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Abstract

The weak crossed product algebra was studied first by Haile, Larson, and Sweedler [Amer. J. Math.
105 (1983) 689]. They gave interesting properties for such an algebra, one of which isAhaitif
a weak crossed product induced by a weak 2-cocyaiefined on a Galois group = Gal(K / F),
andH is the inertial subgroup of, thenA » has a Wedderburn splitting, thatds; = B © J where
J is the radical ofA ; and B is a K -central simple algebra. The purpose of this paper is to give
the necessary and sufficient condition for a weak crossed product to be Frobenius and to describe
an algorithm for constructing lower subtractive graphs from a finite g@@md a generating sét
A special case of this construction is the so-called weak Bruhat ordering on a CoxeteXxGrad)p
We show that the nilCoxeter algebra associatetdZoS) is a special case of the restricted algebra
associated to a lower subtractive graph.
0 2004 Published by Elsevier Inc.

0. Introduction

Let K/F be a Galois extension of field§f = Gal(K/F). A weak 2-cocycle is a
function f : G x G — K such thatf?(z,y) f(o,ty) = f(o,7) f(o1,y) and f(1,0) =
f(o,)=1forallo, 7,y € G. Notice thatf can take the value @ K . In the classical case
the values off are always invertible. A& -algebra can be obtained frofin the following
manner: letA » be theK -vector space with basis, |0 € G}, s0Ar =", ; Kx,, and
define the product i ¢ by
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(1) xox: = f(0, T)x51,
(2) k%xy =x,kforke K.

This algebra is called thé/eak Crossed Produessociated tg. Define a relation oi; by

o <tifandonlyif f(c~1, o1)#0. The inertial subgroug is defined byH = {0 € G |

o < 1}. Ithas been shown that, can be written as adirect sSUm, .y Kxo ® 3, ¢y KXo
where the first part is & ¥ -central simple algebra denoted Byand the second part is the
radical ofA y denoted by/. This splitting is known as the Wedderburn splitting. GAH
we define an induced relation byH < tH if and only if o < . This is a partial order on
G/H with unique least elemerfi, and it satisfies the following property which is called
lower subtractivity: ifo H < t H then

cH<yH<tH <= o yH<o tH.

So, we obtain a grapﬁf on G/ H associated wittf and rooted atd, called the left graph

of f. If the original relation is changed o < 7 if and only if f(to~1, o) # 0, then we

get the right graph o/ \ G in an analogous way. We denote the right graph of the cocycle
f by Ff’? . To each weak 2-cocyclg is associated an idempotent weak 2-cocydaking

the values 0 and 1, and defined by

e(o,7)=0 ifandonlyif f(o,7)=0.

These two 2-cocycles have the same lower subtractive graph [4,5].

An F-algebraA is called Frobenius if there is a non-degenerate bilinear fBrm x
A — F such thatT (ab, ¢) = T (a, bc) for all a, b, € A. Most references call the bilinear
form associative if the later property holds. Equivalentlyis Frobenius if there is a linear
mapa : A — F whose kernel does not contain any non-trivial one-sided ideal. Frobenius
algebras satisfy the double annihilator statements whicht arenr.ann(/¢)) = 1¢ and
rannt.ann(I”)) = I” wherel! is any left ideal and” is any right ideal [2].

For a Frobenius algebr& with bilinear formT, there is a unique automorphismof A
satisfying

T(x,y)= T((p(y), x) forallx,y e A.

This automorphism is called the Nakayama automorphisnTfoFhe Frobenius algebra
A with bilinear form T is called symmetric ifT(x,y) = T(y,x) for all x,y € A, or
equivalently if the Nakayama automorphism Bfis inner. A standard example for a
symmetric algebra is the group algebra. (For more about Frobenius algebras, see [7,8].)
This paper consists of three sections in addition to the introduction. In the first section
we give the necessary and sufficient condition for the weak crossed pragutt be
Frobenius. A sub-algebra d@f, wheree is an idempotent weak 2-cocycle, is the restricted
algebra that we study in Section 2. In Section 3, we introduce an algorithm by which
we always get a lower subtractive graph with special properties over a given finite group
and generating set. A part of this section is devoted to showing a connection between the
restricted algebra and the so-called nilCoxeter algebra in case of Coxeter group.
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1. Whenis Ay Frobenius?

