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Abstract

For a given set of angles 6y < --- < 6, in [0, 7), we give explicitly a set
of k+ 1 parallel X-ray beams in each direction 6, k =0, ..., n, which can
be used to reconstruct a bivariate polynomial in II2 uniquely from a set of
(”'2"2) Radon projections in the above directions. Also we give an outline
of an algorithm which can be used to reconstruct the polynomial. Some
numerical results are given too.

1 Introduction

In many practical problems the information of a bivariate function comes from the
values of its integrals along a finite set of line segments, for example in tomography
and electronic microscopy. This motivates many authors to study the problem
of approximating bivariate functions using this type of information. See, for
example, [4], [5], [7], [9], [10], [12], and the bibliography therein.

In [10], Marr proved that a bivariate polynomial of total degree at most n
can be reconstructed by using its integrals alon a finite number of chords joining
equidistant points on the unite circumference.

A particular case of a general multivariate result was given by Hakopian in
[6] (see also [4]), shows that a bivariate polynomial of total degree < n can be
recovered uniquely from its integrals over a set of (”;2) chords joining any given
n + 2 distinct points on the boundary of the unit disk. Another result, based
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the solution of the interpolation problem considered in [1]. First we need some
preliminaries.

We shall denote by 12 the set of all real algebraic polynomials in two variables
of total degree < n. If P € TI2, then

P(z,y) Z ;T 7 a;; € R.

i+j<n

2
be the unit disk on the plane R?, where ||x||> = (22 + y?). For a given real valued
function f defined in R? we Shall assume that the integrals of f are known along
all line segments on the unit disk B. Given t € [—1,1] and an angle 6 € [0, 7),
measured counterclockwise from the positive z axis, the equation

It is known that the dimension of I12 is (”“) Let B :={x:= (z,y) : ||x]| <1}

l(x,y) :=xcosl+ysind —t =0

defines the line ¢ which passes through the point (¢cos6,tsinf) and is perpen-
dicular to the vector (cos#,sinf). Let 1(0,t) be the set of points of intersection
of the line ¢ and the unit disk B. i.e.,

I(0,t):=¢NB, 0 [0,m), t €[-1,1].
It is easy to see that the points (z,y) on I(6,t) are given by

r=tcosf —ssinf, y=+tsinfh+ scosf

where |s| < /1 — 2.
For a given ¢t € [—1,1] and 0 < # < 7, the Radon projection of a function f
along the line segment 1(6,t) is given by

= o

/ f(tcosf — ssinf,tsinf + scosb)ds.

It is also called an X-ray. Since I(6,t) = I(0 + 7, —t) then



Since the function f = 0 has all its projections equal to zero, it follows that the

only function which has the zero Radon transform is the zero function.

In fact,(see [2]), if P € II2 then for each fixed 6 there exists a univariate
polynomial p of degree at most n such that

Ro(P;t) =vV1—12p(t), —-1<t<1.

Moreover every algebraic polynomial P € II2 is uniquely determined by only
a finite number of projections [11]:

Theorem A. Let 0y < --- < 0, be any given angles in [0, 7). Then the
projections
Ro, (P;t), —1<t<1, k=0,...,n,

determine P uniquely.

The problem of recovering a bivariate polynomial P € II? by using a finite
number of X-rays, matching the dimension of II2 was considered in [1]. The X-
rays were taken along a finite set of chords J = {I(6,t)} where the cardinality of
J is equal to the dimension of IT2. The set J was partitioned into n+1 supgroups,
such that the kth supgroup consists of & + 1 parallel line segments in the unit
ball B .

The problem was described by a set of given angles y < --- < 6,, in [0, 7) and
a triangular matrix 7" = {#;;} of points

Tep < -+ < Tgn, kZO)"'ana

associated with these angles. Here we consider the problem of characterizing the
locations of a set of nodes {¢;;} for which the interpolation of the data {Ry, (-; tx;)}
by polynomials of degree at most n is poised.

Let in( 16
sm(m +

= = 1

Upn(t) g t = cosf (1)

be the Chebyshev polynomial of the second kind of degree m.

Con<ider the matricea



Theorem B. For given angles 0 < 0y < --- < 0, < w and associated points
T = {tri}r—o:lk, the interpolation problem

/ P(x)dx = k=0,...,n, i=k,...n, Pell 2)
I(0k,thi)

is poised if and only if

detUp #0 for k=1,...,n.

The martices Uy are not invertible for all choices of T' = {t4;}7_o 2 Indeed,
for k = n we have det Uy, = U, (t,,) which is zero if t,,, is a zero of U,,.
However for each fixed k the determinant of Uy can be considered as a polynomial
in the span{Uy, ..., U,}, thus it is different than zero for almost all choices of
{tr;} € R. But given a set of points {#;;} it is often difficult to determine if it
gives a unique solution of the problem (2).

