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Abstract

The weak crossed product algebra was studied first by Haile, Larson, and Sweedler [Amer. J
105 (1983) 689]. They gave interesting properties for such an algebra, one of which is that ifAf is
a weak crossed product induced by a weak 2-cocyclef defined on a Galois groupG = Gal(K/F),
andH is the inertial subgroup ofG, thenAf has a Wedderburn splitting, that isAf = B ⊕ J where

J is the radical ofAf andB is aKH -central simple algebra. The purpose of this paper is to
the necessary and sufficient condition for a weak crossed product to be Frobenius and to d
an algorithm for constructing lower subtractive graphs from a finite groupG and a generating setS.
A special case of this construction is the so-called weak Bruhat ordering on a Coxeter group(G,S).
We show that the nilCoxeter algebra associated to(G,S) is a special case of the restricted alge
associated to a lower subtractive graph.
 2004 Published by Elsevier Inc.

0. Introduction

Let K/F be a Galois extension of fields,G = Gal(K/F). A weak 2-cocycle is a
functionf : G × G → K such thatf σ (τ, γ )f (σ, τγ ) = f (σ, τ )f (στ, γ ) andf (1, σ ) =
f (σ,1) = 1 for all σ, τ, γ ∈ G. Notice thatf can take the value 0∈ K . In the classical cas
the values off are always invertible. AK-algebra can be obtained fromf in the following
manner: letAf be theK-vector space with basis{xσ | σ ∈ G}, soAf = ∑

s∈G Kxσ , and
define the product inAf by
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(1) xσ xτ = f (σ, τ )xστ ,
(2) kσ xσ = xσ k for k ∈ K .

This algebra is called theWeak Crossed Productassociated tof . Define a relation onG by
σ � τ if and only if f (σ−1, σ τ) �= 0. The inertial subgroupH is defined byH = {σ ∈ G |
σ � 1}. It has been shown thatAf can be written as a direct sum

∑
σ∈H Kxσ ⊕∑

σ /∈H Kxσ

where the first part is aKH -central simple algebra denoted byB and the second part is th
radical ofAf denoted byJ . This splitting is known as the Wedderburn splitting. OnG/H

we define an induced relation byσH � τH if and only if σ � τ . This is a partial order on
G/H with unique least elementH , and it satisfies the following property which is call
lower subtractivity: ifσH � τH then

σH � γH � τH ⇐⇒ σ−1γH � σ−1τH.

So, we obtain a graphΓ L
f onG/H associated withf and rooted atH , called the left graph

of f . If the original relation is changed toσ � τ if and only if f (τσ−1, σ ) �= 0, then we
get the right graph onH\G in an analogous way. We denote the right graph of the coc
f by Γ R

f . To each weak 2-cocyclef is associated an idempotent weak 2-cocyclee taking
the values 0 and 1, and defined by

e(σ, τ ) = 0 if and only if f (σ, τ ) = 0.

These two 2-cocycles have the same lower subtractive graph [4,5].
An F -algebraA is called Frobenius if there is a non-degenerate bilinear formT :A ×

A → F such thatT (ab, c) = T (a, bc) for all a, b,∈ A. Most references call the bilinea
form associative if the later property holds. Equivalently,A is Frobenius if there is a linea
mapλ : A → F whose kernel does not contain any non-trivial one-sided ideal. Frob
algebras satisfy the double annihilator statements which are�.ann(r.ann(I �)) = I � and
r.ann(�.ann(I r )) = I r whereI � is any left ideal andI r is any right ideal [2].

For a Frobenius algebraA with bilinear formT , there is a unique automorphismϕ of A

satisfying

T (x, y) = T
(
ϕ(y), x

)
for all x, y ∈ A.

This automorphism is called the Nakayama automorphism forT . The Frobenius algebr
A with bilinear form T is called symmetric ifT (x, y) = T (y, x) for all x, y ∈ A, or
equivalently if the Nakayama automorphism ofT is inner. A standard example for
symmetric algebra is the group algebra. (For more about Frobenius algebras, see [7

This paper consists of three sections in addition to the introduction. In the first se
we give the necessary and sufficient condition for the weak crossed productAf to be
Frobenius. A sub-algebra ofAe wheree is an idempotent weak 2-cocycle, is the restric
algebra that we study in Section 2. In Section 3, we introduce an algorithm by w
we always get a lower subtractive graph with special properties over a given finite
and generating set. A part of this section is devoted to showing a connection betwe

restricted algebra and the so-called nilCoxeter algebra in case of Coxeter group.
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1. When is Af Frobenius?

