (K), and 1/6
(m K s7!) is the kinematic vertical turbulent sensible-heat flux. Rewriting (8.4)
gives

H;
PaCp.d

wo; = (8.5)
which is needed to calculate the effect of turbulence on mixing of energy gradients in
the thermodynamic energy equation of (3.72). The kinematic flux can be calculated
from observed quantities of 6, and w/ or parameterized, as discussed in Section 8.4.

Gradients of water vapor are also transferred vertically by turbulence. The ver-
tical turbulent flux of water vapor is

Ef = paw/q, (8.6)
(kg m~2 s7!) where ¢/, is the turbulent fluctuation of water-vapor specific humidity
(kg kg™!), and w/'q, (m kg s~ kg™!) is the kinematic vertical turbulent moisture

flux. Rewriting (8.6) gives

—_ E
wq, =~ (8.7)

which is needed to calculate the effect of turbulence on mixing of moisture gradients
in the water vapor continuity equation of (3.49).

8.2 FRICTION WIND SPEED

When horizontal winds flow over roughness elements protruding from a surface,
drag slows the wind near the surface relative to the wind aloft, creating vertical wind
shear. Wind shear produces eddies that exchange momentum, energy, gases, and
aerosol particles vertically. The greater the height that roughness elements protrude
from a surface and the greater the horizontal wind speed, the greater the resulting
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8.3 Surface roughness lengths

wind shear and vertical flux of horizontal momentum. A scaling parameter that
provides a measure of the vertical flux of horizontal momentum in the surface layer
(denoted by the subscript s) is the friction wind speed,

——2 2/ 7.\ '/
u, = [(Wu); + (wv');]" = <p—> (8.8)

The greater the friction wind speed, the greater mechanical turbulence, and
the faster that momentum, energy, and pollutants from aloft mix down to the
surface and vice versa. Typical roughness elements at the surface include rocks,
trees, buildings, grass, and sand. The friction wind speed can be parameterized or
found from field experiments in which #/, v/, and ' are measured.

Example 8.2

If two measurements of west—east and vertical scalar velocity yield u; =
10m s, w3 =01 ms ! and u, = 6 m s7!, w, = 0.2 m s, respectively,
estimate u,. Assume the south—north scalar velocity is zero.

SOLUTION
0= (uy +u)/2=8ms?! w = (wy +w3)/2=0.15m s}
Uy =w —a=2ms* wy =w; —w=-0.05ms"*
Uy=u,—0=-2ms ! wy =w; —w=0.05ms!
Therefore,
w' = (wid) + wyy)/2 = —-0.1m %s™?  wu, = (Wu)/* =0.32ms!

8.3 SURFACE ROUGHNESS LENGTHS

Three variables used frequently in boundary-layer parameterizations are the sur-
face roughness lengths for momentum, energy, and moisture. The surface roughness
length for momentum (2 ,,), or aerodynamic roughness, is the height above a sur-
face at which the logarithmic profile of wind speed versus altitude extrapolates
to zero wind speed. It gives a measure of vertical turbulence that occurs when a
horizontal wind flows over a rough surface. The greater zg ,,, the greater the mag-
nitude of turbulence that arises when wind passes over a roughness element. For a
perfectly smooth surface, the roughness length is zero, and mechanical turbulence
is minimized. For other surfaces, it is sometimes approximated as 1/30th the height
of the average roughness element protruding from the surface. For surfaces with
sparsely placed roughness elements, zo_,, is the height above the base of the rough-
ness elements (Brutsaert 1991). For densely placed roughness elements of average
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Inz

In ZO,m

ol >
0 Vil

Figure 8.2 The surface roughness
length for momentum is calculated
by taking wind speed measurements
at several heights at a given loca-
tion when the wind is strong. The
data are plotted as the natural log
of height versus wind speed. Wind
speeds from higher altitudes on the
plot are then extrapolated until a
zero wind speed intersects the alti-
tude axis. The altitude at which
this occurs is the surface roughness
length for momentum. Points in the
diagram are measurements.

height b, 2o, is the height above a displacement height (d.). Displacement heights
usually lie between 0 and b, (Section 8.4.2.8).

Figure 8.2 describes a method of estimating 2o, from observed wind speed
profiles. Parameterizations of zo,, from field data have also been developed. For
smooth surfaces, such as over a smooth ocean with low wind speeds, one param-
eterization is

Zom~ 0112 = 0,111
Uy Pally

(8.9)

(e.g., Hinze 1975; Garratt 1992), where 2o, is in m, v, = n,/p, is the kinematic
viscosity of air (m? s™1), n, is the dynamic viscosity of air (kg m~' s72) from (4.54),
and p, is air density (kg m~3). Over a rough ocean with high wind speeds,

2
uy

20,m N oe— (8.10)

which is the Charnock relation (Charnock 1955), where a. = 0.016 is the
Charnock constant (e.g., Garratt 1992). Over urban areas containing structures,

2o~ 0,505 (8.11)
. A
(Lettau 1969; Petersen 1997), where 0.5 is the average drag coefficient over the
structures, by (m) is the average structure height, Ay (m?) is the area over which
20,m is estimated, and Sy (m?) is the silhouette area, measured in a vertical plane
normal to the mean wind, of all structures in surface area Ay.
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8.3 Surface roughness lengths

A canopy is the vegetation cover provided by a group of plants or trees. An
expression for the surface roughness length (m) over a vegetation canopy is

20.m = he(1 —0.91700073Lr) (8.12)

(Sellers et al. 1996), where b, is the canopy height (height in meters above the
ground of the top of a vegetation canopy) and Lt is the one-sided leaf area index
(square meters of leaf surfaces per square meter of underlying ground). The one-
sided leaf area index measures a canopy area density and is calculated by integrating
the foliage area density, which is the area of plant surface per unit volume of air,
from the ground to the canopy height. The upper limit of Lt may be 7 f,, where £,
is the fraction of land surface covered by vegetation. Deardorff (1978) argued that,
at higher values of Lr, insufficient light is available to support further growth in a
canopy. Table 8.1 gives 2, for several surfaces, including those with vegetation.
Canopy heights and upper limits to leaf area indices (Lt max) are given where
applicable.

Example 8.3

If T=288K, pg = 1013 hPa, u, = 0.165 m s~ !, and the air is dry, estimate z

over a smooth ocean. Find % ,, over a rough sea when u, = 0.5 m s™1.

SOLUTION

From (4.54), n, = 0.0000179 kg m~! s7%; from (2.23), p, = pg = 1.225 kg m~3;
and from (4.55), v, = 0.0000146 m? s~!. Thus, from (8.9), . n~ 1 x 10> m
over a smooth sea. From (8.10), Zp,m ~ 0.0004 m over a rough sea.

The surface roughness length for momentum characterizes the ability of surface
elements to absorb momentum. Surface roughness lengths for energy and water
vapor characterize the ability of elements protruding from the surface to absorb
energy and moisture, relative to their ability to absorb momentum (Kaimal and
Finnigan 1994). Both lengths are integration constants, used to derive vertical
profiles of potential virtual temperature and specific humidity, respectively, in the
surface layer. Brutsaert (1991) gives several parameterizations of zo_, and 2o, based
on measurements over different terrain. More general expressions for the energy
and moisture roughness lengths are

20,h = /egui 200 = % (8.13)
respectively (Garratt and Hicks 1973), where D, is the molecular thermal diffusion
coefficient (molecular thermal diffusivity), D, is the molecular diffusion coefficient
of water vapor, and k is the von Karman constant. The von Karman constant has
a value between 0.35 and 0.43 (e.g., Hogstrom 1988). A value of 0.40 is assumed
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Table 8.1 Aerodynamic roughnesses (2o,,), structure or canopy heights (b.), displacement
heights (d;), and maximum one-sided leaf area indices (Ltmax) for several surfaces

LT,max
Surface type 20,m(m) he(m) d.(m) (m? m~2) Reference
Smooth sea 0.00001 (8.9)
Rough sea 0.000015-0.0015 (8.10)
Ice 0.00001 Oke (1978)
Snow 0.00005-0.0001 Oke (1978)
Level desert 0.0003 Sehmel (1980)
Short grass 0.003-0.01 0.02-0.1 <0.075 Oke (1978)
Long grass 0.04-0.1 0.25-1.0 0.19-0.75 Oke (1978)
Savannah 0.4 8 4.8 Garratt (1992)
Agricultural crops  0.04-0.2 0.4-2 0.27-1.3 Oke (1978)
Orchard 0.5-1.0 5-10 3.3-6.7 Oke (1978)
Coniferous forest 0.28-3.9 10.4-27.5 6.3-25.3 Jarvis et al.
(1976)
Tropical forest 2.2 35 29.8 Shuttleworth
(1989)
Broadleaf 4.8 35 26.3 7 Sellers et al.
evergreen forest (1996)
Broadleaf 2.7 20 15 7 Sellers et al.
deciduous trees (1996)
Broad- and 2.8 20 15 7.5 Sellers et al.
needleleaf trees (1996)
Needleleaf 2.4 17 12.8 8 Sellers et al.
evergreen trees (1996)
Needleleaf 2.4 17 12.8 8 Sellers et al.
deciduous trees (1996)
Short 0.12 1 0.75 5 Sellers et al.
vegetation/C4 (1996)
grassland
Broadleaf shrubs 0.06 0.5 0.38 5 Sellers et al.
w/bare soil (1996)
Dwarf trees and 0.07 0.6 0.45 5 Sellers et al.
shrubs (1996)
Agriculture/C3 0.12 1 0.75 5 Sellers et al.
grassland (1996)
2500-m? lot witha  0.26 8 (8.11)
building 8 m
high and 160-m?
silhouette
25000-m? lot with 5.1 80 (8.11)

a building 80 m
high and
3200-m?
silhouette

Displacement heights in most cases were calculated as 0.75 x b..
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8.4 Parameterizations of kinematic turbulent fluxes

here. Expressions for D, and D, (m? s™!) are

D, = —2 D, =2.11 x 10~ <
pacp,m

T )1-94 (1013.25hPa

273.15K Da ) (8.14)

respectively (Pruppacher and Klett 1997), where «, is the thermal conductivity of
moist air (J m~! s71 K1), p, is the density of air (kg m~3), ¢, is the specific heat
of moist air at constant pressure (] kg=' K=1), T is temperature (K), and p, is air
pressure (hPa). For very smooth surfaces, 2o, is slightly less than z¢ , and zo,. For
rough surfaces, 2o, is up to 10 times larger than zo, and zp, (Brutsaert 1991).
A typical ratio is about 100 (Garratt and Hicks 1973). For rough surfaces, surface
elements are more efficient at absorbing momentum than they are at absorbing
energy or water vapor.

Example 8.4

Assuming u, = 0.4 m s™', pg = 1013 hPa, and the air is dry, calculate the
surface roughness lengths for energy and water vapor when T = 298 K.

SOLUTION

At T=298K, k, ~ kg = 0.0256 Jm~' 7' K~ from (2.5) and p, ~ pg = 1.18 kg
m~? from (2.23). Thus, Dy = 2.16 x 107° m? s~' and D, = 2.50 x 107° m? s~!
from (8.14). Substituting these values into (8.13) gives z ; = 0.000135 m and
Zp.» = 0.000156 m, respectively.

8.4 PARAMETERIZATIONS OF KINEMATIC
TURBULENT FLUXES

Most atmospheric turbulence is produced by mechanical shear and buoyancy in
the form of large eddies. Large eddies are the size of the boundary layer, which is
on the order of hundreds of meters to three thousand meters in diameter. This size
range of eddies is called the energy-containing subrange. Eddies carry turbulent
kinetic energy (TKE), which is the mean kinetic energy per unit mass associated
with eddies in turbulent flow. Large eddies shrink over time due to dissipation,
which is the conversion of turbulence into heat by molecular viscosity. As a large
eddy shrinks to a small eddy, TKE stored in the eddy decreases, ultimately to zero,
in a process called inertial cascade. Thus, TKE is not conserved over time. The rate
of TKE transfer to small eddies is generally proportional to the dissipation rate.
The dissipation rate is greatest for the smallest eddies, which are on the order of
millimeters in diameter. Medium-sized eddies, which are created by dissipation of
large eddies but equally destroyed by dissipation to small eddies, are in the inertial
subrange of eddy size.

Atmospheric models with horizontal grid size greater than a few hundred meters
on edge do not resolve the large eddies in turbulence. These models need to
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parameterize kinematic turbulent fluxes of momentum, sensible heat, and moisture,
defined in (8.3), (8.5), and (8.7), respectively, used in the momentum, thermody-
namic energy, and water vapor continuity equations. Such models are referred to
as Reynolds-averaged models (Section 3.3.1).

In the other extreme are models that resolve eddies of all sizes. The smallest
eddies in the atmosphere must be larger than the Kolmogorov scale,

N
N = <—a) (8.15)
&d

(m) which is the length scale of turbulent motion below which the effects of molec-
ular viscosity are nonnegligible. In this equation, v, is the kinematic viscosity of
air from (4.55) (m? s7!) and &4 is the dissipation rate of turbulent kinetic energy
(m? s~3), which is the rate of conversion of turbulence into heat by molecular vis-
cosity. A typical cloud-free dissipation rate is 0.0005 m? s=3. Example 8.5 shows
that this dissipation rate gives a Kolmogorov scale of about 1.6 mm. Thus, the
smallest eddies in the atmosphere are a few millimeters in diameter. Models that
have dimension on the order of the Kolmogorov scale resolve all eddies and are
called direct numerical simulation (DNS) models. Since these models resolve tur-
bulence, they do not parameterize it. DNS models generally solve the unsteady,
incompressible equations of atmosphere dynamics (e.g., Kim et al. 1987; Joslin
et al. 1993; Coleman 1999).

Example 8.5

Calculate a typical Kolmogorov scale in the cloud-free atmosphere when
T =288 K and pg = 1013 hPa.

SOLUTION

From Example 8.3, v, = 0.0000146 m? s~ ! at the temperature and pressure
given. A typical free-atmosphere turbulent dissipation rate is ¢4 = 0.0005 m?
s73. Thus, from (8.15), the Kolmogorov scale is about 1.6 mm.

Models that have resolution between a few hundred meters and a few meters
(the scale of the inertial subrange) resolve large eddies but not small ones. These
models are referred to as large-eddy simulation (LES) models (e.g., Deardorff 1972;
Moeng 1984). They resolve turbulence on the large scales but need to parameterize
it on the small scales.

Reynolds-averaged models must parameterize kinematic turbulent fluxes. Ide-
ally, these equations are solved prognostically. However, prognostic equations for
kinematic turbulent fluxes contain more unknowns than equations available to
solve for them. When a new equation is written for an unknown, the equation cre-
ates more unknowns forcing at least some terms in the equation to be parameterized
as a function of known or derived variables. The inability to close equations for
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turbulent flux terms without parameterizing some terms is called the problem of
closure. The order of closure is the highest order of a prognostic equation retained
in a parameterization. If, for example, a kinematic turbulent flux equation is prog-
nostic to first order, and all higher-order terms are parameterized, the equation is
a first-order closure equation. Stull (1988) contains more details about the closure
problem.

In the surface layer, kinematic turbulent fluxes are often parameterized with bulk
aerodynamic formulae or Monin—-Obukhov similarity theory. Both methods are
zero-order closure techniques in that the resulting equations are fully parameterized
and have no prognostic parts. Gradient transport theory (K-theory) is generally a
first-order closure technique. K-theory assumes that the kinematic turbulent flux of
a quantity is negatively proportional to a constant diffusion coefficient multiplied
by the gradient of the mean value of the quantity. When bulk aerodynamic formulae
or scaling parameters from similarity theory are used to calculate eddy diffusion
coefficients in a K-theory expression for kinematic turbulent flux, the result is also
a first-order closure equation. When the diffusion coefficient in K-theory is solved
as a function of several other variables, the resulting K-theory expressions can be
made second order or higher. In the next subsections, closure techniques of several
orders are described.

8.4.1 Bulk aerodynamic formulae

Bulk aerodynamic formulae are equations for surface-layer kinematic vertical tur-
bulent fluxes that assume a constant drag coefficient. A constant drag coefficient
is most applicable when the boundary layer is well mixed, the surface layer is thin,
and wind speeds, potential virtual temperature, and moisture do not change signif-
icantly with height above the surface layer. Below, parameterizations of kinematic
vertical turbulent fluxes and eddy diffusion coefficients from bulk aerodynamic
theory are given for momentum, energy, and moisture.

8.4.1.1 Momentum fluxes

In the absence of wind shear above the thin surface layer, the vertical turbulent
transfer of horizontal momentum is affected primarily by skin drag, form drag, and
wave drag. Skin drag is the near-surface drag that results from molecular diffusion
of momentum across the surface-air interface. Form drag is the near-surface drag
resulting from turbulence and vertical momentum transfer that occurs when winds
hit large obstacles, such as rocks or trees. Wave drag is the near-surface drag that
results from vertical transfer of momentum by gravity waves, which propagate
vertically and horizontally, as discussed in Chapter 4. These three types of drag are
embodied in the dimensionless coefficient of drag Cp, which is used in expressions
for bulk aerodynamic kinematic turbulent momentum fluxes in the surface layer,

(w'u')s = —Cp|Vn(2:)l[#(2r) — #(20,m)] (8.16)
(w'v')s = —Cp [Vn () I[(2c) — U(20,m)] (8.17)
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In these equations, #(20,,) = 7(20.m) = 0 are the mean scalar velocities at height
20.m» 2r 1s a reference height above the surface (usually 10 m), and |V}, ()| is the
mean horizontal wind speed at the reference height. The coefficient of drag, which
is evaluated at the reference height, ranges from 0.001 for smooth surfaces to 0.02
for rough surfaces. Over the ocean a typical value is 0.00135. In tropical storms and
hurricanes, Cp varies with wind speed over the ocean, since increased wind speeds
increase ocean surface roughness (e.g., Krishnamurti et al. 1998).

From (4.67), the kinematic vertical turbulent fluxes of momentum in the surface
layer from K-theory were defined as

N ou av
(w/ul)s = _Km,zxa_z (w/l’/)s = _Km,zya_z (818)
The finite-difference form of the scalar-velocity gradient in each case is
8_1:’ — i‘(zr) - ﬁ(zo,m) % _ lj(zr) - 17<z0,m) (819)
0z 2 — 20.m 0z Zr — 20,m

respectively. Substituting (8.19), (8.16), and (8.17) into (8.18) and solving give the
K-theory eddy diffusion coefficient for momentum (m? s~!) in the surface layer in
terms of bulk aerodynamic formulae as

Km,zx = Km,zy ~ CD |‘-’h(zr)| (zr - zO,m) (820)

Example 8.6
If Cp = 0.02 (rough surface), u=10m s !, and v=0m s~ ! at z= 10 m, estimate

Km,zx~

SOLUTION

Assuming z , is negligible relative to z, we have K, , = 2 m? s~! from (8.20).

8.4.1.2 Energy fluxes

From bulk aerodynamic formulae the kinematic vertical turbulent sensible-heat
flux in the surface layer is

(w/—e\/r)s = _CH |‘_’h(zr)| [év(zr) - év(zO,h)] (821)

where Cy is the bulk heat-transfer coefficient or Stanton number (dimensionless),
and 0, (zo.5) is the mean potential virtual temperature at height zq 5. In a model, 8,
at the ground is often used instead of 6,(zo ) for convenience. The ground value
of 6, can be estimated with a soil model, as discussed in Section 8.6. Cyy depends
on the molecular thermal diffusivity across the surface—air interface (skin drag). Its
value ranges from 0.001 for smooth surfaces to 0.02 for rough surfaces. Cy differs
from Cp because momentum is affected by skin, form, and wave drag while energy
is affected primarily by skin drag.
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Substituting (8.21) into (8.4) gives the vertical turbulent sensible heat flux near
the surface as

H; % pacyaCu [9n(20)] [0v(20,5) — Ov(20)] (8.22)

(W m~2). This equation states that energy is transferred upward when 8, at 2o, is
greater than that at z;.
From (3.73), the kinematic vertical turbulent sensible-heat flux in the surface
layer from K-theory was defined as
a0

R (8.23)
0z

A finite-difference form of the gradient of potential virtual temperature is

8év _ év(zr) - é\;(ZO,b)
0z Zr — R0

(8.24)

Substituting (8.21) and (8.24) into (8.23) gives the K-theory vertical eddy diffusion
coefficient for energy (m? s~!) in the surface layer in terms of bulk aerodynamic
formulae as

K zz 2 G|V (2:)| (20 — 20.5) (8.25)

8.4.1.3 Moisture fluxes

A bulk aerodynamic equation for the kinematic vertical turbulent water-vapor flux
is

(W' q,)s = —CelVh(2:)l [Qv () — Gv(20,)] (8.26)

where Cg (dimensionless) is the bulk transfer coefficient for water vapor and
qv(z0.y) is the mean specific humidity at height zo,. In a model, the specific
humidity in the top molecular soil or water surface layers is often used instead
of qv(20.4). Cg is usually set equal to Cy. Kinematic vertical turbulent fluxes of
gases other than water vapor and aerosol particles are written in a manner similar
to (8.26).

Substituting (8.26) into (8.6) gives the vertical turbulent moisture flux near the
surface as

Ef~ paCEWh(Zr)l [QV(ZO,U) - QV(zr)] (827)

(kg m . This equation states that moisture is transferred upward when q, at
0., is greater than that at ;. The vertical eddy diffusion coefficient for moisture is
assumed to be the same as that for energy since Cg is set to Cy.

-2 S—l)

8.4.2 Monin-Obukhov similarity theory

In the presence of strong wind shear above the surface, bulk aerodynamic formulae
are not useful. A better method of parameterizing kinematic fluxes near the surface
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is with Monin—Obukhov similarity theory. Similarity theory is a method by which
variables are first combined into dimensionless groups. Experiments are then con-
ducted to obtain values for each variable in the dimensionless group. The dimen-
sionless group, as a whole, is then fitted, as a function of some parameter, with an
empirical equation. The experiment is repeated. Usually, equations obtained from
later experiments are similar to those from the first experiment. Hence, this method
of obtaining an empirical equation for the dimensionless group is called similarity
theory, and the relationship between the empirical equation and the dimensionless
group is a similarity relationship. When similarity theory is applied to the sur-
face layer, it is usually called Monin—Obukhov similarity theory or surface-layer
similarity theory (Monin and Obukhov 1954; Stull 1988).

In this subsection, kinematic vertical turbulent fluxes and eddy diffusion coeffi-
cients are derived from similarity theory. The derivation requires the discussion of
two similarity relationships and some parameters, discussed first.

8.4.2.1 Dimensionless wind shear
One similarity relationship is that for the dimensionless wind shear,

Om 2 0|V
rm _ * 2
k u, 0z (8.28)

The right side of this equation, as a whole, is dimensionless. Individual factors, such
as the wind shear (3|vy,|/3z) and #,, are found from field experiments. Wind shear
is measured directly, and #, is found from (8.8), the terms of which are measured.
The parameter ¢,,/k is determined as a function of z/L by substituting measure-
ments of 8|vy,|/dz and u, into (8.28) for different values of z/L and fitting curves
to the resulting data. L is the Monin—-Obukhov length (m), discussed shortly, and
z/L is a dimensionless group. The von Karman constant & is found by substitut-
ing measurements of 9|vy,|/dz and u, into (8.28) under neutral conditions, when
¢m = 1, then solving for k. Businger et al. (1971) derived ¢,, from field data when
k=0.35 as

z 2z
14+ B8,~ — 1
+ B T 7 >0 stable
4z
= — Y= = 8.29
1) (1 ¥, L> T < 0 unstable ( )
1 % =0 neutral

where B,, = 4.7 and y,, = 15.0. When k = 0.4, the values 8,, = 6.0 and y,, =
19.3 should be used instead to obtain the same values of ¢,, as when & = 0.35
(Hogstrom 1988). Equation (8.29) was derived for the range, |z/L| < 2, but has
been used successfully beyond the range under unstable conditions (San Jose et al.
1985). Other similarity relationships for ¢,, include those by Dyer (1974) and Dyer
and Bradley (1982), among others.
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8.4 Parameterizations of kinematic turbulent fluxes

Integrating both sides of (8.28) between 2y ,, and z;, solving for u,, and noting
that [v,(z0.,,,)] = 0 give

RIVh(2:)]
L = ﬁ (8.30)
¢m_
20,m z
where
@ dg
20,m
In Zz,rm + 'Bfm (2r — 20.m) % > (0 stable
Zr 1/4 zo’m 1/4
| (-my) -1 (-wr) -
2 1/4 20.m 1/4
=1 (=mg) 41 (-mr) +1
1 B ﬁ 1/4_ 1 B zO_,m 1/4 E
+2tan (1 ymL) 2tan (1 V=] ) T < 0 unstable
Ir <
1 — =0 neutral
nZo,m I u
(8.31)

This integral exceeds zero and increases with increasing z/L. Thus, for the same
wind speed, u, from (8.30) is larger in unstable air (z/L < 0) than in stable air
(z/L > 0). Increasing values of z¢,, also increase u, by decreasing the integral
in (8.31).

8.4.2.2 Monin-Obukhov length

The Monin—-Obukhov length (L) is a length scale (m) proportional to the height
above the surface at which buoyant production of turbulence first dominates
mechanical (shear) production of turbulence. Mathematically,

- (8.32)

where 6, is a potential temperature scale (K), discussed shortly, and the second
expression is derived by substituting the similarity-theory approximation

(w'0))s ~ —u,0, (8.33)

into the first expression.
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The parameter 6, is proportional to 6,(z;) — 6,(z0.5,), the vertical difference in
potential virtual temperature. The greater 6, at zo, in comparison with its value
at z;, the more negative the change in 6, with increasing height, and the greater
the instability of the surface layer. In such cases, L is negative but has a small
magnitude, since it is inversely proportional to 6,. When L is negative with a small
magnitude, z/L is negative with a large magnitude. Such values of z/L correspond
to large instability due to buoyancy. Positive values of z/L correspond to increasing
0, with altitude and stable stratification.

8.4.2.3 Dimensionless potential temperature gradient
An expression for the potential temperature scale, 6,, can be obtained from a
similarity relationship for the dimensionless potential temperature gradient,
30,
0z

b
e (8.34)

D

where 36,/dz is the change in mean potential virtual temperature with height.
Businger et al. (1971) performed experiments to find ¢, for different stability
regimes when 6, was used instead of 6, and k = 0.35. The resulting parame-
terization was

z z
Pr, + 'Bhi 1 > (0 stable
N2z
— _ ad 8.35
o Pr, (1 Vb L) T < 0 unstable ( )
Pr, % =0 neutral

where 8, = 4.7, y, = 9.0, and

_ Km.zx
Kh,zz

Pr, (8.36)

is the turbulent Prandtl number, which approximates the ratio of the eddy diffusion
coefficient for momentum to that for energy. For k = 0.35, Businger et al. estimated
Pr. ~ 0.74. Hogstrom (1988) noted that, when k = 0.4, Businger et al.’s constants
should be modified to B, = 7.8, y, = 11.6, and Pr; &~ 0.95 to obtain the same
relationship as when k = 0.35. Integrating both sides of (8.34) between zo 5 and z;
and solving for 0, give

k[év(zr) - Gv(zo,h)]

2r

0, = (8.37)
d
¢h—z

20.h z
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where
“dz
op—
w0, R
Pr,In = +&(z—z ) E>O stable
t 20 I r 0,h I
Zr 1/2 Z b 1/2
(on) 1 (ons) )
={Pr, | In 5 —In s —~ <0 unstable
(1—yhi)/+l (1_be()_,h)/+ L
L L
Pr.In il 2 -0 neutral
20.h L

(8.38)

In sum, u, can be determined from (8.30) and (8.31) if L is known. If L is not

known, L, u,, and 6, must be determined simultaneously by solving (8.30), (8.32),
and (8.37).

8.4.2.4 Noniterative parameterization for momentum and potential
temperature scales

A noniterative method of determining u,, 6., and L is with the parameterization
of Louis (1979). The first step is to calculate the bulk Richardson number,

_ g[év(zr) - év(ZO,h)](zr - zO,m>2
éV(ZO,h)[’Z(Zr)Z + ﬁ(zr)z](zr - zO,h)

(8.39)

which quantifies the ratio of buoyancy to mechanical shear. The second step is to
calculate u, and 6, as

kl‘_’h(zr” \/G_m 0, ~ k2|‘_’h<zr)| [év(zr) - év(zo,b)]

~ G, (8.40)
ln(zr/zo,m) u, Pry lnz(zr/ZO,m)
where
A4Ri
G — 29 Rip —~  Riy=0
70k (|R1b|Zr/ZO,m) ’
1+ 5
ln (Zr/zo,m)
A4Ri
G,=1- 29 -lb 05 Ri, <0
50k (|R1b|zr/zo,m) ’
ln (ZI/ZO,m)
1
G, Gp = Rip > 0 (8.41)

(1+ 4.7Rip)*
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The surface roughness length for momentum is used for momentum and energy
terms in (8.41) to maintain consistency. From values of u, and 6,, L can be deter-
mined diagnostically with (8.32).

Example 8.7
Given
Zom = 0.01m Zp.,p = 0.0001m Z =10m
t(z;) =10ms™! 9(z;) =5ms™! k=0.4
0y(z:) = 285K Ov(z0.n) = 288K Pr; = 0.95

calculate u,, 6., and L.

SOLUTION
From (8.39)—(8.41),
[¥h(z)| = 11.18 ms™! Rip = —8.15 x 1073 Gm = 1.046
Gp = 1.052 u, = 0.662ms™? 0, = —0.188K
L=-1.69m

8.4.2.5 Gradient Richardson number

The bulk Richardson number is used for practical application in meteorological
modeling. It is derived from the gradient Richardson number,

g 3y
Ri, = i sz 0z —
ou v

The gradient and bulk Richardson numbers give the ratio of turbulence due to
buoyancy relative to that due to shear. When Rig, Ri}, < 0, the potential virtual
temperature decreases with increasing altitude, and the atmosphere is buoyantly
unstable and turbulent. When Ri,, Rij, are small and negative, wind shear is large in
comparison with buoyancy, and turbulence due to mechanical shear dominates tur-
bulence due to buoyancy. When Rig, Ri}, are large and negative, turbulence due to
free convection dominates turbulence due to forced convection. When Rig, Ri, > 0,
the potential virtual temperature gradient exceeds zero, the atmosphere is buoy-
antly stable, and turbulence due to free convection does not occur. When Ri,, Rij,
are small and positive, wind shear is large in comparison with buoyant stability,
and turbulence due to forced convection occurs. When Rig, Ri,, are large and pos-
itive, wind shear is low in comparison with buoyant stability, and turbulence due

to forced or free convection does not occur. Instead, air flow is laminar. Table 8.2
summarizes the flow regimes obtained from different Richardson numbers.

(8.42)
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Table 8.2 Characteristics of vertical flow of air for different values of Rij, and Ri,

Level of turbulence Level of turbulence
Rij, or Rig Type of flow due to buoyancy due to shear
Large, negative Turbulent Large Small
Small, negative Turbulent Small Large
Small, positive Turbulent None (weakly stable) Large
Large, positive Laminar None (strongly stable) Small

The level of turbulence due to buoyancy is relative to that due to shear, and vice versa.

When Ri, and Ri, are large and positive and decrease to less than a critical
Richardson number (Ri.) of 0.25, laminar flow becomes turbulent and wind shear
increases. When Rip, and Rig are small and positive and increase to above the
termination Richardson number (Rir) of 1.0, turbulent flow becomes laminar.

8.4.2.6 Momentum fluxes from similarity theory

Kinematic vertical turbulent fluxes of momentum and eddy diffusion coefficients
for momentum can be derived from similarity theory. Substituting (8.16) and (8.17)
into (8.8) gives the relationship between friction wind speed and the coefficient of
drag as

iy = [94(20)1 v/ Cp (8.43)

Example 8.8

If Cp = 0.001 and |Vp(z,)| = 10 m s~ %, then u, = 0.32 m s~! from (8.43). If
Cp = 0.02 and |Vy(z)| = 10 m s, then u, = 1.41 m s~'. These are typical
values of u, over smooth and rough surfaces, respectively, when the surface
layer is well mixed.

Substituting the expression for Cp from (8.43) into (8.16) and (8.17) gives the
kinematic vertical turbulent fluxes of momentum from similarity theory as

1/!2
(w/u/>s = T = . ﬁ(zr> (844)
[Vh(2:)]
M2
(Wv')s = ————0(z) (8.45)
|Vh(zr)|

Substituting (8.44), (8.45), and (8.19) into (8.18) and solving give the eddy diffu-
sion coefficients for momentum in the surface layer from similarity theory as

u2

Kmszm %_—* r m 8.46
2 2y |Vh(zr)|(z 20,m) ( )
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Further combining

Vil |Vh(z:)l
02 2 — 20,m

(8.47)

and the dimensionless wind shear equation from (8.28) with (8.46) gives the dif-
fusion coefficient under stable, unstable, or neutral conditions as

kzu,

Konzx = Kinzy = (8.48)

m

where kz = L. is the mixing length of an eddy near the surface. The eddy mix-
ing length is the average distance an eddy travels before it exchanges momentum
with surrounding eddies. Near the surface, mixing is limited by the ground. Under
neutral conditions, ¢,, = 1, and (8.48) simplifies to K, . = kzut,, = K, 2y

8.4.2.7 Energy and moisture fluxes from similarity theory

The kinematic vertical turbulent fluxes of sensible heat and moisture from similarity
theory are

(Wo))s = —u,0, (8.49)
(W'CI'V)S = —ULQx (850)

where 6, is the potential temperature scale (K) and g, is the water-vapor scale
(kg kg~1). Like 6y, g is found from a similarity relationship,

$q _ 2 3%
kg« 9z

(8.51)
where ¢, ~ ¢, is a dimensionless specific humidity gradient. Substituting ¢;, ~ ¢,
into (8.51), integrating between 2y, and z;, and solving for q, give

qv 2r) qv(zO l/)]
f ¢/o

This integral of ¢y, is found from (8.38), but with zy, substituted for zg .
Substituting (8.49) and (8.50) into (8.4) and (8.6), respectively, gives the surface-
layer vertical turbulent sensible heat and moisture fluxes as

(8.52)

He ~ —pacp aut.04 Ef ~ —pau,qs (8.53)
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(W m~2 and kg m=2 s, respectively). Substituting (8.49) and (8.34) into (8.23)
gives the vertical eddy diffusion coefficient for energy from similarity theory as

u by kzu,
(80,/8z) o

(8.54)

Kb,zz

(m? s71). The eddy diffusion coefficients for water vapor and other species are set

equal to those for energy.
Combining (8.48) and (8.38) with Pr, = K, ,x/Kp,. from (8.36) gives the
similarity-theory expression,

pr,— % (8.55)

Gm

Another parameterization for Pr, was developed by Tjernstrom (1993), who esti-
mated

Pr. ~ (1 4+ 4.47Ri,)"/? (8.56)

from turbulence observations in the boundary layer. In this equation, Ri, varies
from 0.01 to 10.

Example 8.9
Given the conditions in Example 8.7, find Kp, 1, Kz, Kz, and Ky zx/ K, 2.
SOLUTION
Substituting u,, 6,, 90/3z, 35/93z, |v4(%)|, and 34, /dzinto (8.46) and (8.54) gives
Khzz=041m*s™?  Kp,=039m?*s™!
Kmzy =0.39m*s™"  Kpu/Khs =095

Thus, the Louis equations predict Pry = K,/ K}, consistently with the value of
Pr; used in (8.40).

8.4.2.8 Vertical profiles of wind speed, potential virtual temperature,
and moisture

Similarity theory can be used to derive profiles of vertical wind speed, potential
virtual temperature, and specific humidity in the surface layer. From (8.28) and
(8.34), the vertical gradients of wind speed and potential virtual temperature in the
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surface layer are

Olvn(z)l _ #te e
rrail sl Chalod Ll Uil 20) (8.57)
0, 60, 0,
Fri =il Ll U 0l (8.58)

respectively. Integrating the first equation between 2 ,,, and z and the second equa-
tion between zg, and z gives wind speed and potential virtual temperature versus
altitude as

¥ (2)] = %[ln(i) - wm} (8.59)
20,m
0,(2) = Oy(z0) + Pr%* [ln(i) - m} (8.60)
20,h
respectively, where
2 dz z dz
wm=f (1= 9w w=/ (-5 (8.61)

are influence functions for momentum and energy. Integrating (8.61) with values
of ¢,, and ¢, from (8.29) and (8.35), respectively, gives

,Bm <
-7 (2 — zo.m) 7> 0 stable
n [1 + ¢m(Z)_2][1 + ¢m(z)_1]2
Y = [T+ ¢m(20.m) 211 + bm(20.)~11? (8.62)
—2tan"[¢,.(2)]7! + 2 tan" [p,(z0.m)] % < 0 unstable
0 % =0 neutral
1 By 2
—P—rtf(z — Zo,h) E >0 stable
1
Vh=12In H¢4h(z)l L 0 unstable (8.63)
1+ ¢p(z05)~' L
0 % =0 neutral

The influence function for momentum accounts for the difference between a loga-

rithmic wind speed profile and an actual profile under stable and unstable condi-

tions. The influence function for energy is analogous to that for momentum.
Under neutral conditions, ¢,, = 1, and (8.59) reduces to a standard logarithmic

wind profile for a neutrally stratified surface layer,
b4

[Vi(z)| = ) P (8.64)
k 20,m
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Figure 8.3 Logarithmic wind profiles in the

surface layer from (8.64) when #, = 1 ms™'.

This equation states that the wind speed at 2 ,,, is zero but increases logarithmically
with altitude. Figure 8.3 shows two examples of logarithmic wind profiles.

The vertical profile of specific humidity in the surface layer is derived in the same
way as that for potential virtual temperature. The result is

G(2) = Gy(z0.) + Pre L [ln( < ) = m} (8.65)

k ZO,U

where the energy influence function from (8.63) is used, but with z , instead of 2 .
In (8.60) and (8.65), values of the potential virtual temperature and specific humid-
ity at the ground surface are often substituted for values at the surface roughness
length.

In a canopy, such as in a field of crops, an orchard, or a forest, the canopy
top affects wind speed, potential virtual temperature, and water vapor more than
does the ground. In the presence of a canopy, 2o, 20.5, and 2o, are displaced a
vertical distance d. above the ground. This height is the displacement height, which
usually lies within 70 to 80 percent of the canopy height /. (Deardorff 1978; Pielke
1984; Kaimal and Finnigan 1994). When a displacement height exists, 2o.u, 20.55
and zo, are defined as heights above the displacement height, and the mean wind
speed extrapolates to zero at the height d. + zp,,. Wind speed, potential virtual
temperature, and specific humidity profiles in a canopy are redefined as

* _dc _dc
9n(2)] = %[m(zzo ) _— <Z - ﬂ (8.66)

év(z) = év(dc + Zo,h) + Prte—l:[ln(zz; jt> — ,lph (z _de):| (867)
N —d; —d;
qv(2) = qv(de + 20,0) +Prt%[ln<zzo ) — U (z T >:| (8.68)

respectively. Figure 8.4 shows the relationship among d_, b., and 2 ,, and discusses
how to calculate d.. Table 8.1 gives values of h. and d. for some surfaces.
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A

Inz

In h, Top of canopy

lrl(dc + 20, m)
In d_

0 |
[V

Figure 8.4 Relationship among d,, b,
and zo,,. The displacement height is
found by plotting wind speed over a
canopy versus Inz. The plotted wind
speed is extrapolated to zero to obtain
d. + zo.m. Different values of d. are sub-
stituted into d. + 2o, to estimate Zp-
Both d. and zp, are substituted into
(8.66) until the predicted curve of wind
speed with height matches the logarith-
mic curve shown in the diagram. This
method works best when winds aloft are
strong.