The Frobenius property of the weak crossed produgtdepends completely on the
graph of f. We shall prove tha# ; is Frobenius if and only if the graph ¢f has a unique
maximal element.

Lemma 1.1. Let f be a weak2-cocycle defined o' with inertial subgroupH and let
Ay = B+ J be the Wedderburn splitting of ¢, then

Ay=> Bx, (directsun),

oeS

where{o’s} = S is a set of representatives of the cosEtsG.

Proof. Notice that

Af:ZKx)‘:ZZKxh“

reG oceSheH

= Z Z Kxpxs (sinceh <ho forallhe H,o €G)
oceSheH

- Z( ) Kxh)xc, ~Y By, O
oeS “heH oeS

A similar proof gives thatd r = )" _o x; B, wheresS’ is a set of representatives of the
cosetG/H.

Lemma 1.2. Let f be a weak2-cocycle defined o with inertial subgroupH. The left
graph of f has a unique maximal element if and only if the right graplf dfas a unique
maximal element. More precisely,ife G, theny H is the unique maximal element of the
left graph if and only ifH y is the unique maximal element of the right graph.

Proof. Let y € G, then Hy is the unique maximal element §i< Ho < Hy for all
ceGe f(yoto)y£0forallo e G« f(r,t7ly)#£0forallt e G < tH <yH
for all r € G thatisy H is the maximal element in the left graph G H. O
Let
P={yeG|aH <bH & oac *H <obo 'H foralla,b € G}
the set of all elements i@ preserving the order. Observe thats indeed a subgroup @f.
Moreover, sinceH is the unique least element of the partial ordeiis a subgroup of the

normalizer ofH in G(Ng(H)).

Proposition 1.3. If the graph of f has a unique maximal cosgtH theny € P.
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Proof. Observe that

cH<LtH <& oH<Kr7

y Tty H.
Soy~lePandthusy e P. O

Corollary 1.4. Let f be a weak-cocycle with inertial subgrougi. Lety H be the unique
maximal coset in the graph ¢f. ThenBx, = x,, B.

Proof. Letx,x; € x, B, thenx,x, = f(y, h)x,,. But by the proposition abovehr =1’y
for someh’ € H. So
_ f.h

xXpxp = f(y, xpy, = XXy € Bxy,. O

f,y)

Lemma 1.5. Let yH, y'H be two distinct maximal elements in the graphfof Then
Afxy 75 Afxyr.

Proof. This is obvious sincei yx, = A yx,, would imply thaty H < y'H < y H in the
right partial order, oy H =y'H. O

Theorem 1.6. Let f, G, H, S, and A ; be as above. TheA s is a Frobenius algebra if and
only if the graph off has a unique maximal element.

Proof. (<). We haveAy =} _¢Kx, by Lemma 1.1. Lety H be the unique maximal
element in the graph of, S and define a linear map: Ay — F by

K(Z baxa) =TrpoTrg/L(by)=Trg/r(by),

oceS

where Tiz, 1 is the reduced trace for the elemént Try,r is the field extension trace, and

L = K" = cente(B). Itis easy to check linearity. We claim that kedoes not contain any

non-zero one-sided ideal: lete keri — {0}, we proceed to show thatd ; ¢ kera. Let

Yy =bixg, +- -+ byxs,, bi € B—{0} foralli. Henceyxaily =Dbjx, + b’zxgza{ly 4+

bzxwo—ly where the first term is non-zero. If everything else is zero we stop. Otherwise, if
1

b;xaiofly is the first non-zero term afteéf x,, thenyxaial_ly y-logoty =0+ bxy +---
(sincex,x, =0 for all o ¢ H). If any extra terms are left, we multiply by a suitable
element so that we eventually get an elemeatA ; satisfyingyz = bx,,, b € B — {0}.
So, A(yz) = Trp,r(b) and becausé # 0, we can find a non-zero elementn B such
that Trg,. (bd) # 0. Notice that by Corollary 1.4y, B = Bx,,, that isbx,d = bdx,
for somed’ in B. This impliesi(yzd") = Tryr o Trp;1.(bd), where Tig,1 (bd) # 0. Let
Trp/L(bd) =1t € L*. We can find an element in L* such that Tr,r(t¢") # 0. Thus

X
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yzd't" ¢ kerk or yAy ¢ keri and ker. does not contain any non-zero right ideal. The
left ideal case is similar.

