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Optimal Prediction-Intervals for the Exponential
Distribution, Based on Generalized Order Statistics
Mohammad Zayed Raqab

Abstract—This paper proposes optimal prediction intervals
for the future generalized order statistic (GOS) based on the first
GOS (ordinary order statistics, usual record values, -record
values) from an exponential population. A conditional argument is
considered for obtaining an optimal prediction interval for future
GOS. A numerical example illustrates this technique.

gamma function
gamma distribution with shape, scale parameters ,
, incomplete gamma function.

Index Terms—1-record value, exponential distribution, generalized order statistics, -record value, ordinary order statistic, prediction interval.

ACRONYMS1
OS
GOS
HCD
PLF
MLE
PMLE
MLP
MSPE
pdf
Cdf
r.v.
i.i.d.

order statistic
generalized OS
highest conditional density
predictive likelihood function
maximum likelihood estimate
predictive MLE
ML predictor
mean square prediction error
probability density function
cumulative distribution function
random variable
-independent and identically distributed

I. INTRODUCTION

T

Notation
sample size
indexes (positive real numbers) for classifying the model type
statistic
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GOS
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first GOS
(lower, upper) prediction limits
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1The

singular & plural of an acronym are always spelled the same.

HE EXPONENTIAL distribution is prominent in
life-testing experiments and reliability problems. The use
of order statistics in this connection arises quite reasonably.
These statistics lead to system-reliability and quality-assurance
variables and thus are important to reliability engineers and
manufacturers. The ordinary th OS in a sample of size
represents the life-length of a
-out-of- :G system
i.i.d. components. All
components begin
made up of
working simultaneously, and the system is good iff at least
components are good.
A flexible and more adequate model for a
-out-of- :G system in practical situations must consider a
certain -dependence structure. The failure of any component
in the system can influence the remaining components. That is,
the life distribution of the remaining components in the system
at
can change after any component-failure. After failure
time , the remaining components possess a different life-distribution; it is truncated on the left at to ensure realizations
arranged in ascending order of magnitude. A triangular scheme
failures
of failure times is used, where line contains
. Thus the system is a sequential
with Cdf
-out-of- :G system for some
; the
th sequential OS describes the life-length of the underlying
system. See [9], [10] for further details.
A related model is the model of record values defined [4]
as a model for successive extremes in a sequence of i.i.d. r.v.
If several voltages of an equipment are considered, only the
voltages greater than the previous one can be recorded. These
recorded voltages are the upper record value sequence. In genof the th value if
eral, one records the voltage
,
. Let
be the voltage of an
equipment on day of location . To study the local maximum
at each location, the local maxima are the upper
voltages of
record values.
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Let a technical system be subject to shocks, e.g., voltage
peaks. If the shocks are viewed as realizations of an i.i.d. sequence, then the model of record values is adequate. Consider
a situation in which the values of successive peak voltages
and the occurrence of these peaks are of special interest. The
waiting times between each two shocks can be modeled by
record differences.
In the model of 1-record values, the interest is in the first
largest value at each occurrence. If not the record values themselves, but second or third largest values are of special interest,
;
then the model of -record values [7] is adequate. Let
the sequence of 2-record values is obtained as follows:
1) Determine the 2nd largest failure time based on the first
2 failures.
2) Observe the 3rd failure time, and answer the question:
What is the 2nd largest value of the new set of failure
times? If the 2nd largest failure time of this set is greater
than the previous, then record it; else keep the old set.
3) Record the failure times until a complete set of 2-record
( is a positive integer)
values is obtained. Let
, then
and

113

diction interval for
. Let an interval
be a
optimal prediction interval for

if

for all , and its length is minimized. An HCD prediction in, given
terval is such that the conditional pdf of
for every point inside the interval, is greater than that for every
point outside of it (see, in Bayes context, [15]).
II. ESTIMATION AND PREDICTION FOR
The exponential pdf and Cdf are, respectively,

(2.1)
From (1.1), the joint pdf of
, is

(2.2)
Similarly, the joint pdf of
(2.3), and the marginal pdf of

and
(2.4) are

Then the r.v.
are the seare the record times. Orquence of -record values and the
. In reliability theory,
dinary record values are obtained for
:G
the th -record value is the failure time of a -out-ofsystem.
The concept of GOS is introduced [10] as a unified approach to ordinary OS, record values, and -record values. Let
be GOS from an absolutely
and pdf
. Their joint pdf is [10: pp
continuous Cdf
50 – 51]