2 Main Result

For a given positive integer n let v = A5, and let 7; := cos (nij:g

1,...,n+ 1, be the zeros of the polynomial U, (x). We have:
Theorem 1. Let ty; = n;q fori=k,...,n, k=0,...,n. Then det U, # 0
for k=1,...,n and consequently the interpolation problem (2) is poised.
Proof. In view of (1), by direct evaluation, it follows that:

) = cos(iq), 1 =

sin{(j+1)({+1)}

Un,j(tk,nfz) = (_1>nil7j sin{(n—1+1)a} ’

forl=0,....n—k,7=0,...,n.

From the rows of det Uy we factor out m foreach [ =0,...,n—k, then
what is left is a symmetric determinant. If n is even we factor out (—1) from the
even rows of the resulting determinant to get that all elements in each column
have the same sign, thus we factor out (—1) from its even columns. This will

result in a factor of +1 := . (If n is odd we factor out (—1) from the odd rows



then we have .
det Uy, = det Uy,

ITiZ sin{(n = j + 2)a}

We shall show that

det Uy = 2mm=D/2 [T sin(ja) det Vy,

j=1
where
1  cosa o+ (cosa)m!
det V,, = 1 cos(2a) -+ (cos(2a))™? ’
1 cos(ma) -+ (cos(ma))™!

Indeed, by the formula: e*® = cos ¢ + isin ¢, it follows that

n

cos(ng) + isin(ng) = (cosd +ising)" = > <Z> (isin¢)" (cos @) "

pu=0

Comparing the imaginary parts in both sides of (3) we get:

sin ((2m)6) = siné 38, cos " 6,
j=1

sin ((2m + 1)¢) = sin ¢ iozj cos ¢,
=0

where o, 3; are constants. Hence for the general element in U} we have

J
) y; = sin(la) Y a, cos™ ' (la),
v=1
J
U oy = sin(la) > by, cos™(la),

v=0

(4)

(5)

for some constants a...b.,. Let us mention that the leadinge coefficients in (4).



where Uy is the matrix with general element u; ; given by

J
u;gj = Z a, cos™ (la), (6)
v=1
J
Ui g = Y by cos™ (lav). (7)
v=0

Thus, for each k, uj, is a polynomial of degree k — 1 in cos(lar), which is even or
odd according to k.

For a fixed j we introduce the notation Cj; := [uzj} .l =1,...,m, to denote
the jth column of Uj. In view of (6), (7) we have Cj, = Cj; = [1], and
Cl2 = [ay cos(lar)] . Factoring out a; from C) 5, the second column of Uj, becomes:
Cly = [cos(la)] . Since Cy3 = [bycos®(la) + by, we subtract by x Cj; from Cj3,
then we factor out the coefficient bq, we find that the 3rd column of U}, becomes
C} 4 = [cos*(la)].

Continuing in this way, by subtracting from each odd column the multiples of
the preceding odd columns and subtracting from each even column the multiples
of the preceding even columns then factoring out the leading coefficients a;, b; we
reduce all the columns of U}, to the form Cj, = [cos* '(la)],p = 1,...,m;l =
1,...,m.

Since adding multiples of columns of a determinant to another column of the
same determinant will not affects its value, therefore

[m/2]  [(m-1)/2]
detU, = [[ a [ bjdetVy
j=1

=0
12 m= et V) = 2mm=D/2 det V..

Thus, from the above steps we finally get that

det U, = cgmom—b2 [ )

det V.
Ahsin{(n—j+2)a) "

It is evident that det V, is a Vandermonde determinant, thus we have



Now we will give the steps that can be used to reconstruct the interpolating
polynomial.
Every polynomial P € II2 can be represented as

P(x,y) = Z apgr’y?. (8)

p+q<n
Step 1. Compute the Radon projections of the monomials zPy?:
vV 1=7it1
/ 2Pyt de dy = / (Miy1 cos O — ssin b )P (011 sin by, + s cos ) ds.
IOk trs) S w—

Step 2. Solve the following linear system for the coefficients {a,, }:

Z (pq / 2Pytde dy = Vg, foreo==k,...,n, k=0,...,n.

Step 3. Substitute the values of the coeflicients {a,,} in (8).
We apply the above algorithm for two functions that are usually used for

testing new methods for recovering bivariate functions: namely, to the so called
"Mexican hat”:

sin (3my/2? + y? + 10-18
3my/x? +y* + 10718
and to the cone: /22 + y2, 2% +y? < 1. We get the following numerical results.

, 2yt <1
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Figure 2: The graphs of the cone, its interpolating polynomial of degree 10 and
the error.

The uniform norms of the error are given in the following table.
n | Mexican hat | the cone
8 0.136998 0.0702261
10 | 0.0122434 | 0.0582879
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