Another common way to estimate the vertical profile of wind speed in the bound-
ary layer is with a power-law profile,

¥ ()] = [¥h(z) (zi) (8.69)
where « is typically set to a constant, such as 1/7 (e.g., Elliott et al. 1986; Arya
1988). Both the power law and logarithmic profile can replicate observed wind
profiles in idealized cases. However, real wind profiles are often far from ideal.
For some purposes, it is thus useful to fit observed wind profiles with analytical
expressions (e.g., Archer and Jacobson 2003).

8.5 EDDY DIFFUSION ABOVE THE SURFACE LAYER

Similarity theory expressions for eddy diffusion coefficients are used for the surface
layer. Above the surface layer, turbulent transport of momentum and energy can
be parameterized with a hybrid local/nonlocal closure scheme or with a scheme
that solves the turbulent kinetic energy (TKE) equation to high order. Below, both
hybrid and TKE schemes are discussed.

8.5.1 Hybrid scheme

In a hybrid model, vertical turbulent transport is treated differently for stable and
weakly unstable conditions versus for strongly unstable conditions. For stable and
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8.5 Eddy diffusion above the surface layer

weakly unstable conditions, turbulent transport is simulated with K-theory using
an eddy diffusion coefficient for momentum that depends on mechanical shear and
buoyancy. One such diffusion coefficient is

A#\* [ A7\*Ri. —Ri
~ ~ 32 [u av c b
Ko~ Ko 22 (22 4 (A0 BB 5
(m? s71) (e.g., Blackadar 1976; Stull 1988), where z is in meters and
kz
e=T—7 8.71
1+ kz/Am ( )

is an expression for the mixing length that simplifies to kz near the surface
(small z) and to the free-atmospheric mixing length, A,, = 70-200 m, above the
surface layer (large z). Near the surface, turbulence and mixing length are limited
by the ground. In the free atmosphere, turbulence is limited by a maximum mixing
length. Equation (8.70) is applicable when Ri}, < Ri. &~ 0.25. When Rij, > Rig, the
atmosphere is strongly stable, (8.70) predicts no turbulence (a negative value of
K,.2x), and the diffusion coefficient is set to a minimum positive value.

When Ri. > Ri,, > 0, turbulence is due to mechanical shear, and the atmosphere
is weakly stable. When Ri, is small and negative, turbulence is due to shear and
weak buoyancy, and the atmosphere is weakly unstable. Under both conditions,
(8.70) can be used.

In a jet, wind speeds increase and then decrease with altitude, minimizing wind
shear in the jet’s peak. In such a case, and in the absence of buoyancy, (8.70) predicts
asmall K,,, ... Some observations of turbulence near a jet’s maximum speed indicate
that turbulence peaks near the maximum (Lenschow ez al. 1988; Tjernstrom 1993),
while other observations indicate that turbulence is lowest near the jet maximum
(e.g., Mahrt er al. 1979; Lenschow et al. 1988; Tjernstrom 1993). In cases when
the turbulence peaks near the jet maximum, (8.70) may not properly predict K, .«
(Shir and Bornstein 1976).

The eddy diffusion coefficient for energy is related to that for momentum by
Ky ox = Koy zy = Pr¢Kj, ... Eddy diffusion coefficients for trace gases or particles
are usually set equal to those for energy.

When Riy, is large and negative, the atmosphere is strongly unstable, and free
convection occurs. Since (8.70) captures effects of small eddies but not large eddies
that arise during free convection (Stull 1988), it is not used to simulate free con-
vection. Instead, vertical turbulent transport under strong, unstable conditions is
often simulated with a free convective plume scheme (Blackadar 1978; Zhang
and Anthes 1982; Lu 1994). A free convective plume scheme assumes buoyant
plumes from the surface rise and mix with air in every level of the boundary layer,
exchanging momentum, energy, moisture, and gases. The result of mixing is to
distribute these parameters evenly throughout the boundary layer in a short time.
A plume scheme differs from a K-theory parameterization in that the former mixes
all layers simultaneously whereas the latter mixes material between adjacent layers.
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A turbulence scheme that mixes material among all layers simultaneously is called
a nonlocal closure scheme. One that mixes material between adjacent grid layers
is called a local closure scheme.

8.5.2 TKE schemes

Several local-closure turbulence parameterizations have been developed to predict
diffusion coefficients as a function of turbulent kinetic energy (TKE) for use in
K-theory equation models. In such cases, TKE itself is modeled with a time-
dependent equation. Two major types of TKE models have been developed, E-A.
and E-g4 models, where E is TKE, A is the mixing length, and ¢4 is the dissipation
rate of turbulent kinetic energy. The main difference between the two types is that
E-A. models solve prognostic equations for E and A., whereas E-¢4 models solve
prognostic equations for E and &4. Both types of models are local closure models,
generally of order 2, 2.5, 3, or 4 (e.g., Mellor and Yamada 1974, 1982; Andre et al.
1978; Enger 1986; Briere 1987; Andrén 1990; Apsley and Castro 1997; Abdella
and McFarlane 1997; Liu and Leung 2001; Cheng et al. 2002; Freedman and
Jacobson 2002, 2003).

8.5.2.1 E-A. schemes

In this subsection, the order 2.5 E-A. model of Mellor and Yamada (1982) is
discussed. In this scheme, TKE is modeled prognostically with

IE 9 OE
08 O (s aV2ESZ) = P4 Py — 8.72
ot az(s" 8z) LI (8.72)

where E = (u> + v'> + w'?)/2 is TKE per unit mass (m* s72), s, is a constant set to
0.2, A is the eddy mixing length (m), s, .+/2 E is a diffusion coefficient for turbulent
transport of the gradient of TKE (m? s~'), P; and Py, are the production rates of
TKE due to shear and buoyancy, respectively (m? s=3), and g4 is the dissipation
rate of TKE to heat due to molecular viscosity (m? s™2 s~ = m? s73).

The eddy mixing length is determined from the prognostic equation for EA.,

2EA 2EA
8( e) —i(S])Le\/ﬁa( e))
ot a0z 0z

1\2
= Aee1(Ps+ Py) — Aeed|:1 +e (/&) } (8.73)
where s; is a constant set to 0.2, s;A.v/2E 1is a diffusion coefficient for turbulent
transport of the gradient of EA. (m? s™'), e; = 1.8 and e; = 1.33 are constants,
k = 0.4 is the von Karman constant, and z is the height above the surface (m).
The mixing length is extracted from this equation with A, = E\./E, where E in
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the denominator is determined from (8.72). As a simplification, the mixing length
can also be determined diagnostically from (8.71).
In (8.72) and (8.73), the turbulent production rates of shear and buoyancy are

dun\>  [90\*
P, = K,, [(a?) + (3_z> } (8.74)

90,
b 02

P, = —6_§K (8.75)

respectively, where K,,, and K}, are diffusion coefficients for momentum and energy
(m? s~1) from the previous time step of calculation. The dissipation rate of TKE is

Bl)‘e

oy = (8.76)

where B is a constant set to 16.6. Once E and A. have been calculated, new
diffusion coefficients are determined with

Ky = SmieV2E (8.77)
Kj, = Spyiev2E (8.78)

where Sy and Sy are calculated from the following equations:

0.74P; + 0.6992P
=2E .79
S ( PPy — P3P, ) (8.79)
0.74P4 + 0.6992P,
SH—2E< PP, _ DsP, ) (8.80)
P =2E —30.5916Gy (8.81)
P, =4.0848Gy (8.82)
P; =16.284Gy (8.83)
Py =6.1272Gy — 5.0784Gy — 2E (8.84)
22| faa\*  [a0)\?
O =35 [(a?) +(5) ] .
A2 g a0,
Gy e 8 8.86
"= 72E8d, oz (8.86)
The last two terms are related to the gradient Richardson number by
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Diffusion coefficients are used not only to recalculate production rates of shear and
buoyancy for the next time step but also to determine kinematic vertical turbulent
fluxes of momentum and sensible heat.

8.5.2.2 E-g4 schemes

The main difference between an E-A. and an E-g4 scheme is that, in the latter, a
prognostic equation is solved for the dissipation rate of TKE instead of for the
mixing length. Prognostic equations for TKE are solved in both cases. One form
of the prognostic equation for the dissipation rate is

deg d K., 0gq &4 8(21
984 9 (Zm T _ 8Py — 8.88
ot Bz(og az) cerg (Bt B)—cap (8.88)
where
EZ
Ko = ¢, — (8.89)
&d

is an expression for the eddy diffusion coefficient for momentum, and o, c.1,
¢e2, and ¢, are constants determined either from experiment or from enforcing
consistency with Monin—-Obukhov similarity theory (e.g., Freedman and Jacobson
2002, 2003). The mixing length for use in the TKE equation (8.72) is calculated
diagnostically from the most recent value of the TKE and the dissipation rate
with

(8.90)

8.6 GROUND SURFACE TEMPERATURE AND
SOIL MOISTURE

Ground temperature and soil moisture (liquid-water content) affect the fluxes of
energy and moisture, respectively, from the ground to the boundary layer. The
fluxes, in turn, affect mixing height, wind speed, and pollutant concentration. For
example, low soil moisture increases ground temperature, increasing thermal tur-
bulence, increasing mixing height, increasing wind speed, and decreasing primary
pollutant concentration (Jacobson 1999a). The increase in near-surface wind speed
is due to the increased turbulent transport of momentum from aloft, where the wind
is fast, to the surface, where it is generally slower. In this section, factors that affect
surface temperature and moisture content are discussed, and equations describing
soil energy and liquid-water transport are described.

8.6.1 Factors affecting soil temperature

Soil temperature is affected by several parameters, discussed briefly below.
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8.6 Ground surface temperature and soil moisture

8.6.1.1 Specific heat

Dry soil contains solid soil and air (voids). Since the specific heat of dry air is
lower than that of solid soil (Table 2.2), the average specific heat of soil plus air
is less than that of soil alone. When liquid water is added to soil, it replaces air.
Since the specific heat of liquid water is much larger than that of air, the specific heat
of a soil-water—air mixture is greater than that of a soil-air mixture of the same
volume. Thus, a wet, sandy soil heats up less during the day and cools down less
during the night than does a dry, sandy soil when only specific heat is considered.

8.6.1.2 Soil moisture

Soil moisture also affects the rate of evaporation. The lower the liquid-water con-
tent of soil, the lower the rate of evaporation of water to the air (or greater the
rate of condensation of water vapor to the ground), the lesser the latent heat flux
to the air, and the lesser the cooling (greater the warming) of the ground due to
absorption (release) of latent heat by liquid water when it evaporates (condenses).

8.6.1.3 Conduction

Conduction between surface soil and molecules below the surface affects soil tem-
perature. During the night, the soil surface cools radiatively, creating a temperature
gradient in the top soil layers, forcing energy stored below the surface to conduct
upward to replenish the lost energy. The greater the thermal conductivity of the
soil, the faster the energy transfer occurs. Table 2.2 shows that clay is more con-
ductive than sand. At night, the replenishment of energy to a clay surface from the
subsoil is faster than for a sandy surface. During the day, conduction of absorbed
radiation from the surface to the subsoil is faster for clay than for sand.

8.6.1.4 Additional factors

Additional factors affect soil moisture and ground temperatures. Solar radiation
heats the ground during the day. Infrared emission cools the ground during the day
and the night. Vegetation cover reduces the solar radiation reaching the ground.
Transpiration removes liquid water from deep soil covered by vegetation. The water
is drawn from soil through roots and xylem (water-conducting tissue within plants)
to the leaves. Water vapor escapes through plant leaf stomata (pores). Finally, a
major source of liquid water in soil is precipitation.

Below, equations for calculating bare-soil temperature and moisture are given.
Subsequently, equations for calculating temperature and moisture of vegetated soil
and other surfaces are described.

8.6.2 Ground temperature and moisture over bare soil

Soil models predict soil surface and subsurface temperature and liquid water con-
tent by dividing the soil near the surface into multiple layers. In this subsection,
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equations for temperature and moisture changes among multiple soil layers are
described for when the soil surface is bare.

At the soil surface, conductive, radiative, sensible, and evaporative energy fluxes
affect soil temperature. Below the surface, conduction is the most important factor
affecting temperature. Temperature changes due to conduction in a homogeneous
soil below the surface are estimated with the heat conduction equation,

0T, 1 9 0T,
— = ——<K8—8> (8.91)
ot PgCG 02 0z

where T; is the soil temperature, «; is the thermal conductivity of the soil-water-air
mixture (J m~! s71 K=1), p, is the density of the mixture (kg m=3), ¢ is the specific
heat of the mixture (J kg~! K=!), and «,d7T;/dz is the conductive heat flux through
the soil-water—air mixture (] m~2 s~'). The thermal conductivity (] m~' s=! K1)
of a soil-water—air mixture may be approximated with

K = max(418e98ul%[=27 0.172) (8.92)

(Al Nakshabandi and Konhke 1965; McCumber and Pielke 1981), where 7, is the
moisture potential (cm) or soil water tension and “max” indicates the larger of
the two values. The moisture potential is the potential energy required to extract
water from capillary and adhesive forces in the soil. Clapp and Hornberger (1978)
parameterized the moisture potential as

b
Yp = I/fp,s<w’5‘s> (8.93)

where ¥, is the moisture potential when the soil is saturated with liquid water
(cm), w; is the volumetric water content of the soil (soil moisture) in cubic meters
of liquid water per cubic meter of soil-water—air mixture, w; is the maximum
volumetric water content that a given soil type can hold (m3 m™3), and b is a
coefficient required to fit (8.93) to data. Values of ¥, w,, and b are given in
Table 8.3 for different soil types. An alternative to the Clapp and Hornberger
moisture potential equation is one developed by van Genuchten (1980) that has
been widely used in soil-physics studies (Cuenca et al. 1996).
The product of mass density and specific heat of a soil-water—air mixture is

PgCG = (1- Wg,s)psCS + Wy pwew (8.94)

where py is the density of solid soil (kg m~3), cs is the specific heat of solid soil
(J kg=! K1), py is the density of liquid water (1000 kg m~3), cw is the specific
heat of liquid water (J kg=! K1), 1 — w5 is the volumetric content of solid soil,
w; is the volumetric content of water in the soil, and w, ; — 1, is the volumetric air
content in the soil-water—air mixture. In the equation, the product of mass density
and specific heat of air is neglected, since the mass density of air is much smaller
than that of soil or water. Values of pcs are given in Table 8.3 for different soil

types.
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8.6 Ground surface temperature and soil moisture

Table 8.3 Soil parameters for 11 soil types

Wy s Wic Wyile ¢p.s Kg,s PsCs
. b mm?) @m?) @mD) (m)  (ms) (JmP K

Soil type

Sand 4.05 0.395 0.135 0.068 —-12.1 1.76(—4) 1.47(6)
Loamy sand 4.38 0.410 0.150 0.075 —9.0 1.56(—4) 1.41(6)
Sandy loam 4.90 0.435 0.195 0.114 —-21.8 3.41(-9) 1.34(6)
Silt loam 5.30 0.485 0.255 0.179 —78.6 7.20(—6) 1.27(6)
Loam 5.39 0.451 0.240 0.155 —47.8  7.00(—6) 1.21(6)
Sandy clay loam  7.12 0.420 0.255 0.175 —-29.9 6.30(—6) 1.18(6)
Silty clay loam 7.75 0.477 0.322 0.218 -35.6 1.70(—6) 1.32(6)
Clay loam 8.52 0.476 0.325 0.250 —63.0 2.50(—6) 1.23(6)
Sandy clay 10.40 0.426 0.310 0.219 —15.3 2.20(—6) 1.18(6)
Silty clay 10.40 0.492 0.370 0.283 —49.0 1.00(—6) 1.15(6)
Clay 11.40 0.482 0.367 0.286 —40.5 1.30(-6) 1.09(6)

Adapted from Clapp and Hornberger (1978), Pielke (1984), Noilhan and Planton (1989), and
Mabhfouf and Noilan (1996). 1.00(6) means 1.00 x 10°.

The time rate of change of volumetric water content of soil below the surface
can be approximated with the water transport equation,

owg 0 0V 0 wy
—E = K [—=2+1)|=—(D.—+K 8.95
at Bz[ g( 2z T >] 8z< FFI (8.93)

(McCumber and Pielke 1981) where K, is the coefficient of permeability of liquid
water through soil (hydraulic conductivity), D, is the diffusion coefficient for water
in soil, and Kgd(y, + 2)/9z is the kinematic flux of liquid water through the soil
(m [m® m~3] s7!). Liquid water feeds back to soil temperature through the thermal
conductivity and specific heat terms in (8.91).

The hydraulic conductivity (m s~!), which accounts for gravity drainage through
a viscous soil, is affected by water viscosity and the shapes and sizes of voids
between soil particles. Clapp and Hornberger (1978) parameterized it as

2b+3
K, = Ké( Y ) (8.96)

Wy s

where K, is the hydraulic conductivity at saturation (m s™'), and values of b
and w s are shown in Table 8.3. An alternative parameterization is given by van
Genuchten (1980). The diffusion coefficient for water in soil (m? s™') is

D= k2 _ _M(&)M _ _M(E>b+z (8.97)

=K,— =
dwg wy Wes Wes Wes

where the second expression was obtained by substituting (8.93) and (8.96) into
the first.
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At the soil surface, (8.91) and (8.95) can be modified to

a71; 1 9 a7,

= —\ks— + F,o — Hi — L.E 8.98
ot PgCG 02 (KS 0z g f ¢ f) ( )

owg, 0 0wy Ef— P,

—=—|D,—2+ K, + —= 8.99
ot 3z< $ 3z et Ow (8.99)

respectively, where k,dT;/9z (W m~2) is the conductive heat flux between the soil
surface and the layer of soil just below the surface, F, , (W m~2) is the net down-
ward minus upward solar plus infrared radiative flux at the surface (positive F; o
is down), Hi (W m~2) is the vertical turbulent sensible-heat flux at the soil surface
(positive is up), Ef (kg m~2 s™1) is the evaporation rate at the surface (positive is
up), L (J kg™!) is the latent heat of evaporation, and P, (kg m~2 s7!) is the net
flux of liquid water reaching the soil surface (precipitation minus runoff) (posi-
tive is down). The product L.Es is the net latent heat flux between the soil sur-
face and the atmosphere. F,, is determined from a radiative-transfer calculation
(Chapter 9).

H; and E¢ can be estimated from similarity theory with (8.53) or from bulk
aerodynamic equations with (8.22) and (8.27), respectively. H; depends on the
potential virtual temperature of air at height 2y 5, and E; depends on the specific
humidity of air at height zp ,. Two methods of calculating the specific humidity at
height zo , are

Qv(z0,0) = agqv,s(Tg) (8.100)
qv(zo) = ﬂgqv,s(’l—é) +(1 - ﬂg)EIV(zr) (8.101)

where qy 5(T;) is the saturation specific humidity at the ground temperature, and o
and B, are wetness functions. The function oy is like a relative humidity adjacent
to the water in soil pores. Philip (1957) estimated o &~ exp[ypg/ Ry T;], but Wetzel
and Chang (1987), Avissar and Mahrer (1988), Kondo et al. (1990), Lee and Pielke
(1992), and Mihailovic et al. (1995) pointed out that this equation is incorrect.
These papers and Mahfouf and Noilhan (1991) give alternative formulations for
og. An expression for g is

1 Wy 2 - -
ﬂg — {Z |:1 - Cos(w_fcn>1| Wy < Wi and qv(z:) < qv(zoy) (8.102)
1

Wy = Wi OF C_Iv(zr) > (_]v(zO,v)

(Lee and Pielke 1992), who obtained the fit from data of Kondo et al. (1990),
where wy (m* m~3) is the liquid water content (LWC) of the top soil layer and wy.
(m* m~3) is the soil LWC at field capacity (Table 8.3), which is the LWC after all
macropores of soil have emptied due to gravitational drainage and liquid water
remains only in soil micropores. When condensation occurs, and for water, ice,
and snow surfaces, Bz = 1.

Together, (8.91), (8.95), (8.98), and (8.99) can be solved numerically among

several soil layers (e.g., McCumber and Pielke, 1981). The solution is generally
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8.6 Ground surface temperature and soil moisture

obtained explicitly for below-surface layers assuming (8.99) applies to the middle
of the top soil layer (replacing (8.95) in that layer). At the soil surface, ground
temperature is then diagnosed from the surface energy balance equation,

T
Ks,la—z + Fhg— H— L.Eg=0 (8.103)

which is obtained by assuming (8.98) is in steady state. In this equation, 1
(W m~! K~!) is the thermal conductivity of a soil-water—air mixture in the top
model-layer of soil. The soil-top temperature from the equation is used as an upper
boundary term during the next time step in the calculation of subsurface tempera-
tures from (8.91).

An alternative to a multilayer soil model is a two-compartment soil model (e.g.,
Noilhan and Planton 1989; Mahfouf and Noilhan 1996). This model is a gener-
alization of the force-restore method, which involves forcing the temperature and
liquid-water content in the top centimeter of soil over a short time and restor-
ing these variables with deep-soil values over a longer time (Bhumralkar 1975;
Blackadar 1976; Deardorff 1977).

8.6.3 Temperature and moisture in vegetated soil

When soil is covered with vegetation, energy and moisture from the soil must pass
through the vegetation before reaching the free atmosphere. Conversely, energy and
moisture from the atmosphere must pass through the vegetation before reaching the
ground. In this section, energy and moisture transfer through and storage within
vegetation are discussed. The numerical treatment is described in more detail in
Jacobson (2001a).

Vegetation, as defined here, includes trees, shrubs, grass, and plants. A canopy
is the vegetation cover provided by a group of plants or trees. Foliage is a cluster
of leaves within a canopy.

Ground temperature in a model grid cell that contains bare soil and soil covered
by vegetation can be calculated with the surface energy balance equation from
(8.103), modified with the following fluxes:

Fog= fFo+ Fil —e0pTy (8.104)
% PaCpd | 7 Tg Pacpd | Ti Tg

Hi=— O0p(2e) — — | —f—— | =— — = 8.105

f=—f R, [ p(2r) B, :| f R |: B B, ( )

_.Bg[EIv(zr) - qv,s(Tg)] - vae%af,Bg[qaf - qv,s(Tg)]

(8.106)
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where

est

ng

OBE&s T4

qv.s(Tg)
Qaf
Z

Boundary-layer and surface processes

Grid-cell averaged net downward minus upward solar plus infrared radia-
tive flux absorbed by bare soil (positive is down) (W m~2)

Grid-cell averaged vertical turbulent sensible-heat flux. It is calculated as
the flux between bare soil and open air plus that between vegetated soil
and canopy air (positive is up) (W m~2)

Grid-cell averaged water vapor flux between bare soil and open air plus
that between vegetated soil and canopy air (positive is up) (kg m=2 s71)
Latent heat of evaporation (] kg™!)

Fractions of bare and vegetated soil, respectively,inagrid cell (f; + fv = 1)
Grid-cell averaged net downward minus upward solar irradiance at the
top of the canopy plus that over bare soil (positive is downward) (W m~2)
Net downward minus upward solar irradiance over bare soil in a grid cell
(positive is downward) (W m~2)

Grid-cell averaged downward (not net downward minus upward)
thermal-IR irradiance absorbed by the ground (positive is downward)
(Wm2)

Grid-cell averaged soil surface temperature (the surface value of T;) (K)
Stefan—Boltzmann constant (5.67051 x 1078 W m~2 K—4)

Thermal-IR emissivity of soil (-)

Grid-cell averaged upward thermal-IR irradiance emitted by the ground
(Wm™2)

Grid-cell averaged air density immediately above the surface (kg m~3)
Specific heat of dry air at constant pressure (J kg=* K1)

Aerodynamic resistance (s m~!) between bare soil outside of a canopy and
a reference height z

Aerodynamic resistance between soil and overlying vegetation (s m~')
Grid-cell averaged potential temperature at the reference height (K)

[ Pa,g/1000 hPa]* converts temperature at the ground to potential temper-
ature

Air pressure at the ground (hPa)

R /cpa = 0.286

[ Pat/1000 hPa]® converts temperature in the foliage to potential tempera-
ture

Temperature of air in foliage (K)

Wetness function from (8.92)

Grid-cell averaged water vapor specific humidity at the reference height
(kg kg™")

Saturation specific humidity at the ground temperature (kg kg™?)
Specific humidity of water vapor in foliage air (kg kg™*)

Reference height (10 m)

An expression for the aerodynamic resistance (s m~!) over bare soil is given in
(20.12). An expression for the aerodynamic resistance in the foliage (s m™') is

1

CflUaf

Re=

(8.107)
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8.6 Ground surface temperature and soil moisture

where u,¢ ~ 0.83u, (m s™!) is the wind speed in the foliage and
0.003
Uaf

cf = 0.01 —

(8.108)

(a6 in m s™1) is the dimensionless heat-transfer coefficient (e.g., Deardorff 1978;
Pielke 1984). Expressions for temperature and specific humidity of air in the foliage
are

Ty = 0.3Ta(z) + 0.6T; + 0.1, (8.109)
daf = 0.3Gv(2¢) + 0.6q¢ + 0.1, (8.110)
(Deardorff 1978), where

Ta(z) Grid-cell averaged temperature at the reference height (K)

qv(z) Grid-cell averaged water vapor specific humidity at reference height
(kg kg™*)

Temperature in leaf stomata (K)

Specific humidity in leaf stomata (kg kg™!)

Grid-cell averaged ground temperature (K)

Grid-cell averaged specific humidity in soil macropores (kg kg™*)

e L

The water vapor specific humidity in leaf stomata is

ar = min[yquo(T) + (1 = ¥)qut, qus( T, (8.111)
where
Rf \X/g 2/3
1- a v,s T;
y = Rf+Rst[ (WC,max> %t < el T0) (8.112)
0 Jaf = qu(ﬂ)

(Deardorff 1978). In this equation, W, (m®> m~2 or m) is the depth of liquid water
on an individual leaf surface (m) multiplied by the one-sided leaf area index, Lt
(square meters of leaf surfaces per square meter of underlying ground), W max
(m) is the maximum possible value of W. (approximated as 0.0002 Ly (m) from
Dickinson 1984), and

Roin 200\’ 400
= |1+ (= 8.113
R=F [ " <F5+0.1) } @275 pias O

is the leaf stomata resistance (s m~!), which is infinite when T; < 273.15K and
T; > 313.15 K, and large at night, when F; = 0 (Baldocchi et al. 1987). In this
equation, Ry, is the minimum bulk canopy stomata resistance (Appendix Table
B.11), and

F. = max |:rnin (M 1.0) 1.0 x 1012] (8.114)

Wer — Wyile

is a factor accounting for reduction in transpiration due to drying up of the soil
toward the wilting point, wy;, (m> m~3) (e.g., Noilhan and Planton 1989), which

261



Boundary-layer and surface processes

is the liquid water content of soil when a plant is permanently wilted. Wilting
points of different soils are given in Table 8.3. In this equation, wy as (m® m~3) is
the average liquid water content in the root layers of soil, and w., (m?® m™3) is a
critical liquid-water content taken as 0.75w, s (Thompson et al. 1981), where wg
(m® m~3) is the soil moisture content at saturation.

The foliage temperature T; is found by solving iteratively a foliage energy balance
equation that considers a net solar flux at the top of the foliage, a net thermal-IR
flux at the top of the foliage and at ground level, and sensible and latent heat fluxes
at the top of the foliage and at ground level (e.g., Deardorff 1978; McCumber

1980; Pielke 1984; Jacobson 2001a). One such equation is

_ - EvEs = &y + 2e5 — &8
| E E +— et T TV o T
f|: e \L—i_z"z‘v‘F(‘?s_&‘V(CI\SO.B 8 8v+85_8VESEUBf:|
— H, + L.Eq+ L.E, (8.115)

where &, is the thermal-IR emissivity of vegetation, F;] (W m~2) is the down-
ward thermal-IR irradiance at the top of the canopy, H, (W m™2) is the sensible
heat flux between air in the foliage and leaves, Eq (kg m—2 s~!) is the turbulent
moisture flux due to direct evaporation from/condensation to leaves in the foliage,
and E, (kg m™? s7!) is the turbulent moisture flux due to transpiration from leaf
stomata.

The sensible heat flux, direct evaporation/condensation, and transpiration terms
in (8.114) are

PaCp.d

H, = —1.1L 2228 [T — T 8.116

T RD; [Tof — 1] ( )

Eq= —LT";’fd [dat — Qus(TH] (8.117)
[-)a(l_,Bd)

Ei= —Lt=5——"[qar — qus(Ti 8.118

¢ TR R, [daf = Gv,s(TF)] ( )

respectively, where the factor 1.1 in (8.116) accounts for the effects of stalks,
stems, twigs, and limbs that exchange energy but do not transpire, Lt is limited to
no greater than 7f,, and

W\
By = (‘X/C,max) Qaf < Qv,s(Tf) (8.119)
1 qaf = qv,s(’]ﬂ

accounts for the decrease in the evaporation rate when the leaves contain little
water (Monteith and Szeicz 1962; Deardorff 1978). During condensation, direct
moisture flux to leaf surfaces via (8.117) occurs at the potential rate (8 = 1). When
dew condenses on leaves, 1 — 84 = 0 and no transpiration occurs by (8.118). When
direct evaporation occurs, the transpiration rate is limited by the fraction of leaf
surfaces not covered by liquid water. The saturation specific humidities in (8.117)
and (8.118) are obtained at the temperature of the foliage.
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8.6 Ground surface temperature and soil moisture

The iterative solution to T; is found by substituting (8.116)—(8.118) into (8.114),
then linearizing Tf4 and qys(Tf) with
=T

f,t,n

T4

f.t,n+1 + 4Tf,3t,n(Tf,t,n+1 — Tiy ) (8.120)

dqv,s(Tf,t,n)

dT (T%,t,n-kl - T%,t,n) (8121)

qv,s(’E,t,n-kl) = qv,s(ﬂ.t.n) +
respectively (Deardorff 1978), where the subscript # indicates a value at the end of
the time step and the subscript 7 indicates iteration number. Applying these steps
gives the foliage temperature as

EvEs

Ey + Es — EvEs

&y + 28, — &8
I ey T
Ey + Es — EvEs ”

,(_)an,d - ,Bd léaﬂt }
+1.1L — T+ L. L {— +
T ReD; af e LT Pa Re R+ R,

dy (i)
x [qaf - {qv,sm,t,n) - TE”

Fo+s,Fil + UBTg,tflq

fv

Tisni1 = (8.122)

&y + 285 — &€ 04C
v + 28 v sgvaBTE,t.n_i_ 1.1LTIOa l),d

Ey + Es — EvEs RfPf
ﬂd ﬁa(l - ﬂd) } dqv,s(n,t,n)

L.Ltp, 3 —
lelrp {Rf+ R+R, | dT

(Jacobson 20071a), where the subscript # — b indicates a value at the beginning of a
time step. This equation needs to be iterated only four times to achieve significant
convergence.

A prognostic equation for water on leaf surfaces is

=P —-—-R (8.123)

where P, (ms~!) is the grid-cell averaged precipitation rate, p,, (kg m~3) is the den-
sity of liquid water, and R (m s™!) is the runoff rate from leaf surfaces. Combining
(8.117), (8.119), and (8.123) and finite-differencing the result over time step » (s)
give

2
= L Pa ‘X/c -\’
h <Pr + ?T_ (W d ) [qaf - qu(]})]) Jaf < qv,s(TH
\X/c,t — VVc,t—h + Lf /iw c,max
h <Pr + %& [Qaf — qv,s(’l})]> Qaf = Qu.s(Tf)
f Pw
(8.124)

The solution is limited by W. = min(max[ W, 0], W. max), which accounts for the
fact that any liquid water over depth W ..« is runoff (thus R does not appear in
the equation). Each solution from (8.124) is substituted into (8.119), which is itself
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substituted into (8.117) to give the direct evaporation rate and into (8.118) to give
the transpiration rate.

The grid-cell averaged soil-top temperature, accounting for bare and vegetated
soil, is now calculated by substituting (8.104)—(8.106) into the energy balance
equation (8.103), and linearizing. The result is

Ba n Ty in
fp b4 |:0P(Zr) B 1i|

SR, B,
PaCpd & _ Tg,t,nfl
fV R¢ l_)f I_)g

_aLe - 7
fs pTﬂg[qv(zr) - qv,s(Tg,t,nfl )]

ﬁaLe =
fvT{ﬂg[qaf - qv,s(Tg,t,nfl )]

f‘SF_S + Fl‘l’ _O-BEST‘g‘!t!nil
K -
ST = Tarnm)
- . 1
Tg,t,n = Tg,t,n—l + = = (8125)
pacf"d + 1 'Oac_p’d + 4850BTgtn
s Ran RfP

D1

where D1 (m) is the positive distance between the surface and the middle of the first
soil layer, and Tq; (K) is the temperature at the middle of the top soil layer, from
(8.91). Equation (8.125) is iterated four times without updating the saturation
specific humidity in the soil during each iteration.

Finally, the grid-cell averaged fluxes of sensible heat (J m~? s~!) and moisture
(kg m~2 s7!) to the boundary layer, accounting for bare and vegetated surfaces,
are

fvp“"d [ () — %] (8.126)
f
fV :Bg Qv (2c) — qaf] (8.127)

respectively (positive is up in both cases), where H; and E; are the values over bare
soil from (8.105) and (8.106), respectively.

Figure 8.5 shows time series predictions of foliage air temperature (Ty), foliage
temperature (T;), soil-top temperature (Tg), and above-canopy air temperature (T,)
over sandy loam in a grid cell of an atmospheric model containing a near-surface
air temperature monitoring site at Lodi, California. The Lodi site is rural and
located in the San Joaquin Valley, California. The Lodi cell contains about 58.4
percent sandy loam and 41.6 percent clay loam. Figure 8.5(a) indicates that during
the day, foliage temperatures exceeded foliage air temperatures, which exceeded
ground temperatures, which exceeded air temperatures. Figure 8.5(b) shows the
modeled differences in temperatures between sandy loam and clay loam in the cell.
Differences in soil-top temperature between the two soil types were up to 10 °C
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Figure 8.5 (a) Time series plot of predicted foliage air temperature (T,¢) —, foliage temperature

(Tf) -, soil-top temperature (T,) —---, and air temperature above the canopy (T,) ——- over
sandy loam soil in a model grid cell containing the Lodi (LOD) monitoring site. (b) Difference
between temperatures over sandy loam and those over clay loam in the same model grid cell.
(c) Predicted, —, versus measured, ----, air temperatures at 5 m at the Lodi monitoring site.
The predicted values were obtained from bilinear interpolation among four grid cells near or
containing the Lodi site. From Jacobson (2001a).

during the day. Figure 8.5(c) compares modeled with measured near-surface air
temperatures at Lodi when temperatures were averaged proportionately over both
soil types in the grid cell.

8.6.4 Road and rooftop surfaces

In this section, temperatures of road and rooftop surfaces are discussed. Construc-
tion materials, such as asphalt, concrete, wood, brick, and composites cover a large
fraction of urban surfaces. Oke et al. (1999) found that 25 percent of surfaces
affecting the energy balance in a densely built-up central Mexico City site con-
sisted of impervious ground material (e.g., roads, sidewalks), 32 percent consisted
of rooftops, 42 percent consisted of walls, and 1 percent consisted of vegetation.
A Vancouver site consisted of 32 percent impervious ground material, 37 percent
rooftops, 27 percent walls, and 4 percent vegetation. Vegetation fractions were
94 percent for a rural site, 70 percent for an urban residential site, and 16 percent
for an urban commercial site.

265



Boundary-layer and surface processes

8.6.4.1 Road surfaces

Road surfaces often consist of asphalt or concrete. An average asphalt road is about
6 cm thick and overlies soil. The temperature at the top of an asphalt surface can
be solved iteratively from the equilibrium energy balance equation with

04C - T n—
Pa p.d |:9p(zr) . g,_t, li|

R, B,
P2 Bl ) = Gl T
Fo+ Fil —O'BSaSTg’t’nil
] ] %(71 — Tarn 1)
Toin="Tgtn1+ FaCpd O . s (8.128)
R.D, w8 fgrn1 T

(Jacobson 2001a) where g,3 = 0.95 is the thermal-IR emissivity of asphalt (Oke
1978), Dy (m) is the distance between the ground surface and the middle of the first
asphalt layer, and By is from (8.119), which requires the calculation of W from
(8.124). Here, W, accounts for condensation/evaporation and precipitation/runoff
over an asphalt surface. When precipitation or condensation (dew formation)
occurs, all liquid water above W, .« is treated as runoff, and the liquid water
content below W, .« is allowed to evaporate.

Below the asphalt top, temperatures and moisture can be solved with the heat-
conduction and water transport equations, (8.91) and (8.95), respectively. In that
case, model layers, down to 6 cm, may be treated as asphalt, and the remaining
layers as soil containing liquid water. The asphalt is treated as impermeable to
water, thus, the liquid water content of the asphalt is set to zero, and the water
transport equation is solved only under the asphalt base. The heat conduction
equation may be solved assuming a mean thermal conductivity of various asphalts
of kys = 1.7 W m~! K~ (Anandakumar 1999).

8.6.4.2 Rooftops

Many types of roofing exist, and rooftop types generally differ between residen-
tial and commercial buildings. In the United States, four out of five residential
rooftops contain asphalt shingles. Asphalt-shingle roof systems consist of asphalt
shingles overlying saturated felt, overlying a water-impermeable membrane, over-
lying a roof deck, overlying insulation or air. Asphalt shingles are either organic or
fiberglass based. Organic-based shingles contain a base of cellulose fibers, which
is saturated with an asphalt coating and surfaced with weather-resistant mineral
granules. Fiberglass-based shingles contain a base of glass fibers surfaced with
an asphalt coating and weather-resistant mineral granules. The saturated felt is
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Figure 8.6 (a) Predicted ground temperatures over four soil types, road surfaces, and rooftops
at Fremont: — silt loam, - clay, --- loam, — - road, ———~- silt clay loam, — roof.
(b) Comparison of modeled, —, with measured, ----, near-surface air temperature at Fremont
when all surface types were considered in the model (from Jacobson 2001a).

an asphalt-impregnated, organic-based felt between the roofing material and the
waterproof membrane (Asphalt Roofing Manufacturers Association 1999). Other
residential rooftops consist of wood shake, concrete tiles, or slate over a membrane
over a deck and insulation over air.

