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LECTURE #6
Numerical Solution of Ordinary Differential 
Equations



ODE MATLAB Solver











Nonlinear ODE: Initial value Problems
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Approximated using Finite differences 

Euler Method

Implicit Euler Method
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Modified Euler method

Step size, ∆x



Example: Use Euler’s 
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• Euler method is a first-order one-step method
• Error can be reduced by reducing step size. 
• Demands great computational effort to obtain 

acceptable error levels
• Euler method can provide error-free predictions 

if the underlying function is linear
• Truncation error: 1
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MATLAB Implementation

The OdeEuler function for integration of a first-order ODE with Euler’s 
explicit method

function [t,y]=odeEuler(diff,tn,h,y0)
t=(0:h:tn)';
n=length(t);
y=y0*ones(n,1)
for j=2:n

y(j)=y(j-1)+h*feval(diff,t(j-1),y(j-1));
end



The ge501_euler function for comparing numerical solution with Eulers
method solution with the exact solution.

function ge501_euler(h)
tn=4; y0=1;
[x,y]=odeEuler('ypge501',tn,h,y0)
fprintf('      x     y     y_Exact error\n')
for k=1: length(x)
yexact(k)=-0.5*x(k)^4 + 4*x(k)^3-10*x(k)^2+8.5*x(k)+1;
end
for k=1: length(x)
fprintf('%9.4f %9.6f %9.6f %10.2e\n', x(k), y(k), yexact(k), y(k)-yexact(k))
end
fprintf('\nMax Error= %10.2e for h= %f\n',norm(y-yexact'),h);

function dydx=ypge501(x,y)
dydx=-2*x^3+12*x^2-20*x+8.5

3 22 12 20 8.5, (0) 1.0dy x x x y
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Implicit Euler Method
2
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Implicit Equations cannot be solved individually but must 
be setup as sets of algebraic equations.
Euler implicit formula is more stable than the explicit one. 



Higher-order One step Methods

Midpoint method

Heun’s method
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Comparison of Midpoint and Euler methods

function [t,y]=odeMidpt(diff,tn,h,y0)
t=(0:h:tn)';
n=length(t);
y=y0*ones(n,1)
h2=h/2
for j=2:n

k1=feval(diff,t(j-1),y(j-1))
k2=feval(diff,t(j-1)+h2,y(j-1)+h2*k1)
y(j)=y(j-1)+h*k2;

end



MATLAB code for ODE simulation

function ge501_euler(h)
tn=4; y0=1;
[x,y]=odeEuler('ypge501',tn,h,y0)
[x1,y_mp]=odeMidpt('ypge501',tn,h,y0)
[x1,y_Huen]=odeHuen('ypge501',tn,h,y0)

fprintf('      x      y    ymidpoint y_Huen y_Exact error\n')
for k=1: length(x)

yexact(k)=-0.5*x(k)^4 + 4*x(k)^3-10*x(k)^2+8.5*x(k)+1;
end
for k=1: length(x)

fprintf('%9.4f %9.6f %9.6f %9.6f %9.6f %10.2e\n', x(k), y(k), y_mp(k), 
y_Huen(k), yexact(k), y(k)-yexact(k))
end
fprintf('\nMax Error= %10.2e for h= %f\n',norm(y-yexact'),h);
plot(x,yexact,x,y,'+',x1,y_mp,'*')



Fourth-order Runge-Kutta Method

General formula: 1
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function [t,y]=RK4(diff,tn,h,y0)
t=(0:h:tn)';
n=length(t);
y=y0*ones(n,1)
h2=h/2; h3=h/3; h6=h/6;
for j=2:n

k1=feval(diff,t(j-1),y(j-1))
k2=feval(diff,t(j-1)+h2,y(j-1)+h2*k1)
k3=feval(diff,t(j-1)+h2,y(j-1)+h2*k2)
k4=feval(diff,t(j-1)+h,y(j-1)+h*k3)
y(j)=y(j-1)+h6*(k1+k4)+h3*(k2+k3);

end



ODE methods Comparison 

x         y-Euler     y-Midpoint  y-Heun y-RK4     Exact
0.0000  1.000000  1.000000 1.000000 1.000000 1.000000 0.00e+000
0.5000  5.250000  3.109375  3.437500  3.218750  3.218750 2.03e+000
1.0000  5.875000  2.812500  3.375000  3.000000  3.000000 2.88e+000
1.5000  5.125000  1.984375  2.687500  2.218750  2.218750 2.91e+000
2.0000  4.500000  1.750000  2.500000  2.000000  2.000000 2.50e+000
2.5000  4.750000  2.484375  3.187500  2.718750  2.718750 2.03e+000
3.0000  5.875000  3.812500  4.375000  4.000000  4.000000 1.88e+000
3.5000  7.125000  4.609375  4.937500  4.718750  4.718750 2.41e+000
4.0000  7.000000  3.000000  3.000000 3.000000 3.000000 4.00e+000



Multi-Step Methods

Adams method (2nd

degree)

Adams-Moulton method 
(3rd degree)
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Adaptive Stepsize Algorithms

Two basic strategies to increase the 
accuracy:

Reduce h
Choose a more accurate scheme (higher  order)
Success doesn't continue above order four RK 
For further efficiency, adapt varying h 

MATLAB adaptive stepsize algorithm: ode23, 
ode45



MATLAB Built-In Routines for solving 
ODES

Ode113: variable order solution to nonstiff system
Ode15s: varaible order, multistep method for 
solution of stiff system
Ode23: Lower order adaptive stepsize routine for 
nonstiff systems
Ode23s: Lower order adaptive step size routine for 
stiff systems
Ode45: higher order adaptive stepsize routine for 
nonstiff system