The Frobenius property of the weak crossed productAf depends completely on th
graph off . We shall prove thatAf is Frobenius if and only if the graph off has a unique
maximal element.

Lemma 1.1. Let f be a weak2-cocycle defined onG with inertial subgroupH and let
Af = B + J be the Wedderburn splitting ofAf , then

Af =
∑
σ∈S

Bxσ (direct sum),

where{σ ′s} = S is a set of representatives of the cosetsH\G.

Proof. Notice that

Af =
∑
λ∈G

Kxλ =
∑
σ∈S

∑
h∈H

Kxhσ

=
∑
σ∈S

∑
h∈H

Kxhxσ (sinceh � hσ for all h ∈ H,σ ∈ G)

=
∑
σ∈S

( ∑
h∈H

Kxh

)
xσ =

∑
σ∈S

Bxσ . �

A similar proof gives thatAf = ∑
τ∈S′ xτB, whereS′ is a set of representatives of th

cosetG/H .

Lemma 1.2. Let f be a weak2-cocycle defined onG with inertial subgroupH . The left
graph off has a unique maximal element if and only if the right graph off has a unique
maximal element. More precisely, ifγ ∈ G, thenγH is the unique maximal element of t
left graph if and only ifHγ is the unique maximal element of the right graph.

Proof. Let γ ∈ G, thenHγ is the unique maximal element inS ⇔ Hσ � Hγ for all
σ ∈ G ⇔ f (γ σ−1, σ ) �= 0 for all σ ∈ G ⇔ f (τ, τ−1γ ) �= 0 for all τ ∈ G ⇔ τH � γH

for all τ ∈ G that isγH is the maximal element in the left graph onG/H . �
Let

P = {γ ∈ G | aH � bH ⇔ σaσ−1H � σbσ−1H for all a, b ∈ G}
the set of all elements inG preserving the order. Observe thatP is indeed a subgroup ofG.
Moreover, sinceH is the unique least element of the partial order,P is a subgroup of the
normalizer ofH in G(NG(H)).
Proposition 1.3. If the graph off has a unique maximal cosetγH thenγ ∈ P .
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Proof. Observe that

σH � τH ⇔ σH � τH � γH ⇔ σ−1τH � σ−1γH � γH

⇔ τ−1γH � τ−1σγH � γH ⇔ γ −1σγH � γ −1τγH.

Soγ −1 ∈ P and thusγ ∈ P . �
Corollary 1.4. Letf be a weak2-cocycle with inertial subgroupH . LetγH be the unique
maximal coset in the graph off . ThenBxγ = xγ B.

Proof. Let xγ xh ∈ xγ B, thenxγ xh = f (γ,h)xγh. But by the proposition aboveγ h = h′γ
for someh′ ∈ H . So

xγ xh = f (γ,h)xh′γ = f (γ,h)

f (h′, γ )
xh′xγ ∈ Bxγ . �

Lemma 1.5. Let γH,γ ′H be two distinct maximal elements in the graph off . Then
Af xγ �= Af xγ ′ .

Proof. This is obvious sinceAf xγ = Af xγ ′ would imply thatγH � γ ′H � γH in the
right partial order, orγH = γ ′H . �
Theorem 1.6. Letf,G,H,S, andAf be as above. ThenAf is a Frobenius algebra if and
only if the graph off has a unique maximal element.

Proof. (⇐). We haveAf = ∑
σ∈S Kxσ by Lemma 1.1. LetγH be the unique maxima

element in the graph off,S and define a linear mapλ : Af → F by

λ

(∑
σ∈S

bσ xσ

)
= TrL/F ◦TrB/L(bγ ) = TrB/F (bγ ),

where TrB/L is the reduced trace for the elementbγ , TrL/F is the field extension trace, an
L = KH = center(B). It is easy to check linearity. We claim that kerλ does not contain an
non-zero one-sided ideal: lety ∈ kerλ − {0}, we proceed to show thatyAf � kerλ. Let
y = b1xσ1 + · · ·+ b�xσ�

, bi ∈ B −{0} for all i. Henceyx
σ−1

1 γ
= b′

1xγ + b′
2xσ2σ

−1
1 γ

+ · · ·+
b′
�xσ�σ

−1
1 γ

where the first term is non-zero. If everything else is zero we stop. Otherw

b′
ixσiσ

−1
1 γ

is the first non-zero term afterb′
1xγ , thenyx

σiσ
−1
1 γ

x
γ −1σ1σ

−1
i γ

= 0+ b′′
i xγ + · · ·

(sincexγ xσ = 0 for all σ /∈ H ). If any extra terms are left, we multiply by a suitab
element so that we eventually get an elementz ∈ Af satisfyingyz = bxγ , b ∈ B − {0}.
So, λ(yz) = TrB/F (b) and becauseb �= 0, we can find a non-zero elementd in B such
that TrB/L(bd) �= 0. Notice that by Corollary 1.4,xγ B = Bxγ , that is bxγ d ′ = bdxγ

for somed ′ in B. This impliesλ(yzd ′) = TrL/F ◦TrB/L(bd), where TrB/L(bd) �= 0. Let

TrB/L(bd) = t ∈ L∗. We can find an elementt ′ in L∗ such that TrL/F (tt ′) �= 0. Thus
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yzd ′t ′ /∈ kerλ or yAf � kerλ and kerλ does not contain any non-zero right ideal. T
left ideal case is similar.

(⇒). Assume the graph off has two maximal elementsγH andγ ′H . Consider the lef
ideal Af xγ . Sincexγ xσ = 0 if and only if σ /∈ H ⇒ r.ann(Af xγ ) = J . Notice also tha
xγ ′ ∈ �.annJ sinceγ ′ is maximal⇒ xγ ′ ∈ �.ann(r.ann(Af xσ )) ⇒ if Af is Frobenius,
xγ ′ ∈ Af xγ by the double annihilator statement. Likewise, we getxγ ∈ Af xγ ′ . Thus,
Af xγ = Af xγ ′ which is not true by Lemma 1.5. SoAf is not Frobenius. �

The following consequences are true for any Frobenius algebra (see [2,7]). In par
they are true forAf where the graph off has a unique maximal elementγH .

Corollary 1.7. Let f be a weak2-cocycle whose graph has only one maximal elem
then:

(i) Af � A∗
f as leftAf -modules(A∗

f is the dual ofAf ).
(ii) Af is injective as a leftAf -module.

Proposition 1.8. Let f be a weak2-cocycle having a unique maximal elementγH in its
graph, with inertial subgroupH , Af = B + J , the Wedderburn splitting ofAf . Then

Right Annihilator(J ) = Left Annihilator(J ) = Af xγ = xγ Af = SocleAf .

Proof. The two annihilators in the statement are 2-sided ideals. Assume thatJxt =
0 ⇒ xσ xt = 0 for all σ /∈ H ⇒ f (σ, t) = 0 for all σ /∈ H ⇒ t /∈ H and σ � σ t for
all σ /∈ H . If t �= γ , we can takeσ = γ t−1, in particular, to getγ t−1 � γ which
contradicts the maximality ofγH . Now, we show thatt = γ . If xσ ′xγ �= 0 for some
σ ′ /∈ H , thenf (σ ′, γ ) �= 0 or σ ′ � σ ′γ and henceσ ′ � σ ′γ � γ . By lower subtractivity,
σ ′−1σ ′γ � σ ′−1γ or γ � σ ′−1γ which contradicts the maximality ofγ . So t = γ and
r.annJ = xγ Af . If now xtxσ = 0 for all σ /∈ H thenf (t, σ ) = 0 sot /∈ H andt � tσ for
all σ /∈ H . In particular, by takingσ = t−1γ (if t �= γ ), we gett−1γ � γ (contradiction).
If t = γ then clearlyxγ xσ = 0 for all σ /∈ H sinceγ cannot be less thanγ σ for any
σ /∈ H . Hence�.annJ = Af xγ . But we showed in Corollary 1.4 thatxγ Af = Af xγ . The
last equality follows from [4, Proposition 2.5].�

Let the groupG act on the monoidM2(G,K) in the following way:

(σ ∗ f )(a, b) = f σ
(
σaσ−1, σbσ−1).

Lemma 1.9. If σ ∈ G satisfiesσ ∗ f ∼ f , thenσ preserves the order on the graph off .