(=). Assume the graph of has two maximal elemenjsH andy’H. Consider the left
ideal Arx,, . Sincex,x, =0 if and only ifo ¢ H = r.annAsx,) = J. Notice also that
x,, € L.ann/ sincey’ is maximal= x,, € £.annr.annAx,)) = if Ay is Frobenius,
x,» € Arx, by the double annihilator statement. Likewise, we ggte Ayx,,. Thus,
Arx, = Arx, which is not true by Lemma 1.5. S&, is not Frobenius. O

The following consequences are true for any Frobenius algebra (see [2,7]). In particular,
they are true for » where the graph of has a unique maximal elemenfd.

Corollary 1.7. Let f be a weak2-cocycle whose graph has only one maximal element,
then

(i) Ay~ A% asleftA-modules(A’; is the dual ofA f).
(i) Ay isinjective as a lefid -module.

Proposition 1.8. Let f be a weak2-cocycle having a uniqgue maximal elemerff in its
graph, with inertial subgroug, Ay = B + J, the Wedderburn splitting of s. Then

Right Annihilator(J) = Left Annihilator(J) = A yx,, =x, Ay = SocleA ;.

Proof. The two annihilators in the statement are 2-sided ideals. AssumeJ/that
0= xox;=0forallo ¢ H= f(o,r)=0foralloc ¢ H=1¢ H ando £ ot for
all o ¢ H. If t #y, we can takes = y¢~1, in particular, to getyt=1 £ y which
contradicts the maximality of H. Now, we show that = y. If x,x, # O for some
o' ¢ H,thenf(o',y) #0 oro’ <o’y and hencer’ < o’y < y. By lower subtractivity,
o'"1lo'y <o’y or y < o’1y which contradicts the maximality of. Sor = y and
rann/ =x, As. If now x,x, =0 for allo ¢ H then f(t,0) =0 sor ¢ H andt & to for
all o ¢ H. In particular, by takingr ==Ly (if 1 # ), we getr 1y £ y (contradiction).
If + =y then clearlyx,x, =0 for all o ¢ H sincey cannot be less thapo for any
o ¢ H. Hencel.ann/ = Arx, . But we showed in Corollary 1.4 that Ay = Asx,. The
last equality follows from [4, Proposition 2.5].0

Let the groupG act on the monoid/?(G, K) in the following way:
(0 % f)(a,b) = 7 (caoc ™, abo™Y).
Lemma 1.9. If o € G satisfiesr x f ~ f, theno preserves the order on the graph pf
Proof. If o % f ~ f then there existg (weak 1-cocycle) such that

B®B (r)

5 fe (aao_l,obcr_l). 1.1)

fla,b)=



A. Aljouiee / Journal of Algebra 287 (2005) 88-102 93

Assume thata < b and caoc™t £ qobo™! = f(a,a™'h) # 0 and f(oaoc™1,
oa~tho~1) = 0 which is impossible by (1.1). 0

Under this action, leP’ be the isotropy subgroup fixing. Lemma 1.9 shows that’
is a subgroup of.

Proposition 1.10. Let f be a weak2-cocycle whose graph has a unique maximal ele-
menty H. Leta be the linear map defined in the proof of Theotk® If ¢ is the Nakayama
automorphism induced by, theng (k) = kY forall k € K.

Proof. Foreveryb € B, k € K, we have
Mbxyk) = A(bkY x,) = Tr(bk").

On the other hand(bx, k) = A(p(k)bx,) = Tr(p(k)b). But the trace map satisfies
Tr(bkY) = Tr(k”b), so we get Ttk b) = Tr(p(k)b) forallbe B = (k) =k¥. O

This statement tells us thatx = y. Let p(x5) = D kexy. SOKY p(x5) = @(kxs) =
POk ) = plio)pk® ) =

K hoxe =3 koxok?? =S k87 Yk x
Z 878 Zé’g Z grg

=y =gyo = g=yoy !t andy(x;) = kox,,,1 for somek, € K*. The equation
@ (xgx7) = @(x5) - p(x7) implies that
-1 _ _
fy(07 T)kdfxy(rfy_l = kngUV f(yay 15 '}/T)/ 1)xy(7'[)/_1
-1 _ _
= fY(0. Dker =kek?°" f(yoy tiyTy™h)
11
kV (kV )0' 1 B 3
= flo.n)="2—1f" (yoy tyry™)

4
ko<

=y« f ~ f viathe weak 1-cocyclg which is given by (o) = kJ 1. This shows that
the maximal elemeng must belong to the subgroup’ (the isotropy subgroup) defined
after Lemma 1.9.