Many commercial rooftops also consist of asphalt shingles, but others consist
of two to four layers of bitumen strengthened with a fabric, such as polyester or
fiberglass, or with a felt. Gravel or granules are usually embedded on the top layer
of strengthened bitumen. The bitumen layers usually overlie insulation, a vapor
retarder, and a deck. Bitumen is a black or dark-colored cement-like, solid, semi-
solid, or viscous substance composed of high-molecular-weight hydrocarbons and
is found in asphalts, tars, pitches, and asphaltines.

Roof surface temperatures can be solved with (8.128) and subsurface material
temperatures can be solved with the heat conduction equation from (8.91), but with
a different configuration of materials than in the case of road surfaces. One possible
configuration is to assume that the rooftop consists of 1.5 cm of asphalt shingles
over 1 cm of saturated felt (asphalt-felt composite) over 1.25 cm of plywood base
over air. No liquid water is permitted to transmit through or below the roof, and
the air below the roof contains no liquid water, so the water transport equation is
not necessary to solve in this case.

8.6.4.3 Application

Figure 8.6(a) shows modeled soil, road, and roof surface temperatures at Fremont,
California. Roads were the hottest surfaces during the day, since asphalt contains
no water, and energy conduction to soil below asphalt is slow. Peak temperatures
over asphalt varied from 43 to 52 °C. Anandakumar (1999) shows a peak August
temperature over an asphalt road at Vienna, Austria, of 44 °C. Vienna is 10° latitude
further north than Fremont. Rooftop temperatures in Fig. 8.6 were cooler than
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road temperatures because air under a rooftop convects energy conducted to it
from the roof base away faster than soil conducts energy conducted to it by the
asphalt base away. Figure 8.6(b) compares modeled with measured near-surface
air temperatures at Fremont when all surface types were considered.

8.6.5 Snow on soil, vegetation, and asphalt

The depth of snow over soil, vegetation, roads, and rooftops is affected by snowfall,
deposition/sublimation, and melting. A prognostic equation for snow depth (m)
accounting for these factors is

Ds,t = Ds,t—lo + hPs

+h& { fs [QV<Zr) - qv,s(min<’1—é,tv T;,m))] + f [qaf - qv,s(min(’l—é,t’ T;,m))] }

sn Ra v Rf
Iéacp,d = T;,m ﬁacp,d Lf,l E,m
— 0 ) — = A = — =
LR, [ pl%) P, } A R [ P P,
,[)aLs - 1521LS
— Is vi<r/) 7 Yyv,s Ts‘m A at = Yv,s T;m
fRa [Qv(2r) = Qu.s(Tom)] I‘Rf [Qaf — Gv.s(Tom)]
— o= Fil +onem Ty — = (Tis = Tim)
+h 1 (8.129)
PsnLim

where P is the snowfall rate (ms~'), Ly, is the latent heat of melting (J kg™!),
L, is the latent heat of sublimation (] kg™'), qy.s(T;.m) is the saturation specific
humidity (kg kg~!) over ice at the melting point of snow, T; ,, = 273.15 K, pq, is
the mass density of snow (kg m™3), &5, = 0.99 is the emissivity of snow, and «y, =
0.08 W m~! K=! (Oke 1978) is the thermal conductivity of snow. The first term in
the equation accounts for snowfall, the second accounts for deposition/sublimation,
and the third accounts for melting. The melting term is applied only if the term is
less than zero (energy is added to the system) and the snow temperature exceeds
the melting point of snow.

The temperature at the top of a snow surface is calculated with (8.125) or
(8.128), except (a) Bz = 1 and B4 = 1, (b) qys is defined as the saturation specific
humidity over ice, not liquid water, (c) Ly replaces L., (d) s, is used instead of
sy Ey, OF a5 (€) Kksn 1s used instead of kg or k,s, and (f) transpiration through leaf
surfaces is set to zero (E, = 0).

8.6.6 Water, sea ice, and snow over sea ice

Over oceans, inland seas, and lakes, water-top temperature is affected by sensible,
latent, and radiative heat fluxes as well as energy advection (due to water circula-
tion). In the mixed layer of the ocean, which is its top layer of depth D (typically
50-100 m), in which energy and salinity are well mixed, the water temperature
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can be calculated noniteratively in time with

PaCpd | - Tg,t—/o
0,(z;) — —=—
2t e - T2

PaLe . =
R [Qv(zr) — qv,s(Tg,t—h)]

- - F5+Fii« _UBEWT4,
Tor=Tern+h e Dlg’t b (8.130)
swbp,sw

where qy (T +—5) (kg kg™!) is the saturation specific humidity over liquid water at
the temperature of the water, &, = 0.97 is the thermal-IR emissivity of liquid water
(Oke 1978), psw is the density of seawater (1028 kg m~3 at 0 °C in the presence of
35 parts per 1000 of salinity; Lide 2003), and ¢, s is the temperature-dependent
specific heat of liquid water at constant pressure (3986.5 J kg=! K=! at 0 °C in the
presence of 35 parts per 1000 of salinity).

Equation (8.130) accounts for all energy fluxes to and from the ocean mixed
layer except for horizontal advective fluxes and diffusive fluxes to the deep ocean.
Such fluxes need to be calculated with an ocean circulation model, which solves
equations similar to the equations of atmospheric dynamics, but for ocean water.
Circulation models can be two- or three-dimensional. The two-dimensional models
resolve the mixed layer only. The three-dimensional models account for transfer
between the mixed layer and deep ocean as well.

When the water temperature falls below the freezing point of seawater in the
presence of 35 parts per 1000 of salinity, T; = 271.23 K (Lide 2003), sea ice begins
to form on top of ocean water. The sea ice surface temperature can be determined
with the four-iteration surface-energy balance calculation,

PaCpd | = Tg,t,n—l
0,(z;) — ——
R, [ ol = = ]

pale. )

;{ : [qv(zc) — qv,s(Tg,t,nfl)]
a

Fs+ Fil _OBgiTg,t,n—l
K -

D ) (Tz,f - Tg,t,n—l)

_ (N
Torn = Tgirn1+ Bacod e (8.131)

PS4+ 46Ty, , 1+

al'g Di,tfh

where qys(Tg 1) is the saturation specific humidity over ice, & = 0.97 is the
thermal-IR emissivity of ice, and «; = 2.20 W m~! K~ is the thermal conductivity
of ice (Lide 2003). The change in sea ice thickness (m) at the sea ice/air interface
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due to sublimation/deposition and melting is

Dy = Dy + -2 [Gy(2) — Qus(min(Tyr. Tom))]
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piLm
where p; (kg m™3) is the density of ice (916.7 kg m~3) at its melting point,
T.m = 273.05 K. The melting (second) term applies only if the term is less than
zero (energy is added to the system) and if the temperature from (8.131) exceeds
the melting point.
The change in sea ice thickness due to freezing/melting at the water/sea ice
interface is

D;=Di;p+h (8.133)
where Fy, (W m™2) is the net flux of energy from below the interface, estimated
as 2 W m~2 for Arctic waters and 25 W m~2 for Antarctic waters (Parkinson
and Washington 1979), and the second term accounts for conduction between the
interface and the top of the ice. Maximum ice thicknesses are typically 4 m in the
Arctic and 1.5 m in the Antarctic.

When sea ice exists and snowfall occurs, the snow covers the ice. The temperature
at the top of the snow overlying the sea ice layer can be modeled with

/_)acp,d = Tg,t,n—l
Op(2r) — —=

g
paLs - 7
R,

[Qv(ze) — qv,s(Tg,t,n—1>]
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g.t,n—1
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Ts—Tarn-
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Tg,t,n = lgtn-1 + = (8134)

KsnKi

Ksn Di,tfh + ki Ds,tfh

where the thermal conductivity term accounts for conduction through ice and snow
layers. An estimate of the temperature at the snow—ice interface is

Ksn Di,t—h Tg,t + ki Ds,t—la ’E,f

T =
Ksn Di,tfh + ki Ds,tfb

(8.135)

(Parkinson and Washington 1979).
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8.8 Problems

8.7 SUMMARY

In this chapter, boundary-layer and surface processes were discussed. Expressions
for kinematic turbulent fluxes of momentum, energy, and moisture were derived.
For the surface layer, such fluxes were described in terms of bulk aerodynamic for-
mulae and Monin-Obukhov similarity theory. Some similarity-theory parameters
are friction wind speed, the potential temperature scale, and the Monin-Obukhov
length. Fluxes of momentum, energy, and moisture above the surface layer were
parameterized with a hybrid model and with a high-order turbulence closure tech-
nique. Equations describing soil temperature and moisture content were then dis-
cussed. Ground temperatures depend on the specific heat, thermal conductivity,
and moisture content of soil and on fluxes of radiative, sensible, and latent heat
between the soil and air. Prognostic equations for temperature and moisture over
soil, vegetation-covered soil, rooftops, road surfaces, water, sea ice, and snow over
all surfaces were described.

8.8 PROBLEMS

8.1 Calculate the surface roughness length for momentum over a rough ocean
assuming u, = 0.3 m s~ ! and over vegetated land assuming a forest canopy
with top h; = 20 m and Ly = 7 m? m~2. Calculate the wind speed 100 m
above the ocean surface and above h. assuming a displacement height of
d. = 15 m for the canopy. Assume a neutral boundary layer and logarithmic
wind profile in both cases. In which case is the wind speed higher. Why?

8.2 If conditions at the surface are z, = 10 m, z ,, = 0.05 m, 7, = 0.0005 m,
i(z;) =8ms !, 0(z) =2ms!, T(z) = 285K, T(zn) =286 K, pz) =
1004 hPa, and pa(z r) = 1005 hPa, calculate u,, 6, L, Rip, and K, . at the
reference height. Assume dry air.

8.3 Assume 7y, = 0.01m, u, =1ms ', i(z)=10ms ', and 9 (z) =5 m s~
at zz = 10 m. Calculate the eddy diffusion coefficient for momentum,
Km,zx-

8.4 Assuming u, = 0.1 m s~ ', p, = 998 hPa, and the air is dry, calculate the
surface roughness lengths for energy and water vapor when T = 288 K.

8.5 Compare vertical turbulent sensible-heat fluxes over the ocean from bulk
aerodynamic formulae and Monin—Obukhov similarity theory. Assume the
same conditions as in Problem 8.2, except assume 7 ,, = 0.000 01 m. Assume
0y at the roughness length for energy equals that at the roughness length for
momentum. Discuss differences in results.

8.6 Using conditions from Problems 8.2 and 8.5, calculate the eddy diffusion
coefficient for energy with bulk aerodynamic formulae and similarity theory.
Discuss differences in results.

8.7 Assume all conditions are the same as in Problem 8.2, except that the relative
humidity at the reference height is now 85 percent, and the specific humidity
at the roughness length for moisture equals the saturation specific humidity
at the roughness length for energy. Estimate the vertical turbulent flux of
moisture from similarity theory.

1 1 1

1
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8.8

8.9

8.10

8.11

8.12

Boundary-layer and surface processes

Calculate the thermal conductivity of a soil-water—air mixture for a sandy-
loam soil when the volumetric water content is 0.2 and 0.05 m® m—3. In
which case is the mixture more conductive? Why?

Simplify (8.130) to calculate the temperature of the mixed layer of the ocean
in the absence of sensible and latent heat fluxes and assuming the only source
or sink of thermal-infrared radiation is the sink due to upward emission
(oBEw 7;[_ ). Calculate the temperature after two hours if the initial temper-
ature is 290 K, the downward solar irradiance is 800 W m~2, and the thick-
ness of the mixed layer is 70 m. Should the temperature change increase or
decrease if the mixing depth increases?

8.9 COMPUTER PROGRAMMING PRACTICE

Ifz=10m, t(z) =3ms 1, i(z) =16 ms™ !, T(z) = 293 K, T(z ) = 292.5 K,
(z) = 1002 hPa, and p,(2 ) = 1003 hPa, write a script to calculate u,, 6.,
L, Riy, and Ky, as a function of z , when the air is dry. Calculate values
for 0.00001 m < 7z, < 5 m. Assume 2z h ~ Z m/100. Plot the results for each
variable.

Write a computer script to calculate the change of wind speed and potential
virtual temperature with height in the surface layer from similarity theory.
Assume the same conditions as in Problem 8.2. Plot the results from the
ground surface up to 10 m altitude. Change T(z) to 286 K, and replot the
results. Discuss the differences between the two cases.

Write a computer program to calculate the temperature over a single asphalt
layer 6 cm thick from (8.128) assuming air temperature at the reference height
(10 m) is a constant 295 K, the initial ground temperature is 285 K, the con-
stant soil temperature below the ground is 290 K, the surface air pressure
is 1013 hPa, the pressure at the reference height is 1012 hPa, the incident
solar radiation varies with a sine function between 06:00 and 18:00, with a
peak value of 1000 W m~2 at 12:00 and zero values before 06:00 and after
18:00, and the downward thermal-IR irradiance is zero. In addition, assume
R, = 0.741n(z/2 1)/ ku,, where 7z = 0.000135m and u, = 0.4 m s~ L.
Finally, assume qy(z) = 0. Use the program to calculate the ground tem-
perature from 03:00 to 21:00 on a single day. Plot and discuss the result.
(Hint: take a time step of 1 s. Iterate the equation four times for each time
step. At the end of each time step, update temperatures and solar radiation
on the right side of the equation).
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Radiative energy transfer

ADIATION through the atmosphere affects temperature, pollutant concen-
R tration, visibility, and color. Temperature is affected by heating and cooling
from ultraviolet, visible, and infrared radiation interactions with the ground, gases,
aerosol particles, and hydrometeor particles. Pollution is affected by interactions of
ultraviolet and some visible radiation with gases. Visibility and colors are affected
by interactions of visible radiation with gases, aerosol particles, and hydrometeor
particles. In this chapter, radiation laws, optical properties of gases and particles,
light processes, and a solution to the radiative transfer equation are discussed.
The radiative transfer equation is used to determine rates of heating, cooling, and
molecular photolysis. Important radiative laws discussed here include Planck’s law,
Wien’s law, and the Stefan—Boltzmann law. Equations quantifying the level of atten-
uation and redirection of radiation by gases, particles, and cloud drops are also
described.

9.1 ENERGY TRANSFER PROCESSES

Radiation is the emission or propagation of energy in the form of a photon or elec-
tromagnetic wave. A photon is a particle or quantum of electromagnetic energy
that has no mass, no electric charge, and an indefinite lifetime. An electromag-
netic wave is a disturbance traveling through a medium, such as air or space, that
transfers energy from one object to another without permanently displacing the
medium itself. Electromagnetic waves may be considered as dual transverse waves
in that they consist of an electric wave and a magnetic wave in phase with and at
right angles to each other and to the direction of propagation. Radiation is emitted
by all bodies in the Universe that have a temperature above absolute zero (0 K).
Once emitted, radiation passes through space or air to another body. Upon reach-
ing the second body, the radiation can be reflected, scattered, absorbed, refracted,
dispersed, or transmitted. Each of these processes is discussed in this chapter.

When a body, such as air, emits more radiation than it absorbs, its tempera-
ture decreases. When a body absorbs more radiation than it emits, its temperature
increases. Other processes that affect air temperatures include advection, forced
convection, turbulence, and latent-heat exchange. The thermodynamic energy
equation in (3.76) takes these processes into account.

Figure 9.1 shows the relative importance of several processes on the atmospheric
energy budget. Solar radiation provides energy for atmospheric, cloud, and surface
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Figure 9.1 Energy balance for Earth-atmosphere system.
Values are dimensionless relative quantities of energy. The
sum of sources minus sinks for clouds, the atmosphere, or
the Earth equals zero. For example, clouds are in radiative
balance, since they absorb and emit 64 units of radiation.
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Figure 9.2 Schematic showing that a glob-
ally and yearly averaged energy surplus at
the Equator and deficit at the poles is com-
pensated for by energy transfer from the
Equator toward the poles.

heating. The Earth’s surface emits infrared radiation, much of which is absorbed by
greenhouse gases and clouds and some of which escapes to space. The atmosphere
and clouds emit infrared radiation in all directions. Turbulence transfers energy
from the surface to the troposphere. Evaporation from the surface releases water
vapor, which stores latent heat. The water vapor travels to the free troposphere,
where it may condense to form clouds, releasing the stored latent heat.

The transport of latent heat via water vapor is an important process by which
solar energy absorbed near the Equator is transferred poleward. Figure 9.2 shows
that, at the Equator, the surface absorbs more solar radiation than it emits infrared
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radiation, causing an energy surplus. At the poles, the reverse is true, and an energy
deficit occurs. In the absence of energy transfer between the Equator and poles, tem-
peratures near the poles would continuously decrease, and those near the Equator
would continuously increase. On Earth, energy is continuously supplied from the
Equator to the poles by three processes. One is poleward transport of energy by
winds, the second is poleward transport of energy by ocean currents, and the third
is the poleward transport of water vapor and its stored latent heat by winds. When
the water vapor condenses, mostly at midlatitudes, it releases its latent heat to the
air around it.

9.2 ELECTROMAGNETIC SPECTRUM

Whether radiation is considered an electromagnetic wave or photon, it travels at
the speed of light. If radiation propagates as a wave, its wavelength is

==l (9.1)
v oD

where v is the wave’s frequency of oscillation, or number of wavelengths that pass
through a point per unit time (s™'), ¢ is the speed of light (e.g., ms™') and 7 = 1/A
is the wavenumber (e.g., m™'), defined here as the number of wavelengths per unit
distance. This definition of wavenumber, applied here to electromagnetic waves,
differs from that given in (4.89), which was applied to atmospheric waves. Units
for wavelength are micrometers (1 um = 107% m), nanometers (1 nm = 10~ m),
centimeters (cm), or meters (m). In a vacuum, the speed of light is ¢ = 2.9979 x
108 m s~

In 1900, Max Planck theorized that the total radiative energy (J) emitted or
absorbed by a substance was

E. = nhy = n% (92)

where 7 is an integer, called a quantum number, and » = 6.6256 x 1073*Js is
Planck’s constant. Equation (9.2) states that substances do not emit or absorb
radiative energy continuously, but in packets or quanta. Although Planck believed
that light was emitted or absorbed discontinuously, he held that it traveled through
space as an electromagnetic wave. In 1905, Albert Einstein postulated that light
energy traveled through space in concentrated bundles, and the energy of each
bundle was

hc
E,=hv = " (9.3)

In 1926, Gilbert Lewis termed these bundles photons. Equation (9.3) represents the
energy emitted or absorbed per photon (] photon™!) and depends on the wavelength
(or frequency) of radiation. The greater the frequency, the shorter the wavelength,
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and the greater the energy of a quantum. The electromagnetic and photon theories
of light are interrelated by (9.2).

Example 9.1

Find the energy emitted per photon, the frequency, and the wavenumber of a
A = 0.5-um and A = 10-pm wavelength of energy.

SOLUTION
When A = 0.5 um, E = 3.97 x 10719 J photon™?, v = 5.996x 10 s71, and ¥ =
2 um~!, When A = 10 um, E = 1.98 x 1072 ] photon~1, v = 2.998 x 103 571,
and ¥ = 0.1 pm ™. Shorter wavelengths generate more energy per photon than
do longer wavelengths.

From (9.2), Planck derived an equation relating the intensity of radiant emission
from a perfectly emitting substance to the absolute temperature of the substance
and the wavelength of emission. A perfectly emitting substance is one that, in
thermodynamic equilibrium, emits all radiation that it absorbs. Absorption occurs
when electromagnetic energy enters a substance and is converted to internal energy.
If a body’s emission is less than its absorption, the body is out of equilibrium, and
its temperature rises.

A blackbody is a substance that absorbs all radiation that is incident upon it.
No incident radiation is reflected by a blackbody. No bodies are true blackbodies,
although the Earth and the Sun are close, as are black carbon, platinum black,
and black gold (e.g., Siegel and Howell 1992). The term blackbody was coined
because good absorbers of visible radiation generally appear black. However, good
absorbers of infrared radiation are not necessarily black. For example, one such
absorber is white oil-based paint.

Blackbodies not only absorb, but also emit the maximum possible intensity of
radiant energy at a given wavelength and temperature. Planck determined this
intensity as

2hc?
# oo (i) 1)

now called Planck’s law, where B, 1 is radiant intensity or radiance (W m~2 um™!
sr~!), and kg is Boltzmann’s constant (1.38 x 10723 JK~! =W s K~!). Radiance is
the energy emitted per unit area per unit time per unit wavelength per incremental
solid angle (units of steradians). Since the radiance in (9.4) is defined for individual
wavelengths, it is called a spectral radiance. Incremental solid angle is defined
shortly.

B, r=
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Table 9.1 Emissivities of different surface types for a typical infrared wavelength

Surface type Emissivity (fraction)  Surface type  Emissivity (fraction)
Liquid water 1.0° Soil 0.9-0.98*
Fresh snow 0.99% Grass 0.9-0.95°

Old snow 0.82° Desert 0.84-0.91°
Liquid water clouds 0.25-1.0¢ Forest 0.95-0.97°
Cirrus clouds 0.1-0.9¢ Concrete 0.71-0.9%

Ice 0.967 Urban 0.85-0.874

4 Seaman et al. (1989), ® Oke (1978), ¢ Liou (2002),  Sellers (1965).

Equation (9.4) applies to any blackbody with a temperature above absolute zero
(0 K). Real substances are generally not perfect emitters. Instead, they usually emit
a fraction of the radiance that a blackbody emits. The radiance (W m™? um~"! sr!)
actually emitted by any substance is approximately

e ZSABA,T (95)

where ¢, (dimensionless) is the emissivity of the substance. Emissivity is the frac-
tion (<1) of B, r actually emitted. Emissivities depend on wavelength. Table 9.1
gives emissivities for some surface types in the infrared part of the electromagnetic
spectrum.

Absorptivity (a; ) is the fraction (<1) of incident radiation that a substance actu-
ally absorbs. Kirchoff’s law (named for Gustav Kirchoff, 1824-87) states that, in
thermodynamic equilibrium, the emissivity and absorptivity of a substance equal
each other (a; =¢;). Thus, the efficiency at which a substance absorbs radia-
tion equals that at which it emits radiation, and a perfect emitter of radiation
(e, = 1) is also a perfect absorber of radiation (a; = 1) and a blackbody. Suppose
a blackbody object is placed in a vacuum enclosed by blackbody walls. Over time,
the temperatures of the object and walls equalize. If Kirchoff’s law did not hold
at this point, a net heat transfer would occur between the object and the walls
even though the object and wall temperatures are the same. Such a heat transfer
violates the second law of thermodynamics. Thus, the absorptivity and emissivity
of a substance must equal each other in equilibrium.

An incremental solid angle, d2,, used in the definition of radiance, is an incre-
mental surface area on a unit sphere, which is a sphere with radius normalized to
unity. The equation for incremental solid angle is

da,

2
rg

de,

(9.6)

where dA; is an incremental surface area, and 7, is the radius of a true sphere.
Incremental solid angle has units of steradians (sr), which is analogous to units of
radians for a circle.

The incremental surface area in (9.6) can be found from Fig. 9.3. In the figure,
a line is drawn from the center of the sphere to the center of an incremental area
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z rg sin 6 d¢

X

Figure 9.3 Radiance, emitted from
point (O) on a horizontal plane,
passes through an incremental area
dA; at a distance 7 from the point
of emission. The angle between the
z-axis and the angle of emission is
the zenith angle (), and the hor-
izontal angle between a reference
axis (x-axis) and the line of emis-
sion is the azimuth angle (¢). The
size of the incremental surface area
is exaggerated.

dAs, which is a distance r; from the sphere’s center. The line is directed at a zenith
angle 0 from the surface normal (where the surface is on the x—y plane). The line
is also located at an azimuth angle ¢, directed counterclockwise from the positive
x-axis to a horizontal line dropped from the line. From the geometry shown, the
incremental surface area is

dA = (r,d6)(r sin 6 dp) = r2 sin 6 do d¢ (9.7)

where df and d¢ are incremental zenith and azimuth angles, respectively. Substi-
tuting (9.7) into (9.6) gives the incremental solid angle as

dQ, =sin0d do d¢ (9.8)

Integrating d€2, over all possible solid angles around the center of a sphere gives
the solid angle around a sphere as

2n pw
Q, = / dQ, = / / sin® df d¢ = 47 steradians (9.9)
Q o Jo

The solid angle around the center of the base of a hemisphere is 27 steradians.
Planck’s law gives the spectral radiance, B, 7 (W m™2 um~! sr~!) emitted by
a blackbody. In terms of Fig. 9.3, imagine that the x—y plane is the surface of an
object. The radiance emitted from point O can travel in any direction above the
x—y plane. If it travels through area d A, it passes through an incremental solid
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angle, dQ2,, which is through a cone originating at point O. B, 7 is the spectral
radiance emitted by a blackbody at the body’s surface. Radiance changes with
distance through space. I, is defined here as the spectral radiance at a given point
in space, regardless of the source of the radiance. At the surface of a blackbody,
L = B, 1.

In atmospheric models, two quantities related to spectral radiance are commonly
calculated. These are spectral actinic flux and spectral irradiance (e.g., Madronich
1987). Spectral actinic flux (also called spherical intensity or actinic irradiance)
is the integral of spectral radiance over all solid angles of a sphere. It is used for
calculating photolysis coefficients of gases in the atmosphere. Since gas molecules
can absorb radiation, regardless of the direction the radiation originates from,
radiance is integrated over a sphere to obtain actinic flux.

Spectral actinic flux is determined by integrating incremental actinic flux over
all solid angles around the center of a sphere. The incremental actinic flux is

dE, = I, dQ, (9.10)

where E; is in units of W m~2 pum~"! but is typically converted to units of pho-
tons cm~2 s~' um~! for photolysis calculations (Section 9.8.4). The integral of
incremental actinic flux over a sphere is

2n pm
E)L Z/ dE)\ :/ I)L an :/ / I)\ sinf do d¢ (911)
Q, Q, 0 0

When radiation propagates with equal intensity in all directions, I, is independent
of direction. In such cases, the radiance is called isotropic, and (9.11) simplifies to

2w pw
EA=I&/ / sin0do d¢ = 4T, (9.12)
0 0

Equation (9.12) states that the isotropic spectral actinic flux equals 47 multiplied
by the spectral radiance, where the units of 47 are steradians.

Spectral irradiance (also called the net flux or energy flux) is the vertical com-
ponent of spectral radiance, originating from all directions above a flat plane, that
passes across the plane, per unit surface area, time, and wavelength. In terms of
Fig. 9.3, it is the vertical component of radiance, integrated over the hemisphere
above the x—y plane. For a zenith angle of 6 = 0°, the irradiance impinging on the
x—y plane is maximum. For a zenith angle of 6 = 90°, the irradiance impinging on
the x—y plane is zero.

Spectral irradiance is calculated by integrating the component of radiance nor-
mal to the x—y plane over all solid angles of the hemisphere above the x—y plane. If
I, is the spectral radiance passing through point O in Fig. 9.3, I, cos is the compo-
nent of radiance normal to the x—y plane. Multiplying this quantity by incremental
solid angle gives the incremental spectral irradiance normal to the x—y plane as

dF, = I, cos0d, (9.13)
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Figure 9.4 Spectral irradiance as a function of wave-
length and temperature resulting from emission by a
blackbody. Data from (9.16) and (9.4).

(W m~2 um~!). Integrating (9.13) over the hemisphere above the x—y plane in
Fig. 9.3 gives

2x pw/2
F, = / dF, = f I, cos0dQ, = / f I, cossin6 do d¢ (9.14)
Q, 2, o Jo
For isotropic emission, (9.14) simplifies to
27 pm/2
FA:IA/ / cos@sinfddde =1, (9.15)
o Jo

Thus, the isotropic spectral irradiance is 7 multiplied by the isotropic radiance,

where units of 7 are steradians. At the surface of a blackbody, the spectral irradiant
emission is

F,=nl,=nB, 1 (9.16)

Figure 9.4 shows irradiant emission from a blackbody versus wavelength for
different temperatures, obtained from (9.16) and (9.4). The figure shows that hotter
bodies emit much more energy than do cooler bodies.

The sources of irradiant energy in the Earth’s atmosphere are the Sun, the surface
of the Earth, and the atmosphere itself. The temperature at the center of the Sun
is about 15 million K, and the Sun emits primarily gamma rays and X-rays, as
shown in Fig. 9.4. Most of these waves are redirected or absorbed during their
random walk toward the outside of the Sun. Solar radiation that reaches the Earth
originates mainly from the visible surface of the Sun, the photosphere, which has
an effective temperature near 6000 K (closer to 5800 K). This temperature results
in the solar spectrum of radiation shown in Fig. 9.5. The solar spectrum includes
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Figure 9.5 Irradiant emission versus wave-
length for the Sun and the Earth when both are
considered perfect emitters. Data from (9.16)
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Figure 9.6 Ultraviolet and visible portions of the
solar spectrum. Data from (9.16) and (9.4).

ultraviolet, visible, and infrared wavelength regions. The ultraviolet region consists
of wavelengths < 0.38 pum, the infrared region consists of wavelengths > 0.75 pum,
and the visible region consists of wavelengths 0.38-0.75 um. The infrared spectrum
is divided into the near- or solar-infrared (0.75-4 pum) and the far- or thermal-
infrared (>4 pum) spectra. Most infrared radiation from the Sun that reaches the
Earth is solar-infrared radiation.

Figure 9.5 shows the irradiant emission spectrum of the Earth. The effective tem-
perature at the surface of Earth is approximately 288 K; thus, almost all radiation
emission from the Earth is thermal-infrared radiation. Even in the stratosphere,
where temperatures can drop to below 200 K, and in hot deserts, where tem-
peratures can exceed 315 K, emission is thermal-infrared. Thus, with respect to
studies of the Earth’s atmosphere, incoming wavelengths of interest are ultravio-
let, visible and solar-infrared, and outgoing wavelengths of interest are thermal-
infrared.

Figure 9.6 shows the ultraviolet (UV) and visible portions of the solar spec-
trum. The UV spectrum is divided into the far-UV (0.01 to 0.25 um) and near-UV
(0.25 to 0.38 wm) spectra, as shown in Fig. 9.6. The near-UV spectrum is further

281



Radiative energy transfer

.

E T \\\HH‘ T UL T T T TTTTT T \\HH:
Sfc 0Sum .
E 106 £ 6000 K> E
g L 4000K :
8 10* £ 2000 K E
= E 3
£ L1000 K 3
ISEeS- El
E10°E 10 =
E L E 300K .
8 10 L1 \\HH‘ L1l H‘ L1 \HH‘ L1 L
8 001 0.1 1 10 100
«» Wavelength (um)

Figure 9.7 Radiation spectrum as a function of
temperature and wavelength. Data from (9.16)
and (9.4). The line through the peaks was
obtained from Wien’s law.

divided into UV-A (0.32 to 0.38 um), UV-B (0.29 to 0.32 um), and UV-C (0.25
to 0.29 um) wavelengths. All solar radiation below 0.28 pum is absorbed by the
Earth’s atmosphere above the troposphere. Nitrogen gas (N;) absorbs wavelengths
less than 0.1 pwm in the thermosphere, and oxygen absorbs wavelengths less than
0.245 pm in the thermosphere, mesosphere, and stratosphere. Ozone in the strato-
sphere and troposphere absorbs much radiation from 0.17 to 0.35 um. A fraction
of UV-A, UV-B, and UV-C radiation longer than 0.28 um passes through the
stratosphere and troposphere to the ground.

UV-A radiation (tanning radiation) is relatively harmless to most humans.
UV-B radiation can cause sunburn. UV-C radiation can cause severe damage to
many forms of life when received in high dosages. Since ozone in the stratosphere
absorbs most UV-B and UV-C radiation, ozone reduction in the stratosphere would
allow more UV-B and UV-C radiation to reach the surface, damaging exposed life
forms.

The visible spectrum consists of wavelengths corresponding to the colors of the
rainbow. For convenience, visible light is divided into blue (0.38-0.5 um), green
(0.5-0.6 um), and red (0.6-0.75 wm) light.

The peak radiation wavelength emitted at a given temperature can be found from
Wien’s displacement law (Wien’s law). This law is derived by differentiating (9.4)
with respect to wavelength at a constant temperature and setting the derivative
equal to zero. The result is

(9.17)

where 1, is the peak wavelength of emission from a blackbody. The law states that
the hotter a body, the shorter the peak wavelength of radiation emitted. Figure
9.7 shows how peak wavelengths of radiation at different temperatures can be
connected by a line on a log-log scale, where the line is described by (9.17).
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Example 9.2

In the Sun’s photosphere, the peak wavelength of emission is near A, =
2897/5800 = 0.5 um, which is in the visible part of the solar spectrum. At the
Earth’s surface, the peak wavelength of emission is A, = 2897/288 = 10.1 um,
which is in the infrared part of the spectrum. Both peak wavelengths are shown
in Fig. 9.7.

Integrating the spectral irradiance in (9.16) over all wavelengths gives the Stefan—
Boltzmann law,

F, = 71/ B, rdx =opT? (9.18)
0

where Fy, is the total irradiance emitted by a blackbody at a given temperature and
op = 2kin*/15h3c? = 5.67 x 1078 W m~2 K~* is the Stefan-Boltzmann constant.
Fy, is the area under each curve shown in Figs. 9.4-9.7.

Example 9.3

For an effective temperature of T = 5800 K, the irradiance emitted
by the photosphere is F, = 64 x 105 W m~2. For an effective temperature of
T = 288 K, the irradiance emitted by the Earth’s surface is F;, = 390 W m~2.

9.3 LIGHT PROCESSES

Absorption is one process that affects electromagnetic radiation in the Earth’s atmo-
sphere. Other processes include reflection, refraction, dispersion, diffraction, par-
ticle scattering, and gas scattering. These processes are discussed here.

9.3.1 Reflection

Reflection occurs when a wave or photon of radiation is absorbed by an object and
reemitted at an angle (called angle of reflection) equal to the angle of incidence.
No energy is lost during absorption and reemission. Figure 9.8 shows an example
of reflection.

The reflectivity of a surface is called its albedo, which is the fraction of sun-
light incident on a surface that is reflected. Albedos are wavelength-dependent.
Table 9.2 gives albedos, averaged over the visible spectrum, for several surface
types. The table shows that the albedo of the Earth and atmosphere together (plan-
etary albedo) is about 30 percent. Two-thirds of Earth’s surface is covered with
water, which has an albedo of 5-20 percent (typical value of 8 percent), depending
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Table 9.2 Albedos averaged over the visible spectrum for several
surface types

Surface type Albedo (fraction)  Surface type  Albedo (fraction)

Earth and atmosphere 0.34 Soil 0.05-0.2°
Liquid water 0.05-0.2b Grass 0.16-0.26¢
Fresh snow 0.75-0.954 Desert 0.20-0.40°
Old snow 0.4-0.74 Forest 0.10-0.25%
Thick clouds 0.3-0.9% Asphalt 0.05-0.2¢
Thin clouds 0.2-0.7° Concrete 0.1-0.35¢
Sea ice 0.25-0.4° Urban 0.1-0.27¢

2 Liou (2002), ? Hartmann (1994), ¢ Oke (1978), ¢ Sellers (1965).

Incident Reflected

Figure 9.8 Examples of reflection and
refraction. During reflection, 6; = 0.
During refraction, the angles of incidence
and refraction are related by Snell’s law.

largely on the angle of the Sun. Soils and forests also have low albedos. Much of the
Earth—atmosphere reflectivity is due to clouds and ice, which have high albedos.

UV-B albedos are much smaller than are visible albedos over grassland and other
nonsnow surfaces, but UV-B albedos are slightly larger than are visible albedos over
snow (Blumthaler and Ambach 1988). Harvey et al. (1977) found the UV-A-UV-B
albedo to be 3 percent for water and 0.8 percent for grassland.

9.3.2 Refraction

Refraction occurs when a wave or photon travels through a medium of one density
then bends as it enters a medium of another density. During the transition, the speed
of the wave changes, changing the angle of the incident wave relative to a surface
normal, as shown in Fig. 9.8. If a wave travels from a medium of one density to
a medium of a higher density, it bends (refracts) toward the surface normal. The
angle of refraction is related to the angle of incidence by Snell’s law,

n,  sinf;

= — (9.19)
ni sin 6
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Table 9.3 Real indices of refraction of air and liquid water versus wavelength

Wavelength (1m) Mair Nyater Wavelength (um) Mair Nyater
0.2 1.000324 1.396 1.0 1.000274 1.327
0.3 1.000292 1.349 4.0 1.000273 1.351
0.4 1.000283 1.339 7.0 1.000273 1.317
0.5 1.000279 1.335 10.0 1.000273 1.218
0.6 1.000277 1.332 20.0 1.000273 1.480
0.7 1.000276 1.331

Data for air were obtained from (9.21), and data for liquid water were obtained from Hale and
Querry (1973).

In this equation, 7 is the real index of refraction (dimensionless), 8 is the angle
of incidence or refraction, and subscripts 1 and 2 refer to incident and refracted
light, respectively. The real index of refraction is the ratio of the speed of light in a
vacuum (c) to that in a different medium (c1). Thus,

ny =c/cy (9.20)

Since light cannot travel faster than its speed in a vacuum, the real index of refrac-
tion of a medium other than a vacuum must exceed unity. The index of refraction
is wavelength dependent. The real index of refraction of air as a function of wave-
length is approximately

(9.21)

#a;, —1=1078 (8342.13 + 2 406 030 15997 )

13022 " 38.9_22

(Edlen 1966) where A is in micrometers. Real indices of refraction of air and liquid
water are given in Table 9.3 for several wavelengths.

Example 9.4

Find the angle of refraction in water if light of wavelength A = 0.5 pm enters
water from air at an incident angle 6, of 45°. Also find the speed of light in air
and water at this wavelength.

SOLUTION

At A = 0.5 pm, N = 1.000 279 and Nyater = 1.335 from Table 9.3. Thus, from
(9.19), the angle of refraction in water is 6, = 32°. From (9.20), the speeds
of light in air and water at A = 0.5 um are 2.9971 x 108 m s~! and 2.2456 x
10% m s71, respectively.
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Figure 9.9 Geometry of a primary rainbow.
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9.3.3 Dispersion

Refraction affects atmospheric optics in several ways. Rainbows appear when
incident light is refracted, dispersed, reflected, then refracted again, as shown in
Fig. 9.9. As a beam of visible light enters a raindrop, all wavelengths bend toward
the surface normal due to refraction. Blue light bends the most and red light, the
least. The separation of white light into individual colors by selective refraction is
called dispersion (or dispersive refraction). When individual wavelengths hit the
back of a drop, they reflect internally. When reflected waves reach the front edge
of the drop, they leave the drop and refract away from the surface normal. Only
one wavelength from each raindrop impinges upon a viewer’s eye. Thus, a rain-
bow appears when individual waves from many raindrops are seen simultaneously.
Red light appears on the top and blue (or violet) light appears on the bottom of
a primary rainbow (Fig. 9.9). The overall angle between the incident beam and
the beam reaching a viewer’s eye following interaction with rain is 40° for blue
light and 42° for red light (Fig. 9.9). A secondary rainbow can occur if a second
reflection occurs inside each drop. The geometry of a rainbow is such that the Sun
must be at a viewer’s back for the viewer to see a rainbow.