Proof. If σ ∗ f ∼ f then there existsβ (weak 1-cocycle) such that

β(t)βt (r) σ
( −1 −1)
f (a, b) =

β(tr)
f σaσ ,σbσ . (1.1)
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Assume that a � b and σaσ−1 � qσbσ−1 ⇒ f (a, a−1b) �= 0 and f (σaσ−1,

σa−1bσ−1) = 0 which is impossible by (1.1). �
Under this action, letP ′ be the isotropy subgroup fixingf . Lemma 1.9 shows thatP ′

is a subgroup ofP .

Proposition 1.10. Let f be a weak2-cocycle whose graph has a unique maximal e
mentγH . Letλ be the linear map defined in the proof of Theorem1.6. If ϕ is the Nakayama
automorphism induced byλ, thenϕ(k) = kγ for all k ∈ K .

Proof. For everyb ∈ B, k ∈ K , we have

λ(bxγ k) = λ
(
bkγ xγ

) = Tr
(
bkγ

)
.

On the other hand,λ(bxγ k) = λ(ϕ(k)bxγ ) = Tr(ϕ(k)b). But the trace map satisfie
Tr(bkγ ) = Tr(kγ b), so we get Tr(kγ b) = Tr(ϕ(k)b) for all b ∈ B ⇒ ϕ(k) = kγ . �

This statement tells us thatϕ|K = γ . Let ϕ(xσ ) = ∑
kgxg . So kγ ϕ(xσ ) = ϕ(kxσ ) =

ϕ(xσ kσ−1
) = ϕ(xσ )ϕ(kσ−1

) ⇒
∑

kγ kgxg =
∑

kgxgk
γσ−1 =

∑
kgγσ−1

kgxg

⇒ γ = gγ σ−1 ⇒ g = γ σγ −1 andϕ(xσ ) = kσ xγσγ −1 for somekσ ∈ K∗. The equation
ϕ(xσ xτ ) = ϕ(xσ ) · ϕ(xτ ) implies that

f γ (σ, τ )kστ xγστγ −1 = kσ kγσγ −1

τ f
(
γ σγ −1, γ τγ −1)xγστγ −1

⇒ f γ (σ, τ )kστ = kσ kγσγ −1

τ f
(
γ σγ −1, γ τγ −1)

⇒ f (σ, τ ) = k
γ −1

σ (k
γ −1

τ )σ

k
γ −1

στ

f γ −1(
γ σγ −1, γ τγ −1)

⇒ γ −1 ∗ f ∼ f via the weak 1-cocycleβ which is given byβ(σ) = k
γ −1

σ . This shows tha
the maximal elementγ must belong to the subgroupP ′ (the isotropy subgroup) define
after Lemma 1.9.

To find kσ , notice that

T (xγσ−1, kxσ ) = T
(
kγσ−1

xγσ−1, xσ

) = λ
(
kγσ−1

f
(
γ σ−1, σ

)
xγ

)
= Tr

(
kγσ−1

f
(
γ σ−1, σ

))
= Tr

((
kγσ−1)γ σγ −1

f γσγ −1(
γ σ−1, σ

)) (
sinceTr(k) = Tr

(
kσ

))
( −1( ))
= Tr kγ f γσγ γ σ−1, σ .
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T (xγσ−1, kxσ ) = T (ϕ(kxσ ), xγσ−1) = T
(
kγ kσ xγσγ −1, xγ σ−1

)
= Tr

(
kγ kσ f

(
γ σγ −1, γ σ−1))

⇒ Tr
(
kγ f γσγ −1(

γ σ−1, σ
)) = Tr

(
kγ kσ f

(
γ σγ −1, γ σ−1))

for all k ∈ K

⇒ kσ = f γσγ −1
(γ σ−1, σ )

f (γ σγ −1, γ σ−1)
. (1.2)

We have now all the ingredients to write down the Nakayama automorphism for our
mapλ explicitly:

ϕλ(kxσ ) = kγ f γσγ −1
(γ σ−1, σ )

f (γ σγ −1, γ σ−1)
xγσγ −1.

Here are some consequences of this derivation.

Corollary 1.11. Let f be a weak2-cocycle whose graph has a unique maximal e
mentγH . Thenγ ∈ P ′. Moreover, ifb is any invertible element inAf , then

ψ(kxσ ) = ϕbλ(kxσ )b−1kγ f γσγ −1
(γ σ−1, σ )

f (γ σγ −1, γ σ−1)
xγσγ −1b (1.3)

is a Nakayama automorphism for some associative non-degenerate bilinear form onAf .