(2.3)

(2.4)
From (2.1), (2.2), [8], the PLF of

and

are

(1.1)
and
, then
reduces to or• If
dinary order statistic, , and (1.1) is the joint pdf of the
OS,
[2], [5].
and
, then (1.1) is the joint pdf of the
• If
first upper record values [1], [14].
and
, then (1.1) becomes the joint pdf of
• If
-record values [7].
In this context, the model of GOS based on can always be
interpreted as sequential OS.
The prediction problems of the life-time models associated
with the exponential distribution are very important, and have
been studied in [3], [6], [8], [11], [13]. This paper considers the
prediction problem: On the basis of the first GOS from an ex,
ponential distribution, predict the GOS ,
. We use the idea of conditioning to obtain an optimal pre-

(2.5)
Take the logarithm of the PLF in (2.5), and differentiate with
and , respectively, the results are the
respect to
MLP and PMLE

for

,

for

;
.
(2.6)
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Then

The constants
such that

are determined through the pivot statistic
and

By unimodality, it suffices to derive an optimal prediction in, such that
terval for
(2.8)
If

(2.9)

, then
is the -record value.
a) GOS
behaves like
b) Equation (2.1), (2.4) imply that
. Thus

, the approxiThis is an HCD prediction interval. For
mate conditional pdf in (2.8) and (2.9) can be simplified to

for
The MLP of
and the PMLE of for the ordinary
and upper record values
order statistics
are included in (2.6). From (2.1) and (2.2), the MLE
.
of , based on the first GOS, is
The PLF in (2.5) becomes

Therefore,

the

HCD

prediction
,

interval
must

satisfy the 2 equations
(2.10)

(2.11)

Thus the PLF
posed into

For

, an approximate conditional pdf is

The
form of

HCD prediction interval of

is a scale family; and it can be decom-

the

,

is in the

are found by simultaneous solution of

(2.7)
(2.12)

. This
Because is unknown, replace it by the MLE of :
; thus the pivleads to the approximate conditional pdf
otal statistic is

Adopt an -expected length as a criterion; then the result [16]
can be used to get an optimal prediction-interval among the
scale-invariant prediction intervals. Thus the optimal prediction
interval is in the form of

(2.13)
III. EXAMPLE
Consider the following data which represent failure times, in
minutes, for a specific type of electrical insulation in an experi-
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ment in which the insulation was subjected to a continuously increasing voltage stress [12]: 21.8, 70.7, 24.4, 138.6, 151.9, 75.3,
12.3, 95.5, 98.1, 43.2, 28.6, 46.9.
An exponential model is appropriate for these data. To illustrate the methods of inference in this paper, consider the 3
.
models:
A numerical method was used to solve (2.10) and (2.11) for
’ models, and (2.12) and (2.13) for ’
’ models
’
with Mathematica 3.0.
1) Ordered Data Analysis
Assume that only the first 8 ordered failure times are
available and that the last 4 failure times are censored
— since the experimenter failed to observe these failure
. The PMLE
times. Hence:
& MLE of are, respectively:
. From (2.6), the MLP of the last failure time
. The interval (97.455,
is:
421.988) provides a 95% HCD prediction interval of
.
2) Record Data Analysis
A failure time
is a record (upper record) if it exceeds
all preceding failure times. Therefore, the 1-record values
from the above data are: 21.8, 70.7, 138.6, 151.9. After the
occurrence of a record used as a shock model, each shock
is allowed to influence the magnitude of the subsequent
. The PMLE & MLE of
shock. Here,
are,
. The MLP and 95%
HCD prediction interval of the 6th 1-recorded failure time
are, respectively,
.
3) -Record Data Analysis
The second largest failure time, based on the first 2
failures, is 21.8.
If the value 24.4 is observed, then this value is the
second largest failure time, based on the preceding
failure times.
If the value 138.6 is observed, it is the first largest
failure time, and the 2nd largest failure time is 70.7.
Proceeding similarly, the recorded failure times are: 21.8,
24.4, 70.7, 138.6.
The failure times after 151.9 are not recorded because
they have no influence on the previous failure times in the
context of this model. The PMLE & MLE of , based on
the first four 2-record values are,
.
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The MLP and 95% HCD prediction interval of the
7th 2-recorded failure time are:
.
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