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A Rigidity Theorem for Compact Hypersurfaces
with an Upper Bound for the Ricci Curvature
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Abstract. We focus our attention on compact hypersurfaces with Ricci curvature bounded from
above and we give a sufficient condition for them to be spherical. This generalizes and completes
previous results.
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1. Introduction and the Main Results
The classical Bonnet–Myers [5] theorem asserts that if the Ricci curvature of a
complete Riemannian manifold Mn is greater than or
√ equal to (n − 1)c with c > 0,
then the diameter of Mn is√less than or equal to π/ c and so Mn is compact. If in
addition, diam(Mn ) = π/ c, then Mn is isometric to the sphere S n (c) of constant
curvature c (Cheng maximal diameter sphere theorem). These are some of the most
famous curvature-topology results and illustrate what some call ‘la domination
universelle de la courbure de Ricci’ (M. Berger quoted in [5]). In comparison,
there are not too many results about manifolds with Ricci curvature bounded from
above. For compact hypersurfaces, this work will show a maximal theorem, i.e.:
with an additional assumption, such manifolds are isometric to spheres of constant
curvature.
More precisely, let S̃n+1 (c) be the simply connected space form of constant
curvature c(c ∈ R) and Sp (r) = {q ∈ S̃n+1 (c)/dp (q) = r} the distance sphere
with center p ∈ S̃n+1 (c) and radius r > √
0 where d is the Riemannian distance of
S̃n+1 (c). If c > 0, assume that r < π/(2 c). It is a classical result [1] that Sp (r)
is a compact connected umbilical hypersurface with principal curvatures equal to

kc (r) =






√

√
c cot(r c)

1/r


√
 −c coth(r √−c)

if c > 0
if c = 0,
if c < 0.
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The Ricci curvature of Sp (r) is therefore constant and equal to
Ric = (n − 1)(c + kc2 (r)).
Conversely, we prove the following result:
THEOREM 1. Let N be a compact connected hypersurface of the space√form
S̃n+1 (c) (n > 3) included in a closed normal ball B p (r) of M with r < π/(2 c) if
c > 0 and assume that the Ricci curvature of N satisfies
Ric 6 (n − 1)(c + kc2 (r)).
Then N = ∂B p (r) = Sp (r).
This generalizes the previous results of Deshmukh [3] and Leung [8]. Moreover,
for n = 2 and c = 0, Theorem 1 is also true and was proved by Koutroufiotis [7].
Theorem 1 is an immediate corollary of the following theorem:
THEOREM 2. Let Mn+1 be a complete Riemannian manifold (n > 3) with sectional curvature K M bounded from above by a constant c. Let i: N → M be an
isometric embedding of a n-dimensional compact connected Riemannian
√ manifold
with i(N) included in a closed normal ball B p (r) of M with r < π/(2 c) if c > 0.
Assume that the Ricci curvature of N satisfies
Ric 6 RicM − K M (·, ν) + (n − 1)kc2 (r),
where ν is a normal field to i(N) in M. Then i(N) is the geodesic hypersphere
∂B p (r) = Sp (r) and N is isometric to the sphere (S n , gc (r)) with its canonical
metric gc (r) of constant curvature K = kc2 (r)+c. Moreover, the interior of (B p (r))
is isometric to the ball of radius r in the space form S̃n+1 (c) of constant curvature
c.
A similar result was obtained by Markvorsen in [9] by an estimate on the mean
curvature of N.
2. Proof of Theorem 2
In the sequel, the notations of the theorem will be used. Denote also i(N) = Ñ.
Step 1. As Ñ is included in a closed normal ball B p (r), the function f =
→ R is smooth. The Hessian of f , for the induced Riemannian metric on
Ñ, at (q, v) ∈ Ñ × Tq Ñ is [2,6]
1 2
d : Ñ
2 p

Hess fq (v, v) = `{h∇X(`), vi + hγ̇ (`), Sq (v, v)i}
> `{kc (`) · |v|2 − |Sq (v, v)|}

(1)
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where γ : [0, `] → M is the unique normal geodesic joining p to q (` = dp (q) ∈
]0, r]), X the unique Jacobi field along γ in M satisfying the boundary condition
(X(0), X(`)) = (0, v), ∇X the covariant derivative of X along γ on (M, h , i) and
S the second fundamental form of Ñ. As the manifold Ñ is compact, we get a point
q in Ñ where f achieves a maximum. So Hess fq (v, v) 6 0 for all v ∈ Tq Ñ that is
∀v ∈ Tq Ñ ,

|Sq (v, v)| > kc (`) · |v|2 > kc (r) · |v|2 ,

(2)

the last inequality following from the decrease of kc . Among all unit tangent vectors
u to Ñ at q, let u1 be one which makes |Sq (u, u)| minimal. According to (2), we
have |Sq (u1 , u1 )| > kc (r) > 0 and so the kernel of the linear map Sq (u1 , ·): Tq Ñ →
(Tq Ñ)⊥ is (n − 1)-dimensional. If {u2 , . . . , un } is an orthonormal basis of principal vectors of this kernel, the Otsuki Lemma [10] asserts that {u1 , . . . , un } is an
orthonormal basis of principal vectors of Tq Ñ . In view of the Gauss formula, the
Otsuki Lemma and formula (2), we obtain
M
Ricq (u1 ) = RicM
q (u1 ) − Kq (u1 , ν) +

n
X

hSq (u1 , u1 ), Sq (ui , ui )i

i=2

>

RicM
q (u1 )

−

KqM (u1 , ν)

+

n
X

|Sq (u1 , u1 )|2

i=2
M
2
> RicM
q (u1 ) − Kq (u1 , ν) + (n − 1)kc (r).