9.3.4 Diffraction

Diffraction is a process by which the direction that a wave propagates changes
when the wave encounters an obstruction. Diffraction bends waves as they
pass by the edge of an obstruction, such as an aerosol particle, cloud drop, or
raindrop.

Diffraction can be explained in terms of Huygens’ principle, which states that
each point of an advancing wavefront may be considered the source of a new
series of secondary waves. A wavefront is a surface of constant phase in a wave’s
motion. If a stone is dropped in a tank of water, waves move out horizontally in
all directions, and wavefronts are seen as concentric circles around the stone. If a
point source emits waves in three dimensions, wavefronts are concentric spherical
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Figure 9.10 Diffraction around a particle.
Any point along a wavefront may be taken
as the source of a new series of secondary
waves. Rays emitted from point A appear to
cause waves from the original source to bend
around the particle.

surfaces. When a wavefront encounters an obstacle, such as in Fig. 9.10, waves
appear to bend (diffract) around the obstacle because a series of secondary con-
centric waves is emitted at the surface of the obstacle (and at other points along
the primary wavefronts). New waves do not appear in the backward direction,
because the intensity of the secondary wavelet depends on angle and is zero in the
backward direction, as Kirchoff demonstrated.

A corona is a set of prismatic colored rings around the Sun or Moon that arises
when sunlight or moonlight diffract around spherical liquid water drops in thin
clouds slightly blocking the Sun or Moon. Sometimes, the corona around the Moon
appears white with alternating bands of light and dark. These alternating bands are
caused by constructive and destructive interference, which arise due to the bend-
ing of some waves more than others during diffraction. Constructive interference
results when the crests or troughs of two waves meet, producing a band of bright
light. Destructive interference results when a crest meets a trough, producing a

band of darkness.

9.3.5 Particle scattering

Particle scattering is the combination of the effects of reflection, refraction, and
diffraction. When a wave approaches a spherical particle, such as a cloud drop, it
can reflect off the particle, diffract around the edge of the particle, or refract into
the particle. Once in the particle, the wave can be absorbed, transmit through the
particle and refract out, or reflect internally one or more times and then refract
out. Figure 9.11 illustrates these processes, except for absorption, which is not a
scattering process. The processes that affect particle scattering the most are diffrac-
tion and double refraction, identified by rays C and B, respectively. Thus, parti-
cles scatter light primarily in the forward direction. They also scatter some light
to the side and in the backward direction. Backscattered light results primarily
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Figure 9.11 Radiative scattering by a sphere. Ray A
is reflected, B is refracted twice, C is diffracted, D is
refracted, internally reflected twice, then refracted, and
E is refracted, reflected once, then refracted. Rays A, B,
C, and D scatter in the forward or sideward direction. E
scatters in the backward direction.
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Figure 9.12 Forward scattering and backscattering by a cloud
drop. Forward scattering is due primarily to diffraction and dou-
ble refraction. Backscattering is due primarily to a single internal
reflection.

from a single internal reflection (ray E). Figure 9.12 shows the primary processes
by which a cloud drop might scatter radiation in the forward and backward
directions.

Whether one or more internal reflections occurs within a particle depends on
the angle at which a wave within the particle strikes a surface. Suppose light in
Fig. 9.8 travels from water to air instead of from air to water. In the figure, total
internal reflection within the water occurs only if #; > 90°. From (9.19), 6; = 90°
when

6> = sin”! <"—1 sin 900) (9.22)

ny

which is the critical angle. When 6, < 6 ., some light reflects internally, but most
refracts out of the water to the air. When 6, > 6, ., total internal reflection occurs
within the water. Total internal reflection can occur only when light originates from
the medium of lower index of refraction.
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Example 9.5

Find the critical angle of light at A = 0.5 um in a liquid water drop suspended
in air.

SOLUTION

From Table 9.3, the indices of refraction of water and air are 1.335 and
1.000 279, respectively. Substituting these values into (9.22) gives 0, . = 48.53.
Thus, total internal reflection within the drop occurs when 6, > 48.53°.

9.3.6 Gas scattering

Gas scattering is the redirection of radiation by a gas molecule without a net transfer
of energy to the molecule. When a gas molecule scatters, incident radiation is
redirected symmetrically in the forward and backward direction and somewhat
off to the side. This differs from cloud drops and aerosol particles, which scatter
mostly in the forward direction. Visible radiation does not diffract readily around
gas molecules, because visible wavelengths are much larger than is the diameter of
a gas molecule.

Another difference between gas scattering and particle scattering is that gases
selectively scatter the shortest (blue) wavelengths of light whereas particles scatter
all wavelengths relatively equally. Selective scattering by gas molecules explains
why the Sun appears white at noon, yellow in the afternoon, and red at sunset and
why the sky is blue.

White sunlight that enters the Earth’s atmosphere travels a shorter distance
before reaching a viewer’s eye at noon than at any other time during the day, as
illustrated in Fig. 9.13. During white light’s travel through the atmosphere, blue
wavelengths are preferentially scattered out of the direct beam by gas molecules,
but not enough blue light is scattered for a person looking at the Sun to notice
that the incident beam has changed its color from white. Thus, a person looking
at the Sun at noon often sees a white Sun. The blue light that scatters out of the
direct beam is scattered by gas molecules multiple times, and some of it eventually
enters the viewer’s eye when the viewer looks away from the Sun. As such, a viewer
looking away from the Sun sees a blue sky.

In the afternoon, light takes a longer path through the air than it does at noon;
thus, more blue and some green light is scattered out of the direct solar beam in
the afternoon than at noon. Although a single gas molecule is less likely to scatter
a green than a blue wavelength, the number of gas molecules along a viewer’s line
of sight is so large in the afternoon that the probability of green light scattering is
sizable. Nearly all red and some green are still transmitted to the viewer’s eye in
the afternoon, causing the Sun to appear yellow. In clean air, the Sun can remain
yellow until just before it reaches the horizon.

When the Sun reaches the horizon at sunset, sunlight traverses its longest distance
through the atmosphere, and all blue and green and some red wavelengths are
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Figure 9.13 Colors of the Sun. At noon, the Sun
appears white because red, green, and some blue
light transmit to a viewer’s eye. In the afternoon,
sunlight traverses a longer path in the atmosphere,
removing more blue. At sunset, most green is
removed from the line of sight, leaving a red Sun.
After sunset, the sky appears red due to refraction
between space and the Earth’s atmosphere.

scattered out of the Sun’s direct beam. Only some direct red light transmits, and a
viewer sees a red Sun. Sunlight can be seen after sunset because sunlight refracts as
it enters Earth’s atmosphere, as illustrated in Fig. 9.13.

9.4 ABSORPTION AND SCATTERING BY
GASES AND PARTICLES

Whereas scattering redirects radiation, absorption removes radiation from an inci-
dent beam. In both cases, radiation in the beam is attenuated, reducing the quan-
tity of radiation transmitted. Aerosol particles, cloud drops, and gases scatter and
absorb as a function of wavelength. In polluted, cloud-free air, the main process
reducing visibility is aerosol particle scattering. Absorption of visible light is impor-
tant only when soot (black carbon plus organic matter) is present. Gas absorption
is important only when nitrogen dioxide concentrations are high. Gas scattering
always occurs but is important relative to other processes only in clean air. In this
section, gas absorption, gas scattering, particle absorption, and particle scattering
are discussed in some detail.

9.4.1 Gas absorption

Gases selectively absorb radiation as a function of wavelength. In this subsection,
gas absorption in the solar and infrared spectra are discussed, the gas absorption
extinction coefficient is defined, and the effect of gas absorption on visibility is
analyzed.
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Table 9.4 Wavelengths of absorption in the visible and UV spectra by several gases

Gas name Chemical formula Absorption wavelengths (um)

Visible/near-UV/far-UV absorbers

Ozone O3 <0.35, 0.45-0.75
Nitrate radical NO; <0.67
Nitrogen dioxide NO, <0.71
Near-UV/far-UV absorbers

Nitrous acid HONO <0.4
Dinitrogen pentoxide N, Os <0.38
Formaldehyde HCHO <0.36
Hydrogen peroxide H,0, <0.35
Acetaldehyde CH;CHO <0.345
Peroxynitric acid HO,NO; <0.33
Nitric acid HNO; <0.33
Peroxyacetyl nitrate CH;CO3NO, <0.3
Far-UV absorbers

Molecular oxygen 0, <0.245
Nitrous oxide N,O <0.24
CFC-11 CFCl3 <0.23
CFC-12 CF,Cl, <0.23
Methyl chloride CH;Cl <0.22
Carbon dioxide CO, <0.21
Water vapor H,O <0.21
Molecular nitrogen N, <0.1

9.4.1.1 Gas absorption in the solar spectrum

Gas absorption in the solar spectrum is important for three reasons: (1) absorption
heats the air and prevents some solar radiation, including harmful UV radiation,
from reaching the ground, (2) absorption often breaks gases into smaller molecules
or atoms during photolysis, driving atmospheric photochemistry, and (3) absorp-
tion affects visibility.

When a gas absorbs solar radiation, it converts electromagnetic energy to inter-
nal energy, increasing the thermal speed of the gas, thereby raising its temperature.
Table 9.4 shows several gases that absorb UV and visible radiation. The most
noticeable effects of gas absorption on air temperature are the stratospheric inver-
sion, which is caused entirely by absorption of UV light by ozone (O3), and the
thermospheric inversion, caused by absorption of UV light by molecular nitrogen
(N3) and molecular oxygen (O,) (Fig. 2.4).

In 1880, M. ]J. Chappuis found that ozone absorbs visible radiation of 0.45-
0.75 wm (now the Chappuis bands). In 1916, English physicists Alfred Fowler
(1868-1940) and Robert John Strutt (1875-1947, the son of Lord Rayleigh)
showed that ozone also weakly absorbs at 0.31-0.35 wm (now the Huggins bands).
When ozone absorbs in the Huggins and Chappuis bands, it often photolyzes to
O, + O(*P). In 1881, John Hartley suggested that ozone was present in the upper
atmosphere and hypothesized that the reason that the Earth’s surface received little
radiation shorter than 0.31 wm was because ozone absorbed these wavelengths.
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The absorption bands of ozone below 0.31 um are now the Hartley bands. When
ozone absorbs in the Hartley bands, it often photolyzes to O, + O('D). Ozone
absorption prevents nearly all UV wavelengths 0.245-0.28 um and most wave-
lengths 0.28-0.32 um from reaching the troposphere, protecting the surface of the
Earth.

Molecular oxygen absorbs wavelengths < 0.245 um and molecular nitrogen
absorbs wavelengths < 0.1 um, together preventing nearly all solar wavelengths
<0.245 um from reaching the troposphere. Oxygen absorption at wavelengths
<0.175 um (an absorption wavelength region called the Schumann—-Runge sys-
tem) often results in its photolysis to O('D)+ O(*P). Absorption from 0.175 to
0.245 um (the Herzberg continuum) often results in its photolysis to 20(>P).

Although the gases in Table 9.4, aside from O3, O,, and N, absorb UV radia-
tion, their mixing ratios are too low to reduce it significantly. For instance, strato-
spheric mixing ratios of water vapor (0 to 6 ppmv) are much lower than are those
of O, which absorbs many of the same wavelengths as does water vapor. Thus,
water vapor has little effect on UV attenuation in the stratosphere. Similarly, strato-
spheric mixing ratios of carbon dioxide (370 ppmv) are much lower than are those
of O, or Ny, both of which absorb the same wavelengths as does carbon dioxide.
Although water vapor mixing ratios are much higher in the troposphere than in
the stratosphere, wavelengths that water absorbs do not reach the troposphere.
Wavelengths reaching the troposphere are longer than 0.28 um.

Of the gases listed in Table 9.4, only ozone, nitrogen dioxide (NO,), and the
nitrate radical (NOj3) absorb in the visible spectrum. The rest absorb in the ultra-
violet spectrum. Absorption by ozone is weak in the visible spectrum, and con-
centrations of the nitrate radical are relatively low, except at night, when sun-
light is absent. Thus, in polluted air, nitrogen dioxide is the only gas that absorbs
enough radiation to affect visibility. Nitrogen dioxide appears yellow, brown, or
red because it absorbs blue light preferentially and green light to a lesser extent.

9.4.1.2 Gas absorption in the infrared spectrum: the greenhouse effect

Gas absorption in the solar-infrared and thermal-infrared affects the Earth’s energy
balance. Such absorption does not affect photolysis significantly or visibility at all.

Figure 9.14 shows the fraction of radiation incident at the top of Earth’s atmo-
sphere that is transmitted to the surface, versus wavelength, in the presence of
individual gases and the combination of multiple gases. The gases listed in the
ﬁgure (Hzo, COz, CH4, CO, 03, 02, Nzo, CH3C1, CFC13, CF2C12, and CCl4)
are greenhouse gases, which are gases that are relatively transparent to incom-
ing visible radiation but opaque to selective wavelengths of outgoing infrared
radiation.

The natural greenhouse effect is the warming of the Earth’s lower atmosphere
due to natural greenhouse gases. Greenhouse gases cause a net warming of the
Earth’s atmosphere like a glass house causes a net warming of its interior. Because
most incoming solar radiation can penetrate a glass house but a portion of outgoing
thermal-infrared radiation cannot, air inside a glass house warms during the day
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Figure 9.14 Comparison of the wavelength-dependent fraction of transmitted incident radia-
tion, calculated from line-by-line data (—) (Rothman et al. 2003) with that calculated from a
model (----- ) (Jacobson 2005a) when absorption by (a) H,O, (b) CO,, (c) O3, (d) CHy, and
(e) 11 absorbing gases together, is considered. Mass pathlengths (g cm~2) of the gases, defined in
(9.26), were as follows: H,0: 4.7275; CO,: 0.58095; O3: 0.00064558; CH,: 0.00092151; O,:
239.106; N, O: 0.000461839; CO: 8.5111 x 10~%; CH;Cl: 9.100641 x 1077; CCly: 4.69957
x 1077; CFCl;: 8.53059 x 1077; CF,Cl,: 1.39333 x 107°. These pathlengths represent path-
lengths through the entire atmosphere, but the calculations were performed at a constant
temperature (270 K) and pressure (322.15 hPa).

so long as mass (such as plant mass) is present to absorb solar and reemit thermal-
infrared radiation. The surface of the Earth, like plants, absorbs solar and reemits
thermal-infrared radiation. Greenhouse gases, like glass, are transparent to most
solar radiation but absorb a portion of thermal-infrared.

The natural greenhouse effect is responsible for about 33 K of the Earth’s aver-
age near-surface air temperature of 288 K. Without the natural greenhouse effect,
Earth’s average near-surface temperature would be about 255K, which is too
cold to sustain most life. Thus, the presence of natural greenhouse gases is ben-
eficial. Human emission of greenhouse gases has increased the concentrations of
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Figure 9.15 Attenuation  of
incident radiance I, due to
absorption in a column of gas.

such gases, causing global warming. Global warming is the increase in the Earth’s
temperature above that from the natural greenhouse effect due to the addition of
anthropogenically emitted greenhouse gases and particulate black carbon to the
air.

The most important greenhouse gas is water vapor, which accounts for approx-
imately 90 percent of the 33-K temperature increase due to natural greenhouse
warming. Figure 9.14(a) shows the infrared wavelengths at which water vapor
absorbs (and transmits). Carbon dioxide is the second most important and abun-
dant natural greenhouse gas. Its transmission spectrum is shown in Fig. 9.14(b).
Both water vapor and carbon dioxide are transparent to most visible radiation.
Most infrared absorption by water vapor and carbon dioxide occurs outside the
wavelength region, 812 um, called the atmospheric window. The atmospheric
window can be seen in Fig. 9.14(e), which shows the transmission through all
important infrared absorbers in the atmosphere. In the atmospheric window, gases
are relatively transparent to thermal-infrared radiation, allowing the radiation to
radiate to higher altitudes. Ozone (Fig. 9.14(c)), several chlorofluorocarbons, and
methyl chloride absorb radiation within the atmospheric window. Nitrous oxide
and methane (Fig. 9.4(d)) absorb at the edges of the window. Increases in concen-
tration of these gases enhance global warming by strengthening thermal-infrared
absorption at wavelengths that usually radiate to higher altitudes.

9.4.1.3 Gas absorption extinction coefficient

The gas absorption extinction coefficient, 0, ; (cm™!, m~!, or km™!) quantifies
the extent of absorption by a gas. An extinction coefficient describes the loss of
electromagnetic radiation due to a specific process, per unit distance, and may be
determined as the product of an effective cross section and a number concentration.
In the case of gas absorption, the extinction coefficient through a uniformly mixed
8as q 1S 046,90, 7 = Nyba g g2, 7, where N is the number concentration of the gas
(molec. cm™3) and b, g 4.7 is the absorption cross section of the gas (cm?) at
wavelength A and temperature T. The absorption cross section of a gas is an effective
cross section that results in radiance reduction by absorption.

Suppose incident radiance Iy ; travels a distance dx through the uniformly mixed
absorbing gas shown in Fig. 9.15. The reduction in radiance with distance through
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the gas is

dI
4 = Nibaggrrh = —ougq.7h (9.23)

Integrating (9.23) from Iy, to I, and xp to x gives
I)L — quke—l\éba'g.qv;,j(x—xo) — IO,)»e_Ua'g'q)“T(x_xO) (9'24)

Equation (9.24) states that incident radiation decreases from I ; to I, over distance
dx by gas absorption. The absorption extinction coefficient quantifies the rate of
absorption per unit distance.

Absorption cross-section data can be extracted mathematically from (9.24) if
the attenuation of radiance from Iy to I, through a column of gas of molec-
ular pathlength N,(x — xp) (molec. cm™2) is measured experimentally. DeMore
et al. (1997) and Atkinson et al. (1997) provide absorption cross-section data as a
function of wavelength and temperature calculated in this manner.

For radiative transfer calculations, the extinction coefficient due to gas absorp-
tion, summed over all absorbing gases, is required. This quantity is

Nag Nﬂg
Oa,gr = Z I\Iqba,g,q.k,T = Z Oa,g.q.0,T (9.25)
qg=1 qg=1

where N, is the number of absorbing gases, and the subscript T was dropped in
Oag- In the infrared spectrum, the gas absorption extinction coefficient may be
written in terms of a mass absorption coefficient &, ; 5, (cm? g~ 1),

N, N, N,
o =2g:pk =2Mk =i”7qk (9.26)
a,g.% - qa,g,q,- - A ABgh - (x — x0) 4,84, :
q= q= q=

where p; = N;m,/ Ais the mass density (g cm™3), N, is the number concentration
(molec. cm™3), 1, is the molecular weight (g mol™1), u, = p, (x — xo) is the mass
pathlength (g cm™2) of gas g in air, and A is Avogadro’s number (molec. mol™!).
Mass absorption coefficients are cross sections, averaged over a wavelength incre-
ment, per unit mass of absorbing gas.

Mass absorption coefficients can be obtained from high-resolution spectral data,
such as from the HITRAN database (Rothman ez al. 2003). This particular database
provides absorption parameters for over one million narrow absorption line distri-
butions in the solar- and thermal-infrared spectra. Line distributions are functions
describing the intensity of gas absorption over a narrow region in wavelength
space. The width and peak intensity of absorption of each line distribution of a gas
varies with temperature and pressure. Line distributions may overlap one another.
Line-distribution data are commonly referred to as line-by-line data.

The shape of a line distribution is often modeled with the Lorentz profile (Lorentz
1906; Rothman et al. 2003), examples of which are shown in Fig. 9.16. With this
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Figure 9.16 Absorption coefficient of
water vapor versus wavelength over
one line distribution with a Lorentzian
shape profile at two pressures, —
322.15 hPa, ----22.57 hPa and at a
temperature of 270 K. The curve was
calculated with (9.27) with data from
Rothman et al. (2003).

profile, the absorption coefficient (cm? g~ ') of gas ¢ at wavelength A is calculated

with

(9.27)

R4l So(T)7q(Pa. T) }
a,8.q,A —

Wl_q; { Vq(pav T)Z + [f)}» - (f)q - (Sq(Pref)Pa)]z

where A is Avogadro’s number (molec. mol~1), 1, is the molecular weight of gas
g (g mol™'), S,(T) is the temperature-dependent intensity of the line distribution
(cm~1/(molec. 'em2)), ¥Yq(Pa, T) is the pressure-broadened halfwidth of the line
distribution (cm™!), ¥ is the wavenumber (cm~!) at wavelength 1, 7, is the central
wavenumber (cm™!) of the line distribution before an air-broadened pressure shift,
84(Dref) 1s the air-broadened pressure shift (cm~' atm™') of wavenumber 7, at pres-
sure prf = 1 atm, p, is current atmospheric pressure (atm), and D, — 84 (Pref) Pa 18
the central wavenumber of the distribution after adjustment for pressure (cm™!).
The pressure-broadened halfwidth is

ref

g
Vq(Pav T) = (%) [yair,q(prefs ’Eef)(pa - Pq) + Vself,q(prefs ’Tref)pq] (928)
where Ti¢ = 296 K, T is current temperature (K), 7, is a coefficient of tempera-
ture dependence, Vair ¢ ( Pref, Tref) is the air-broadened halfwidth (cm~' atm™!) at T
and pyef, pq is the partial pressure of gas g (atm), and yqs 4 is the self-broadened
halfwidth (cm~! atm™!) of gas g at Tt and pyes. The parameter S, (T) is calculated as
a function of temperature from S, (T;f), which, along with 7, Vair g ( Pref. Tref), and
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Vselt.q(Pref» Tref), are available from the HITRAN database (Rothman et al. 2003).
Figure 9.16 shows absorption coefficient versus wavelength, calculated from (9.27),
from one line distribution at two pressures. At high pressure, the line distribution
is broader than at low pressure.

Greenhouse gases, such as H,O and CO,, absorb in several tens of thousands of
line distributions, such as those shown in Fig. 9.14, across the solar- and thermal-
infrared spectra. Because atmospheric models discretize the wavelength spectrum
into only tens to hundreds of wavelength intervals, a method is needed to gather
line-distribution information into each model interval for practical use.

Merely averaging line-by-line absorption coefficients from several line distribu-
tions over each model wavelength interval, though, overestimates absorption. This
can be demonstrated as follows. The monochromatic (single-wavelength) trans-
mission of radiation through an absorbing gas is the fraction of incident radiance
that penetrates through the gas, and is defined as

I

Toggalug) = = e thenr = eroearte (9.29)

where u#, = py(x — xp) is the mass pathlength of the gas (g cm™2), and 0,44 =
Pgka.g.q.1- Suppose a gas has two nonoverlapping absorption line distributions,
equally spaced within a model wavenumber interval, U to b + AD, but of different
strength, k, and k, (where the subscripts a, g, and g were omitted). The exact
transmission through pathlength # of the gas within the interval is

Ty 5an(u) = 0.5(e7 4+ e7h¥) (9.30)
If the absorption coefficients are first averaged, the resulting transmission is
Tr.opap(u) = e 05kt (9.31)

which is always smaller (more absorbing) than the exact solution, (9.30), except
when k. = ky. Thus, averaging multiple absorption coefficients overestimates
absorption.

A method of addressing the overabsorption problem is the k-distribution method
(e.g., Ambartzumiam 1936; Kondratyev 1969; Yamamoto et al. 1970; Arking and
Grossman 1972; Lacis and Hansen 1974; Liou 2002). With this method, absorption
line distributions in each model wavenumber interval are grouped into typical
probability intervals according to absorption coefficient strength. For example,
the strongest absorption coefficients are grouped together, the next strongest are
grouped together, and so on. The absorption coefficients within each probability
interval are then averaged, and the transmission in the wavenumber interval as
a whole is calculated by integrating the transmission through each probability
interval with the rightmost expression in

V+AD e
T 5yan(u) = % / ek dp ~ /0 e Ku £ (K)dk (9.32)
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where u is the pathlength of the gas through the layer of air considered, k; is the
monochromatic (single-wavenumber) absorption coefficient, and & is the absorp-
tion coefficient within a probability interval of normalized probability f;(k') (or
differential probability f;(k')dk’) of occurring. The integral of the normalized prob-
ability, over all possible absorption coefficient strengths, is unity:

/ Y L)k =1 (9.33)
0

The middle expression in (9.32) is the exact solution, but requires integration over
tens of thousands of individual spectral subintervals. The rightmost integral is
generally approximated as a summation over 4-16 probability intervals. With the
k-distribution method, probability intervals of a gas differ for each layer of the
atmosphere.

An extension of the original method is the correlated k-distribution method (e.g.,
Lacis et al. 1979; Goody et al. 1989; West et al. 1990; Lacis and Oinas 1991; Fu
and Liou 1992; Stam et al. 2000; Liou 2002). With this method, the wavenumber
order of absorption coefficients is first rearranged by strength into a cumulative
wavenumber frequency distribution,

k
golk) = /O fo(k)dk (9.34)

where g;(k) varies between 0 and 1 and is a monotonically increasing function of
the absorption coefficient k. The cumulative distribution is then divided up into
probability intervals. The probability intervals are then assumed to be the same
(correlated) at each altitude for a given gas. Finally, radiative transfer is calculated
through the atmosphere for each probability interval, and the resulting transmission
is weighted among all probability intervals to obtain a net transmission.

When multiple gases are considered, the complexity deepens because the relative
strength of absorption of one gas at a given wavelength depends on the quantity
of radiation removed by all other gases at the same wavelength. Methods of treat-
ing absorption among multiple gases are given in West et al. (1990), Lacis and
Oinas (1991), and Jacobson (2005a). With the last method, a major absorber is
selected for each model wavelength interval. Absorption coefficients calculated in
each model subinterval for the major absorber are then grouped by strength in each
probability interval. Finally, model subintervals containing absorption coefficients
for other gases are grouped into the same probability intervals as those of the major
gas according to wavenumber. In other words, if a subinterval of the major gas of
a given wavenumber is placed in a given probability interval, the subintervals of
all other gases at that same wavenumber are placed in the same probability inter-
val. This technique, called the multiple-absorber correlated-k-distribution method,
ensures exact correlation of absorption wavelengths (wavenumbers) within a
probability interval for all gases through all layers of the atmosphere when mul-
tiple gases are considered. The technique is physical since all gases in reality are
correlated in wavelength space. Figure 9.14 compares modeled with line-by-line
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Table 9.5 Extinction coefficients (o, ,) and meteorological ranges (x,,) due to NO,
absorption at selected wavelength intervals (A £+ 0.005 um) and concentrations

0.01 ppmv NO, 0.25 ppmv NO,
A b Oag Xag Oag Xa,g Xs,g
(um) (10~ cm?) (108 cm™) (km (108 cm™) (km) (km)
0.42 5.39 13.2 296 330 11.8 112
0.45 4.65 11.4 343 285 13.7 148
0.50 2.48 6.10 641 153 25.6 227
0.55 0.999 2.46 1590 61.5 63.6 334
0.60 0.292 0.72 5430 18.0 217 481
0.65 0.121 0.30 13000 7.5 520 664

Absorption-cross-section data (b) for NO, are from Schneider et al. (1987). Also shown is the
meteorological range due to Rayleigh scattering only (x,g). T =298 K and p, = 1 atm.

absorption coefficients for individual gases and multiple gases together from this
technique.

Once an absorption coefficient of an individual gas is calculated, it is applied in
(9.26) to determine the extinction coefficient of the gas at the current mass density
of the gas.

9.4.1.4 Gas absorption effects on visibility

In the solar spectrum, gas absorption, primarily by nitrogen dioxide, affects
visibility. The furthest distance a typical eye can see at a given wavelength
may be estimated with the Koschmieder equation, x; = 3.912 /0y s, derived in
Section 9.5. In the equation, x; is the meteorological range and oy ; is the total
extinction coefficient, which includes extinction due to gas absorption, gas scatter-
ing, particle absorption, and particle scattering.

Table 9.5 gives extinction coefficients and meteorological ranges due to NO;
absorption, alone. It shows that NO, absorbs more strongly at shorter (blue) than
at longer (green or red) wavelengths. At low concentrations (0.01 ppmv), the effect
of NO; absorption on visibility is less than that of gas scattering at all wavelengths.
At typical polluted-air concentrations (0.1-0.25 ppmv), NO; reduces visibility sig-
nificantly for wavelengths < 0.50 pm and moderately for wavelengths 0.5-0.6 pm.

Most effects of NO, on visibility are limited to times when its concentration
peaks. Results from a project studying Denver’s brown cloud, for example, showed
that NO, accounted for about 6.6 percent of total extinction averaged over all sam-
pling periods, and 37 percent of extinction during periods of maximum NO; con-
centration. Scattering and absorption by particles caused most remaining extinction
(Groblicki et al. 1981).

Figure 9.17 shows extinction coefficients due to NO, and ozone absorption
at different mixing ratios. The figure indicates that NO, affects extinction (and
therefore radiative transfer and visibility) only at high mixing ratios and at wave-
lengths below about 0.5 um. In polluted air, such as in Los Angeles, NO; mixing
ratios typically range from 0.01 to 0.1 ppmv and peak near 0.15 ppmv during the
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Figure 9.17 Extinction coefficients due to NO,
and O; absorption when T =298 K and
pa = 1013 hPa. Cross-section data for NO,
are from DeMore et al. (1997) and interpolated
from Schneider et al. (1987). Data for ozone are
from Atkinson et al. (1997).

morning. A typical value is 0.05 ppmv, which results in an extinction coefficient
of about 0.07 km~! at 0.4 um and 0.01 km~" at 0.55 pum. The visibility (meteo-
rological range) is about 390 km with this latter value. Ozone has a larger effect
on extinction than does nitrogen dioxide at wavelengths below about 0.32 pm.
Ozone mixing ratios in polluted air usually peak between 0.05 and 0.25 ppmv.
Nevertheless, the cumulative effect of ozone, nitrogen dioxide, and other gases on
extinction is small in comparison with the effects of scattering and absorption by
particles.

9.4.2 Gas scattering

The only gas-scattering process in the atmosphere is Rayleigh scattering, which
is the scattering of radiation by gas molecules (primarily N, and O;). Rayleigh
scattering gives the sky its blue color. It causes dark objects a few kilometers away
to appear behind a blue haze of scattered light, and bright objects more than
30 km away to appear reddened (Waggoner et al. 1981).

A Rayleigh scatterer has molecular radius » much smaller than the wavelength A
of interest (277 /A < 1). The radius of a gas molecule is sufficiently small in relation
to visible-light wavelengths to meet this criterion. Since oxygen and nitrogen are
the most abundant gases in the atmosphere, they are the most abundant Rayleigh
scatterers.

The extinction coefficient (cm~!) due to Rayleigh scattering is

Os,g.0. = Nabs,g,)\ (9.35)

where N, is the number concentration of air molecules (molec. cm™3) at a given
altitude, and b4, is the scattering cross section of a typical air molecule. Since
the number concentration of air molecules decreases exponentially with increasing

300



9.4 Absorption and scattering by gases and particles

altitude, (9.35) suggests that extinction due to Rayleigh scattering also decreases
exponentially with increasing altitude.
The scattering cross section can be estimated with
2
873 (7, — 1)

W,

3273 (my — 1)

f(8) NG, £(5,) (9.36)

bs,g,k =
where 7, ; is the real index of refraction of air, obtained from (9.21), N, =
2.55 x 10" cm~3 is the number concentration of air molecules at standard temper-
ature and pressure (288 K and 1 atm), and f(8,) is the anisotropic correction term.

This term accounts for deviations of Rayleigh scattering from perfect isotropic
scattering and can be estimated with

6+ 36,
5* = ~
f(8:) 675,

1.05 (9.37)

where §, ~ 0.0279 (Young 1980). f(8,) is a function of wavelength and varies from
1.08 at A = 0.2 um to 1.047 at A = 1.0 um (Liou 2002). The second expression
in (9.36) was found by assuming ”ﬁ,,\ — 1~ 2(n,; — 1), which is possible because
Mg ~ 1.

Equation (9.36) suggests that the Rayleigh scattering cross section varies
inversely with the fourth power of wavelength. In other words, gases scatter short
wavelengths much more effectively than they do long wavelengths. Since the mete-
orological range is inversely proportional to the extinction coefficient, the mete-
orological range should then increase with increasing wavelength when only gas
scattering is considered. Table 9.5 confirms this supposition. It shows that, at short
visible wavelengths (e.g., 0.42 um), the meteorological range due to Rayleigh scat-
tering is much smaller than that at long wavelengths (e.g., 0.65 um).

Example 9.6

For A = 0.5 um, p, = 1 atm (sea level), and T = 288 K, o055, = 1.72 x
1077 cm~! from (9.35). This extinction coefficient results in a meteorologi-
cal range of x = 3.912/0; ¢, = 227 km.

For » = 0.55 um, the extinction coefficient decreases to o545 = 1.17 x
1077 cm~! and the meteorological range increases to x = 334 km. Waggoner
et al. (1981) reported a total extinction at Bryce Canyon, Utah, corresponding
to a meteorological range of within a few percent of 400 km for a wavelength
of 0.55 pm.

9.4.3 Particle absorption and scattering

Particle scattering is the most important solar radiation attenuation process in
polluted air, followed, in order, by particulate absorption, gas absorption, and
gas scattering. All particle components scatter solar and infrared radiation and
absorb infrared radiation, but few absorb solar radiation. For several species, the

301



Radiative energy transfer

ability to absorb solar radiation increases from the visible to ultraviolet spectra.
Below, important particle absorbers of radiation are discussed. Subsequently, meth-
ods of calculating particle scattering and absorption in an atmospheric model are

described.

9.4.3.1 Important particle absorbers

The strongest particle absorber of solar radiation is black carbon, the main com-
ponent of soot. Other absorbers of solar radiation include hematite (Fe;O3) and
aluminum oxide (alumina, Al,O3). Hematite is found in soil-dust particles. Some
forms of aluminum oxide are found in soil-dust particles and others are found in
combustion particles.

Particle absorbers in the UV spectrum include black carbon, hematite, alu-
minum oxide, and certain organic compounds. The organics absorb UV radiation
but less visible radiation. The strongest near-UVabsorbing organics include cer-
tain nitrated aromatics, polycyclic aromatic hydrocarbons (PAHs), benzaldehydes,
benzoic acids, aromatic polycarboxylic acids, and phenols (Jacobson 1999c¢). The
strong absorptivity of nitrated aromatics occurs because substitution of a nitrate
group onto a benzene ring shifts the peak absorption 0.057 um toward a longer
wavelength. The strong absorptivity of benzaldehydes and benzoic acids results
because the addition of an aldehyde or an acid group to a benzene ring shifts the
peak absorption 0.046 or 0.0255 wm, respectively, toward a longer wavelength
(Dean 1992). Inorganic particle components with a near-UV absorption peak
include the nitrate ion (0.302 um), ammonium nitrate (0.308 pum), and sodium
nitrate (0.297 um) (Cleaver et al. 1963; Sommer 1989). Although near-UV radi-
ation (0.25-0.38 wm) makes up only 5 percent of total solar radiation, near-UV
wavelengths are responsible for most gas photolysis.

Most particle components are weak absorbers of visible and UV radiation.
Silicon dioxide (SiO,), which is the white, colorless, crystalline compound found in
quartz, sand, and other minerals, is an example. Sodium chloride (NaCl), ammo-
nium sulfate ((NH4),SO4), and sulfuric acid (H,SO4) are also weak absorbers of
visible and UV radiation. Soil-dust particles, which contain SiO,, Al O3, Fe,; O3,
CaCO3, MgCOs3, and other compounds, absorb both UV and visible radiation,
with stronger absorption in the UV (e.g., Gillette ez al. 1993; Sokolik et al. 1993).
During heavy dust storms, particularly over desert regions, concentrations of soil
dust can decrease visibility to a few meters or tens of meters.

9.4.3.2 Particle refractive indices

Figure 9.18 shows a possible path of radiant energy through a particle. If scattering
is ignored, the attenuation, due to absorption, of radiant energy as it propagates

through the particle is approximately
dl 4wk

i _TI (9.38)
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Table 9.6 Real and imaginary indices of refraction for some substances
at A =0.51 and 10.0 um

0.5 um 10 um

Real (7,) Imaginary (k;) Real (1) Imaginary («;)

H,0(aq)e 1.34 1.0x10~° 1.22 0.05
Soot(s)? 1.82 0.74 2.40 1.0
Organic C(s)? 1.45 0.001 1.77 0.12
H,504(aq)? 1.43 1.0x 10-8 1.89 0.46
(NHy4)2S04(s) 1.52 0.0005 2.15 0.02
NaCl(s)? 1.45 0.00015 1.53 0.033

a Hale and Querry (1973), ¢ Krekov (1993).

dx

X0 X

Figure 9.18 Atten-
uation of incident
radiance I, due
to absorption in a
particle.

where « is the imaginary index of refraction, which quantifies the extent to which
a substance absorbs radiation. The term 4w« /A is an absorption extinction coef-
ficient for a single particle. Although « is a function of wavelength, the wave-
length subscript in (9.38) was dropped. Integrating (9.38) from I, to I and xy to x
gives

[ = [ye Hrelx—x)/n (9.39)

The optical properties of a particle component can generally be derived from
a combination of its real and imaginary refractive indices. These parameters give
information about the particle’s ability to refract and absorb, respectively. Both
parameters are embodied in the complex refractive index,

my = mn); — il()t (940)

Table 9.6 gives the real (1;) and imaginary («;) indices of refraction for some
substances at A = 0.50 and 10 um. Soot has the largest imaginary index of refraction
in the visible spectrum among the substances shown.

303



Radiative energy transfer

Table 9.7 Light transmission through soot and liquid water
particles at A = 0.50 um

Transmission (I/Iy)

Particle diameter (pm) Soot (k = 0.74) Water (k = 10~°)

0.1 0.16 0.999999997
1.0 8.0 x 1077 0.99999997
10.0 0 0.9999997
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Figure 9.19 Imaginary index of
refraction of liquid nitrobenzene
versus wavelength. Data from Foster
(1992).

Figure 9.19 shows the imaginary index of refraction of liquid nitrobenzene as
a function of wavelength. Although liquid nitrobenzene has a low concentration
in atmospheric particles, the shape of its index-of-refraction curve is important
because it suggests that some organic particle components with peak absorption
wavelengths below 0.3 um absorb moderately between 0.3 and 0.4 um as well,
thereby affecting photolysis. Most organic atmospheric particles have peak absorp-
tion wavelengths below 0.3 pm.