Corollary 1.12. Letf be a graph with a unique maximal elementγH , H �= G, kσ as given
in (1.2). Letψ : Af → Af be a NakayamaF -automorphism. Then

(i) ψ /∈ AutK Af .
(ii) ψ is not inner.

(iii) ψ(K) = K if and only if ψ = ϕ�hxhλ for someh ∈ H , �h ∈ K∗, and in this case
ψ |K = γ h, h ∈ H .

Proof. (i) If ψ ∈ AutKAf thenψ(k) = k, but by the proposition aboveψ(k) = b−1kγ b

for some invertible elementb ∈ Af ⇒ b−1kγ b = k for all k ∈ K or bk = kγ b ⇒ b = txγ

for somet ∈ K , which is impossible sincexγ is not invertible.
(ii) If ψ is inner ⇒ ψ(k) = c−1kc for some invertible elementc ∈ Af , but by the

proposition above,ψ(k) = b−1kγ b for some invertible elementb ∈ Af ⇒ b−1kγ b =
c−1kc for all k ∈ K or kγ bc−1 = bc−1k for all k ∈ K ⇒ bc−1 = txγ for somet ∈ K

(contradiction) as in (i).
(iii) Let ψ |K = τ ⇒ ψ(k) = kτ = (by the proposition above)b−1kγ b for some
invertible elementb ∈ Af ⇒ bkτ = kγ b for all k ∈ K ⇒ b = for somet ∈ k txγ τ−1 ⇒
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τ ∈ Hγ = γH b = �hxh, for some�h ∈ K∗, h ∈ H . Conversely, ifψ is given by the
formula (1.3) withb = �hxh thenψ(k) = khγ ⇒ ψ(K) = K . �
Remark 1.13. On the set of all Nakayama automorphisms, we define an equiva
relation by ψ1 ∼ ψ2 if and only if ψ1(a) = k−1ψ2(a)k, for some k ∈ K∗. Then,
Corollary 1.12(iii) establishes a 1-1 correspondence between the set of all equiv
classes and the cosetγH . In particular, ifH = {1} thenϕ is unique up to conjugation by
non-zero element ofK .

Example 1.1. The graph (Fig. 1) on the Dihedral group of order 8,D4 = 〈s, r | s2 =
srsr = r4 = 1〉, which is arising from an idempotent weak 2-cocyclee is lower subtractive
and has a unique maximal vertexr3. If f is a weak 2-cocycle associated toe, then
Af = ∑

σ∈D4
Kxσ is Frobenius, and the Nakayama automorphism which takesK to itself

can be given by

ϕ(kxsrj ) = kr3 f srj
(srj−3, srj )

f (srj−2, srj−3)
xsrj−2 and ϕ(kxrj ) = kr3 f rj

(r3−j , rj )

f (rj , r3−j )
xrj .

Proposition 1.14. Let f be a weak2-cocycle whose graph has a unique maximal e
mentγH , whereH is the inertial subgroup. The algebraAf is symmetric if and only i
H = G.

Proof. (⇒). If H �= G then we have seen that the Nakayama automorphism can be
by ϕ(kxσ ) = kγ kσ xγσγ −1 and by Corollary 1.12(ii)ϕ is not inner soAf is not symmetric.

(⇐). If H = G thenAf is a central simpleF -algebra and therefore is symmetric.�

2. The restricted subalgebra Ae

With inessential changes, one can follow the proof of Theorem 1.6 and show thaT

is a subgroup ofG andf is a weak 2-cocycle satisfying
f (σ, τ ) ∈ KT for all σ, τ ∈ G, (2.1)
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then the graph off has a unique maximal element if and only ifAf = ∑
σ∈G KT xσ is

Frobenius. We insist to have condition(2.1) held because otherwiseAf would not be a
KT -algebra. In particular, if we consider an idempotent weak 2-cocyclee whose values
lie in {0,1} ⊂ F and defineAe := ∑

σ∈G Fxσ , the restricted algebra then we have
following corollary.

Corollary 2.1. Let e be an idempotent weak2-cocycle. The graph ofe has a unique
maximal elementγH if and only ifAe is Frobenius.

Proof. As we saw before,

Ae =
∑
h∈H

Fxσh
⊕

∑
σ /∈H

Fxσ = FH ⊕
∑
σ /∈H

Fxσ =
∑
σ∈S

FHxσ .