To find k., notice that

T (xyg-1,kxo) = T(k””flxwfl, xa) = )»(k’“’flf(yo_l, a)xy)

= Tr(k””ilf(yofl, o))
= Tr((k)/o—l)yoy—lfyay—l(ya_l’ 0)) (sinceT,(k) =T (ko))

= TI’(kyfV‘”F1 (yo_l, a)).
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On the other hand,

T(xyo-1,kxg) = T(p(kxo), x,g-1) = T (k" ko x
= Tr(k" ke f(yoy ™t yot)
= Tr(kyfyayfl(yafl’ o)) =Tr(K ko f(voy L yoh))

forallke K

o e ko)
- flyoyLye h’

yoy—1rXyo-1)

= ks

(1.2)

We have now all the ingredients to write down the Nakayama automorphism for our linear
mapx explicitly:

fy”"fl()/cffl, o)
X —1.
fyoy-Lyo-1) rov 1

o(kxy) =k”
Here are some consequences of this derivation.

Corollary 1.11. Let f be a weak2-cocycle whose graph has a unique maximal ele-
menty H. Theny € P’. Moreover, ifb is any invertible element id ¢, then

yorti,e—1
7 o), (1.3)

kxo) = @pi. (kxe )b~ 1k”
Y (kxo) = gpa(kxs) f()/O'}/fl,)/Uil) yoy

is a Nakayama automorphism for some associative non-degenerate bilinear fotm on

Corollary 1.12. Let f be a graph with a unique maximal elemerfi, H £ G, k, as given
in(1.2). Lety : Af — Ay be a Nakayama'-automorphism. Then

(i) v ¢Autg Ay.
(ii) ¥ isnotinner.
(iii) ¥(K) =K if and only if = ¢y, x,, for someh € H, £, € K*, and in this case
V|lk =yh,heH.

Proof. (i) If ¥ € Autg Ay theny (k) = k, but by the proposition above (k) = b~%rb
for some invertible elemertte Ay = b=%k"b =k for all k € K or bk =k¥b = b =tx,
for somer € K, which is impossible since, is not invertible.

(i) If v is inner= y (k) = ¢ tkc for some invertible element e Ay, but by the
proposition abovey (k) = b=1k”b for some invertible element € Ay = b~1k7b =
c ke for all k € K or k”bc™1 = be~k for all k € K = bt = tx, for somer € K
(contradiction) as in (i).

(iii) Let ¥|x =t = ¥(k) = k* = (by the proposition abovep—1k?b for some
invertible element € Ay = bk* =k”b for all k € K = b = for somet € k 1x,,1 =
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Fig. 1.

1€ Hy = yH b= {yx;, for somel, € K*, h € H. Conversely, ifyy is given by the
formula (1.3) withb = £;,x), theny (k) = k" = y(K) =K. O

Remark 1.13. On the set of all Nakayama automorphisms, we define an equivalence
relation by 1 ~ vy if and only if y¥1(a) = k~Yya(a)k, for somek € K*. Then,
Corollary 1.12(iii) establishes a 1-1 correspondence between the set of all equivalence
classes and the coseH . In particular, if H = {1} theng is unique up to conjugation by a
non-zero element of .

Example 1.1. The graph (Fig. 1) on the Dihedral group of order®; = (s,r | s =
srsr =r*=1), which is arising from an idempotent weak 2-cocyels lower subtractive,
and has a unique maximal verteX. If f is a weak 2-cocycle associated ¢p then
Ay =3 ,ep, Kxo is Frobenius, and the Nakayama automorphism which takesitself
can be given by

3 fr (37, 1)

3f”] (srjf?’,srj)
7.}6 J o
frir3=iy ™"

T TN

-2 and @(kx,))=k"

Proposition 1.14. Let f be a weak2-cocycle whose graph has a unique maximal ele-
menty H, whereH is the inertial subgroup. The algebra, is symmetric if and only if
H=0G.