Table 9.7 shows the extent of transmission of light through soot and liquid water
particles at A = 0.50 um. These calculations were obtained from (9.39). The trans-
mission (I/Iy) is the fraction of incident radiation passing through a substance. The
table shows that a 0.1-pm-diameter soot particle transmits 16 percent of incident
0.50-pum radiation, and a 0.1-um water drop transmits nearly 100 percent of the
radiation if only absorption is considered. A 10-pum liquid water drop absorbs a
negligible amount of incident 0.50-pum radiation. Thus, soot is a strong absorber
of visible radiation, and liquid water is not.

9.4.3.3 Absorption and scattering efficiencies

In a model, absorption and scattering extinction coefficients must be consid-
ered for both aerosol particles and hydrometeor particles. Aerosol absorption,
aerosol scattering, cloud absorption, and cloud scattering extinction coefficients are
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calculated with

Np N
Oa,an = Zniba.a,i,A Os,a,n = Znibs,a,i,k (9.41)
i=1 i=1
Ny Np
Oah = Zniba,h.i,k Os.hn = Znibs,h,i,k
i=1 i=1

respectively, where #; is the number concentration of aerosol particles or hydrom-
eteor particles of a given size (particles cm™3), N is the number of size bins in
either case, b, ,;, and b, },; ; are the effective absorption cross sections of a single
aerosol particle and hydrometeor particle, respectively, and b, ;; and by, ;; are
the effective scattering cross sections of a single aerosol particle and hydrometeor
particle, respectively.

For spherical aerosol particles, the effective absorption and scattering cross sec-
tions are

ba,a,i,k = 7771‘2 Qa,i,)\ bs,a,i,/\ = 7”’,'2 Qs,i,/\ (942)

respectively, where 772 is the actual aerosol cross section (cm?), Q,;, (dimen-
sionless) is the single-particle absorption efficiency, and O ; ; is the single-particle
scattering efficiency. The absorption and scattering efficiencies are functions of
the complex index of refraction ms;, which depends on wavelength and particle
composition, and of the size parameter

(9.43)

which depends on particle size and wavelength. Absorption cross sections for
hydrometeor particles are calculated as in (9.42), but with single-particle absorp-
tion and scattering efficiencies for hydrometeor particles rather than for aerosol
particles.

The single-particle scattering efficiency is the ratio of the effective scattering
cross section of a particle to its actual cross section. The scattering efficiency can
exceed unity, since a portion of the radiation diffracting around a particle can be
intercepted and scattered by the particle. Scattering efficiencies above unity account
for this additional scattering. The greater the absorption by a particle, the lesser the
scattering efficiency, since absorption hinders scattering. The scattering efficiency
is highest when the wavelength of light is close to the particle radius.

The single-particle absorption efficiency is the ratio of the effective absorption
cross section of a particle to its actual cross section. The absorption efficiency can
exceed unity, since a portion of the radiation diffracting around a particle can
be intercepted and absorbed by the particle. Absorption efficiencies above unity
account for this additional absorption. The larger the imaginary refractive index
of a particle, the greater its absorption efficiency. The real refractive index affects
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the angle that radiation bends upon entering a particle, affecting the distance it
travels and its cumulative absorption within the particle.

Single-particle absorption and scattering efficiencies vary with particle size and
radiation wavelength. When a particle’s diameter is much smaller than the wave-
length of light (di < 0.034, or @;; < 0.1), the particle is in the Rayleigh regime
and is called a Tyndall absorber or scatterer. Such particles have an absorption
efficiency of

2
Ouir = 42nri Im ’mﬁ — 1’ 2y 24m;1 (9.44)
A= ~ .
RS A ) [ LR e

As k;, — 0, (9.44) approaches

2nri | 24mk
Quiz == % (9.45)
(5 +2)

which is a linear function of k;. When 7; < A, the absorption efficiency is small.
Thus, small particles are relatively inefficient absorbers of radiation.
The Tyndall scattering efficiency is

8 (2mr; 4
Qs,i.A—§< Py )

Equations (9.46) and (9.44) show that the scattering and absorption efficiencies of
small particles are proportional to (r;/A)* and 7;/A, respectively. Thus, at a suffi-
ciently short wavelength, the absorption efficiency of an absorbing particle (large «)
is much greater than is the scattering efficiency of the same particle. Figures 9.20
and 9.21 show the single-particle absorption and scattering efficiencies, including
Tyndall efficiencies, of soot, a strong absorber, and of liquid water, a weak absorber.

2

(9.46)

mi—l
 +

mr+2

Example 9.7

At =0.5 ym and r; = 0.01 pm, find the single-particle scattering and absorp-
tion efficiencies of liquid water.

SOLUTION

From Table 9.6, n, = 1.34 and k;, = 1.0 x 10™% at A = 0.5 um. From (9.46) and
(9.45), respectively, Qs i = 2.92 x 107% and Q,;; = 2.8 x 10710, Since liquid
water is nonabsorbing, its single-particle absorption efficiency is expected to
be small in comparison with its single-particle scattering efficiency.
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Figure 9.20 Single-particle absorption (Q,),
total scattering (Qs), and forward scattering
(Oy) efficiencies of soot particles (which con-
tain mostly black carbon) of different sizes at
A =0.50 um (n, = 1.94, «;, = 0.66). The effi-
ciency for soot at any other wavelength 1 in
the visible or UV spectrum and diameter d; is
the efficiency in the figure located at diameter
d=0.5um x di /7.
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Figure 9.21 Single-particle absorption (Q,),
total scattering (Qs), and forward scattering
(Of) efficiencies of liquid water drops of dif-
ferent sizes at A = 0.50 um (n, = 1.335, «; =
1.0 x 107°). The efficiency for water at any
other wavelength A in the visible or UV spec-
trum and diameter d; is the efficiency in the
figure located at diameter d = 0.5 pm x dj /Aq.

When a particle’s diameter is near the wavelength of light (0.031 < d; < 32X or
0.1 < a;; < 100), the particle is in the Mie regime. In this regime, absorption and
scattering efficiencies are approximated with Mie’s solution to Maxwell’s equa-
tions. The scattering efficiency of a particle in the Mie regime is determined by

00

Qi = J(lagl® + |bel) (9.47)
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where a; and by, are complex functions (e.g., van de Hulst 1957; Kerker 1969;
Toon and Ackerman 1981; Bohren and Huffman 1983; Liou 2002). The single-
particle absorption efficiency of a particle in the Mie regime is estimated from

Qa,i,k = Qe,i,k - Qs,i,)u where

Qe = ) (9.48)

A p=1

is the single-particle total extinction efficiency in the Mie regime. Figures 9.20 and
9.21 show Q,;; and O, for soot and liquid water, as a function of particle size
at A = 0.50 pm. The figures also show the forward scattering efficiency Oy, ;,
which is the efficiency with which a particle scatters light in the forward direction.
The forward scattering efficiency is always less than the total scattering efficiency.
The proximity of Of; to Os; in both figures indicates that aerosol particles scat-
ter strongly in the forward direction. The difference between Q; and O is the
scattering efficiency in the backward direction.

Figure 9.20 shows that visible-light absorption efficiencies of soot particles peak
when the particles are 0.2 to 0.4 um in diameter. Such particles are in the accumu-
lation mode (0.1-2 um in diameter, Chapter 13) with respect to particle size and in
the Mie regime with respect to the ratio of particle size to the wavelength of light.
Figure 9.21 shows that water particles 0.3 to 2 pm in diameter scatter visible light
more efficiently than do smaller or larger particles. These particles are also in the
accumulation mode with respect to particle size and in the Mie regime with respect
to the ratio of particle size to the wavelength of light.

Because the accumulation mode contains a relatively high particle number con-
centration, and because particles in this mode have high scattering and absorption
(with respect to soot) efficiencies, the accumulation mode almost always causes
more light reduction than do smaller or larger modes (Waggoner ez al. 1981). In
many urban regions, 20 to 50 percent of the accumulation mode mass is sulfate.
Thus, sulfate is correlated with particle scattering more closely than is any other
particulate species, aside from liquid water.

When a particle’s diameter is much larger than the wavelength of light (d; >
32X or a;; > 100), the particle is in the geometric regime. Such particles reflect,
refract, and diffract light significantly. As «; ; increases from the Mie regime to the
geometric regime, the scattering efficiency approaches a constant in a sinusoidal
fashion, as shown in Fig. 9.21. As «;; — 00, the scattering efficiency approaches
another constant, given by Chylek (1977) as

(9.49)

Although cloud drops, which have diameters >5 pum, have lower scattering effi-
ciencies and a lower number concentration than do accumulation-mode aerosol
particles, clouds can obscure visibility to a greater extent than can aerosol parti-
cles because cloud drops have much larger cross-sectional areas than do aerosol
particles.
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Example 9.8

At 1 = 0.5 um, calculate the scattering efficiency of liquid water as «; ; — oo.

SOLUTION

From Table 9.6, n, = 1.335 at A = 0.5 um for liquid water. From (9.49), Qs.;; =
1.1. Hence, the scattering efficiency at A = 0.5 pm, shown in Fig. 9.21, decreases
from 2 to 1.1 as the diameter approaches infinity. The absorption efficiency
also approaches 1.1 at infinite diameter.

Deirmendjian (1969) showed that, as o, ;, — 00, a particle’s absorption efficiency
converges to its scattering efficiency regardless of how weak the imaginary index of
refraction is. Since all liquids and solids scatter in the geometric regime, they must all
absorb at large enough size, as well. In other words, large particles absorb radiation,
regardless of their imaginary index of refraction. Figure 9.21, for example, shows
how the absorption efficiency of liquid water increases with increasing diameter
even when «k, = 1.0 x 107°. The figure also shows that the absorption efficiency
becomes important only when liquid drops reach raindrop-size (>1000 um in
diameter). The absorptivity of raindrops causes the bottoms of precipitating clouds
to appear gray or black.

9.4.3.4 Optics of particle mixtures

In the previous discussion, particles were assumed to be externally mixed, or in
isolation from one another. In reality, particles are often internally mixed, meaning
they contain multiple components. Several methods have been developed to treat
the effective refractive index of a mixture. These treatments are called effective
medium approximations. A more detailed discussion and comparison of approxi-
mations is given in Bohren and Huffman (1983) and Chylek et al. (1988).

The simplest way to account for the internal mixing of particle components
in a model is to average the complex refractive index of each component within
a particle by volume. This method is called the volume average refractive index
mixing rule and is quantified with

Ny Ny
v v, .
my = E ;qu,q = E Uq(m —1Ky) (9.50)

g=1 g=1

where Ny is the number of volume components in a particle, v is the volume of
a single particle (cm? particle '), and v, is the volume of component g within the
particle (cm? particle™!). The ratio v, /v is the volume fraction of component g
within the particle.

A second method is to average the dielectric constant of each component by
volume (e.g., Chylek er al. 1988). A dielectric is a nonconducting material that
can sustain a steady electric field and serve as an insulator. The dielectric constant
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(also called the permittivity) is a property of a material that determines how much
electrostatic energy can be stored per unit volume of the material when unit voltage
is applied. It is the ratio of the capacitance of a capacitor with the material to the
same capacitor when the dielectric is a vacuum. The complex dielectric constant is
related to the complex refractive index of a material by

& = m% = (ny, — ilc,\)2 = ni — Kf — 12156, = &5 — 18i (9.51)
where
— 2 2 —
Erxn =Ny — K, Eiy = 27Z)LK)b (952)

are the real and imaginary components, respectively, of the complex dielectric
constant. The real and imaginary refractive indices are related to these components

by
,/erz’k—i—sfk—}—er,,\ ,/83’,\—1—8&—&,\ 9.53)

2 = 2

n, =

respectively. The volume average dielectric constant mixing rule is

N Ny Ny

AANY) v, U, .
=y = § :—q Erq= § :_q(m —igj ;) (9.54)
v ’ v v
g=1 g=1 g=1

A third method is the Maxwell Garnett mixing rule (Maxwell Garnett 1904).
This rule gives the effective complex refractive index of absorbing inclusions (sub-
script A) embedded within a matrix of a single homogeneous substance (subscript
M) as

Ny _
)3 A, ELA, &M
3 q < 0.4 )

g=1 U \&.Agt26M

Ny o _
A, EXA, ExM
1= 28 (‘17>

g=1 U \&.Agt26Mm

m% =g =aM|1+ (9.55)

where Ny is the number of absorbing substances embedded in the matrix, ¢; 4 4 is
the complex dielectric constant of each absorbing substance, and ¢, y is the com-
plex dielectric constant of the mixture. Equation (9.55) is solved by first substituting
e =n> — k> —i2nk from (9.51) into each complex dielectric constant on the right
side of the equation, rewriting the equation in the form ¢, = (a —ib)/(c — id),
then multiplying through by (c+id)/(c +id) to obtain &, = &, — is;i;, where
e = (ac+bd)/(c* — d?) and &;; = (bc — ad)/(c* — d?). Finally, the average real
and imaginary refractive indices are obtained from ¢, ; and ¢;; from (9.53).

A related mixing rule is the inverted Maxwell Garnett mixing rule, which is the

same as (9.55) but with the subscripts M and A reversed in all terms.

310



9.4 Absorption and scattering by gases and particles

A fourth method is the Bruggeman mixing rule (Bruggeman 1935), which is
derived from the same base equation as the Maxwell Garnett mixing rule, but
using a different approximation, and also assumes one or more absorbing inclusions
embedded within a matrix. With this rule, the effective complex dielectric constant,
&1, 1s solved iteratively from

O VA [ ErAg — £ O Uag | [ EnM — s
> —<7> + <1 -3 —) <7) =0 (9.56)
oV \Eag + 2¢,, oov &M+ 265
The complex refractive index is then obtained from ¢; with (9.51).

All the effective medium theories discussed result in an average complex refrac-
tive index for an entire particle. Optical properties of the particle are then calculated
from this average refractive index. However, when an absorbing solid, such as soot,
exists in an otherwise liquid particle, the soot is a distinct component and not dis-
tributed equally throughout the particle. The optical properties of the particle in
this case depend on radiative interactions between the liquid and solid, which the
effective medium approximations do not capture.

A more physical, but still somewhat limited, way of treating absorption in a
multicomponent particle is to treat the absorbing component as a core material
surrounded by a shell with a volume-averaged refractive index. Theoretical cal-
culations with this method suggest that, when an absorbing particle component,
such as soot, becomes coated by a relatively nonabsorbing material, such as sul-
furic acid or organic carbon, the absorption efficiency of the soot increases (e.g.,
Toon and Ackerman 1981; Jacobson 1997a,b, 2000, 2001b; Lesins et al. 2002).
Figure 9.22 shows the theoretical enhancement of absorption due to the addition of
a coating onto particles containing black carbon. The theory has been supported
experimentally by Schnaiter et al. (2003), who found that the addition of just
a few monolayers of a condensed organic coating to a soot particle increased its
absorption coefficient by 35 percent. Subsequent experiments showed that conden-
sation of more layers increased absorption by 200 percent, a finding consistent with
Fig. 9.22. The enhancement of absorption due to the coating of soot in the atmo-
sphere may be sufficiently great to make soot the second most important component
of global warming, after CO, and ahead of CHy, in terms of its direct radiative
effect (Jacobson 2000, 2001b).

The reasons for the enhanced absorption of a soot particle when it is coated
versus when it is not are as follows: (1) In the case of particles larger than the
wavelength of light, geometric optics implies that 72 more light is incident on a
small sphere when it is at the center of a much larger transparent sphere with real
refractive index #; than when it is in air (e.g., Bohren 1986; Twohy et al. 1989).
This is called the optical focusing effect, because more light is focused into the core
of a sphere due to refraction when a shell surrounds the core compared with when
it does not. (2) In the case of particles near to or smaller than the wavelength of
light, enhanced diffraction at the edge of a particle increases the exposure of the
core to waves in comparison with exposure of the core to waves in the absence of

a shell.
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Figure 9.22 Absorption cross section enhancement
factors at A = 0.5um, due to coating a black car-
bon (BC) core with a shell comprised of sulfu-
ric acid—water (S(VI)). The enhancement factor is
the ratio of the absorption cross section of a total
(coated) particle with a BC core (either 40, 80, or
120 nm in diameter) and an S(VI) shell to the larger
of the absorption cross section of BC alone (at either
40, 80, or 120 nm in diameter) or of pure S(VI)
at the same size as the total core + shell particle
(which affects the factor only at large sizes). The
leftmost values in the figure are the enhancement
factors (1.0) corresponding to the pure core. The
rightmost values (1.0) are those corresponding to a
large pure S(VI) drop that absorbs since all particles
with a nonzero imaginary refractive index become
absorbing at some size (Section 9.4.3.3).

Although treating soot as a concentric core is not always realistic because soot is
an amorphous, randomly shaped agglomerate of many individual spherules, such
treatment becomes more realistic as more material condenses. The reason is that
soot aggregates collapse under the weight of a heavy coating, becoming more spher-
ical in the process (Schnaiter et al. 2003; Wentzel et al. 2003). Other techniques
of treating soot inclusions within particles, aside from the concentric core treat-
ment, include treating a composite of several whole soot particles distributed in
an internal mixture (applicable to cloud drops) (Chylek et al. 1988), embedding
soot inclusions at random locations in a particle (Chylek ez al. 1995; Fuller 1995),
treating soot as a subsurface inclusion or grain on a particle (Fuller et al. 1999),
and treating soot as a coated chain aggregate (Fuller et al. 1999).

9.4.3.5 Modeled aerosol extinction

Figures 9.23 (a) and (b) show modeled vertical profiles of extinction coefficients
over a polluted airshed. Both figures indicate that extinction coefficients increased
from the free troposphere (altitudes above 900 hPa) to the boundary layer. The first
figure indicates that, at A = 0.32 um (ultraviolet light), extinction due to aerosol
scattering in the boundary layer was less than that due to aerosol absorption. At
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Figure 9.23 Modeled profiles from Claremont, California (11.30 on August
27, 1997) of extinction coefficients (km~!) due to gas scattering, aerosol
scattering, gas absorption, and aerosol absorption at (a) A = 0.32 and
(b) A = 0.61um. The peaks at 920 hPa indicate elevated aerosol layers. From
Jacobson (1998b).

A = 0.61 um (visible light), the reverse was true because the aerosol absorptivity
decreased from the ultraviolet to visible spectra. Above the boundary layer, gas
scattering dominated aerosol scattering at 0.32 and 0.61 pm.

9.5 VISIBILITY

A result of aerosol buildup is visibility degradation. Although unnatural visibility
degradation, itself, causes no adverse health effects, it usually indicates the presence
of pollutants, which are often harmful.

Visibility is a measure of how far we can see through the air. Even in the cleanest
air, our ability to see along the Earth’s horizon is limited to a few hundred kilometers
by background gases and aerosol particles. If we look up through the sky at night,
however, we can discern light from stars that are millions of kilometers away. The
difference between looking horizontally and vertically is that more gas molecules
and aerosol particles lie in front of us in the horizontal than in the vertical.

Several terms describe maximum visibility. Two subjective terms are visual range
and prevailing visibility. Visual range is the actual distance at which a person can
discern an ideal dark object against the horizon sky. Prevailing visibility is the great-
est visual range a person can see along 50 percent or more of the horizon circle
(360°), but not necessarily in continuous sectors around the circle. It is determined
by a person who identifies landmarks known distances away in a full 360° circle
around an observation point. The greatest visual range observed over 180° or more
of the circle (not necessarily in continuous sectors) is the prevailing visibility. Thus,
half the area around an observation point may have visibility worse than the pre-
vailing visibility, which is important because most prevailing visibility observations
are made at airports. If the visual range in a sector is significantly different from
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Figure 9.24 Change of radiation intensity along a
beam. A radiation beam originating from a dark object
has intensity I = 0 at point x(. Over a distance dx, the
beam’s intensity increases due to scattering of back-
ground light into the beam. This added intensity is
diminished somewhat by absorption along the beam
and scattering out of the beam. At point x, the net
intensity of the beam has increased close to that of the
background intensity.

the prevailing visibility, the observer at an airport usually denotes this information
in the observation record.

A less subjective and, now, a regulatory definition of visibility is the meteo-
rological range. Meteorological range can be explained in terms of the following
example. Suppose a perfectly absorbing dark object lies against a white background
at a point xg, as shown in Fig. 9.24. Because the object is perfectly absorbing, it
reflects and emits no visible radiation; thus, its visible radiation intensity (I) at
point xg is zero, and it appears black. As a viewer backs away from the object,
background white light of intensity I scatters into the field of view, increasing the
intensity of light in the viewer’s line of sight. Although some of the added back-
ground light is scattered out of or absorbed along the field of view by gases and
aerosol particles, at some distance away from the object, so much background light
has entered the path between the viewer and the object that the viewer can barely
discern the black object against the background light.

The meteorological range is a function of the contrast ratio, defined as

I—1I
Iy

Cratio = (957)
The contrast ratio gives the difference between the background intensity and the
intensity in the viewer’s line of sight, all relative to the background intensity. If the
contrast ratio is unity, then an object is perfectly visible. If it is zero, then the object
cannot be differentiated from background light.

The meteorological range is the distance from an object at which the contrast
ratio equals the liminal contrast ratio of 0.02 (2 percent). The liminal or threshold
contrast ratio is the lowest visually perceptible brightness contrast a person can see.
It varies from individual to individual. Koschmieder (1924) selected a value of 0.02.
Middleton (1952) tested 1000 people and found a threshold contrast range of
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between 0.01 and 0.20, with the mode of the sample between 0.02 and 0.03.
Campbell and Maffel (1974) found a liminal contrast of 0.003 in laboratory studies
of monocular vision. Nevertheless, 0.02 has become an accepted liminal contrast
value for meteorological range calculations. In sum, the meteorological range is the
distance from an ideal dark object at which the object has a 0.02 liminal contrast
ratio against a white background.

The meteorological range can be derived from the equation for the change in
object intensity along the path described in Fig. 9.24. This equation is

dr = 1) (9.58)

dx
where all wavelength subscripts have been removed, oy is the total extinction coef-
ficient, o Iy accounts for the scattering of background light radiation into the path,
and —o I accounts for the attenuation of radiation along the path due to scattering
out of the path and absorption along the path. A total extinction coefficient is the
sum of extinction coefficients due to scattering and absorption by gases and aerosol
particles. Thus,

Ot = Oa,g + Os,g + 04,0+ 052 (959)

Integrating Equation (7.9) from I = 0 at point xy = 0 to [ at point x with constant

o; yields the equation for the contrast ratio,

I—1
Iy

e 7t (9.60)

Cratio =

When Ciaio = 0.02 at a wavelength of 0.55 um, the resulting distance x is the
meteorological range (also called the Koschmieder equation).

3.912
X =

Ot

(9.61)

In polluted tropospheric air, the only important gas-phase visible-light attenu-
ation processes are Rayleigh scattering and absorption by nitrogen dioxide (Wag-
goner et al. 1981). Several studies have found that scattering by particles, par-
ticularly those containing sulfate, organic carbon, and nitrate, may cause 60-95
percent of visibility reduction and absorption by soot may cause 5-40 percent of
visibility reduction in polluted air (Cass 1979; Tang et al. 1981; Waggoner et al.
1981).

Table 9.8 shows meteorological ranges derived from extinction coefficient mea-
surements for a polluted and less-polluted day in Los Angeles. Particle scattering
dominated light extinction on both days. On the less-polluted day, gas absorption,
particle absorption, and gas scattering all had similar small effects. On the pol-
luted day, the most important visibility reducing processes were particle scattering,
particle absorption, gas absorption, and gas scattering, in that order.
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Table 9.8 Meteorological ranges (km) resulting from gas scattering, gas absorption,
particle scattering, particle absorption, and all processes at a wavelength of 0.55 pm
on a polluted and less-polluted day in Los Angeles

Gas Gas Particle Particle
Day scattering  absorption  scattering  absorption All
Polluted (8/25/83) 366 130 9.6 49.7 7.42
Less-polluted (4/7/83) 352 326 151 421 67.1

Meteorological ranges derived from extinction coefficients of Larson et al. (1984).

9.6 OPTICAL DEPTH

A purpose of simulating atmospheric radiation is to estimate the spectral irradiance
(F,) that reaches a given layer of the atmosphere. The first step in such a calcu-
lation is to determine the total spectral extinction coefficient at each wavelength
with

On = Os g+ Oagi + Osan+ Taanr+ 0shi+ Oahn (9.62)

where the individual coefficients are for scattering by gases, absorption by gases,
scattering by aerosol particles, absorption by aerosol particles, scattering by
hydrometeor particles, and absorption by hydrometeor particles, respectively. The
next step is to define the vertical component of the incremental distance along a
beam of interest through which radiation travels. When the beam of interest is the
solar beam, this component is

dz = cos O, dSp, = s dSp, (9.63)

where dSj, is the incremental distance along the beam, 6 is the solar zenith angle,
and

s = COS B (9.64)

The solar zenith angle is the angle between the surface normal (a line directed from
the center of the Earth that extends vertically above the surface) and the direction
of the Sun. Figure 9.25 shows the relationship among dz, dS;,, and 6;.

Integrating the spectral extinction coefficient over an incremental distance gives
an optical depth (dimensionless). For radiative transfer calculations, the distance
of interest is in the vertical. In such cases, optical depth quantifies scattering and
absorbing that occurs between the top of the atmosphere and a given altitude. The
optical depth increases from zero at the top of the atmosphere to a maximum at
the ground. The incremental optical depth is

dr;, = —0y, dz = —o; s dSy, (9.65)

which increases in the opposite direction from incremental altitude. Integrating
(9.65) from the top of the atmosphere (z = S, = o0) to any altitude z, which
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=1 z=0 Sb=0

Figure 9.25 Relationship among incre-
mental optical depth (dt), incremental
altitude (dz), solar zenith angle (6;), and
incremental distance along the beam

(dSy).

corresponds to a location S, along the beam of interest, gives the optical depth as

b4 Sp
rk:/ Okdz:/ o3 s dSp, (9.66)

o] o0

9.7 SOLAR ZENITH ANGLE

The solar zenith angle can be determined from
cosfs = sin ¢ sin § + cos ¢ cos § cos H, (9.67)

where ¢ is the latitude, § is the solar declination angle, and H, is the local hour
angle of the Sun, as illustrated in Figs. 9.26 (a) and (b). The declination angle is the
angle between the Equator and the north or south latitude of the subsolar point,
which is the point at which the Sun is directly overhead. The local hour angle is
the angle, measured westward, between the longitude (meridian) of the subsolar
point and the longitude of the location of interest.

Equation (9.67) is obtained from Fig. 9.26(a) by applying the law of cosines
to triangle APB. Since arcangle AOP = 90° — ¢, arcangle BOP = 90° — §, and the
distances OP, OA, and OB are known, the arc lengths AP and BP can be determined
from the law of sines. With these distances and the fact that angle APB = H,, the
arc length AB can be obtained from the law of cosines. Since the distances AB, OA,
and OB are known, the solar zenith angle (AOB) can be determined from the law
of sines (e.g., Hartman 1994).

The solar declination angle is found from

8§ = sin™!(sin &}, Sin Aec) (9.68)
where ¢, is the obliquity of the ecliptic and A.. is the ecliptic longitude of the Sun.

The ecliptic is the mean plane of the Earth’s orbit around the Sun. It is fixed in
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(a) (b)
N 4 Surface

Surface
normal

Figure 9.26 (a) Geometry for zenith angle calculations on a sphere. The ray OAN is
the surface normal above the point of interest. The ray OB points to the Sun, which
is incident directly over point B. Point B is the subsolar point. Angle AOB is the solar
zenith angle (9;). Angle BOD is the solar declination (§), angle AOC is the latitude
(@) of the surface normal, angle CAB is the solar azimuth angle (¢;), and angles COD
= CPD = APB are hour angles (H,). (b) Geometry for a different solar zenith angle.

space relative to the Earth, and the Earth rotates through it. It cuts through the
Tropic of Capricorn on one side of the Earth, the Equator in the middle, and the
Tropic of Cancer on the other side of the Earth. The obliquity of the ecliptic is
the angle between the plane of the Earth’s Equator and the plane of the ecliptic,
approximated as

Eop = 23°.439 — 0°.0000004 Njp (9.69)
(NAO 1993), where
Njp = 364.5 + (Y —2001) x 365 + D + Dy (9.70)
DL = INT(Y —2001)/4 Y > 2001
~ |INT(Y —2000)/4 -1 Y <2001

is the number of days from the beginning of Julian year 2000. In (9.70), Y is the
current year, Dy is the number of leap days since or before the year 2000, Dy is
the Julian day of the year, which varies from 1 on January 1 to 365 (for nonleap
years) or 366 (for leap years) on December 31. Leap years occur every year evenly

divisible by 4.
The ecliptic longitude of the Sun is approximately

Aee = L+ 1°.915 sin gy + 0°.020 sin 2g (9.71)
where
Ly = 280°.460 + 0°.9856474Njp gm = 357°.528 +0°.9856003Njp (9.72)

are the mean longitude of the Sun and the mean anomaly of the Sun, respectively.
The mean anomaly of the Sun is the angular distance, as seen by the Sun, of the
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Figure 9.27 Solar declination angles during solstices
and equinoxes. Of the four times shown, the Earth-Sun
distance is greatest at the summer solstice.

Earth

Earth from its perihelion, which is the point in the Earth’s orbit at which the Earth
is closest to the Sun assuming the Earth’s orbit is perfectly circular and the Earth
is moving at a constant speed. The mean anomaly at the perihelion is 0°.

The local hour angle (in radians) is

B 27
7 86400

(9.73)

where #; is the number of seconds past local noon, and 86400 is the number
of seconds in a day. At noon, when the Sun is highest, the local hour angle is
zero, and (9.67) simplifies to cos 6 = sin ¢ sin § + cos ¢ cos 8. When the Sun is over
the Equator, the declination angle and latitude are zero, and (9.67) simplifies to
cos s = cos H,. Figure 9.27 shows that the Sun reaches its maximum declination
(££23.5°) at the summer and winter solstices and its minimum declination (0°) at
the vernal and autumnal equinoxes.

Example 9.9

Calculate the solar zenith angle at 1:00 p.m. PST, on February 27, 1994 at a
latitude of ¢ = 35° N.

SOLUTION

February 27 corresponds to Julian day D; = 58. From (9.70), Njp = —2134.5.
From (9.72), Lyy = —1823.40° and gy = —1746.23°. Thus, from (9.71), (9.69),
and (9.68), hec = —1821.87°, g0p = 23.4399°,and § = —8.52°, respectively. Equa-
tion (9.73) gives H, =15.0°. Thus, from (9.67), cosfs = sin 35° sin(—8.52°) +
cos 35° cos(—8.52°) cos 15.0° — 65 = 45.8°.
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Beam

(u, ¢)
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Figure 9.28 Single scattering of direct solar radi-
ation and multiple scattering of diffuse radiation
adds to the intensity along a beam of orientation pu,
¢. The parameter u = cosé is always positive, but
when a ray is directed upward, +pu is used, and when
a ray is directed downward, —u is used. Adapted
from Liou (2002).

9.8 THE RADIATIVE TRANSFER EQUATION

The radiative transfer equation gives the change in radiance and/or irradiance along
a beam of electromagnetic energy at a point in the atmosphere. Radiances are used
to calculate actinic fluxes, which are used in photolysis coefficient equations. Irradi-
ances are used to calculate heating rates, which are used in temperature calculations.
The processes affecting radiation along a beam are scattering of radiation out of
the beam, absorption of radiation along the beam, multiple scattering of indirect,
diffuse radiation into the beam, single scattering of direct, solar radiation into the
beam, and emission of infrared radiation into the beam. Single scattering occurs
when a photon of radiation is redirected into a beam after it collides with a particle
or gas molecule, as shown in Fig. 9.28. Multiple scattering occurs when a photon
enters a beam after colliding sequentially with several particles or gas molecules,
each of which redirects the photon. Solar radiation that has not yet been scattered
is direct radiation. Radiation, either solar or infrared, that has been scattered is
diffuse radiation.
The change in spectral radiance over the distance dS;, along a beam is

dl, = —dls ) — dLo . + dlg, + disi ) + dLei s (9.74)

where

dIso,)L = l)\O‘s’)\ dSb (975)
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9.8 The radiative transfer equation

represents scattering of radiation out of the beam,
dIao,)» = IAUa,A dSb (976)

represents absorption of radiation along the beam,

2 1
Os, k1 ’ ’
dIsi.A = |: E & <—47_[ /0 /_1 I)\,M/,(pf Ps,[g.)\#,#/,q},qy d/L d¢ >:| dSb (977)

represents multiple scattering of diffuse radiation into the beam,
Os,k, -
dls, = [Zk (4—; Ps,k,w,,m,qﬁ,@)] Fq e ™/ dS, (9.78)

represents single scattering of direct solar radiation into the beam, and
dli; = 04, B, 7dSp (9.79)

represents emission of infrared radiation into the beam. In (9.77) and (9.78), the
summations are over all scattering processes (k = g for gases, a for aerosol particles,

and b for hydrometeor particles), and the P; factors are scattering phase functions,
to be defined shortly. In (9.75), (9.76), and (9.79), the factors,

05,5 = Os g+ Osax + Osha Oa = Oagirt Oaan+ Oahi (9.80)

are extinction coefficients due to total scattering and absorption, respectively. The
extinction coefficient due to total scattering plus absorption is

o), ZGS,}\'FUa,A (981)

In the solar spectrum, single scattering of solar radiation is more important than
is radiative emission. In the infrared spectrum, the reverse is true. Thus, (9.78) is
used for solar wavelengths and (9.79) is used for infrared wavelengths.

9.8.1 Phase function and asymmetry parameter

In (9.77), Py .64 is the scattering phase function, which gives the angular
distribution of scattered energy as a function of direction. It relates how diffuse
radiation, which has direction u’, ¢, is redirected by gases or particles toward the
beam of interest, which has direction u, ¢, as shown in Fig. 9.28. In the figure, u' =
cos®’ and pu = cos @, where 6" and 6 are the zenith angles of the diffuse radiation
and the beam of interest, respectively. Similarly, ¢" and ¢ are the azimuth angles of
the diffuse radiation and the beam of interest, respectively. The integral in (9.77) is
over all possible angles of incoming multiple-scattered radiation. Scattering phase
functions vary with wavelength and differ for gases, aerosol particles, and cloud
drops.

In (9.78), Ps ks u —pe..0, 1S the scattering phase function for direct radiation. The
function relates how direct solar radiation, with direction —ug(= —cosbs), ¢s, is
redirected by gases or particles to u, ¢, as shown in Fig. 9.28. This phase function
is not integrated over all solid angles, since single-scattered radiation originates
from one angle.
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Figure 9.29 Scattering phase function distribution in polar coordinates for
(a) isotropic and (b) Rayleigh scattering. The diagrams were generated from (9.84)
and (9.85), respectively.

The scattering phase function is defined such that

1

—/ Py (©)dQ, =1 (9.82)
4 4

In this equation, © is the angle between directions ', ¢’ and u, ¢, as shown in

Fig. 9.28. Thus, Ps ks 6.6 = Pska(©). Here, O is the angle between the solar

beam (—pus, ¢5) and the beam of interest (i, ¢). Thus, Ps ps u—peg.6. = Psn(Os).
Substituting d2, = sin ® d® d¢ from (9.8) into (9.82) gives

2 b4
i / Ps 15 (©)sin®dO®dg =1 (9.83)
47 0 0 '

The integral limits are defined so that the integration is over a full sphere. For
isotropic scattering, the phase function is

Py (@) =1 (9.84)
which satisfies (9.82). For Rayleigh (gas) scattering, the phase function is
3
P :(©) = Z(l + cos” 0) (9.85)

which also satisfies (9.82). Figures 9.29 (a) and (b) show scattering phase functions
for isotropic and Rayleigh scattering, respectively, versus scattering angle. The
phase function for isotropic scattering projects equally in all directions, and that for
Rayleigh scattering is symmetric, but projects mostly in the forward and backward
directions.

An approximation to the phase function for Mie scattering by aerosol parti-
cles and hydrometeor particles is the Henyey—Greenstein function (Henyey and
Greenstein 1941),

2
1- 8a ki

Ps,k,k(@)) = >
(1 + 8a ks 28q k2 COS ®)

— (9.86)
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where g, 1, is the asymmetry parameter, defined shortly. This equation is valid
primarily for scattering that is not strongly peaked in the forward direction (Liou
2002), and requires advance knowledge of the asymmetry parameter, which is a
function of the phase function itself.

The asymmetry parameter, or first moment of the phase function, is a parameter
derived from the phase function that gives the relative direction of scattering by
particles or gases. Its analytical form is

1
Gaks = — P 1.3(©) cos © dQ2, (9.87)
4 4 '

The asymmetry parameter approaches +1 for scattering strongly peaked in the
forward direction and —1 for scattering strongly peaked in the backward direction.
If the asymmetry parameter is zero, scattering is equal in the forward and backward
directions. In sum,

>0 forward (Mie) scattering
Zaks 3 =0 isotropic or Rayleigh scattering (9.88)
<0 backward scattering

Expanding (9.83) with d2, = sin © dO® d¢ yields

1 2 bd
Saks = i / Ps 13(®) cos ©sin © dO® d¢ (9.89)
o Jo

For isotropic scattering, where P ;(©) = 1, the asymmetry parameter simpli-
fies to

1 2 bd 1 -1
Saks = — / cos@sin®d®d¢:——/ uwdp =0 (9.90)
e 4z Jo Lo 2 5

where u = cos®. The zero asymmetry parameter for isotropic scattering is
expected, since isotropic scattering distributes radiation equally in all directions.
Substituting the phase function for Rayleigh scattering into (9.85) gives

1 27 T3
8a ko = —/ / ~(1 4 cos® ®) cos O sin © dO d¢
4 0 0 4

3 2 -1
=3, /1 (n+p’)dpudp =0 (9.91)

The Rayleigh scattering intensity is evenly distributed between forward and back-
ward directions, but Rayleigh scattering is not isotropic, since the radiation is not
scattered equally in all directions.

The asymmetry parameter for aerosol particles and hydrometeor particles can
be found with

8aki = Orin/ Osin (9.92)
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where Of;; is the single-particle forward scattering efficiency and Qs is the
single-particle total scattering efficiency, both of which can be obtained from a
Mie-scattering algorithm. Curves for both parameters were shown in Figs. 9.20
and 9.21 for two substances. These figures indicate that the asymmetry parameters
for soot and liquid water aerosol particles are typically between 0.6 and 0.85.
Measured asymmetry parameters in clouds range from 0.7 to 0.85 (e.g., Gerber
et al. 2000).
Another parameter derived from the phase function is the backscatter ratio,

ozn fnﬂ/z Ps15(©)sin ® dO d¢

027'[ Iy Poks(©)sin© dO d¢

ba ks = (9.93)

This parameter gives the fraction of total scattered radiation that is scattered in
the backward hemisphere of the particle. Typical values of the backscatter ratio
are 0.08-0.2 (e.g., Marshall ef al. 1995), suggesting that 80-92 percent of energy
scattered by particles is scattered in the forward direction. Particle shape has a
significant impact on the backscatter ratio through its effect on the phase function
(e.g., Pollack and Cuzzi 1980; Fridlind and Jacobson 2003).