The hypothesis on the Ricci curvature of N implies that all this inequalities are in
fact equalities and so ` = r and Sq (ui , ui ) = kc (r)ν for all i ∈ {1, . . . , n}, that is q
is an umbilical point of Ñ lying in Sp (r).
Step 2. We claim that the function f is subharmonic in an open neighborhood
of q in Ñ.
Proof of this claim: As n > 3, let U be an open neighborhood of q in Ñ in
which the principal curvatures functions (ki )16 i 6 n of Ñ satisfy
∀i ∈ {1, . . . , n}, ∀q1 ∈ U, 0 < ki (q1 ) < (n − 1)kc (r).
Assume that there exists a point q1 in U with 1f (q1 ) < 0. By taking the trace of
the Hessian in (1), we get
0 > 1f (q1 ) > `1 {nkc (`1 ) − (k1 (q1 ) + · · · + kn (q1 ))}
> `1 {nkc (r) − (k1 (q1 ) + · · · + kn (q1 ))}
so k1 (q1 ) + · · · + kn (q1 ) > nkc (r), where `1 = dp (q1 ) ∈]0, r]. One of the numbers
ki (q1 ), say k1 (q1 ), is strictly greater than kc (r). Let v1 be a unit principal vector
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associated to the principal curvature k1 (q1 ). We obtain
M
Ricq1 (v1 ) = RicM
q1 (u1 ) − Kq1 (v1 , ν) + k1 (q1 ){k2 (q1 ) + · · · + kn (q1 )}
M
> RicM
q1 (u1 ) − Kq1 (v1 , ν) + k1 (q1 ){nkc (r) − k1 (q1 )}
M
2
= RicM
q1 (u1 ) − Kq1 (v1 , ν) + (n − 1)kc (r) +

+{k1 (q1 ) − kc (r)}{(n − 1)kc (r) − k1 (q1 )}
M
2
> RicM
q1 (u1 ) − Kq1 (v1 , ν) + (n − 1)kc (r).

This is a contradiction with the hypothesis.
Step 3. By the maximum principle for subharmonic functions, f is constant
on U. So, {q ∈ Ñ /dp (q) = r} is a nonempty closed open set of the connected
manifold Ñ and therefore coincides with Ñ, that is i(N) = Ñ ⊂ Sp (r). As Ñ is
an n-dimensional compact manifold, Ñ is also a nonempty closed open set of the
connected sphere Sp (r). So i(N) = Ñ = Sp (r). As f is constant in Sp (r), the first
part of the proof shows that Sp (r) is an umbilical hypersurface of M with principal
curvatures equal to kc (r). Using a standard argument (as in [4]) on the relationship
between the differential of expp : Tp Ñ → Ñ and the behaviour of Jacobi fields
along radial geodesics emanating from p, we conclude that the interior of (B p (r))
is isometric to the ball of radius r in the space form S̃n+1 (c) of constant curvature
c.
2
References
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.

Cheeger, J. and Ebin, D.G.: Comparison Theorems in Riemannian Geometry, North-Holland,
Amsterdam, 1975.
Coghlan, L. and Itokawa, Y.: On the sectional curvature of compact hypersurfaces, Proc. Am.
Math. Soc. 109 (1990), 215–221.
Deshmukh, S.: A characterization for 3-spheres, Michigan Math. J. 40 (1993), 171–174.
Eschenburg, J.-H. and O’Sullivan, J. J.: Jacobi tensors and Ricci curvature, Math. Ann. 252
(1980), 1–26.
Gallot, S., Hulin, D. and Lafontaine, J.: Riemannian Geometry, 2nd edn, Springer-Verlag, New
York, 1990.
Jorge, L. P. de M. and Xavier, F. V.: An inequality between the exterior diameter and the mean
curvature of bounded immersion, Math. Z. 178 (1981), 77–82.
Koutroufiotis, D.: Elementary geometric applications of a maximum principle for nonlinear
elliptic operators, Arch. Math. 24 (1973), 97–99.
Leung, P.F.: On the Ricci curvature of a compact hypersurface in euclidean space, Ann. Global
Anal. Geom. 13 (1995), 55–58.
Markvorsen, S.: A sufficient condition for a compact immersion to be spherical, Math. Z. 183
(1983), 407–411.
Spivak, M.: A Comprehensive Introduction to Differential Geometry, vol. 5, Publish or Perish,
Boston, 1975.

184767.tex; 24/08/1995; 7:33; p.4