Proof. (=). If H # G then we have seen that the Nakayama automorphism can be given
by ¢ (kxs) =k ksx,,4,-1 and by Corollary 1.12(iijp is not inner so s is not symmetric.
(<). If H=G thenAy is a central simplg”-algebra and therefore is symmetric

2. Therestricted subalgebra A,

With inessential changes, one can follow the proof of Theorem 1.6 and show hat if
is a subgroup o and f is a weak 2-cocycle satisfying

fo,7)e KT forallo,teG, (2.1)
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then the graph off has a unique maximal element if and onlyAf = " _; K7 x, is
Frobenius. We insist to have conditig®.1) held because otherwisief would not be a
KT -algebra. In particular, if we consider an idempotent weak 2-coayeWaose values
lie in {0,1} ¢ F and defined, := Y e Fxo, the restricted algebra then we have the
following corollary.

Corollary 2.1. Let e be an idempotent weak-cocycle. The graph of has a unique
maximal elemeny H if and only if A, is Frobenius.

Proof. As we saw before,

Ae=) Fxp,® Y Fxo=FH® Y Fx,=)Y FHx,.

heH o¢H o¢H o€es

Now for any element € A,,a =Y, .¢bsXs,b, € FH.Definealinearmap: A, — F
by

ra) =oa1 whereb, = Zahxh.

If ker A contains a left ideal anda € I — {0}, then as we did in the proof of Theorem 1.6
we can find an element € A, such thatya = byxy,, by =Y i_qaixp, ai #0, SO
X()Chzlya) # 0. The other direction can be shown exactly as we did in the proof of
Theorem 1.6. O

Theorem 2.2. Lete be an idempotent whose graph has a unique maximal elemént
H the inertial subgroup. Ther, is symmetric if and only if there exisig € H with
yhg € centerG.

Proof. (<). Assume thay hg € cente(G) for somehg € H, then we choosghg to be a
representative foy H in the definition ofs above and define

X(Zb(,xg) =a1 whereb,,, = Z anh.

oceS heH

Leta=) .G PoXo, b =) ,cc90Xc, Posqo € F. The coefficient of,, , in the product
ab:

@b)yng = Z Podoiyn,, and similarly

oeG

ba)yho = Y 4o Po-tyig = D, Pryhgr— = D Poo-tyho-

oeG teG oeG
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(=)- Assumeyh ¢ centetG) forall h € H. So for eacth € H there existe;, € G such
that yhoy, # o, yh. We may pick the representatiygig in the definition ofa to beyh.
Consider the elements

a=Xq,, b= kah_lyhxcrh_lyh + kyhcrh_lxyhtfh_l’

Wherek(,{lyh #* kyhgh—l, elements fronF. So

(ab)yn = ko;]'yh * kyh0;1 = (ba)yp.
Thusi(ab) # A(ba) and A, is not symmetric. O
Remark 2.3. The results remain true if we use the order on the right graph instead.

Corollary 2.4. The restricted algebrai,, for an idempotent whose graph has unique
maximal element, is symmetriaGfis Abelian.

Let A be Frobenius containing an idedl Under which circumstances id/I
Frobenius? Jans answered this question in general in his paper [7]. He showédIthet
Frobenius if and only if there exists an elemert A such that.ann/) = Ac = cA, and
in this case a non-degenerate associative bilinear foan be given om /I by

T@a+1,b+1)=T(ab,c). (2.2)

Suppose the inertial subgroup is trivial and Ietbe two-sided ideal it ¢, thenA /1
is Frobenius if and only if.ann(l) = cAy = A sc for somec = Y"1 kixo; € Ay. Since
Ay is Frobenius, this gives = £.ann(cA ) as right ideals. Sa; € I if and only if x;
annihilates allx,,’s from the left orx, € ()/_; £.annx,; A ). Thus

n
I=({x; |0 &g oy foralli=1,....n}) =[] L.anrxs, Ay).
i=1

Define the stable set i@, St(G) to be the setc € G | o < 7 ifand only if o <y 7 for
all T € G} where< is the order in the left graph andy is the order in the right graph.
Clearlyxs A s = Ayx, if and only if o € St(G). We formulate the following proposition.