9.8.2 Incident solar radiation

In (9.78), Fs.; is the incident solar radiation at the top of the atmosphere in a wave-
length interval centered at A. The radiation intensity at the top of the atmosphere
depends on the solar luminosity and the Earth-Sun distance. The solar luminosity
(L) is the total energy per unit time emitted by the Sun’s photosphere and is
approximately 3.9 x 10%¢ W. The irradiance, or luminosity emitted per unit area
(W m~2) at the photosphere, is approximately

(9.94)

where R, = 6.96 x 108 m s the radius of the Sun, from its center to the photosphere,
T, is the temperature of the Sun at the photosphere, and (9.94) is a summation
over all wavelength intervals.

Example 9.10

For a photosphere temperature of T, = 5796 K, F, ~ 6.4 x 107 W m~? from
(9.94).

Irradiance decreases proportionally to the inverse square distance from its
source. The yearly mean solar irradiance reaching the top of Earth’s atmosphere,
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Figure 9.30 Relationship between the Sun and Earth during the
solstices and equinoxes.

or solar constant, is related to F, by

_ R, \? R, \*

F, = (R_P> F, = (R_P) op T (9.95)
where Re = 1.5 x 10" m is the mean distance from the center of the Sun to
the Earth. Equation (9.95), with the parameters specified above, gives F; ~ 1379
W m~2, which is close to measurements of F; = 1365 W m~2. The value of F,

varies by 1 W m~2 over each 11-year sunspot cycle.
The actual total irradiance at the top of the atmosphere at a given time is

2
F, = (&) F (9.96)

S

where R is the actual distance between the Sun and the Earth on a given day, and

2
<1_2es> ~ 1.00011 + 0.034221 cos 6) + 0.00128 sin 6;

€S

+0.000719 cos 20y 4 0.000077 sin 26; (9.97)

(Spencer 1971). In (9.97), 6; = 2 Dj/ Dy, where Dy is the number of days in a
year (365 for nonleap years and 366 for leap years), and Dy is the Julian day of
the year. Figure 9.30 shows that the Earth is further from the Sun in the Northern
Hemisphere summer than in the winter by about 3.4 percent.

Example 9.11

On December 22, the total irradiance at the top of Earth’s atmosphere is Fy; =
1365 x 1.034 = 1411 W m~?, and on June 22, the irradiance is F; = 1365 x
0.967 = 1321 W m~2. Thus, the irradiance varies by 90 W m~2 (6.6 percent)
between December and June.

In a model, the actual total solar irradiance reaching the top of Earth’s atmo-
sphere (F;) (W m™2) is related to the actual solar irradiance in each wavelength
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interval (F ;) (W m~2 um™'), the mean solar irradiance in each wavelength interval
(Fs) (Wm~™2 um™"), and the solar constant (F,) (W m~2) by

2 2
Fo=) (F,AN) = (g“> > (Foadr) = (g‘“> F, (9.98)

A es A es

where AX is a wavelength interval (um). Values for F;, are given in Appendix
Table B.2.

The solar constant F can be used to determine Earth’s equilibrium temperature
in the absence of the greenhouse effect. The total energy (W) absorbed by the
Earth—atmosphere system is about

Ein = Ei(1— Aco)(nR2) (9.99)

where R, is the Earth’s radius, 7 R? is the Earth’s cross-sectional area (effective
area that solar irradiance impinges upon), and A is the globally and wavelength-
averaged Earth-atmosphere albedo (~0.30). The outgoing energy from the Earth is

Eou = c,008T; (47RZ) (9.100)

where T, is the temperature of the Earth’s surface, and e, is Earth’s globally
and wavelength-averaged surface emissivity. The actual average emissivity is 0.96—
0.98, but if the Earth is considered a blackbody, .o = 1. Equating incoming and
outgoing energy gives

- 1/4
T. = [M] (9.101)

4ee 008

which is the equilibrium temperature of the Earth in the absence of a greenhouse
effect.

Example 9.12

For F, = 1365 W m™2, A,y = 0.3, and &, = 1, (9.101) predicts T, = 254.8 K.
The actual average surface temperature on the Earth is about 288 K, and the
difference is due primarily to absorption by greenhouse gases.

9.8.3 Solutions to the radiative transfer equation

Equations (9.74)—(9.79) can be combined to give the radiative transfer equation as

dl;\,u,q; - (001 +0 A)+Z Os,k,x fzﬂ /1 Lo Prirnwog dit’ dg’
ds, .\ T, a, - ar Jo @ s R o

-7 Os,k,
+ Foe 3 ( - Pokiru-tissr) + 0Bt (9.102)
k
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The fraction of total extinction due to scattering is the single-scattering albedo,

o 05, Os,g,1 + O5,a,0 + Os i (9 103)
S, = = .
O Os,gn T Oagar + 0sax + Oaan + Osha + Oahi

Substituting (9.103), 03 = 055 + 045 from (9.81) and dt;, = —o3 s dSp, from (9.65)
into (9.102) gives the radiative transfer equation as

dL_,. A A A
PG = D = T = T~ T (9.104)

where

i 1 Os ko 27 1 )
];l;ftﬁge = 4 Z ( :Tx /0 /;1 Lo Pk 0.0 du' d¢’ (9.105)

k
ir 1 T Ok,
Jiiis = g Foae” /;( o Ps.k,A,u,-Ms,¢,¢s) (9.106)
IS = (1 — we) Byt (9.107)

9.8.3.1 Analytical solutions

The radiative transfer equation must be solved numerically, except for idealized
cases. For example, an analytical solution can be derived when absorption is con-
sidered but scattering and emission are neglected. In this case, (9.104) simplifies
for the upward and downward directions to

dL e
d'L'a’)L

dr,
=Ly it = b (9.108)
Ta,k
respectively, where +u is used for upward radiation, —u is used for downward
radiation, and 7, is the optical depth due to absorption only. Integrating the
upward equation from a lower optical depth 7, ; }, to the optical depth of interest,
Ta, SlVES

I)»’M@(Ta,k) = I)»,M,qﬁ(Ta,k,b)e(ra'kira'k'b)/u (9109)

Integrating the downward equation from an upper optical depth 7, ; . to the optical
depth of interest, 7, ;, gives

Lipp(Tas) = L —pyg(Tas e (s a1 (9.110) ‘

Equations (9.109) and (9.110) describe Beer’s law, which states that the absorption
of radiation increases exponentially with the optical depth of the absorbing species.
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A second analytical solution can be derived when absorption and infrared emis-
sion are considered, but scattering is neglected. In this case, (9.104) simplifies for
the upward and downward directions as

dI)h/,”(p —/,Ldl)h’iu'q}

=1 — B =1I,_,6—B 9.111
1% dfa,k TR T dtm A=, T ( )

respectively, which are Schwartzchild’s equations. Integrating (9.111) gives upward
and downward radiances as

Lops(Tan) = Djug(Ta p)el ™ Tranbl/it

1 Taa ,
— f [BA,T(r;A)e(rﬂ‘kirﬂ'k)/ﬂ]dfé’;\ (9112)
M Ta,1,b ’
Ikv_u-(b(ta,A.) = I)»,—u.,qﬁ(Ta,k,t)e_(ra‘)‘_ra‘)‘ﬁ/u
1 Ta,x ,
T / [B 1y e~ T ]dey (9.113)
M Ta it * !

respectively. In each equation, the Planck function, which varies with temperature,
must be integrated between the two optical depths.

9.8.3.2 Numerical solutions

When particle scattering is included in the radiative transfer equation, analyti-
cal solutions become difficult to obtain and numerical solutions are needed. One
numerical solution is found with the two-stream method. With this method, radi-
ance is divided into an upward (1) and a downward (| ) component, each of which
is approximated with a forward and a backward scattering term in the diffuse
phase function integral of (9.105). One approximation to the integral is

1 2 1
E ; [1 L P,k .07 du'de
1 1-
( +2ga,k,k) It + ( fa,k,k) 1) upward
- | | ’ | (9.114)
+2ga,1<,x I+ _iga’k"\ I downward

where I is the downward radiance, I1 is the upward radiance, and (1 + g, £.,)/2
and (1 — ga.r..)/2 are integrated fractions of the forward- and backward-scattered
energy, respectively. Wavelength subscripts have been omitted on I+ and I . Equa-
tion (9.114) is the two-point quadrature approximation to the phase-function
integral (Liou 1974, 2002; Meador and Weaver 1980). Substituting (9.114) into
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Figure 9.31 Modeled vertical profiles from Claremont, California (11.30
on August 27, 1997) of the effective asymmetry parameter and the single-
scattering albedo at (a) 0.32 and (b) 0.61 um when aerosol particles were
and were not included in the simulations. The overall asymmetry param-
eter was zero when aerosol particles were absent. The peaks at 920 hPa
indicate elevated aerosol layers. From Jacobson (1998b).

(9.105) gives

! o (TN b dp’ d¢’
Ezk: o, 0 . o' Us kox, ¢ ¢" AL ¢

ws)»(l - bA)IT + wsAbAI*L
~ ’ ’ 9.115
{ws,k(l - bA)I\L + ws,AbAIT ( )
where ws ; is the single-scattering albedo from (9.103),
1—b, = 148 b, = 1-ga (9.116)

2 2

are effective integrated fractions of forward- and backward-scattered energy, and

Gas = 0s.a,18a,a,. T Os,c.18a,h,2 (9.117)
Gs,g,k + Os,a,n + O h,x

is an effective asymmetry parameter, which is the weighted sum of asymmetry
parameters for gases (ga 1), aerosol particles (g,..,), and hydrometeor particles
(ga.h.1)- Asymmetry parameters for gases are zero.

Figures 9.31 (a) and (b) show vertical profiles of effective asymmetry parameters
and single-scattering albedos over an urban airshed from two model simulations.
In one simulation, aerosol particles were assumed to be present, and in the other,
they were ignored. Clouds were not present in either case. The figures indicate that
effective asymmetry parameters increased from the free troposphere to the bound-
ary layer when aerosol particles were assumed to be present. Above the boundary
layer, the effective asymmetry parameters were small because Rayleigh scatter-
ing, which has a zero asymmetry parameter, dominated scattering extinction (see
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Fig. 9.23). Within the boundary layer, effective asymmetry parameters increased
because aerosol-scattering extinction dominated Rayleigh-scattering extinction.

The single-scattering albedo curve in Fig. 9.31(a) indicates that, above the
boundary layer, ultraviolet extinction was due almost entirely to gas scattering
when aerosol particles were ignored, and to gas and particle scattering when aerosol
particles were present. Within the boundary layer, aerosol absorption played a
larger role than it did above the boundary layer.

The phase function for the single scattering of solar radiation, used in (9.106),
can be estimated with the Eddington approximation of the solar phase function
(Eddington 1916)

P 3 (O5) ~ 14 3ga 510115 (9.118)

where p1 is the diffusivity factor, set to 1 = 1/+/3 when the quadrature approxi-
mation for diffuse radiation is used (Liou 1974).

With the parameters above, the spectral radiance from (9.104) can be written
for solar wavelengths (where the emission term is neglected) in terms of an upward
and a downward component as

N«ldﬁ =11 — oy(1 =b)It — wbl] —&(1 — 3gapips) Fee T/Hs (9.119)
dr 4

SIS b - eIt — (1 4 3ganp) Fee e (9.120)
dr 47

respectively (Liou 2002), where all wavelength subscripts have been omitted. The
term —pq is used for direct solar radiation on the right side of (9.119) because
solar radiation is downward relative to I1. The term +1 is used on the right side
of (9.120) for direct solar radiation since solar radiation is in the same direction
as I].

Equations (9.119) and (9.120) can be written in terms of spectral irradiance with
the conversions F4= 2w w11 and F{= 27 11|, and generalized for the two-point
quadrature or another two-stream approximation. The resulting equations are

dF

d—: =y Ft =y Fl — ysoFe ™/

dF

Cb — FLEmF + (1 o R (9.121)

(Meador and Weaver 1980; Toon et al. 1989b; Liou 2002), where the y’s, defined in
Table 9.9, are coefficients derived from the two-point quadrature and Eddington
approximations of the diffuse phase-function integral. The Eddington approxi-
mation of the diffuse phase function integral is discussed in Irvine (1968, 1975),
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9.8 The radiative transfer equation

Table 9.9 Coefficients for the two-stream method for two
approximations of the diffuse phase function

Approximation Y1 V2 V3
1 — Wy 1 a 2 s 1 — &a 1 - 3 a s
Quadrature s (1+8)/ s (1~ &) ST 28kt
251 2u1 2
7 —ws(4+3 1—ow(4-3 2-3
Eddington [ON (4 + ga) _ Wy (4 ga) 4gal'Ls

Sources: Liou (2002), Meador and Weaver (1980), Toon et al. (1989a).

Kawata and Irvine (1970), and Meador and Weaver (1980). Replacing the solar
term in (9.121) with an emission term gives an equation for infrared irradiance as

dF

d_: = Ft —yaF| —27(1 — w,)Br

dF

C = i FL b mFt 4 2n( - 0By (9.122)

Equations 9.119-9.122 may be solved in a model after the equations are dis-
cretized, a vertical grid is defined, and boundary conditions are defined. Figure 7.1
shows a model atmosphere in which layer bottoms and tops are defined by indices,
k &+ 0.5. For that grid, upward and downward irradiances at the bottom of a layer
k are F1py1/2 and Fpi1/2, respectively, where k = 0, . . ., Ni. The derivatives in
(9.119)—(9.122) can be discretized over this grid with a finite-difference expansion
of any order. A discretization requires boundary conditions at the ground and top
of the atmosphere. At the ground, boundary conditions for irradiance at a given
wavelength are

Ae s Fse—TNLH/z/Ms solar

e Br infrared (9-123)

Frni+12= AcFInp12 + {
where A is the albedo and ¢ is the emissivity. Equation (9.123) states that the
upward irradiance at the surface equals the reflected downward diffuse irradiance
plus the reflected direct solar or emitted infrared irradiance. At the top of the atmo-
sphere, the boundary condition is F| 1, = usFs for solar radiation and F|1,, =
F11,, for infrared radiation. The boundary conditions for radiance are similar.
Terms from the discretization of (9.119)—(9.122) can be placed in a matrix. If a
second-order central difference discretization is used, the matrix is tridiagonal and
can be solved noniteratively to obtain the upward and downward fluxes at the
boundary of each layer (e.g., Toon et al. 1989a).

When the atmosphere absorbs significantly, the two-stream and Eddington
approximations underestimate forward scattering because the expansion of the
phase function is too simple to obtain a strong peak in the scattering efficiency. As
a partial remedy, the effective asymmetry parameter, single-scattering albedo, and

331



Radiative energy transfer

optical depth can be adjusted with the delta functions

1-gHow
g = %a‘ga W, = (1_—3;1;; 7 =(1-wg)t (9.124)
respectively (Hansen 1969; Potter 1970; Joseph et al. 1976; Wiscombe 1977; Liou
2002), which replace terms in (9.104)-(9.107) and in Table 9.9.

More advanced methods of solving the radiative transfer equation are four-
stream and higher-stream techniques (e.g., Liou 1974, 2002; Cuzzi et al. 1982; Fu
and Liou 1993; Fu et al. 1997). A four-stream approximation is one in which radi-
ance is divided into two upward and two downward components instead of one
upward and one downward component, as was done for the two-stream approxi-
mation. In addition, the phase-function integral is expanded into four terms instead
of the two terms in (9.114), and each of the four radiances is solved using one of
the four phase-function terms. The final upward and downward radiances with
the four-stream approximation are weighted averages of the two upward and two
downward radiances, respectively.

9.8.4 Heating rates and photolysis coefficients

Spectral irradiances are used to estimate changes in air temperature due to radiative
heating and cooling. If only radiative effects are considered, the local time rate of
change of temperature of an atmospheric layer is found from the net flux divergence

equation,
oT 1 d dQ. 1 0F,
(_) - < Qsolar + er) — Yin (9125)
), Cpm dt dt CpmPa 02

where F, = fooo (Fly — F*;)dx is the net downward minus upward radiative flux
(W m~2), summed over all wavelengths, and Q1.; and Q;; are solar and infrared
radiative heating rates (J kg~!), respectively, from the thermodynamic energy equa-
tion of (3.75). At the ground, F, = F,, from (8.104). Positive values of F, cor-
respond to net downward radiation. The partial derivative of F, with respect to
altitude can be discretized over layer k with

0Fnk ~ Do F k12 —=Ftok-172) = (Flakt172 =FPakr1,2)]

(9.126)
9z h—1/2 — Bk+1/2

where k identifies the center of a layer, k — 1/2 identifies the top of a layer, and
k + 1/2 identifies the bottom of a layer. The resulting change in temperature in the
layer due to diabatic radiative heating is

1 O0F,
CpmPa 0%

AT, ~ b (9.127)

where b is the time step.
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9.8 The radiative transfer equation

Photolysis rate coefficients are found by solving (9.119) and (9.120) for the solar
spectral radiance. The spectral radiance is multiplied by 47 steradians to obtain
the spectral actinic flux, as defined in (9.12). The photolysis rate coefficient (s~!) of
a species g producing product set p at the bottom of layer k (denoted by subscript
k+1/2)is

o0
Topieys = f 4Ly korj2ba gt Yo por A2 (9.128)
0

where b, ¢ 4.1, previously defined, is the temperature- and wavelength-dependent
absorption cross section of gas g (cm* molec.™!), Y, ,; 7 is the temperature-
and wavelength-dependent quantum yield of g producing product set p (molec.
photon~!), and

3
A
I — (I _1 T L 9.129
pokt1/2 = (I ky1/2 Tx,kﬂ/z)( p— Hm> e ( )

(photons cm™2 s™! um~' sr™') is the spectral radiance at the bottom of layer k.
The units of 11, A, ¢, and b (Planck’s constant) for use in this equation are W m~2
um~! sr™!, um, m s7!, and J s, respectively. The quantum vyield is the fractional
number (<1) of molecules of a specific product formed per photon of radiation
absorbed at a given wavelength. A photolysis reaction may produce different sets
of products. Each set of products has its own set of wavelength-dependent quantum

yields, as discussed in Chapter 10.

Example 9.14

1 sr7! in the wavelength region, 0.495 um < A <

Tsr1,

Convert [, =12 Wm™2 pm~
0.505 pm, to photons cm™2 s~

SOLUTION

The solution to this problem is I,; = AAL;107'° 4 /hc, where the wavelength
interval is AA = 0.01 pm, and the mean wavelength is » = 0.5 um. Solving
gives I, = 3.02 x 10" photons cm™% s sr™1.

Gases, aerosol particles, and hydrometeor particles affect climate, weather, and
air quality through their effects on heating and photolysis. For example, some stud-
ies have found that cloud drops, which are highly scattering, increase the backscat-
tered fraction of incident solar radiation, increasing photolysis within and above
a cloud and decreasing it below the cloud (e.g., Madronich 1987; van Weele and
Duynkerke 1993; de Arellano et al. 1994). Other studies have found that aerosol
particle absorption decreases photolysis below the region of absorption, decreas-
ing ozone (e.g., Jacobson 1997b, 1998b; Castro et al. 2001). Conversely, aerosol
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particle scattering increases photolysis, potentially increasing ozone (e.g., Dicker-
son et al. 1997; Jacobson 1998b).

9.9 SUMMARY

In this chapter, radiation laws, radiation processes, optical properties, and the radia-
tive transfer equation were described. The laws include Planck’s law, Wien’s law,
and the Stefan-Boltzmann law. The radiation processes include reflection, refrac-
tion, scattering, absorption, diffraction, and transmission. Gases, aerosol parti-
cles, and hydrometeor particles attenuate radiation by absorbing and scattering.
All gases scatter ultraviolet and short visible wavelengths. Some gases selectively
absorb ultraviolet, visible, and infrared wavelengths. All aerosol particle compo-
nents scatter visible light, but only a few absorb such radiation. Hydrometeor
particles almost exclusively scatter visible light, except at large size. For example,
large raindrops absorb visible light. The radiative transfer equation determines the
change in radiance and irradiance along a beam due to scattering out of the beam,
absorption along the beam, multiple scattering of diffuse radiation into the beam,
single scattering of direct solar radiation into the beam, and emission of infrared
radiation into the beam. Changes in radiance and irradiance are used to calculate
photolysis and heating rates, respectively.

9.10 PROBLEMS

9.1 Calculate the radiance and irradiance from the Planck function at T =
273 Kand (a) A = 0.4 um, (b) A = 1.0 um, and (c) A = 15 um.
9.2 Calculate the equilibrium surface temperature of the Earth if its emissivity

and albedo were 70 and 25 percent, respectively. Does this represent an
increase or decrease with respect to the equilibrium temperature (when the
emissivity and albedo are 100 and 30 percent, respectively)?

9.3 Calculate the transmission of light through a 0.5-pm-diameter particle made
of ammonium sulfate at a wavelength of A = 0.5 pm (use the data from
Table 9.6).

9.4 Calculate the extinction coefficient, meteorological range, and optical depth

in a 1-km region of the atmosphere resulting from nitrogen dioxide absorp-
tion at a wavelength of A = 0.55 um when the volume mixing ratio of NO,
is x = 0.05 ppmv, T = 288 K, and pq = 980 hPa.

9.5 Calculate the real and imaginary refractive indices of a two-component mix-
ture using (a) the volume average mixing rule and (b) the volume average
dielectric constant mixing rule when the volume fraction of each component
is 0.5 and the index of refraction of the matrix component is m; = 1.34 —
i1.0 x 107° and that of the absorbing inclusion is m, = 1.82 — i0.74. Also,
calculate the real and complex parts of the dielectric constant for each of the
two components in the mixture.

9.6 Find the meteorological ranges at A = 0.53 pm under the following
conditions:
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9.7

9.8

9.11 Computer programming practice

(a) In a rain shower with 1-mm-diameter water drops and a mass loading
of 1 gm=3.

(b) In a fog with 10-pum-diameter water drops and a mass loading of 1 g m~2.

(c) In a haze with 0.5-pm-diameter particles, 40 percent ammonium sulfate
by volume, 60 percent liquid water by volume, and a total mass loading
of 50 pg m~3.

(d) Behind a diesel exhaust, with 50 ug m™3 of 0.5-um-diameter soot
particles.

In all cases, assume particles are spherical, neglect Rayleigh scattering,
and neglect gas absorption. In the case of soot and raindrops, assume
particle scattering and absorption occur. In the other cases, assume only
particle scattering occurs. In the case of haze, calculate the scattering
efficiency by weighting the volume fractions of each component by the
corresponding scattering efficiency. Use Figs. 9.20 and 9.21 to determine
the efficiencies. Assume the scattering efficiency of ammonium sulfate is
the same as that of water. Assume the mass densities of soot, ammonium

sulfate, and liquid water are 1.25, 1.77, and 1.0 g cm 3, respectively.

9.11 COMPUTER PROGRAMMING PRACTICE

Write a script to calculate radiance and irradiance from the Planck function
versus temperature and wavelength. Use the program to calculate values
between A = 0.01 pm and A = 100 mm for T'= 6000 K and T = 300 K. Plot
the results.

Divide the atmosphere from z = 0 to 10 km into 100 vertical layers. Assume
T = 288 K and pq = 1013 hPa at the surface, and assume the temperature
decreases 6.5 K km~'. Use (2.41) to estimate the air pressure in each layer.
Calculate the extinction coefficient and optical depth in each layer due to
Rayleigh scattering at A = 0.4 um. Estimate the cumulative optical depth at
the surface.
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Gas-phase species, chemical reactions,
and reaction rates

HE atmosphere contains numerous gases that undergo chemical reaction.

Because many chemical pathways are initiated by sunlight, atmospheric reac-
tions are collectively called photochemical reactions. Lightning, changes in temper-
ature, and molecular collisions, though, also initiate reactions. Photochemistry is
responsible for the transformation of gases in all regions of the atmosphere. It con-
verts nitrogen oxide and reactive organic gases, emitted during fuel combustion, to
ozone, peroxyacetyl nitrate (PAN), and other products. It produces and destroys
ozone in the free troposphere and stratosphere. Photochemistry also converts
dimethyl sulfide (DMS) to sulfuric acid over the oceans. In this chapter, chemical
species, structures, reactions, rate coefficients, rates, and lifetimes are discussed. In
Chapter 11, photochemical reactions important in different regions of the atmo-
sphere are described. In Chapter 12, numerical methods of solving chemical ordi-
nary differential equations arising from such reactions are given.

10.1 ATMOSPHERIC GASES AND THEIR
MOLECULAR STRUCTURES

Gases consist of neutral or charged single atoms or molecules. Elements that make
up most gases are hydrogen (H), carbon (C), nitrogen (N), oxygen (O), fluorine
(F), sulfur (S), chlorine (Cl), and bromine (Br). Particles contain sodium (Na),
magnesium (Mg), aluminum (Al), silicon (Si), potassium (K), calcium (Ca), and/or
the elements found in gases.

Gas molecules consist of atoms with covalent bonds between them. A covalent
bond is a bond consisting of one or more pairs of electrons shared between two
atoms. Gilbert Lewis (1875-1946) suggested that atoms could be held together by
shared electron pairs. Such sharing occurs in the outer shell (valence shell) of an
atom. Lewis proposed the use of electron-dot symbols (Lewis symbols) to describe
the configuration of electrons in the valence shell of an atom. Lewis symbols are
drawn by arranging electrons around an element as dots. A single dot represents an
unpaired electron and two dots adjacent to each other represent an electron pair.
Table 10.1 shows Lewis symbols for several elements in the periodic table.

Hydrogen (H), the first element of the periodic table, has one electron in its
valence shell, as shown by its Lewis symbol in Table 10.1. The electron in H is
unpaired. The number of unpaired electrons in the valence shell of an element
is the valence of the element. If a hydrogen atom covalently bonds with another
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Table 10.1 Elements in periods 1-4 and groups I-VIII of the periodic table and
their Lewis symbols.

Group I I 111 v \Y VI viI VIII

Period

1 1 1 2 0
H He:
1.008 4.003

2 3 1(4 2|5 3|6 4|7 3|8 2|9 1|10 0
Li- -Be- B- -C- ‘N- 0 F :Ne:
6.941 | 9.012 | 10.81 | 12.01 | 14.01 | 16.00 | 19.00 | 20.18

3 11 1|12 2 |13 3|14 4|15 3|16 2|17 1|18 O
Na- -Mg- LAl Sl P :$ :Cl- TAr
22.99 | 2430 |26.98 |28.09 |30.97 |32.07 |3545 |39.95

4 19 1120 2 |31 3|32 4|33 3(34 2|35 1|36 0
K- .Ca- Gar | Ge | cAs Se | B Kt
39.10 | 40.08 |69.72 | 72.61 | 74.92 | 78.96 | 79.90 | 83.80

Note: The top left number in each entry is the atomic number. The top right number is the
principal valence of the element. The dots are the Lewis symbols of the element. The bottom
number is the atomic weight of the element (g mol~!). The group number is also the number of
valence-shell electrons of each element, except for helium, which has two valence-shell electrons.

hydrogen atom, each atom contributes one electron to the valence shell of the
other, giving each atom two electrons (an electron pair) in its valence shell. The
resulting molecule in this case is H:H (H,, molecular hydrogen), where the two
dots indicate an electron pair. The maximum number of electrons in the valence
shell of a hydrogen atom is two, so a hydrogen atom can bond with a maximum of
one other hydrogen atom (or another atom). The maximum number of hydrogen
atoms that can bond with one atom of an element before the valence shell of the
element is full is called the principal valence of the element. The principal valence
of hydrogen is one (Table 10.1).

Helium (He), the second element of the periodic table, has two electrons in
its outer shell (Table 10.1), and they are paired together. Since helium’s electrons
are paired, helium has a valence of zero, and it cannot covalently bond with any
hydrogen atoms, so helium is chemically inert (unreactive), and its principal valence
1S zero.

Whereas hydrogen and helium, which are in period (row) 1 of the periodic table,
can have a maximum of two electrons in their outer shell, elements in periods 2,
3, and 4 can hold up to eight electrons in their outer shell. In these three periods,
elements in groups I, I, IT[, and IV (Table 10.1) have 1, 2, 3, or 4 unpaired electrons,
respectively, in their outer shell. Thus, the elements in groups I, II, III, and IV can
bond with 1, 2, 3, or 4 hydrogen atoms, respectively, resulting in 2, 4, 6, or 8
electrons, respectively, in their outer shells.
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Elements in groups V, VI, VII, and VIII (Table 10.1) have 1 paired and 3 unpaired
electrons, 2 paired and 2 unpaired electrons, 3 paired and 1 unpaired electrons,
and 4 paired and 0 unpaired electrons, respectively, in their outer shells. Thus, each
element can bond with 3, 2, 1, or 0 hydrogen atoms, respectively, resulting in eight
outer-shell electrons in all cases.

A valence shell with eight electrons is called an octet. This is the most stable form
of a valence shell. Atoms that have their valence shells filled with eight electrons
(Ne, Ar, Kr) are so stable, they are chemically inert. Atoms with unpaired electrons
in their valence shells try to share electrons with other atoms (through chemical
reaction) to become more stable, so they are chemically reactive.

When atoms form covalent bonds during production of a molecule, the config-
uration of the molecule can be illustrated with a Lewis structure, which consists
of a combination of Lewis symbols. Appendix Table B.3 shows the Lewis struc-
tures of many gases of atmospheric importance. The table is divided into inorganic
and organic gases. Inorganic gases are those that contain any element, including
hydrogen (H) or carbon (C), but not both H and C. Organic gases are those that
contain both H and C, but may also contain other elements. Organic gases that con-
tain only H and C are hydrocarbons. Hydrocarbons include alkanes, cycloalkanes,
alkenes, alkynes, aromatics, and terpenes. When methane, which is fairly unre-
active, is excluded from the list of hydrocarbons, the remaining hydrocarbons are
nonmethane hydrocarbons (NMHCs). Oxygenated functional groups, such as alde-
hydes, ketones, alcohols, acids, and nitrates, are added to hydrocarbons to produce
oxygenated hydrocarbons. Nonmethane hydrocarbons and oxygenated hydrocar-
bons, together, are reactive organic gases (ROGs) or volatile organic carbon (VOC).
Nonmethane hydrocarbons and carbonyls (aldehydes plus ketones), together, are
nonmethane organic carbon (NMOC). Total organic gas (TOG) is the sum of
ROGs and methane. Below, the Lewis structures and characteristics of a few inor-
ganic and organic gases are discussed.

10.1.1 Molecular hydrogen (H,)

Molecular hydrogen is emitted from volcanos, produced biologically, and produced
chemically in the atmosphere. It has a typical mixing ratio of about 0.6 ppmv in
the troposphere and consists of two hydrogen atoms with a single covalent bond
between them. Two Lewis structures for molecular hydrogen are

H:H H-H

The two dots and the line between atoms indicate a covalently bonding electron
pair.

10.1.2 Molecular oxygen (O3)

Molecular oxygen is produced by green-plant photosynthesis and has a mixing
ratio of 20.95 percent by volume throughout the homosphere. Its Lewis structures
are

:0:0: 0=0
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where the double bond indicates two shared electron pairs. In the second structure,
all unshared pairs of electrons are ignored for convenience.

10.1.3 Molecular nitrogen (N3)

Sources of molecular nitrogen were discussed in Chapter 2. Its mixing ratio is
typically 78.08 percent by volume throughout the homosphere. Molecular nitrogen
has the Lewis structures,

NN N=N

where the triple bond indicates three shared electron pairs.

10.1.4 Hydroxyl radical (OH)

Molecular hydrogen and molecular oxygen have no unpaired electrons. Molecules
that have one unpaired electron are free radicals. One free radical is the hydroxyl
radical, which has the Lewis structures,

:0:H  O-H

The single dot in the second structure indicates that the unpaired electron is asso-
ciated with the oxygen atom. The hydroxyl radical is produced chemically in the
atmosphere. It breaks down many other gases and is referred to as a scavenger.
OH is discussed in more detail in Chapter 11.

10.1.5 Nitric oxide (NO)

Nitric oxide is also a free radical. It is a colorless gas emitted from soils, plants,
and combustion processes and produced by lightning and chemical reaction. Com-
bustion sources include aircraft, automobiles, oil refineries, and biomass burning.
The primary sink of NO is chemical reaction. A typical mixing ratio of NO in
the background troposphere near sea level is 5 pptv. In the upper troposphere NO
mixing ratios increase to 20-60 pptv. In urban regions, NO mixing ratios reach 0.1
ppmv in the early morning but decrease significantly by midmorning. The Lewis
structures of NO can be drawn so that either N or O has seven electrons in its
valence shell. Thus,

N0« NO:t N=0 <« N=0O+

where each structure is a resonance structure. A resonance structure is one of two
or more Lewis structures used to represent a molecule that cannot be represented
correctly by one Lewis structure. Multiple Lewis structures arise because electrons
are not local to one atom. The charge distribution shown on the second Lewis
structure of each pair indicates that the molecule may be polar (charged oppositely
on either end). Since total charges balance, there is no net charge on the molecule
as a whole.
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10.1.6 Nitrogen dioxide (NO;)

Nitrogen dioxide is a brown gas because it absorbs the shortest wavelengths of
the Sun’s visible radiation. It absorbs almost all blue light and some green light,
allowing the remaining green light and all red light to scatter and transmit. The
combination of red and some green light is brown. The major source of atmospheric
NO; is photochemical oxidation of NO. NO; is also produced by other reaction
pathways and is emitted during combustion. NO; is more prevalent during mid-
morning than during midday or afternoon, since sunlight breaks NO, down past
midmorning. Mixing ratios of NO; just above sea level in the free troposphere
range from 20 to 50 pptv. In the upper troposphere, mixing ratios increase to 30—
70 pptv. In urban regions, they range from 0.1 to 0.25 ppmv. The resonance struc-
tures of NO, are

= o o+ o 4
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During nitrogen dioxide formation, a net negative charge is transferred to the
oxygen atoms from the nitrogen atom, resulting in the charge distribution shown.

10.1.7 Ozone (O3)

Ozone is a colorless gas that exhibits an odor, even in small concentrations. In
urban areas, ozone affects human health in the short term by causing headache
(>0.15 ppmv), chest pain (>0.25 ppmv), and sore throat and cough (>0.30 ppmv).
Ozone decreases lung function for those who exercise steadily for over an hour
while exposed to concentrations above 0.30 ppmv. Above 1 ppmv (high above
ambient concentrations), ozone can temporarily narrow passages deep in the lung,
increasing airway resistance and inhibiting breathing. Small decreases in lung func-
tion affect those with asthma, chronic bronchitis, and emphysema. Ozone may
also accelerate the aging of lung tissue. Above 0.1 ppmv, ozone affects animals
by increasing their susceptibility to bacterial infection. It also interferes with the
growth of plants and trees and deteriorates organic materials, such as rubber, textile
dyes and fibers, and some paints and coatings (USEPA 1978).

In the free troposphere, ozone mixing ratios range from 20 to 40 ppbv near sea
level and from 30 to 70 ppbv at higher altitudes. In urban areas, ozone mixing
ratios range from 0.01 ppmv at night to 0.35 ppmv during smoggy afternoons,
with typical values of 0.15 ppmv during moderately polluted afternoons. Ozone is
chemically reactive but not a free radical. The resonance structures of ozone are

08 «— .of + +
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10.1 Atmospheric gases and their molecular structures

10.1.8 Carbon monoxide (CO)

Carbon monoxide is a tasteless, colorless, and odorless gas that is toxic to humans
and animals exposed to it for one hour at mixing ratios above about 700 ppmv.
Exposure to 300 ppmv for one hour causes headaches. In urban regions away from
freeways, CO mixing ratios are typically 2-10 ppmv. On freeways and in traffic
tunnels, mixing ratios can rise to more than 100 ppmv. In the free troposphere, CO
mixing ratios vary from 50 to 150 ppbv. A major source of CO is incomplete com-
bustion by automobiles, trucks, and airplanes. Wood burning and grass burning
are also important sources. Natural sources of CO are plants and biological activity
in the oceans. Although CO is the most abundantly emitted pollutant gas in urban
air, it does not play a major role in photochemical smog formation. Photochemical
smog is characterized by the buildup of ozone and related products. CO does not
produce much ozone in urban air. The major sink of CO is chemical conversion to
carbon dioxide (CO;). CO can be represented by

“iciiort —Cc=0t

10.1.9 Carbon dioxide (CO;)

Carbon dioxide is an odorless and inert gas. Its major sources and sinks were
described in Chapter 2. It is well mixed throughout the troposphere and strato-
sphere, with a current mixing ratio of about 375 ppmv. The Lewis structures of
CO; are

:0Co 0=C=0

These structures indicate that CO, is a linear molecule but not a free radical. CO,
is very stable: its lifetime against chemical destruction is over 100 years.

10.1.10 Sulfur dioxide (SO,)

Sulfur dioxide is a colorless gas that exhibits an odor and taste at high concentra-
tions. It is emitted from coal-fired power plants, automobile tailpipes, and volcanos.
It is also produced chemically in the atmosphere from biologically emitted precur-
sors, such as dimethylsulfide (DMS) and hydrogen sulfide (H,S). In the background
troposphere, SO, mixing ratios range from 20 pptv to 1 ppbv. In moderately pol-
luted air, they range from 10 to 30 ppbv. SO, is removed from the atmosphere by
gas-phase reaction, dissolution into clouds and rain, and deposition to the ground.
Common Lewis structures of SO, are

070 N
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10.1.11 Methane (CHy4)

Sources and sinks of methane were discussed in Chapter 2. It is the most unreac-
tive hydrocarbon in the atmosphere. Because methane has a long lifetime against
chemical loss (about 10 years), it is well diluted throughout the free troposphere,
with a mixing ratio of about 1.8 ppmv. The Lewis structures of methane are

i
H:GcH O ¢TH
H H

10.1.12 Peroxyacetyl nitrate (PAN) (CH3C(O)OONO;)

PAN is an eye irritant, initially discovered in the laboratory as a product of smog-
forming chemical reactions. Its peak mixing ratio of about 10-20 ppbv in polluted
air occurs at the same time during the afternoon as does ozone’s peak mixing ratio.
PAN mixing ratio in the free troposphere ranges from 2 to 100 pptv. PAN can be
represented by

o R C//O o
H:C:C. - 0 K o o
H -0’ H @)

10.2 CHEMICAL REACTIONS AND PHOTOPROCESSES

A single chemical reaction with no intermediate products is an elementary reac-
tion. Elementary homogeneous gas-phase chemical reactions in the atmosphere are
conveniently divided into photolysis reactions (also called photoprocesses, pho-
todissociation reactions, or photolytic reactions) and chemical kinetic reactions.
Photolysis reactions are unimolecular (one-body) reactions initiated when a pho-
ton of radiation strikes a molecule and breaks it into two or more products. Ele-
mentary chemical kinetic reactions are bimolecular (two-body) or termolecular
(three-body). Reactants and products of photolysis and kinetic reactions are neu-
tral or charged atoms or molecules.
Photolysis reactions are unimolecular. An example of a photolysis reaction is

NO; + hy —s NO + O- A < 420nm (10.1)

where hv is a single photon of radiation, O [= O(3P)] is ground-state atomic oxy-
gen, and paired electrons and bonds between atoms are not shown (only unpaired
electrons are shown).

