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LECTURE #6
Numerical Solution of Ordinary Differential 
Equations



MATLAB Built-In Routines for solving 
ODES

Ode113: variable order solution to nonstiff system
Ode15s: varaible order, multistep method for 
solution of stiff system
Ode23: Lower order adaptive stepsize routine for 
nonstiff systems
Ode23s: Lower order adaptive step size routine for 
stiff systems
Ode45: higher order adaptive stepsize routine for 
nonstiff system



Simultaneous ODEa 1
1 1 2

2
2 1 2

( , , )

( , , )

dy f t y y
dt
dy f t y y
dt

=

=RK-4 algorithm
1,1 1 ,1 ,2

1,2 2 ,1 ,2

2,1 1 ,1 1,1 ,2 1,2

2,2 2 ,1 1,1 ,2 1,2

3,1 1 ,1 2,1 ,2 2,2

( , , ),
( , , ),

( / 2), ( ), ( ) ,
2 2

( / 2), ( ), ( ) ,
2 2

( / 2), ( ), ( )
2 2

j j j

j j j

j j j

j j j

j j j

k f t y y
k f t y y

Then
h hk f t h y k y k

h hk f t h y k y k

Then
h hk f t h y k y k

=

=

⎛ ⎞= + + +⎜ ⎟
⎝ ⎠
⎛ ⎞= + + +⎜ ⎟
⎝ ⎠

⎛ ⎞= + + +⎜
⎝ ⎠

( )
( )

3,2 2 ,1 2,1 ,2 2,2

4,1 1 ,1 3,1 ,2 3,2

4,2 2 ,1 3,1 ,2 3,2

1,1 2,1 3,1 4,1
,1 1,1

2,1 2,2
,2 1,2

,

( / 2), ( ), ( ) ,
2 2

( / 2), ( ), ( ) ,

( / 2), ( ), ( ) ,

( )
6 3 3 6

(
6 3

j j j

j j j

j j j

j j

j j

h hk f t h y k y k

k f t h y hk y hk

k f t h y hk y hk

k k k k
y y h

k k
y y h

−

−

⎟

⎛ ⎞= + + +⎜ ⎟
⎝ ⎠

= + + +

= + + +

= + + + +

= + + + 3,2 4,2 )
3 6

k k
+



Example: A coupled system of ODEs
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function dydt=odesys(t,y)
dydt=[-y(1)*exp(1-t)+0.8*y(2);
y(1)-y(2)^3];

y0=[0; 2];
tn=3;
[t,y]=RK4sys('odesys',tn,0.1,y0)



function [t,y]=RK4sys(diff,tn,h,y0)
t=(0:h:tn)';  %column vector of elements with spacing h
nt=length(t); % Number of steps
neq=length(y0); % number of ODEs
y=zeros(nt,neq)
y(1,:)=y0(:)'; %assign initial conditions

h2=h/2; h3=h/3; h6=h/6;
k1=zeros(neq,1), k2=k1; k3=k2; k4=k1;
ytemp=k1;
for j=2:nt
told=t(j-1); yold=y(j-1,:)';

k1=feval(diff,told,yold);
for n=1:neq

ytemp(n)=yold(n)+h2*k1(n);
end
k2=feval(diff,told+h2,ytemp);
for n=1:neq

ytemp(n)=yold(n)+h2*k2(n);
end
k3=feval(diff,told+h2,ytemp)
for n=1:neq

ytemp(n)=yold(n)+h*k3(n);
end
k4=feval(diff,told+h,ytemp)
for n=1:neq

y(j,n)=yold(n)+h6*(k1(n)+k4(n))+h3*(k2(n)+k3(n));
end









Physical Stability of dynamic systems

Consider the single 
ODE
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The dynamic system described by ODEs is stable around its steady 
states if the eigenvalues of the linearized system are negative



Stability of system of ODEs

Stability of system of ODES is 
determined based on the sign of 
eigenvalues of Jacobian matrix.
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If all eigenvalues of J are negative the system is stable



Example: given the chemical reaction system described by
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a. Show that y1=0.07709 and y2=1.89351 is a steady-state solution of the system
b. Study the stability of the dynamic system around its steady state.
c. Use an ODE MATLAB solver to examine the dynamic behavior of the system
around its steady-state. 

function f=ode_stability(y)
f(1)=4*y(1)^2*y(2)^2-2*y(1)*y(2)^2+5*y(2)-9
f(2)=-3*y(1)^3*y(2)-12*y(1)*y(2)^2-3*y(2)+9

y0=[0.07709; 1.89351]
y=fsolve('ode_stability',y0)

(a)

ans =

0.0771
1.8935



(b)
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Eigenvalues of J at steady state:
y0=[0.07709; 1.89351]
ys=fsolve('ode_stability',y0)

J=[8*ys(1)*ys(2)^2-2*ys(2)^2         8*ys(1)^2*ys(2)-4*ys(1)*ys(2)+5;
-9*ys(1)^2*ys(2)-12*ys(2)^2      -2*ys(1)^2-24*ys(1)*ys(2)-3]

eig(J)

J =

-4.9596    4.5061
-43.1261   -6.5153

ans =

-5.7374 +13.9186i
-5.7374 -13.9186i

System is stable since all eigenvalues have 
negative real parts.



function dydx=ode_dynamic(x,y)
dydx(1)=4*y(1)^2*y(2)^2-2*y(1)*y(2)^2+5*y(2)-9
dydx(2)=-3*y(1)^3*y(2)-12*y(1)*y(2)^2-3*y(2)+9
dydx=dydx'

xspan=[0 2];
y0=[0.1; 1.0];
[x,y]=ode45('ode_dynamic',xspan,y0)
plot(x,y)



Stiff ODEs
When the eigenvalues of the Jacobian are all of 
the same order: non-stiff system and problem 
with intergration.
If λmax >>>λmin stiff system
λmax gives very steep profile and needs very 
small h.
λmin very slow dynamics and need large final 
time so using explicit ODE solvers is time 
intensive. 
For stiff systems, implicit methods are 
preferred.  
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Example of a stiff ODE 
van der Pol’s equation
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Given the initial conidtions (1,1), use MATLAB to solve the following 
Two cases:
− µ=1, use ODE45 to solve from t=0 to 20
− µ=1, use ODE45 to solve from t=0 to 3000