Proposition 2.5. If f is a weak2-cocycle whose graph has a unique maximal veptebet
I be atwo-sided ideal idt, thenA ¢ /I is Frobenius if and only if

n
I = e.ann<<Zk,~xai>Af>,
im1

whereo; € St(G), G = Gal(K/F) andk; € K.
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Example 2.1. In Example 1.1, one can find the right graph and obtain thebgt=
{r,r2,r3,sr,sr3). S0A ¢ /1 is Frobenius if and only if = ¢.ann(3", .y koxo)A £) Where
ks € K, V C SU(Dy). In particular, ifIp = £.ann(x, A ) = (x,, X,,3, x,3), thenA ¢ /Iy is
Frobenius.

Corollary 2.6. In the setting above, if the left and right graphs are identical, tAgr( I is
Frobenius for each ideal.

Proof. In this case we haveA; = Asc for all c € Ay. For a given ideall, let
rann = (xg), then, I = t.ann(Q_x)As) whered x;Ar = As> x, andAy/I is
Frobenius. O

3. An application
From now on, we assume the inertial subgroup is trivial.
3.1. Standard graph and Bruhat ordering

Let (G, S) be a group with a finite generating set {s1, s2, ..., s }. Here, we suppose
that S generates; as a semigroup which means every elemen&inan be expressed as
a product of some elements fwithout using the inverses of the elementsSofThere
is a natural way to construct a lower subtractive grapion the following manner: put
1€ G inthe zero level, that is, put 1 as a unique root of the graph. In the first level, right
above 1, put all generatoss, s2, . .., si. For level 2, putsf, $182, ..., 515, abovesy unless
s1s; has already appeared in a lower level. The elements s§, 5253, ..., s25; should be
put aboves, unlesssys; appeared in level 0 or 1. Repeat the same thing to put elements
abovess, s4, ..., s;. To construct the third level, suppose tlgas in the second level, then
gs1, 52, ..., g8, Which have not appeared yet in a lower level should be put right apove
All elementsgs; of level less than 3 should be ignored. Continue in this process until the
elements ofG are all exhausted. A graph constructed in this way will be called Left
Standard Graph associated (&, S), or LSG(G, S). The right standard graph associated
to (G, S) (the RSGQG, S)) is defined in a similar way. We give a simple example.

Example 3.1. Consider the Abelian grou(@, S) = (Z,, x Z,, = (s) x (t), S = {s, t}). The
LSG(G, S) is shown in Fig. 2.

Definition 3.1. In the LSGG, S), we define the length ¢f € G by
€(g) =min{n | g = si, iy -+ i, Si; € S}
From the definition of the construction, gf ¢’ € G and there are two maximal chains
from g to g’ in the graph, then this meags= gs;,si, ---s;, andg’ = gsj;sj,---sj,. Now

if r <t, £(g") < £(g) +t andg’ would have appeared in a lower level. Similarly, we get
(g") < £(g)+rif r <r.Sor=r and we get that all maximal chains frognto g’ have
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Fig. 2.

the same length. This property is called hatenary propertyand we have shown the
following proposition.

Proposition 3.1. TheLSG(G, S) has the Catenary property.

Ifin the LSG(G, S), ¢’ appears in a level higher than the levegaindg’ can be written
asg’ = gsi,si, - - - 5, for some generators;, , si,, . . ., s;,, then we writeg < g’.

Proposition 3.2. Consider thd.SG(G, S). Then forg, g’ € G:
g<gg ifandonlyif £(gg")=12(g)+L(g.

Proof. Leté(g) =i, (g)=j,g=s152---5i, & =s’1sé~-~s; (reduced expressions).

(=). Since gg’ lies aboveg in the LSG, letr be the smallest integer such that
g8 = s152---5is7sy ---s; (reduced expression). We always ha\(gg’) < £(g) + £(g")
sor < j. On the other hand, if < j then¢(g’) would be less thari which contradicts the
assumption.

(«). Let£(gg") = £(g) + £(g), s0,g8" = s1s2-~~s,~sisé~--s} is a reduced expression
for g¢g’. This meangyg’ lies aboveg inthe LSGorg < g¢’. O
Corollary 3.3. LSG(G, S) is lower subtractive.
Proof. Supposer < b, we need to show that

a<c<b & a_lcga_lb.