Now for any elementa ∈ Ae, a = ∑
σ∈S bσ xσ , bσ ∈ FH . Define a linear mapλ : Ae −→ F

by

λ(a) = α1 wherebγ =
∑

αhxh.

If kerλ contains a left idealI anda ∈ I − {0}, then as we did in the proof of Theorem 1
we can find an elementy ∈ Ae such thatya = bγ xγ , bγ = ∑r

i=1 αixhi
, αi �= 0, so

λ(x
h−1

1
ya) �= 0. The other direction can be shown exactly as we did in the proo

Theorem 1.6. �
Theorem 2.2. Let e be an idempotent whose graph has a unique maximal elementγH ,
H the inertial subgroup. ThenAe is symmetric if and only if there existsh0 ∈ H with
γ h0 ∈ centerG.

Proof. (⇐). Assume thatγ h0 ∈ center(G) for someh0 ∈ H , then we chooseγ h0 to be a
representative forγH in the definition ofλ above and define

λ

(∑
σ∈S

bσ xσ

)
= α1 wherebγh0 =

∑
h∈H

αhh.

Let a = ∑
σ∈G pσ xσ , b = ∑

σ∈G qσ xσ , pσ , qσ ∈ F . The coefficient ofxγh0 in the product
ab:

(ab)γh0 =
∑
σ∈G

pσ qσ1γ h0
, and similarly

(ba)γh =
∑

qσ p −1 =
∑

pτq −1 =
∑

pσ q −1 .
0

σ∈G

σ γh0

τ∈G

γh0τ

σ∈G

σ γh0
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(⇒). Assumeγ h /∈ center(G) for all h ∈ H . So for eachh ∈ H there existsσh ∈ G such
that γ hσh �= σhγ h. We may pick the representativeγ h0 in the definition ofλ to beγ h.
Consider the elements

a = xσh
, b = k

σ−1
h γ h

x
σ−1

h γ h
+ k

γhσ−1
h

x
γhσ−1

h
,

wherek
σ−1

h γ h
�= k

γhσ−1
h

, elements fromF . So

(ab)γh = k
σ−1

h γ h
�= k

γhσ−1
h

= (ba)γh.

Thusλ(ab) �= λ(ba) andAe is not symmetric. �
Remark 2.3. The results remain true if we use the order on the right graph instead.

Corollary 2.4. The restricted algebraAe, for an idempotente whose graph has uniqu
maximal element, is symmetric ifG is Abelian.

Let A be Frobenius containing an idealI . Under which circumstances isA/I

Frobenius? Jans answered this question in general in his paper [7]. He showed thatA/I is
Frobenius if and only if there exists an elementc ∈ A such thatr.ann(I ) = Ac = cA, and
in this case a non-degenerate associative bilinear formT can be given onA/I by

T (a + I, b + I ) = T (ab, c). (2.2)

Suppose the inertial subgroup is trivial and letI be two-sided ideal inAf , thenAf /I

is Frobenius if and only ifr.ann(I ) = cAf = Af c for somec = ∑n
i=1 kixσi

∈ Af . Since
Af is Frobenius, this givesI = �.ann(cAf ) as right ideals. Soxτ ∈ I if and only if xτ

annihilates allxσi
’s from the left orxτ ∈ ⋂n

i=1 �.ann(xσi
Af ). Thus

I = 〈{xτ | σi �R τσi for all i = 1, . . . , n}〉 = n⋂
i=1

�.ann(xσi
Af ).

Define the stable set inG, St(G) to be the set{σ ∈ G | σ �L τ if and only if σ �R τ for
all τ ∈ G} where�L is the order in the left graph and�R is the order in the right graph
Clearlyxσ Af = Af xσ if and only if σ ∈ St(G). We formulate the following proposition.

Proposition 2.5. If f is a weak2-cocycle whose graph has a unique maximal vertexγ , let
I be a two-sided ideal inA, thenAf /I is Frobenius if and only if

I = �.ann

((
n∑

i=1

kixσi

)
Af

)
,

whereσi ∈ St(G), G = Gal(K/F) andki ∈ K .
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Example 2.1. In Example 1.1, one can find the right graph and obtain that St(D4) =
{r, r2, r3, sr, sr3}. SoAf /I is Frobenius if and only ifI = �.ann((

∑
σ∈V kσ xσ )Af ) where

kσ ∈ K , V ⊆ St(D4). In particular, ifI0 = �.ann(xrAf ) = 〈xsr , xsr3, xr3〉, thenAf /I0 is
Frobenius.