FElementary bimolecular reactions include thermal decomposition, isomeriza-
tion, and standard collision reactions. Thermal decomposition and isomerization
reactions occur when a reactant molecule collides with an air molecule. The kinetic
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10.2 Chemical reactions and photoprocesses

energy of the collision elevates the reactant to a high enough vibrational energy
state that it can decompose or isomerize. Thermal decomposition occurs when the
excited reactant dissociates into two or more products. Isomerization occurs when
the excited reactant changes chemical structure but not composition or molecular
weight.

An example of a bimolecular thermal decomposition reaction is

N,Os5 + M —> NO, + NO; + M (10.2)

where N,Oj5 is dinitrogen pentoxide, NOj is the nitrate radical, and M is the
molecule that provides the collisional energy. In the atmosphere, M can be any
molecule. Because oxygen and nitrogen, together, make up more than 99 percent
of the gas molecules in the atmosphere, the molecule that M represents is usually
oxygen or nitrogen. For rate calculation purposes, the concentration of M is usually
set equal to the concentration of total air (Equation 10.20).

Since M in (10.2) does not change concentration, the reaction can be written in
nonelementary form as

N,Os -4 NO, + NO; (10.3)

Thermal decomposition reactions are temperature dependent. At high tempera-
tures, they proceed faster than at low temperatures. Isomerization reactions are
similar to (10.2) and (10.3), except that an isomerization reaction has one prod-
uct, which is another form of the reactant.

Elementary bimolecular collision reactions are the most common types of kinetic
reaction and may occur between any two chemically active reactants that collide.
A prototypical collision reaction is

CH, + OH — CH; + H,0 (10.4)

where CH3 is the methyl radical, and H, O is water vapor. In some cases, bimolec-
ular reactions result in collision complexes that ultimately break into products.
Such reactions have the form A + B<=AB* — D + F, where AB* is a molecule that
has weak bonds and stays intact slightly longer than the characteristic time of
the molecule’s vibrations and rotations. Other reactions that may form collision
complexes are pressure-dependent termolecular reactions.

Termolecular reactions often consist of pairs of elementary bimolecular reac-
tions. Consider the termolecular combination reaction

NO; +NO; + M — N,Os5 + M (10.5)

The sequence of elementary bimolecular reactions resulting in (10.5) is A+ B=
AB* followed by AB* + M — AB + M, where M is a third body whose purpose
is to carry away energy released during the second reaction. In the absence of M,
the energy release causes AB* to dissociate back to A and B. The purpose of M in
(10.5) differs from that in (10.2), which was to provide collisional energy for the
reaction. In both cases, the concentration of M is taken as that of total air for rate
calculation purposes. Reactions (10.2) and (10.5) are pressure-dependent reactions
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because the concentration of M is proportional to air pressure. Since M in (10.5)
does not change concentration, (10.5) can also be written as

NO, +NO; % N, 05 (10.6)

Elementary termolecular collision reactions are rare, since the probability that
three trace gases collide and change form is not large. One possible reaction of this

type is
NO +NO + 0, —s NO, +NO, (10.7)

10.3 REACTION RATES

A reaction rate is the time rate of change of concentration of any reactant in
a reaction. The rate of an elementary photolysis, collision, isomerization, ther-
mal decomposition, or combination reaction equals a rate coefficient multiplied
by the concentration of each reactant. A rate coefficient relates concentrations
to a reaction rate. Elementary unimolecular reactions have first-order rate coeffi-
cients, meaning that such coefficients are multiplied by one reactant concentration.
Elementary bimolecular and termolecular reactions have second- and third-order
rate coefficients, respectively. If reactant concentrations are expressed in units of
molecules of gas per cubic centimeter of air, the rate of reaction is in units of molec.
cm~3 s, regardless of whether the reaction has a first-, second-, or third-order
rate coefficient. Rate expressions for reactions with first-, second-, and third-order
rate coefficients are

Rate = kp[A] Rate = ks[A][B] Rate = kr[A][B][C] (10.8)

respectively, where brackets denote number concentration, and kg, ks, and kr are

first-, second-, and third-order rate coefficients, in units of s~!, cm? molec.”! s,

and cm® molec.™ s7!, respectively. For a photolysis reaction, the rate expression is

Rate = J[A] (10.9)

where ] is a first-order photolysis rate coefficient of species A (s™!).

If the concentration of one reactant, such as [M], is invariant during a reaction,
the concentration can be premultiplied by the rate coefficient. In such cases, second-
order rate coefficients become pseudo-first-order coefficients and third-order coef-
ficients become pseudo-second-order coefficients.

The time rate of change of concentration of a reactant equals the negative of its
rate of reaction. For a photolysis reaction of the form A + hv — D + G, the loss
rate of A is

d[A]

—g; = “Rate=—J[A] (10.10)

344



10.3 Reaction rates

. .. . M
For a bimolecular thermal decomposition reaction of the form, A— D + E, the
loss rate of A is

% = —Rate = —kp[A] (10.11)

where kg = ks|[M] is a pseudo-first-order rate coefficient. For a bimolecular collision
reaction of the form A + B — D + F or a termolecular combination reaction of the
form A + B % E, the loss rates of A and B are

d[A] _ d[B]

—— = —— = —Rate = —ks[A][B 10.12

i i ate ks[A][B] (10.12)

where ks is a second-order rate coefficient for the first reaction, and ks = kr[M] is
a pseudo-second-order rate coefficient for the second reaction. For a bimolecular
collision reaction of the form A + A — E + F, the loss rate of A is

% = —2Rate = —2ks[A]? (10.13)

where ks is a second-order rate coefficient. For a termolecular reaction, such as
A+ B+ C — E+F, the loss rate of A, B, and C is

dA] d[B] dIC]

dt dt dz

For a termolecular reaction such as 2A +B — E +F,

% = 2% = —2Rate = —2kr[A]*[B] (10.15)

— —Rate = —kr[A][B][C] (10.14)

In general, reactions of the form aA 4+ bB — ¢E + fF have the rate expression

Rate = k[A]*[B] (10.16)

where k, denotes a rate coefficient of order a + b. The rates of loss of species A and
B are

d[A] d[B]

—; = —aRate = —ak [AT*[B]® 5 = —bRate = —bk[A]*[B]° (10.17)
respectively, and the rates of production of E and F are
% = eRate = ek, [A]*[B]" % = fRate = fk,[A]*[B] (10.18)

respectively. When M is treated as a reactant and product, such as in the reaction,

A+ B+ M — E + M, the rate of change of M is zero. Thus,
dM]

o = krlAIBIM] — kr[A][BI[M] = 0 (10.19)

The rate of production of E and the rates of loss of A and B are nonzero in the
same reaction.
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The concentration (molecules per cubic centimeter of air) of M is that of total
air,

[M] = N, = (10.20)

where p, is total air pressure (hPa), kg is Boltzmann’s constant (1.380658 x 10~1°
cm?® hPa K~! molec.™!), and T is absolute temperature (K). Total air concentration
and total air pressure are the sums of the concentrations and partial pressures,
respectively, of dry air and water vapor. Thus, N; = Nj + N, and p, = pq + py.

The concentration (molec. cm™3) of molecular nitrogen and molecular oxygen
in the air, often needed to calculate reaction rates, are

[N2] =, Na [O2] = x0, Ny (10.21)

where xn, = 0.7808 and xo, = 0.2095 are the volume mixing ratios of molecular
nitrogen and oxygen, respectively, from Table 2.1.

Example 10.1

Find the number concentrations of M (as total air), N,, Oy, when T = 278K
and p, = 920 hPa and the air is dry.

SOLUTION

From (10.20), the concentration of total air is [M] = 2.40 x 10'® molec. cm 3.

From (10.21), [N,] = 1.87 x 10 molec. cm™ and [O,] = 5.02 x 10 molec.
—3
cm 3.

10.4 REACTION RATE COEFFICIENTS
10.4.1 Determining rate coefficients

Rate coefficients of kinetic reactions, which vary with temperature and pressure,
are determined experimentally. A common method of determining coefficients for
elementary bimolecular reactions at a given temperature and pressure is with kinetic
analysis. With this method, a small amount of one substance is exposed to a large
amount of another substance, and the rate of decay of the less abundant substance is
measured. Consider the bimolecular reaction A + B — D + F. If a small quantity
of A is exposed to a large quantity of B, the maximum loss of B is [A]. Since
[A] « [B], [B] can be held constant, and the rate of loss of A is approximately

d[A],
dt

= —ke[A]; = —ks[A]:[B]o (10.22)

where the subscript ¢ indicates that the concentration changes with time, the sub-
script 0 indicates that the concentration is fixed to its initial value, and kr = ks[B]o
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10.4 Reaction rate coefficients

is a pseudo-first-order rate coefficient. Integrating (10.22) from time ¢t = 0 to » and
from [A], to [A], and solving gives

1 1 [A] t=h

be — —
*T Bk (A

(10.23)

If the concentration of A at any time ¢ = b is measured, the rate coefficient of
the reaction can be calculated from (10.23). For elementary uni- and termolecu-
lar reactions, similar calculations can be performed. For example, for unimolec-
ular reactions of the form A — D + E and termolecular reactions of the form
A+ B+ C — E +F, rate coefficients can be calculated with
[A]t:h 1 1 [A]t:h

1
ke =1 -
F=r AL M TR L

(10.24)

respectively. In the latter case, [A], < [B], and [A], < [C],. More advanced meth-
ods of calculating reaction rate coefficients include fast flow systems, flash photoly-
sis, static reaction systems, pulse radiolysis, the cavity ringdown method, and static
techniques (e.g., Finlayson-Pitts and Pitts 2000).

10.4.2 Temperature dependence of reactions

First-, second-, and third-order reaction rate coefficients vary with temperature. In
many cases, the temperature dependence is estimated with the equation proposed
by Svante Arrhenius in 1889. Arrhenius is also known as the person who first
proposed the theory of global warming, in 1896. The Arrhenius equation is found
by integrating

dink)  E
dT — R*T?

(10.25)

where k; is the rate coefficient, E, is the activation energy of the reaction (] mol~'),
T is temperature (K), and R* is the universal gas constant.

The activation energy is the smallest amount of energy required for reacting
species to form an activated complex or transition state before forming products.
Activation energies are determined by first integrating (10.25) as

Ink, =1In A, — % (10.26)
where A, is a constant of integration, called the collisional prefactor (frequency
factor). The collisional prefactor is proportional to the frequency of those colli-
sions with proper orientation for producing a reaction. It equals a collision fre-
quency multiplied by a steric (efficiency) factor. The collision frequency depends
on the relative size, charge, kinetic energies, and molecular weights of the reactant
molecules. The steric factor gives the fraction of collisions that result in an effective
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Figure 10.1 Plot of In k, versus 1/T
(thick line). The slope of the line is
E./R*. The line can be extrapolated to
1/T — 0 (T — o0) to obtain In A,.

reaction. For first- and second-order reactions, collisional prefactors and rate coef-
ficients have units of s~! and cm?® molec.™ s™!, respectively.

The activation energy and collisional prefactor in (10.26) are found experimen-
tally. If the rate coefficient (k.) is measured at different temperatures, a graph of In
k. versus 1/ T can be plotted. E, and A, are then extracted from the plot, as shown
in Fig. 10.1.

Solving (10.26) for k. gives

k= A exp(—%) = A exp(%) (10.27)
where exp(— E;/R*T) is the fraction of reactant molecules having the critical energy,
E., required for the reaction to occur, and C; = —E,/R*.

The collisional prefactor is usually a weak function of temperature, but when
the activation energy is near zero, it is a strong function of temperature. In such
cases, a temperature factor B, is added to (10.27), so that

B,
k. = Ar<%£> exp(g) (10.28)

T T

B, is found by fitting the expression in (10.28) to data. Many combination reactions

have the form of (10.28). Rate coefficients for such reactions are given in Appendix
Table B.4.

Example 10.2

At T = 298 K, the rate coefficients (cm® molec.”? s~! and cm® molec.”2 s71)
for a bi- and a termolecular reaction are, respectively,

NO + 03 —> NO, + O, ki = 1.80 x 10~ 2 exp(—1370/ T)
=1.81x 10"
0.+0,+M— 0;+M  k = 6.00 x 10~34(300/ T)?3
= 6.09 x 1073
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10.4.3 Pressure dependence of reactions

Thermal decomposition and combination reactions, both of which include an M,
are pressure dependent because [M] varies with pressure. Such reactions have the
forms

AMDYE A+BLE (10.29)

respectively. Overall rate coefficients for these reactions may be interpolated
between a low- and a high-pressure limit rate coefficient. In some reactions, such
as O + Oy + M —> O3 + M, the rate coefficient is not interpolated.

The interpolation formula for the overall rate coefficient of a pressure-dependent
reaction is

B kochOT[M] [H(logw %)2}71
k. = ch (10.30)

(Troe 1979) where F. is called the broadening factor of the falloff curve and
is determined theoretically, ky 7 is the low-pressure limit rate coefficient, and
kso.T is the high-pressure limit rate coefficient. For the reactions in (10.29),
k. has units of s~' and cm® molec.™! s~!, respectively. Values of ko1, koo,
and F. are given in Table B.4 of Appendix B for applicable pressure-dependent
reactions.

The low-pressure limit rate coefficient ko 7, multiplied by [M], is a laboratory-
determined coefficient of the overall reaction as [M] approaches zero. Thus,

ko 7[M] = U\ldllrgoler (10.31)

where [M] has units of molec. cm™3, and kg 7 has units of cm® molec.™ s~ or cm®

molec.”% s!, respectively, for the reactions in (10.29).
The high-pressure limit rate coefficient k7 is the rate of the overall reaction at
infinite M concentration. Thus,

keo,t = lim k; (10.32)

[M]— o0

Since the high-pressure limit rate coefficients are independent of [M], the reactions
corresponding to (10.29) at high pressure are

A—-D+E A+B—E (10.33)

respectively. The high-pressure limit rate coefficients have units of s™' and cm?
molecule™ s~! for these two reactions, respectively.
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Figure 10.2 Rate coefficient of PAN decomposition (a) as a function of pres-
sure for two temperatures and (b) as a function of temperature for one
pressure.

Example 10.3

When p, = 140 hPa, T = 216 K (stratosphere), and the air is dry, find the rate
coefficient of

OH + NO, % HNO, (10.34)

SOLUTION

From (10.20), [M] = 4.69 x 10'® molec. cm~3. From Appendix Table B.4, ky r =
2.60 x 1073°(300/ T)*° cm® molec.”? s, ky. 7 = 6.70 x 10711(300/ T)*® cm?®
molec.”! s7!, and F, = 0.43. Thus, at 216 K, ko 7[M] = 3.16 x 107!, k.1 =
8.16 x 107" and k. = 1.11 x 10~ cm?® molec.”" s~

Figures 10.2 (a) and (b) show the pressure and temperature dependences of the
rate of PAN decomposition by the reaction

H H
H—C c//O * N//O M c//o '
J— J— —_— —_ J— +
TR o o g0 NO, (10.34)
H O H
Peroxyacetyl nitrate Peroxyacetyl
radical

The graphs indicate that the pseudo-first-order rate coefficient for PAN decompo-
sition varies by an order of magnitude when pressure ranges from 1 to 1000 hPa.
The rate coefficient varies by 15 orders of magnitude when temperatures range
from 180 to 330 K. Temperature affects PAN thermal decomposition much more
than does pressure.
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10.5 Sets of reactions

10.4.4 Photolysis reactions

Photolysis reactions initiate many atmospheric chemical pathways. From (9.128),
the photolysis coefficient (s~!) of gas g producing product set p was

oo
]q’p = / 47[ Ip,kba,g,q,A,TYq,p,)»,T d)\. (10.35)
0

where 47 1, is the actinic flux (photons cm = pm~! s7!) in the wavelength interval
dA (um), by g 42,7 is the average absorption cross section of the gas in the interval
(cm? molec.™1), and Y, 5 1 is the average quantum yield of the photoprocess in the
interval (molec. photon™'). Experimental absorption cross section and quantum
yield data vary with wavelength and temperature. References for such data are
given in Appendix Table B.4.

Photolysis of a molecule may produce one or more sets of products. Photolysis
of the nitrate radical, for example, produces two possible sets of products,

NOz—i—(.)- 410nm < A < 670 nm

. (10.36)
NO+0O; 590nmm < A < 630nm

N(.)3—|—/’JU—){

The probability of each set of products is embodied in the quantum yield, defined
in Chapter 9. Whereas the absorption cross section of a gas is the same for each set
of products, the quantum vyield of a gas differs for each set. Figures 10.3 (a) and
(b) show modeled photolysis-coefficient profiles for several photoprocesses under
specified conditions.

10.5 SETS OF REACTIONS

Atmospheric chemical problems require the determination of gas concentrations
when many reactions occur at the same time. A difficulty arises because a species
is usually produced and/or destroyed by several reactions. Consider the following
four reactions and corresponding rate expressions:

NO + O3 — NO, + 0,  Rate; = & [NOJ[O3] (10.37)
O0-+0,+M — O34+M  Rate, = k[O][0:][M] (10.38)
NO, +hv — NO+O-  Rate; = J[NO,] (10.39)
NO, +0 — NO+0,  Rates = k5[NO,][O] (10.40)

Time derivatives of NO, NO,, O, and O3 concentrations from the reactions are

d[NO]

T P. — L. = Rate; + Rates — Rate;

= JINO2z] + k3[NO2 J[O] — & [NO][Os] (10.41)
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Figure 10.3 Modeled photolysis coefficient profiles at 11:30 a.m. on August
27, 1987, at Temecula, California (33.49° N, 117.22° W). Cross-section and
quantum-yield data are referenced in Appendix Table B.4. The photoprocesses are

as follows:
03+hv—> 0,+0 AHCHO + hv — 2H + CO
b5 + hv — 0, + O(' D) "HCHO + hv — H, + CO
ANO; + hy — NO, + O *HO,NO, + hv — HO, + NO,
bN03 +hv - NO+ O, bHOzNOz + hv — OH + NO;
NO; +hv - NO+ O HONO + hv — OH + NO
CH;3;COCH; + hv — CH3 + COCHj; H,O, + hv — 20H

HNO; + hv — OH + NO, CH;00H + hv — CH;0 + OH
The rate coefficient for HNOj3 decreases with increasing height near 400 hPa
because the absorption cross section of HNOj; decreases with decreasing temper-
ature, and this factor becomes important at 400 hPa. The superscripts “a” and
“b” identify different sets of products for the same photodissociating molecule.

% = P. — L. = Rate; — Rate; — Ratey
= ki [NOJ[O3] = J[NO3] — ki3[NO, ] [O] (10.42)
% = Pc - Lc = Rate3 — Rate, — Ratey
= J[NO3] — k[O][02][M] — k3[NO,][O] (10.43)
d[iﬁ — P. — L. = Rate; — Rate; = k[O][02][M] — & [NOJ[O5] (10.44)

respectively. These equations are first-order, first-degree, homogeneous ordinary
differential equations (ODEs), as defined in section 6.1. In (10.38) and (10.40),
O, is not affected significantly by the reactions, and no expression for the rate of
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10.6 Stiff systems

change of O, is needed. Also, M is neither created nor destroyed, so no expression
for the rate of change of M is needed either. The O, and M concentrations are still
included in the rate expression of (10.38). In (10.41)—(10.44), P. and L. are the
total rates of chemical production and loss, respectively. In the case of NO,

P. = J[NO;| + &[NO2J[O]  Lc = ki[NOJ[Os] (10.45)

Thousands of reactions occur in the atmosphere simultaneously. Because com-
puter resources are limited, an atmospheric model’s chemical mechanism needs to

be limited to the most important reactions. Whether a reaction is important can be
determined from an analysis of its rate. The rate of a reaction depends on the rate
coefficient and reactant concentrations. Rate coefficients vary with temperature,
pressure, and/or solar radiation. Reactant concentrations vary with time of day,
season, and location. A low rate coefficient and low reactant concentrations ren-
der a reaction unimportant. If the rate coefficient and reactant concentrations are
expected to be consistently small for a reaction during a simulation, the reaction
can be ignored.

10.6 STIFF SYSTEMS

Gas and aqueous chemical reaction sets are stiff. Stiff systems of reactions are more
difficult to solve numerically than nonstiff systems. A stiff system of reactions is
one in which the lifetimes (or time scales) of species taking part in the reactions
differ significantly from one another. Species lifetimes are expressed as e-folding or
half-lifetimes. An e-folding lifetime is the time required for a species concentration
to decrease to 1/e its original value. A half-lifetime is the time required for a species
concentration to decrease to 1/2 its original value.

The overall chemical lifetime of a species is determined by calculating the lifetime
of the species against loss from individual reactions and applying

1
W= 1 1 (10.46)
TA1 TA2 TAn
where 7, is the overall chemical lifetime of species A, and 741, ..., Ta, are the
lifetimes of A due to loss from reactions 1, . . . , i, respectively. Equation (10.46)

applies to e-folding or half-lifetime calculations.

The e-folding lifetime of species A due to a unimolecular reaction of the form
A — products is calculated from d[A]/d¢ = —kg[A]. Integrating this equation from
concentration [A]y at ¢ = 0 to [A] at t = b gives [A] = [A], e *". The e-folding
lifetime is the time at which

% = % =e kb (10.47)

This occurs when

ta=h=— (10.48)

353
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In the case of a bi- or termolecular reaction, the e-folding lifetime is calculated
by assuming that each concentration, except for that of the species of interest,
equals the initial concentration of the species. Thus, the integration is reduced
to that of a unimolecular reaction. For instance, the rate of loss of A from the
bimolecular reaction A + B — products can be described by the linearized ODE,
d[A]/dt = —ks[A][B]o, where ks is a second-order rate coefficient of the reaction,
and [B]y is the initial concentration of species B. This equation gives A an e-folding
lifetime of

1
= 10.49
T = T ( )
Similarly, the loss rate of A from the termolecular reaction A + B + C — products
can be described by a linearized ODE that results in an e-folding lifetime for
A of
1

kr[Blo[Clo

where kt is the rate coefficient of the reaction, and [C]y is the initial concentration
of C.

The half-lifetime of a unimolecular reaction is determined in a manner similar
to its e-folding lifetime. The half-lifetime is the time at which

TA3 = (10.50)

A 1
% = 5=t (10.51)
0
This occurs when
0.693
T(12)a1 = h = ke (10.52)

Analogous equations for bi- and termolecular reactions are, respectively,
0.693 0.693

T(12)a2 = ks [Blo T(1/2)A3 = B BLIClo (10.53)

Example 10.4

The e-folding lifetimes of atmospheric gases vary significantly. The main loss
of methane is to the reaction CH,; + OH — CH; + H,0O, where k = 6.2 x
10~"° cm?® molec.™! s at 298 K. When [OH] = 5.0 x 10° molec. cm™2, 1¢y, =
1/(k [OH]) = 10.2 years.

For O('D)+N; — O+ Ny, k = 2.6 x 10" cm® molec.”" s~ at 298 K.
When [N,] = 1.9 x 10" molec. cm™?, the e-folding lifetime of O(* D) is 71 p) =
1/(k [N2]) =2 x 1079 s.

Example 10.4 shows that the ratio of lifetimes between CH4 and O(! D) is about
17 orders of magnitude. A system of equations that includes species with a wide
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range of lifetimes is said to be stiff. Stiffness depends on reaction rates and species
concentrations. At low concentrations, some species lose their stiffness. For almost
all atmospheric cases, the range in species lifetimes is large enough for chemical
equations to be stiff.

10.7 SUMMARY

In this chapter, chemical species, structures, reactions, reaction rate coefficients,
and reaction rates were discussed. Elementary reactions are unimolecular, bimolec-
ular, or termolecular and give rise to first-order, second-order, and third-order
rate coefficients, respectively. Photolysis reactions are unimolecular and give rise
to first-order rate coefficients. Bimolecular reactions include thermal decomposi-
tion, isomerization, and basic collision reactions. Termolecular reactions include
combination and collision reactions. A combination reaction consists of a pair of
elementary bimolecular reactions. In the atmosphere, reactions occur simultane-
ously, and the lifetimes of species against chemical loss vary by orders of magni-
tude. Thus, ordinary differential equations describing atmospheric chemistry are

stiff.

10.8 PROBLEMS

10.1  When T'=265Kand pg = 223 hPa, calculate the second-order rate coefficient
for

H+0, 2% HO,

10.2 When T=298 K and pq = 1013 hPa, calculate the first-order rate coefficient
for

N,O5; 2% NO, + NO;

Repeat for T'= 288 K. Discuss temperature effects on the reaction rate coef-
ficient.

10.3 Estimate the e-folding lifetimes of CO, NO, O3, SO,, HNOj, ISOP (iso-
prene), and HO, against loss by OH if [OH] = 1.0 x 10° molec. cm™3, T
= 288 K, and pg = 1010 hPa. The rate coefficients are listed in Appendix
Table B.4. Order the species from shortest to longest lifetimes. Which
species will most likely reach the stratosphere if only OH reaction is
considered?

10.4  Write rate expressions for the reactions

C1+0; — CIO+0, and ClO+0.— Cl+0,

Write the time derivative of each species in the reactions, assuming the
reactions are solved together. What is the expression for the steady-state
concentration of ClO?
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10.5

10.6

10.7

Gas-phase species, chemical reactions, and reaction rates

Given the following observed rate coefficients as a function of temperature,
find the activation energy and collisional prefactor of the associated bimolec-
ular reaction. Show your work. In the table, 1.303 (—14) means 1.303 x 10714,

T (K) 278 288 298 308 318

k: (cm® molec.”? s71) 1.303 (—14) 1.547 (—14) 1.814 (—14) 2.106 (—14) 2.422 (—14)

10.9 COMPUTER PROGRAMMING PRACTICE

Write a computer script to calculate the first-order rate coefficient for
N,05 = NO, + NO;

as a function of temperature and pressure. Draw graphs of the rate coefficient
versus temperature when pg = 1013 hPa and pg = 800 hPa, respectively, and
versus pressure when T'= 298 K and T = 275 K, respectively. Discuss the
results.

Write a computer script to read in reactions and rate-coefficient data from
a computer file. Use the script to calculate the rate coefficients for the
first 15 reactions in Appendix Table B.4 when T = 288 K and pg =
980 hPa. Calculate reaction rates when [O3] = 2.45 x 10'2, [O] = 1.0 x 103,
[O('D)] =1.0 x 107°, [H] = 1.0 x 10°, [OH] = 1.0 x 10°, [H;] = 1.5 x 10"?,
[HO,] = 1.0 x 108, [N,O] = 7.6 x 10'%, and [H,0] = 2.0 x 10'” molec. cm~2.
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11

Urban, free-tropospheric, and stratospheric
chemistry

IFFERENT regions of the atmosphere are affected by different sets of chemical
D reactions. The free troposphere is affected primarily by reactions among inor-
ganic, light organic, and some heavy organic gases. Urban regions are affected by
inorganic, light organic, and heavy organic gases. The stratosphere is affected pri-
marily by inorganic, light organic, and chlorinated/brominated gases. The impor-
tance of a reaction also varies between day and night and among seasons. In this
chapter, chemical reaction pathways are described for the free troposphere, urban
regions, and the stratosphere. Special attention is given to the marine sulfur cycle,
ozone production in urban air, and ozone destruction cycles in the global and

polar stratosphere. Heterogeneous reactions of gases on particle surfaces are also
described.

11.1 FREE-TROPOSPHERIC PHOTOCHEMISTRY

Photochemistry in the troposphere outside of urban regions is governed primar-
ily by reactions among inorganic and low-molecular-weight organic gases. High-
molecular-weight organic gases emitted anthropogenically, such as toluene and
xylene, break down chemically over hours to a few days, so they rarely penetrate
far from urban regions. Air over the tropics and other vegetated regions, such as the
southeastern United States, is affected by reaction products of isoprene, a hemiter-
pene, and other terpenes emitted from biogenic sources. Reaction pathways for
these gases are discussed in Section 11.2. In the following subsections, inorganic
and low-molecular-weight organic reaction pathways for the free troposphere are

described.

11.1.1 Photostationary-state relationship

In many regions of the troposphere, the ozone (O3) mixing ratio is controlled by a
set of three tightly coupled chemical reactions involving itself, nitric oxide (NO),
and nitrogen dioxide (NO;). These reactions are

NO + 03 — NO, + 0, (11.1)
NO, + hy —s NO + O- A < 420 nm (11.2)
O-+0,+M — O3+ M (11.3)
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In the free troposphere, the mixing ratios of O3 (20-60 ppbv) are much higher
than are those of NO (1-60 pptv) or NO, (5-70 pptv) (e.g., Singh et al.
1996), so (11.1) does not deplete ozone during day or night. At night in urban
regions, NO mixing ratios may exceed those of O3, and (11.1) can deplete local
ozone.

Assuming (11.1) and (11.2) have rate coefficients k1 and ], respectively, the time
rate of change of the nitrogen dioxide concentration from these reactions is

d 2 lNOOs1 ~ T1NOy) (11.4)

If the time rate of change of NO; is small compared with those of the other terms
in (11.4), NO; is nearly in steady state and (11.4) simplifies to the photostationary-
state relationship,

JINO;]
ki[NO]

[O3] = (11.5)

Equation (11.5) does not state that ozone in the free troposphere is affected by
only [NO] and [NO;]. Instead, it provides a relationship among [O3], [NO;], and
[NOYJ. If two of the three concentrations are known, the third can be found from
the equation.

Example 11.1

Find the photostationary-state mixing ratio of O; at midday when p, =
1013 hPa, T = 298 K, J ~ 0.01 s™', xno = 5 pptv, xno, = 10 pptv (typical
free-tropospheric mixing ratios), and the air is dry.

SOLUTION

At T =1298K, ky ~ 1.8 x107'* cm?® molec.”! s7! from Appendix Table B.4.
Since the conversion from mixing ratio to number concentration is the same
for each gas, [NO,]/[NO] = xno,/xno. From (11.5), [O3] = 1.1 x 102 molec.
cm~3. From (10.20), Ny = N, = 2.46 x 10" molec. cm~3. Dividing [O3] by
Ny gives xo, = 44.7 ppbv, which is a typical free tropospheric ozone mixing
ratio.

Two important reactions aside from (11.1)—(11.3) that affect ozone are

O3 +hv —> 0, +O('D) A <310nm (11.6)
O3+ hv — 0y + O A > 310 nm (11.7)

358



11.1 Free-tropospheric photochemistry

where O(!D) is excited atomic oxygen. In the free troposphere, the e-folding life-
times of ozone against destruction by these reactions are about 0.7 and 14 h,
respectively. The lifetime of ozone against destruction by NO in (11.1) was 126 h
under the conditions of Example 11.1. Thus, in the daytime free troposphere,
photolysis destroys ozone faster than does reaction with NO. When the ozone
concentration changes due to photolysis, the [NO,]/[NO] ratio in (11.5) changes
to adapt to the new ozone concentration.

The photostationary-state relationship in (11.5) is useful for free-tropospheric
analysis. In urban air, though, the relationship often breaks down because reactions
of NO with organic gas radicals provide an additional important source of NO,
not included in (11.4). When organic-radical concentrations are large, as they are
during the morning in urban air, the photostationary-state relationship does not
hold. In the afternoon, though, organic gas concentrations in urban air decrease,
and the relationship holds better.

When excited atomic oxygen forms, as in (11.6), it rapidly produces O by

O('D) 5 O- (11.8)

and O rapidly produces O3 by (11.3). The reactions (11.3) and (11.6)—(11.8) cycle
oxygen atoms quickly among O(!D), O, and O3. Losses of O from the cycle, such
as from conversion of NO to NO; by (11.1), are slower than are transfers of O
within the cycle.

11.1.2 Hydroxyl radical

The hydroxyl radical (OH) is an important chemical in the atmosphere because
it decomposes (scavenges) many gases. Its globally averaged tropospheric con-
centration is about 8 x 10° molec. cm™3 (Singh 1995). Its daytime concentra-
tion at any given location in the clean free troposphere ranges from 2 x 10° to
3 x 10° molec. cm™3. When clean air is exposed to an urban plume, OH concen-
trations increase to 6 x 10° molec. cm—> or more (Comes et al. 1997). In urban
air, OH concentrations range from 10° to 107 molec. cm™3.

The primary free-tropospheric source of OH is

-O('D) + H,0 — 20H (11.9)

Sources of water vapor were discussed in Section 2.1.2.1. In the upper troposphere,
H, O is scarce, limiting the ability of (11.9) to produce OH. Under such conditions,
other reactions, which are normally minor, may be important sources of OH. These
reactions are discussed in Section 11.1.10.

Minor sources of OH in the free troposphere are photolysis of gases, some of
which are produced by OH itself. For example, nitrous acid (HONO), produced
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during the day by the reaction of NO with OH (Table 11.1), rapidly photolyzes
soon after by

HONO +hv — OH+NO A <400 nm (11.10)

HONO concentrations are high only during the early morning because the pho-
tolysis rate increases as sunlight becomes more intense during the day. During the
night, HONO is not produced from gas-phase reactions, since OH, required for
its production, is absent at night. HONO is produced from gas-particle reactions
and emitted from vehicles during day and night.

Nitric acid (HNOj3), produced during the day by the reaction of NO, with OH
(Table 11.1), photolyzes slowly to reproduce OH by

HNO; 4+ hv —> OH+NO, 4 < 335 nm (11.11)

The e-folding lifetime of nitric acid against destruction by photolysis is 15-80 days,
depending on season and latitude. Since this lifetime is fairly long, HNOj3 is a
temporary reservoir of OH. Nitric acid is soluble, and much of it dissolves in cloud
oraerosol water and reacts on aerosol surfaces. HNOj; mixing ratios are 5-200 pptv
in the free troposphere.

Hydrogen peroxide (H,O;), produced by HO,; self-reaction (Section 11.1.3),
photolyzes to OH by

H,0, +hv — 20H A < 355 nm (11.12)

H,0,’s e-folding lifetime against photolysis is 1-2 days. H,O, is soluble and is
often removed from the atmosphere by chemical reaction in clouds and dissolution
in precipitation. It is also lost by reaction with OH with an e-folding lifetime of
3-14 days in the free troposphere (Table 11.1).

Peroxynitric acid (HO,NO;), produced by the reaction of NO, with HO,
(Section 11.1.3), photolyzes to produce OH by

HO, + NO, A <330 nm
H02N02+hv —> 1 . . (11.13)
OH + NO3 A < 330 nm

The e-folding lifetimes of both reactions are 2-5 days. HO,NO; is slightly soluble
and is removed by clouds and precipitation. It is also lost by reaction with OH
(Table 11.1) and thermal decomposition (Section 11.1.3).

After its formation, OH reacts with and decomposes many inorganic and organic
gases. The overall e-folding lifetime of OH against chemical destruction is about
0.1-1 s. The e-folding lifetimes of gases reacting with OH vary, as shown in
Table 11.1. The e-folding lifetimes of additional organic gases against destruction
by OH are given in Table 11.5 (Section 11.2).
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Table 11.1 The e-folding lifetimes of several gases against destruction by OH in clean
free-tropospheric air when Noy is low and high

e-folding lifetime

Nou =5 x 10° Non =2 x 10°

Reaction molec. cm—3 molec. cm—3 Equation
OH + 03 — HO, + 0, 346 d 86.5d (11.14)
OH+H, — H,0+H 9.5y 24y (11.15)
OH +HO, — H,0+ 0, s1h 1.3h (11.16)
OH + H,0, — HO, + H,0 13.6d 34d (11.17)
OH + NO X HONO 2.4d 14 h (11.18)
OH + N0, X HNO; 1.9d 11.4h (11.19)
OH + HO,NO, — H,0 + NO, + 0, 46d 12d (11.20)
OH + 80, % HSO; 26 d 6.5d (11.21)
OH + CO — H + CO, 111d 28d (11.22)
OH + CHs — H,0 + CH; 102y 26y (11.23)
OH + C,Hg — H,0 + C,H; 93d 23d (11.24)
OH + C3Hs — H,0 + C3H; 21d 53d (11.25)
OH + CH;00H — H,0 + CH;0, 6.4d 1.6d (11.26)

T=298Kandp, =1013 hPa. HO, = hydroperoxy radical, H O, = hydrogen peroxide, HONO =
nitrous acid, HNOj; = nitric acid, NO3 = nitrate radical, HO;NO, = peroxynitric acid, CH3 =
methyl radical, HSO; = bisulfite radical, C,Hs = ethane, C;Hs; = ethoxy radical,
C3Hg = propane, C3H; = propoxy radical, CH;OOH = methyl hydroperoxide, and
CH30, methylperoxy radical.

11.1.3 Hydroperoxy radical

Like OH, the hydroperoxy radical (HO,) is a scavenger. Whereas OH is present
during daytime only, HO, is present during day and night. Concentrations of
HO; usually exceed those of OH. Chemical sources of HO; include OH + O3
(Table 11.1), OH + H,0O; (Table 11.1), photolysis of HO,;NO, (11.13),

H+0, 2% HO, (11.27)
and the thermal decomposition of peroxynitric acid,
HO,NO, % HO, +NO, (11.28)

This reaction occurs within seconds at high temperature near the surface, but
in the cold upper troposphere, it is slow. The H in (11.27) is produced primar-
ily from formaldehyde photolysis (Section 11.1.8.1) and the OH + CO reaction
(Table 11.1).

The rate of HO; loss depends on the NO mixing ratio. In the presence of
high NO (>10 pptv), HO; reacts mostly with NO and NO,. When NO is lower
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(3-10 pptv), HO, reacts mostly with ozone. When NO is very low (<3 pptv),
HO; reacts mostly with itself (Finlayson-Pitts and Pitts 2000). The reactions
corresponding to these conditions are

HC)Z +NO —> C‘)H + NOZ
. . M >10 pptv NO (11.29)
HO,; + NO, — HO,;NO,
HO, + 03 — OH + 20, 3-10 pptv NO (11.30)
HO, + HO, — H,0, + O, <3pptv NO (11.31)

11.1.4 Nighttime nitrogen chemistry

During the day in the free troposphere, NO and NO; are involved in the photosta-
tionary state cycle. Some losses from the cycle include the reactions OH + NO and
OH + NO; (Table 11.1). During the night, these loss processes shut down since
OH is absent at night. In addition, the photostationary relationship breaks down
because the photolysis reaction (11.2) shuts off, eliminating the source of O for
ozone production in (11.3) and the source of NO for ozone destruction in (11.1).
Because NO; photolysis shuts down, NO, becomes available at night to produce
the nitrate radical (NO3), dinitrogen pentoxide (N,Os), and aqueous nitric acid
(HNOs3(aq)) by the sequence

NO, + O3 —> NO;+ O, (11.32)

) ) M

NO,+ NO; == NyOs (11.33)
N,Os +HyO(aq) — 2HNO;(aq) (11.34)

Reaction (11.32) occurs during the day as well, but, during the day, it is less
important than NO + O3, and the NOj produced from the reaction is destroyed
almost immediately by sunlight.