(=). Sincea < b, a < ¢, andc < b, we have

U(b) = L(a) + £(a"b), (3.1)
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Ue) = (a) + L(a"e), (3.2)
eb) = €(c) +£(cb). (3.3)

Subtract (3.2) from (3.1) and then subtract (3.3) from the resulting equation to get
t(a™b) = t(a"te) + £(c7 ). (3.4)

Thereforea —tc < a=1b.
(«). Let (3.1) and (3.4) be given. Itis true in general that

€(b) < L(c) +€(c7p)
= (by(3.1) £(a)+¢(atb) <l(c)+£(c D)
= (by(3.4) f(a) +¢t(atc)+e(c7ib) <t(c) +£(c D).

So £(a) + £(a1e) < £(c). But we always have(c) < £(a) + £(a~1c), hence the
equality holds and (3.2) follows. For (3.3), we have from (3.1) thdt) = ¢(a) +
2(a~1h) = (by (3.2) and (3.4)):

e(b) = £(c) — £(a~"e) + £(a~re) + £(c 7).
Sot(b) = £(c) + £(c~1b) which is (3.3). O

The LSGEG, S) appears in the theory of Coxeter group. We give some basic definitions
and results which are well-known and can be found in [6].

Definition 3.2. A groupG with generating sef = {s1, s2, ..., s} is called a Coxeter group
if G=(s; €S| (sis)™i =1),m;; 22,i# j,andm;; = 1forall 1<i <k.

In case(G, S) is a Coxeter group, the well-known Weak Bruhat Ordering by definition
is exactly the LSGG, S) in our terminology, where The Bruhat Ordering is constructed in
the same method as in the LEG S) except we allow multiplication from the left by not
only generators but conjugates of generators.

In the Bruhat ordering, sincgys; y~* = gys;i(gy) g for any conjugateys; y~* of s;,
we could have defined the Bruhat ordering by multiplying the conjugates from the left.
This property does not hold for the weak Bruhat ordering and we get two weak graphs
according to which side we multiply the generators from. Multiplying the generators from
the right (left) gives the left standard graph—LSG (right standard graph—RSG) which is
preciselyl;, (I'r). The union of these two weak Bruhat orderings in the sensetkat t
if and only if o < x1 < --- < x; < v where is either in LSG or RSG, is a subgraph of
the Bruhat ordering. In the case thtat {s, ¢} with order(st) = m andst # ts, we get the
Dihedral group of order/2, and in this case the union of the LSG and RGS is identical
with the Bruhat ordering. In [1], it was shown that the weak Bruhat graph is a lattice and it
has a unique maximal element of order 2. So, we have the following corollary.
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Corollary 3.4. If e is the idempotent arising from the weak Bruhat ordering on a Coxeter
group (G, S) and f is any cocycle onG with associated idempotert, then A is
Frobenius.

Let “<p" be the Bruhat ordering on a Coxeter grou@, S). Let F be a field and
let T ={ag,bg | g € G} C F, a1 =1, a; = agay, a5, bg = by bs,---bs;, Whereg =
s152---5; IS any reduced expression for Define anF-algebraAr to be the free module
on{x, | g € G} and the product is given by

Yox, = Xsg if g <psg,
ST T agxsg + bsxg  if g p>sg.

If we takeay; = by, = 0 for all s, we get the so-called nilCoxeter algebta. It can be
characterized by

[ xgg if £(e) () =L(gg).
e {O otherwise

See [3]. Notice that the length (level) in the LSG is the same as the length in the Bruhat
ordering.

Theorem 3.5. The nilCoxeter algebraig is isomorphic to the restricted algebra, as
F-algebras.

Proof. Proposition 3.2 shows thatx, = x,. in the nilCoxeter algebrd, if and only if
XgXq = Xgqr iN the restricted algebra, where the idempotent weak 2-cocyelés given
by the weak Bruhat ordering (LSG) and hence they are isomorplaic.

Corollary 3.6. The nilCoxeter algebra is Frobenius. Moreover, it is symmetric if and only
if the maximal element in its graph belongs to the center of the Coxeter group.

Based on Theorem 3.5, one can generalize the notion of nilCoxeter algebra to be the
same as the restricted algebtafor a general standard lower subtractive graph.
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