Corollary 2.6. In the setting above, if the left and right graphs are identical, thenAf /I is
Frobenius for each idealI .

Proof. In this case we havecAf = Af c for all c ∈ Af . For a given idealI , let
r.annI = 〈xτi

〉, then, I = �.ann((
∑

xτi
)Af ) where

∑
xτi

Af = Af

∑
xτi

and Af /I is
Frobenius. �

3. An application

From now on, we assume the inertial subgroup is trivial.

3.1. Standard graph and Bruhat ordering

Let (G,S) be a group with a finite generating setS = {s1, s2, . . . , sk}. Here, we suppos
thatS generatesG as a semigroup which means every element inG can be expressed a
a product of some elements inS without using the inverses of the elements ofS. There
is a natural way to construct a lower subtractive graph onG in the following manner: pu
1 ∈ G in the zero level, that is, put 1 as a unique root of the graph. In the first level,
above 1, put all generatorss1, s2, . . . , sk . For level 2, puts2

1, s1s2, . . . , s1sk aboves1 unless
s1si has already appeared in a lower level. The elementss2s1, s

2
2, s2s3, . . . , s2sk should be

put aboves2 unlesss2si appeared in level 0 or 1. Repeat the same thing to put elem
aboves3, s4, . . . , sk . To construct the third level, suppose thatg is in the second level, the
gs1, gs2, . . . , gsk which have not appeared yet in a lower level should be put right abog.
All elementsgsi of level less than 3 should be ignored. Continue in this process unt
elements ofG are all exhausted. A graph constructed in this way will be calledThe Left
Standard Graph associated to(G,S), or LSG(G,S). The right standard graph associat
to (G,S) (the RSG(G,S)) is defined in a similar way. We give a simple example.

Example 3.1. Consider the Abelian group(G,S) = (Zn ×Zm = 〈s〉× 〈t〉, S = {s, t}). The
LSG(G,S) is shown in Fig. 2.

Definition 3.1. In the LSG(G,S), we define the length ofg ∈ G by

�(g) = min{n | g = si1si2 · · · sin , sij ∈ S}.

From the definition of the construction, ifg,g′ ∈ G and there are two maximal chain
from g to g′ in the graph, then this meansg′ = gsi1si2 · · · sir andg′ = gsj1sj2 · · · sjt . Now
if r < t , �(g′) < �(g) + t andg′ would have appeared in a lower level. Similarly, we

�(g′) < �(g) + r if t < r . So t = r and we get that all maximal chains fromg to g′ have
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the same length. This property is called theCatenary property, and we have shown th
following proposition.

Proposition 3.1. TheLSG(G,S) has the Catenary property.

If in the LSG(G,S), g′ appears in a level higher than the level ofg andg′ can be written
asg′ = gsi1si2 · · · sir for some generators:si1, si2, . . . , sir , then we writeg � g′.

Proposition 3.2. Consider theLSG(G,S). Then forg,g′ ∈ G:

g � gg′ if and only if �(gg′) = �(g) + �(g′).

Proof. Let �(g) = i, �(g′) = j , g = s1s2 · · · si , g′ = s′
1s

′
2 · · · s′

j (reduced expressions).
(⇒). Since gg′ lies aboveg in the LSG, let r be the smallest integer such th

gg′ = s1s2 · · · sis′′
1s′′

2 · · · s′′
r (reduced expression). We always have�(gg′) � �(g) + �(g′)

sor � j . On the other hand, ifr < j then�(g′) would be less thanj which contradicts the
assumption.

(⇐). Let �(gg′) = �(g) + �(g′), so,gg′ = s1s2 · · · sis′
1s

′
2 · · · s′

j is a reduced expressio
for gg′. This meansgg′ lies aboveg in the LSG org �L gg′. �
Corollary 3.3. LSG(G,S) is lower subtractive.

Proof. Supposea � b, we need to show that

a � c � b ⇔ a−1c � a−1b.