Reaction (11.33) is a reversible reaction. The forward reaction is a three-body,
pressure-dependent reaction. The reverse reaction is a temperature-dependent ther-
mal decomposition reaction. At high temperature, such as during the day and in
the lower atmosphere, the reverse reaction occurs within seconds. At low temper-
ature, such as at night and at high altitudes, it occurs within hours to days or even
months.

Reaction (11.34) is a heterogeneous reaction, in that it involves a gas reacting
with a chemical on an aerosol particle or hydrometeor particle surface. In this case,
the chemical on the surface is liquid water. The reaction can occur on ice surfaces
as well, as described in Section 11.3.6. In the absence of liquid water or ice, the
corresponding homogeneous reaction (gas-phase only), N,Os + H,O, can occur,
but the reaction is very slow.
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After sunrise, NOj photolyzes almost immediately (with an e-folding lifetime of
seconds) by

. N02+C)' 410 nm < A < 670 nm
NO; +hv — 1 . (11.35)
NO+0O; 590nm < A < 630 nm

so NOj is not important during the day. Since N, Os is not produced during the day
and thermally decomposes within seconds by the reverse of (11.33) after sunrise,
it is also unimportant during the day. A slower daytime loss of N, Os is photolysis
(with an e-folding lifetime of hours),

N,Os + hv —> NO, +NO; A < 385 nm (11.36)

Another loss is mechanism heterogeneous reaction by (11.34).

11.1.5 Carbon monoxide production of ozone

The mixing ratio of ozone in the free troposphere, controlled primarily by the
photostationary-state relationship, is enhanced slightly by carbon monoxide (CO),
methane (CHy), and nonmethane organic gases. CO, with a typical tropospheric
mixing ratio of 100 ppbv, produces ozone by the sequence

CO+OH — CO, +H (11.37)
H+ 0, % HO, (11.38)
NO + HO, — NO, + OH (11.39)
NO; + hv —s NO + O- A < 420 nm (11.40)
O+ 0,+M — O3+ M (11.41)

Because the lifetime of CO against breakdown by (11.37) in the free troposphere
is 28-110 days, the rate of ozone production by this sequence is slow. The mecha-
nism affects the photostationary-state relationship only slightly through Reaction
(11.39).

11.1.6 Methane production of ozone

Methane, with a mixing ratio of 1.8 ppmyv, is the most abundant organic gas in
the Earth’s atmosphere. Table 11.1 indicates that its free-tropospheric e-folding
lifetime is about 10 years. This long lifetime has enabled it to mix uniformly up
to the tropopause. From this height upward, its mixing ratio gradually decreases.
Methane’s only important loss is the reaction,

CH, + OH — CH; + H,0 (11.42)
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This reaction, which produces the methyl radical (CH3), sets in motion the sequence
of reactions,

+ NO +0,
—i/—) H— C (OF —i/—) H— C
H +0,, M H O
H— (|; L H— Cl yetd Methoxy Formaldehyde
| | radical
H H +HO, Iﬁ o
Methyl Methylperoxy PP H
radical radical H (|: O
0, H
Methyl
hydroperoxide

(11.43)

which leads to ozone production, but the incremental quantity of ozone produced
is small compared with the photostationary quantity of ozone.

The first pathway of the methylperoxy radical (CH30,) reaction produces NO,
and formaldehyde (HCHO). Both produce ozone. NO; produces ozone by (11.2)-
(11.3). Formaldehyde produces ozone as described in Section 11.1.8. The e-folding
lifetime of the methoxy radical (CH;O) intermediary against destruction by O is
10~* s; thus, its conversion to formaldehyde is almost instantaneous.

The second pathway of CH3;O, reaction produces methyl hydroperoxide
(CH30O0H), which stores OH and HO, radicals. CH3;0OH releases OH and
HCHO during photolysis and releases CH30, during reaction with OH. The
e-folding lifetime of CH;OOH against photolysis is 1.5-2.5 days, and that against
OH reaction is 1.6-6.4 days at 298 K (Table 11.1). The methyl hydroperoxide
decomposition reactions are

+hv
A <360 nm +OZ
H
| _O—H Me;cihO)iy Formaldehyde
H_C|:_O radica (11.44)
H +OH I_|I O
Methyl —c—0~
hydroperoxide H C| ©
H,0 H
Methylperoxy
radical
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11.1.7 Ethane and propane production of ozone

The primary nonmethane hydrocarbons in the free troposphere are ethane (C,Hg),
propane (C3Hg), ethene (C,Ha4), and propene (C3Hg). Free-tropospheric mixing
ratios of these gases are 0-2.5 ppbv for ethane, 0-1.0 ppbv for propane, 0-
1.0 ppbv for ethene, and 0-1.0 ppbv for propene (Singh ez al. 1988; Bonsang
et al. 1991). The primary oxidant of ethane, propane, and other alkanes is OH.
Photolysis, reaction with O3, reaction with HO,, and reaction with NOj3 do not
affect alkane concentrations significantly. In this subsection, ethane and propane
oxidation and production of ozone are discussed. Ethene and propene oxidation
pathways are described in Section 11.2.2.

The hydroxyl radical attacks ethane by

H H +0OH H H H H .
| 1 +oum 19
H—C—C—H H—C—C- —— H—C—C—O0
I | | (11.45)
H H H,0 H H H H
Ethane Ethyl radical Ethylperoxy radical

The e-folding lifetime for the OH reaction is about 90 days in the free troposphere.
The ethylperoxy radical (C;H;0;) produced by the reaction takes one of two
courses,

+NO +0, 0
ﬁ—> H— c c o- JF’ H— c c
HO, H
HH
| / Ethoxy radical Acetaldehyde
H— (lj — (Ij -0
H H H H
. M | O 0
Ethylperoxy radical +NO;, —— H-? — IC —0 N//
+
H H el
Ethylperoxynitric acid

(11.46)
The first pathway leads to NO,, HO,, and acetaldehyde (CH3CHO). NO; pro-
duces ozone through (11.2)—(11.3), HO; produces ozone through (11.39)—(11.41),
and acetaldehyde produces ozone as described in Section 11.1.8. The ethoxy rad-
ical (C;H;50) produced in the first pathway also reacts with NO to produce ethyl
nitrite (C;H;ONO) and with NO; to produce ethyl nitrate (C;HsONO,), which
are storage reservoirs for nitrogen. Ethyl nitrate can also be produced directly by
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reaction of the ethylperoxy radical with NO (not shown), but the e-folding lifetime
of C;H;50; against this reaction is relatively long (48-192 days).

The second pathway leads to ethylperoxynitric acid (C;Hs;O,NO;), which is
a temporary storage reservoir for nitrogen since the reaction is reversible. The
e-folding lifetime of C;Hs50O, against loss by this reaction is 1.7-6.7 days.

The hydroxyl radical attacks propane by

H H H +OH H H H H H H
H—C—C—C—H HeC—ime 2Ny b0
BoHoH om0 b Hono
Propane n-Propyl radical n-Propylperoxy radical
+NO H H H +0, H O I—ll
%_> H— c c c 0- %—> H— C ¢—¢-n
H H H : H
n-Propoxy radical Acetone
(11.47)

The e-folding lifetime of propane against loss by OH is about 20 days in the free
troposphere, more than four times shorter than the lifetime of ethane. The NO,
from propane oxidation forms ozone by (11.2)—(11.3). The acetone (CH3;COCHj3;)
formed from (11.47) is a long-lived species whose fate is discussed in Section 11.1.9.
The propylperoxy radical (C3H70,) competitively reacts with NO to form propyl
nitrate (C3H;ONO,), but the reaction is slow. The propoxy radical (C3H;O) reacts
with NO to form propyl nitrite (C3H;ONO) and with NO; to form propyl nitrate.
The free-tropospheric e-folding lifetimes of C3H>O against loss by these two reac-
tions are both 4-16 h.

11.1.8 Formaldehyde and acetaldehyde production of ozone

Formaldehyde is a carcinogen in high concentrations, an eye irritant, and an impor-
tant ozone precursor. It is a colorless gas with a strong odor at mixing ratios
>0.05 ppmv. Typical mixing ratios in urban air are <0.1 ppmv. It is the most
abundant aldehyde in the air and moderately soluble in water. It is produced chem-
ically from (11.43) and decomposes by photolysis, reaction with OH, reaction
with HO,, and reaction with NOj. Other sources include incomplete combustion
and emission from plywood, resins, adhesives, carpeting, particleboard, and fiber-
board. Acetaldehyde is a precursor to ozone and peroxyacetyl nitrate (PAN). It is
produced by ethoxy-radical oxidation and destroyed by photolysis, and reaction
with OH, HO,, and NOj3. Below, formaldehyde and acetaldehyde decomposition
is discussed.
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11.1 Free-tropospheric photochemistry

11.1.8.1 Aldebyde photolysis
Formaldehyde and acetaldehyde photolyze during the day by

O O\\C/H +H A<334nmm
/ot . . |
H—C - ormy
\H radical (11.48)
H
Formaldehyde CO +H, A <370 nm
| 7 + hv | //O
H_$_C\ H_(f' + A <325 nm
H H H H
Acetaldehyde Methyl radical ~ Formyl radical (11.49)

respectively, producing H, CHj, and the formyl radical (HCO). H reacts with O; to
form HO; by (11.27), which produces ozone by (11.39)—(11.41). CHj3 is oxidized
in (11.43) eventually producing ozone. HCO produces CO and HO, by

+0,

//O
-C\ > CO
. (11.50)
H  no,
Formyl
radical

CO and HO; form ozone by CO oxidation (Section 11.1.5).

11.1.8.2 Aldehyde reaction with the bydroxyl radical

Formaldehyde and acetaldehyde react with the hydroxyl radical to produce ozone
and peroxyacetyl nitrate, respectively. The formaldehyde process is

0 + OH

J A
H= C\ k \ (11.51)
H H,0 H
Formaldehyde Formyl radical

HCO produces CO in (11.50), which produces ozone as described in Section
11.1.5.
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The acetaldehyde process is

H

H o
P 7 soum P
H—C—C H—C—C: — —C—C
I\ I L -0
H H H,0 H H
Acetaldehyde Acetyl radical Peroxyacetyl
radical (11.52)
II{ 0]
+NO H—C—C
4[_, A\
H O
H o NO, Acetyloxy radical
|7 (11.53)
H—C—C . H O
N\ o +NO,, M |/ n //O
H O H—C—C N
P | \._0" “o-
eroxyacetyl H O
radical

Peroxyacetyl nitrate

The NO; formed from this process produces ozone. The process also produces
peroxyacetyl nitrate (PAN). PAN does not cause severe health effects, even in pol-
luted air, but it is an eye irritant and damages plants by discoloring their leaves.
Mixing ratios of PAN in clean air are typically 2-100 pptv. Those in rural air
downwind of urban sites are up to 1 ppbv. Polluted air mixing ratios increase to
35 ppbv, with typical values of 10 to 20 ppbv. PAN mixing ratios peak during the
afternoon, the same time that ozone mixing ratios peak. PAN is not an important
constituent of air at night or in regions of heavy cloudiness. PAN was discovered
during laboratory experiments of photochemical smog formation (Stephens et al.
1956). Its only source is chemical reaction in the presence of sunlight. At 300 K
and at surface pressure, PAN’s e-folding lifetime against thermal decomposition is
about 25 minutes. At 280 K, its lifetime increases to 13 hours.

11.1.8.3 Aldehyde reaction with nitrate
At night, acetaldehyde reacts with NOj3 by the sequence

H o N0 H o H o
| // | // =+ 02, M | //
H—C—C ‘{—> H—C—C- — H—C—C
I\ I I\ _ o
H H o, H H O
Acetaldehyde Acetyl radical Peroxyacetyl
radical
(11.54)
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Since the peroxyacetyl radical forms PAN, as shown in (11.53), Reaction (11.54)
is a nighttime source of PAN.

11.1.9 Acetone reactions

Acetone is a long-lived ketone produced from the OH oxidation of propane
(through 11.47), i-butane, or i-pentane (e.g., Chatfield er al. 1987). The mixing
ratio of acetone in the free troposphere is 200-700 pptv (Singh ez al. 1995). Ace-
tone decomposes by reaction with OH and photolysis. The OH reaction produces
CH;3;COCH; and H,O. The e-folding lifetime of acetone against this reaction is
27 days when T=298 K and [OH] = 5 x 10° molec. cm~3. The photolysis reaction
is

H O H H [0 H
LI |7 |
H_CI_C_CI_H +h —— H—C—C- + H-C-
H oW B b
Acetone Acetyl radical Methyl radical

(11.55)

For the location and time given in Fig. 10.3(b), the e-folding lifetime of acetone
against photolysis is 14-23 days, with the shorter lifetime corresponding to upper
tropospheric conditions and the longer lifetime corresponding to lower tropo-
spheric conditions. The acetyl radical from (11.55) forms PAN through (11.52)-
(11.53). The methyl radical is oxidized in (11.43), producing HO,, HCHO, and
CH3;0O0H, among other products. HCHO produces HO, through (11.48) and
(11.50). CH300H decomposes, forming HO, and OH in the process, through
(11.44). Thus, acetone photolysis yields primarily PAN, OH, HO;, and interme-
diate products.

OH production from the O(' D)-H, O reaction in the upper troposphere is less
significant than in the lower troposphere because the concentration of H,O is
low in the upper troposphere. In the upper troposphere, acetone photolysis and
subsequent reaction may be an important source of OH (Singh et al. 1995).

11.1.10 Sulfur photochemistry

In the free troposphere, several naturally emitted gases contain sulfur (S). These
gases are important because they oxidize to sulfur dioxide, which is oxidized fur-
ther to sulfuric acid. Sulfuric acid condenses onto or forms new aerosol particles.
Aerosol particles affect radiation and serve as sites on which new cloud drops form,
and clouds affect radiation. Radiation affects temperatures, which affect pressures,
and winds. Thus, natural gases containing sulfur feed back to weather and climate.

Sulfur is emitted naturally in several forms. Anaerobic bacteria in marshes emit
dimethyl sulfide (DMS) (CH3SCHj3), dimethyl disulfide (DMDS) (CH3SSCH3),
methanethiol (CH3SH), and hydrogen sulfide (H,S). Phytoplankton in the oceans
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emit DMS, DMDS, and other products. Volcanos emit carbonyl sulfide (OCS),
carbon disulfide (CS,), H,S, and sulfur dioxide (SO,).

Dimethyl sulfide is produced by bacteria in some soils and plants, and it is the
most abundant sulfur-containing compound emitted from the oceans. DMS is pro-
duced from DMSP (dimethyl sulfonium propionate), which is emitted by many
phytoplankton (Bates et al. 1994). When phytoplankton feed, DMSP is exuded
and cleaved by enzymes to produce DMS and other products. Before DMS evap-
orates from the ocean surface, much of it chemically reacts or is consumed by
microorganisms. Over the oceans, DMS mixing ratios vary between <10 pptv and
1 ppbv. The latter value occurs over eutrophic waters (Berresheim et al. 1995).
Average near-surface DMS mixing ratios over oceans and land are about 100 and
20 pptv, respectively.

DMS is lost chemically in the atmosphere through hydroxyl radical abstraction
and addition. Abstraction is the process by which a radical, such as the hydroxyl
radical, removes an atom from a compound. Addition is the process by which a
radical bonds to a compound. Above 285 K, hydroxyl radical abstraction is the
dominant DMS-OH reaction pathway. Below 285 K, addition is more important
(Hynes et al. 1986). Yin et al. (1990) and Tyndall and Ravishankara (1991) present
detailed oxidation pathways of DMS.

Hydroxyl radical abstraction of DMS results in the formation of the methanethi-
olate radical (CH3S) and formaldehyde by the sequence

H H +OH H H H H
I I | | +0, | |0
H—C—S—C—H H—Cl—S—(lj- — H—(lj—S—(lj—O
H H H,0 H H H H
Dimethyl sulfide (DMS) DMS radical DMS peroxy radical
+NO H H H
I M I //
%—> H-C—$—C—0- — H—C—5 + H—C
NO, H H H H
DMS oxy radical Methanethiolate ~ Formaldehyde
radical
(11.56)
The methanethiolate radical reacts with O, by
H H o* NO H
| +0,, M I . I
H—Cl—S- H—(lj—S—O 4t—> H—(lj—S—O'
H H X0, H
Methanethiolate Excited methanethiolate Methanethiolate oxy
radical peroxy radical radical
(11.57)
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where the intermediate product is short-lived. The methanethiolate oxy radical
(CH3SO) decays to sulfur monoxide (SO) or forms the methanethiolate peroxy
radical (CH3SO;) by

H

|
M, H-C + s=0

Sulfur monoxide

H Methyl

| radical
H—C—S§—0O- (11.58)

| +0; H O-

H %—> Hees—0

Methanethiolate oxy |
radical O, H
Methanethiolate

peroxy radical

Sulfur monoxide forms sulfur dioxide by

+0, S
S=0 Jr) 7
o O (11.59)
Sulfur O- Sulfur
monoxide dioxide

The e-folding lifetime of sulfur monoxide against destruction by O, is about
0.0005 s at 298 K and 1 atm pressure. CH3SO; from (11.58) forms sulfur dioxide
by

H o H
| / M | S
H—C—S—0 — H—C- + I\
;. Pll o 0 (11.60)
Methanethiolate Methyl radical ~ Sulfur dioxide

peroxy radical

CH3S0; also reacts with O3, NO;, and HO; to produce CH3SO3, which either
breaks down to CH3 + SOj or abstracts a hydrogen atom from an organic gas to
form CH3S(0),OH (methanesulfonic acid, MSA). In sum, OH abstraction of
DMS results in the formation of sulfur dioxide, methanesulfonic acid, and other
products.
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The DMS-addition pathway initiates when OH bonds to the sulfur atom in
DMS. The reaction sequence is

oo
M /
—— H-C=5-0" + H-C
H H
III III - III (I)H II_I Methanesulfenic Methyl
+ i ical
H—C—S$S—C—H ——H—C—$—C—H : acid radica
| | | . | +0H, 20, H O H
H H H H LI
‘P H—C—S—C—H
Dimethyl sulfide (DMS) DMS-OH adduct 210, IlI |C|) IlI
Dimethyl sulfone (DMSO5;)

(11.61)

The dimethyl sulfone from this sequence does not react further. The methane-
sulfenic acid (CH3SOH) produces CH3SO by

H H +OH H
| ~ |
H—C—S—O ‘t—> H—C—S—0-
P|I o }|I (11.62)
Methanesulfenic Methanethiolate oxy
acid radical

CHj3SO0 reacts via (11.58)—(11.60) to produce sulfur dioxide.
Dimethyl disulfide (DMDS) oxidation proceeds almost exclusively by OH addi-

tion. The sequence is

H H H u H
| | +OH | s |
H—(lj—S—S—(lj—H — H—(lj—S—O + H—$—S-
H H H H
Dimethyl disulfide (DMDS) Methanesulfenic Methanethiolate
acid radical

(11.63)

CH;3SOH and CHj3S reactin (11.62) and (11.57), respectively, to form SO, MSA,
and other products. DMDS also photolyzes by

i :
|
H—(lj—S—S—(lj—H + v — 2 H—(lj—S'
! & & (11.64)
Dimethyl disulfide (DMDS) Methanethiolate
radical
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Hydrogen sulfide (H,S), which has the odor of rotten eggs, is emitted from
anaerobic soils, plants, paper manufacturing sources, and volcanos. It is also pro-
duced in the deep ocean but does not evaporate from surface ocean water before
it is oxidized. Over the remote ocean, H,S mixing ratios range from 5 to 15 pptv.
Over shallow coastal waters, where more evaporation occurs, its mixing ratios
reach 100-300 pptv. Over land, its mixing ratios are 5-150 pptv. Downwind of
industrial sources, they increase to 1-100 ppbv (Berresheim ez al. 1995). In the air,
hydrogen sulfide reacts with OH by

S +OH S

/ N\ _%A e
H H H (11.65)

Hydrogen H,0 Hydrogen
sulfide sulfide radical

to form the hydrogen sulfide radical (HS), which subsequently reacts with Os,
NO,, and O;. The e-folding lifetimes of HS against loss by these three gases are
0.27 s, 14 s, and 0.49 s, respectively when T = 298 K, pq = 1013 hPa, [O3] =
40 ppbv, and [NO;] = 50 pptv. The HS-O; reaction is

S %_> $=0
H (11.66)
Hydrogen OH Sulfur
sulfide radical monoxide

Sulfur monoxide produces SO, by (11.59). The HS-O3 and HS-NO,; reactions
produce HSO, which reacts again with O3 and NO, to produce HSO,, which
reacts further with O; to form SO, and HO,.

Methanethiol (methyl sulfide, CH3SH), emitted by bacteria, reacts with OH to
produce the methanethiolate radical by

H +OH H
| _H I
H— ? —S At—> H—C—S:
o o o (11.67)
Methanethiol Methanethiolate
radical

CH;3S initiates SO, production in (11.57).

Carbonyl sulfide (OCS) and carbon disulfide (CS,) are emitted from volcanos.
Both react with OH, but the OCS-OH reaction is slow, and photolysis of OCS
occurs only in the stratosphere. OCS mixing ratios have increased over time and,
at 500 pptv, are the highest among background sulfur-containing compounds.
Mixing ratios of OCS are relatively uniform between the surface and tropopause,
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at which point photolysis reduces them. The OH and photolysis reactions of OCS
are, respectively,

S-

0=C=S+OH — ./ + CO,
11.68
Carbonyl Hydrogen sulfide ( !
sulfide radical
oO=C=S+hmhw —— CcO + S- A <260 nm
Carbonyl Carbon Atomic (11.69)
sulfide monoxide sulfur
Atomic sulfur from (11.69) forms SO by
+O,
S $=0
(11.70)
Atomic Sulfur
sulfur monoxide

SO forms SO, by (11.59).

Carbon disulfide is broken down by reaction with OH and photolysis. Because
the CS,—OH and CS, photolysis reactions are faster than are the OCS-OH and
OCS photolysis reactions, respectively, CS, mixing ratios of 2-200 pptv are lower
than are OCS mixing ratios in the background atmosphere. The CS,—OH and CS;
photolysis reactions are

S-

S=C=S$ +OH — o +0=C=S$
Carbon Hydrogen sulfide Carbonyl (11.71)
disulfide radical sulfide
S=C=S+mhm — ~c=S + & A < 340 nm
Carbon Carbon Atomic (11.72)
disulfide monosulfide  sulfur
respectively. Carbon monosulfide (CS) produces OCS by
7CES+ +0, —— 0O=C=S +C).
Carbon Carbonyl (11.73)
monosulfide sulfide

Once sulfur dioxide has been produced chemically in or emitted into the atmo-
sphere, it finds its way into aerosol particles and clouds by one of two mechanisms.
The first is dissolution of SO, into water-containing aerosol particles and cloud
drops followed by its aqueous oxidation to sulfuric acid (H,SO4(aq)). This mech-
anism is discussed in Chapter 19. The second mechanism is gas-phase oxidation of
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SO; to sulfuric acid gas (H,SO4), which readily condenses onto aerosol particles to
form aqueous sulfuric acid. The gas phase conversion of sulfur dioxide to sulfuric
acid requires three steps. The first is the conversion of SO, to bisulfite (HSO3).
Bisulfite quickly reacts with oxygen to form sulfur trioxide (SO3). Sulfur trioxide
then reacts with water to form sulfuric acid gas. The reaction sequence is

) O +0, 0 o)
S + OH, M [l Il +H,0 [l
2N E—— S —t—> S —> O=S—OH
O 0 /N 7N I
Sulfur Bisulfite Sulfur Sulfuric
dioxide trioxide acid
(11.74)

With both mechanisms, the aqueous sulfuric acid formed dissociates into ions, as
described in Chapter 17.

In sum, free-tropospheric chemistry is governed by inorganic and light organic
reactions. Important inorganic constituents in the free troposphere are NO, NO,,
03, OH, HO,, CO, and SO,. Organic species of interest include CH4, C;Hg,
C3;Hg, CHy, C3Hg, HCHO, CH3CHO, and CH3COCH;;. In the free troposphere,
the relationship among NO, NO,, and O3 can be quantified reasonably with the
photostationary-state relationship. Some gases in the free troposphere originate
from natural sources while others originate from combustion and other emission
sources. Urban photochemistry is discussed next.

11.2 URBAN PHOTOCHEMISTRY

Two general categories of urban air pollution have been observed. The first is
London-type smog and the second is called photochemical smog.

London-type smog results from the burning of coal and other raw materials in
the presence of a fog or a strong temperature inversion. The pollution consists of a
high concentration of directly emitted particles containing metals, ash, and acids or,
when fog is present, fog drops laden with these constituents. Several deadly London-
type smog events occurred in London in the nineteenth and twentieth centuries,
including one in 1952 in which 4000 deaths above average were recorded. Deadly
events in Glasgow and Edinburgh, Scotland (1909, 1000 deaths), Meuse Valley,
Belgium (December, 1930, 63 deaths), and Donora, Pennsylvania (October, 1948,
20 deaths) have been attributed to London-type smog.

Photochemical smog results from the emission of organic gases and oxides of
nitrogen in the presence of sunlight. The pollution consists of a soup of gases and
aerosol particles. Some of the particles are directly emitted, whereas others are
produced by gas-to-particle conversion. Today, many cities exhibit photochemi-
cal smog, including, among others, Mexico City, Santiago, Los Angeles, Tehran,
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Calcutta, Beijing, Tokyo, Johannesburg, and Athens. All these cities experience
some degree of London-type together with photochemical smog.

11.2.1 Basic characteristics of photochemical smog

Photochemical smog differs from background air in two ways. First, mixing ratios
of nitrogen oxides and organic gases are higher in polluted air than in background
air, causing ozone levels to be higher in urban air than in the background. Second,
photochemical smog contains higher concentrations of high molecular weight
organic gases, particularly aromatic gases, than does background air. Because such
gases break down quickly in urban air, most are unable to survive transport to the
background troposphere.

Photochemical smog involves reactions among nitrogen oxides (NO, = NO +
NO,) and reactive organic gases (ROGs, total organic gases minus methane) in the
presence of sunlight. The most recognized gas-phase by-product of smog reactions
is ozone because ozone has harmful health effects and is an indicator of the presence
of other pollutants.

On a typical morning, NO and ROGs are emitted by automobiles, power plants,
and other combustion sources. Emitted pollutants are primary pollutants. ROGs
are oxidized to organic peroxy radicals, denoted by RO,, which react with NO
to form NO,. Pre-existing ozone also converts NO to NO,. Sunlight then breaks
down NO; to NO and O. Finally, O reacts with molecular oxygen to form ozone.
The basic reaction sequence is thus

NO + RO, — NO, + RO (11.75)
NO + O3 —s NO; + O, (11.76)
NO, + hy —s NO + O- A < 420 nm (11.77)

O+ 0,+M — O3+ M (11.78)

Pollutants, such as ozone, that form chemically or physically in the air are secondary
pollutants. NO,, which is emitted and forms chemically, is both a primary and
secondary pollutant.

Because RO, competes with O3 to convert NO to NO; in urban air, and because
the photostationary state relationship is based on the assumption that only O3
converts NO to NO,, the photostationary relationship is usually not valid in urban
air. In the afternoon, the relationship holds better than it does in the morning
because RO, mixing ratios are lower in the afternoon than in the morning.

Figure 11.1 shows ozone mixing ratios resulting from different initial mixtures
of NO, and ROGs. This type of plot is an ozone isopleth. The isopleth shows that,
atlow NO,, ozone is relatively insensitive to ROGs levels. At high NO,, an increase
in ROGs increases ozone. Also, at low ROGs, increases in NO,, above 0.05 ppmv
decrease ozone. At high ROGs, increases in NO,, always increase ozone.
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Figure 11.1 Peak ozone mixing ratios result-
ing from different initial mixing ratios of NO,
and ROGs. The ROG:NO, ratio along the line
through zero is 8:1. Adapted from Finlayson-Pitts
and Pitts (2000).

An isopleth is useful for regulatory control of ozone. If ROG mixing ratios are
high (e.g., 2 ppmC) and NO, mixing ratios are moderate (e.g., 0.06 ppmv), the plot
indicates that the most effective way to reduce ozone is to reduce NO,. Reducing
ROGs under these conditions has little effect on ozone. If ROG mixing ratios
are low (e.g., 0.7 ppmC), and NO, mixing ratios are high (e.g., 0.2 ppmv), the
most effective way to reduce ozone is to reduce ROGs. Reducing NO, under these
conditions increases ozone. In many polluted urban areas, the ROG:NO, ratio is
lower than 8:1, indicating that limiting ROG emission should be the most effective
method of controlling ozone. Because ozone mixing ratios depend not only on
chemistry but also on meteorology, washout, dry deposition, and gas-to-particle
conversion, such a conclusion is not always clearcut.

11.2.2 Meteorological factors affecting smog

Meteorological factors also affect the development of air pollution; Los Angeles is
a textbook example. The Los Angeles basin is bordered on its southwestern side by
the Pacific Ocean and on all other sides by mountain ranges. During the day, a sea
breeze blows inland. The sea breeze is at its strongest in the afternoon, when the
temperature difference between land and ocean is the greatest. At night, a reverse
land breeze (from land to sea) occurs, but it is often weak. Figure 11.2(a) shows
the variation of sea- and land-breeze wind speeds at Hawthorne, which is near the
coast in the Los Angeles basin, during a three day period in 1987.

The sea breeze is instrumental in advecting primary pollutants, emitted mainly
on the west side of the Los Angeles basin, toward the east side, where they arrive
as secondary pollutants. During transport, primary pollutants, such as NO, are
converted to secondary pollutants, such as Os. Whereas NO mixing ratios peak
on the west side of Los Angeles, as shown in Fig. 11.2(b), O3 mixing ratios peak
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Figure 11.2 (a) Wind speeds at Hawthorne from August 26 to 28, 1987.
The other panels show the evolution of the NO, NO,, and O; mixing
ratios at (b) central Los Angeles and (c) San Bernardino on August 28.
Central Los Angeles is closer to the coast than is San Bernardino. As the
sea breeze picks up during the day, primary pollutants, such as NO, are
transported from the western side of the Los Angeles basin (e.g., central Los
Angeles) toward the eastern side (e.g., San Bernardino). As the pollution
travels, organic peroxy radicals convert NO to NO,, which forms ozone,
a secondary pollutant.

on the east side, as shown in Fig. 11.2(c). The west side of the basin is a source
region and the east side is a receptor region of photochemical smog.

Other factors that exacerbate air pollution in the Los Angeles basin are its
location relative to the Pacific high-pressure system and its exposure to sunlight. The
Pacific high suppresses vertical air movement, inhibiting clouds other than stratus
from forming. The subsidence inversion caused by the high prevents pollution
from rising easily over the mountains surrounding the basin. Also, because the
basin is further south (about 34° N latitude) than most United States cities, Los
Angeles receives more daily radiation than do most cities, enhancing its rate of
photochemical smog formation relative to other cities.

11.2.3 Emission of photochemical smog precursors

Gases emitted in urban air include nitrogen oxides, reactive organic gases, carbon
monoxide, and sulfur oxides (SO, = SO, + SO3). Of these, NO, and ROGs are
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Table 11.2 Gas-phase emission for August 27, 1987 in a 400 x 150 km
region of the Los Angeles basin

Substance

Emiss

ion (tons day—')

Percentage of total

Carbon monoxide (CO)

Nitric oxide (NO)
Nitrogen dioxide (NO;)
Nitrous acid (HONO)
Total NO,, + HONO

Sulfur dioxide (SO»)
Sulfur trioxide (SO3)

Total SO,

Alkanes
Alkenes

Aldehydes

Ketones
Alcohols

Aromatics

Hemiterpenes

Total ROGs
Methane (CHy)

Total Emission

9796

754

129
6.5

889.5

109
4.5
113.5

1399
313
108
29
33
500
47

2429

904
14 132

69.3

6.3

0.8

17.2
6.4
100

Source: Allen and Wagner (1992).

Table 11.3 Organic gases emitted in the greatest quantity in the Los Angeles basin

. Methane
. Toluene
Pentane
Butane
Ethane
Ethene
Octane
Xylene
. Heptane

000 N Lk W

10.
11.
12.
13.
14.
15.
16.
17.
18.

Propylene
Chloroethylene
Acetylene

Hexane

Propane

Benzene
Methylchloroform
Pentene
n-Butylacetate

19

20.

21
22
23
24
25
26
27

. Acetone
n-Pentadecane

. Cyclohexane

. Methylethylketone
. Acetaldehyde

. Trimethylbenzene
. Ethylbenzene

. Methylvinylketone
. Naphtha

28.
29.
30.
31.
32.
33.
34.
35.

Methylcyclohexane
Nonane
Methylalcohol
1-Hexane
Methylcyclopentane
Methylpentane
Dimethylhexane
Cyclopentene

Source: Pilinis and Seinfeld (1988).

the main precursors of photochemical smog. Table 11.2 shows emission rates of
several pollutants in the Los Angeles basin on a summer day in 1987. CO was the
most abundantly emitted gas. About 85 percent of NO, was emitted as NO, and
almost all SO, was emitted as SO;. Of the ROGs, toluene, pentane, butane, ethane,
ethene, octane, and xylene were emitted in the greatest abundance (Table 11.3).
The abundance of a gas does not necessarily translate into proportional smog
production. A combination of abundance and reactivity is essential for an ROG to
be an important smog producer.
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Table 11.4 Percentage emission of several gases
by source category in Los Angeles in 1987

Source category CO NO, SO, ROG

Stationary 2 24 38 50
Mobile 98 76 62 50
Total 100 100 100 100

Source: Chang et al. (1991).

Table 11.4 shows the percentage emission of several gases by source cate-
gory in Los Angeles. Emissions originate from point, area, and mobile sources.
A point source is an individual pollutant source, such as a smokestack, fixed
in space. A mobile source is a moving individual pollutant source, such as the
exhaust of a motor vehicle or an airplane. An area source is an area, such as
a city block, an agricultural field, or an industrial facility, over which many
fixed sources aside from smokestacks exist. Together, point and area sources
are stationary sources. Table 11.4 shows that CO, the most abundantly emit-
ted gas in the basin, originated almost entirely (98 percent) from mobile sources.
Oxides of nitrogen were emitted mostly (76 percent) by mobile sources. The
thermal combustion reaction in automobiles that produces nitric oxide at a high
temperature is

N=N+0 = O + heat — 2N = O (11.79)

Table 11.4 also shows that stationary and mobile sources each accounted for
50 percent of ROGs emitted in the basin. Mobile sources accounted for 62 percent
of SO, emission. The mass of SO, emission was one-eighth that of NO,, emission.
Sulfur emission in Los Angeles is low relative to that in many other cities worldwide
because Los Angeles has relatively few coal-fired power plants, which are heavy
emitters of SO,.

11.2.4 Breakdown of ROGs

Once organic gases are emitted, they are broken down chemically into free rad-
icals. Six major processes break down hydrocarbons and other ROGs — photol-
ysis and reaction with OH, HO,, O, NOj3, and O3. Reaction of organics with
OH and O occurs only during the day, because OH and O require photolysis for
their production and are short-lived. NOj is present only at night because it pho-
tolyzes quickly during the day. O3 and HO; may be present during both day and
night.

OH is produced in urban air by some of the same reactions that produce it in
the free troposphere. An early morning source of OH in urban air is photolysis
of HONO. Since HONO may be emitted by automobiles, it is more abundant in
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urban air than in the free troposphere. Midmorning sources of OH in urban air are
aldehyde photolysis and oxidation. The major afternoon source of OH is ozone
photolysis. In sum, the three major reaction mechanisms that produce the hydroxyl
radical in urban air are

Early morning source

HONO 4+ hv —> OH+NO A < 400 nm (11.80)

Midmorning source

HCHO + hv — H+HCO 1 < 334nm (11.81)
H+0, 2% HO, (11.82)
HCO + 0, — HO, + CO (11.83)
NO + HO, — NO, + OH (11.84)

Afternoon source
O3 +hv —s 0, +-O('D) A <310nm (11.85)
O('D) + H,0 — 20H (11.86)

ROGs emitted in urban air include alkanes, alkenes, alkynes, aldehydes, ketones,
alcohols, aromatics, and hemiterpenes. Table 11.5 shows lifetimes of these ROGs
against breakdown by six processes. The table shows that photolysis breaks down
aldehydes and ketones, OH breaks down all eight groups during the day, HO;
breaks down aldehydes during the day and night, O breaks down alkenes and
terpenes during the day, NO3 breaks down alkanes, alkenes, aldehydes, aromatics,
and terpenes during the night, and O3 breaks down alkenes and terpenes during
the day and night.

The breakdown of ROGs produces radicals that lead to ozone formation.
Table 11.6 shows the most important ROGs in Los Angeles during the summer of
1987 in terms of a combination of abundance and reactive ability to form ozone.
The table shows that m- and p-xylene, both aromatic hydrocarbons, were the
most important gases in terms of generating ozone. Although alkanes are emitted
in greater abundance than are other organics, they are less reactive in producing
ozone than are aromatics, alkenes, or aldehydes.

In the following subsections, photochemical smog processes involving the chem-
ical breakdown of organic gases to produce ozone are discussed.

11.2.5 Ozone production from alkanes

Table 11.6 shows that i-pentane and butane are the most effective alkanes with
respect to the combination of concentration and reactivity in producing ozone in
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Table 11.5 Estimated lifetimes of reactive organic gases representing alkanes, alkenes,
alkynes, aldehydes, ketones, aromatics, and terpenes against photolysis and oxidation in
urban and free-tropospheric air

Lifetime in polluted urban air at sea level

[OH] [HO;] [O] [NOs] [0s]

5 x 106 2 x 10° 8 x 10* 1 x 1010 5 x 1012
ROG species  Photolysis molec. cm™3 molec. cm™3 molec. cm™ molec. cm™3 molec. cm™3
n-Butane - 22 h 1000 y 18y 29d 650y
trans-2-Butene - 52m 4y 6.3d 4m 17 m
Acetylene - 3.0d - 2.5y - 200d
Toluene - 9.0 h - 6y 33d 200d
Isoprene - 34 m - 4d Sm 4.6 h
Formaldehyde  7h 6.0h 1.8 h 25y 2.0d 3200y
Acetone 23d 9.6d - - - -

Lifetime in free-tropospheric air at sea level
[OH] [HO;] [O] [NOs] [0s]

5 x10° 3 x 108 3 x 103 5 x 108 1 x 1012
ROG Species  Photolysis molec. cm™3 molec. cm™® molec. cm™3 molec. cm™3 molec. cm™3
n-Butane - 9.2d 6700 y