(⇒). Sincea � b, a � c, andc � b, we have

( )

�(b) = �(a) + � a−1b , (3.1)
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�(c) = �(a) + �
(
a−1c

)
, (3.2)

�(b) = �(c) + �
(
c−1b

)
. (3.3)

Subtract (3.2) from (3.1) and then subtract (3.3) from the resulting equation to get

�
(
a−1b

) = �
(
a−1c

) + �
(
c−1b

)
. (3.4)

Thereforea−1c � a−1b.
(⇐). Let (3.1) and (3.4) be given. It is true in general that

�(b) � �(c) + �
(
c−1b

)
⇒ (

by (3.1)
)

�(a) + �
(
a−1b

)
� �(c) + �

(
c−1b

)
⇒ (

by (3.4)
)

�(a) + �
(
a−1c

) + �
(
c−1b

)
� �(c) + �

(
c−1b

)
.

So �(a) + �(a−1c) � �(c). But we always have�(c) � �(a) + �(a−1c), hence the
equality holds and (3.2) follows. For (3.3), we have from (3.1) that�(b) = �(a) +
�(a−1b) ⇒ (by (3.2) and (3.4)):

�(b) = �(c) − �
(
a−1c

) + �
(
a−1c

) + �
(
c−1b

)
.

So�(b) = �(c) + �(c−1b) which is (3.3). �
The LSG(G,S) appears in the theory of Coxeter group. We give some basic defin

and results which are well-known and can be found in [6].

Definition 3.2. A groupG with generating setS = {s1, s2, . . . , sk} is called a Coxeter grou
if G = 〈si ∈ S | (sisj )mij = 1〉, mij � 2, i �= j , andmii = 1 for all 1� i � k.

In case(G,S) is a Coxeter group, the well-known Weak Bruhat Ordering by defini
is exactly the LSG(G,S) in our terminology, where The Bruhat Ordering is constructe
the same method as in the LSG(G,S) except we allow multiplication from the left by no
only generators but conjugates of generators.

In the Bruhat ordering, sincegysiy
−1 = gysi(gy)−1g for any conjugateysiy

−1 of si ,
we could have defined the Bruhat ordering by multiplying the conjugates from the
This property does not hold for the weak Bruhat ordering and we get two weak g
according to which side we multiply the generators from. Multiplying the generators
the right (left) gives the left standard graph—LSG (right standard graph—RSG) wh
preciselyΓL (ΓR). The union of these two weak Bruhat orderings in the sense thatσ �U τ

if and only if σ � x1 � · · · � xi � τ where� is either in LSG or RSG, is a subgraph
the Bruhat ordering. In the case thatS = {s, t} with order(st) = m andst �= ts, we get the
Dihedral group of order 2m, and in this case the union of the LSG and RGS is iden
with the Bruhat ordering. In [1], it was shown that the weak Bruhat graph is a lattice a

has a unique maximal element of order 2. So, we have the following corollary.
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Corollary 3.4. If e is the idempotent arising from the weak Bruhat ordering on a Cox
group (G,S) and f is any cocycle onG with associated idempotente, then Af is
Frobenius.

Let “�B ” be the Bruhat ordering on a Coxeter group(G,S). Let F be a field and
let T = {ag, bg | g ∈ G} ⊆ F , a1 = 1, ag = as1as2 · · ·asi , bg = bs1bs2 · · ·bsi whereg =
s1s2 · · · si is any reduced expression forg. Define anF -algebraAT to be the free module
on {xg | g ∈ G} and the product is given by

xsxg =
{

xsg if g �B sg,

asxsg + bsxg if g B� sg.

If we takeas = bs = 0 for all s, we get the so-called nilCoxeter algebraA0. It can be
characterized by

xgxg′ =
{

xgg′ if �(g) + �(g′) = �(gg′),
0 otherwise.

See [3]. Notice that the length (level) in the LSG is the same as the length in the B
ordering.

Theorem 3.5. The nilCoxeter algebraA0 is isomorphic to the restricted algebraAe as
F -algebras.

Proof. Proposition 3.2 shows thatxgxg = xgg′ in the nilCoxeter algebraA0 if and only if
xgxg′ = xgg′ in the restricted algebraAe where the idempotent weak 2-cocyclee is given
by the weak Bruhat ordering (LSG) and hence they are isomorphic.�
Corollary 3.6. The nilCoxeter algebra is Frobenius. Moreover, it is symmetric if and o
if the maximal element in its graph belongs to the center of the Coxeter group.

Based on Theorem 3.5, one can generalize the notion of nilCoxeter algebra to
same as the restricted algebraAe for a general standard lower subtractive graph.
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